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§1. Introduction

In this repor%%the effect of a storm in the southern part of the
North Sea and the Channel will be studied. The southern part of the
North Sea will be represented by a funnel-shaped region with a small
opening angle of the order of BOO, The Channel will be represented by
a simillar region with an equally small opening angle, see figure 1,
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Both regions may be represented in polar coordinates by resp.
ad¢rec¢oe , 0 ¢« 8@ ¢t for I and a'<drice , O0< ' ¢ o' for II. Since

of anad ol ' are small the arcs r=a and r'=a' nearly coincide with the

Cross section chgﬁand r=a, r'=a' may be congidered as to represent

the common boundary of both regions. We confine our attention to a
small part of the North Sea only so that the influence of the Coriolis
force may be neglected, at least for the short-term effects of a storm,.

The dynamical equations of the motion of the North Sea are as follows

B U & Dé;m U
st f AU T r 36 eh
LRY ¢, \Y
1 du 1 9 1 96
7 5 trar (V) + g5y =0

u and v are the mean circular and radial velocity of the stream fthe
average being taken over a vertical section, U and V are the correspond-
ing components of the surface tractlion of the wind on the sea, & is the
elevation of the sea over the zero level.
The coefficient of damping N is taken a constant. Also the depth h is
a constant. Finally g and p are the constant of gravity and the dens-
1Ty,

According to Weenink ™ we have for the surface traction of the
wind on the ses

/P .2 -~
_.__“__U__é_t'}..f__mg*; « 107° v§ 1.0

where Vs 18 the velocity of the wind above sea level,

mwm“m““ﬂm“mmmn—“m

¥ WEenink}6Rapport K.N.M.I, Stormvloed 1 Febr.1953, 2% vervolg, Oct.
1955, p.o1. '



We shall now introduce the Tfollowing unlits

u,v , unit of wvelcclty 18 C km/hr 5
r , unit of length 18 a kKm s
C. s, unit of elevation is h m ,
£ ,  unit of time is 2 /¢ hr :

then we have

%F%f+ AU +-%*gEL*m U
%}% + AV +;§§f = V 1.3
%%_E+%% (rv) +§-%m ,
where >
\/Uza-vz - 4.5 x 107° 3}’3-2- , 1.4

W being Tthe velocity of the wind 1n m/sec.

For the Channel region similar eguations are obtained but as 1n
the Channel no wind will be considered the wind terms are absent, 1T
necessary the variables of the Channel region will be distlinguilshed
from those of the North Sea by a dasgh.

At the common section chg we have

v = v
d. = & -

Alcng the Dutch coast 7 = O we have approximately

Vliissingen r = 2.3
Hoek van Holland r = 3
Den Helder r = 5

In the following sections the main stress will be laid upon the method
rather than on the numerical results. However, by way of illustration

we may consider the following numerical values which roughly correspond
2 3 ¥ -
to actual conditions ?

N = 0.16 nhr” n = 30 m
a = 060 km K = 30%
Thus the velocity of propagation of free waves becomes

c = 61.5 km/hrg

I

VWORL EWET BNt M YRS NEE R T sk R A SEWE B

%)Sohalkwijk. A contribution tco the study of storm surges on the
butch coast. Ilgu



-3 -

The unit of time becomes 0.98 nhr.
Formula 1.4 becomes in particular

JUCve = 2.4 x 1070 wl. 1.6

In order to allow a simple mathematical treatment a radial windfield
is considered so that only two independent variables r and t occur in
the equations.

In &2 also the friction A is left out of account,

For the combination North Sea plus Channel a number of different
models will be taken (see figure 2).

a a closed wedge,

b a closed wedge tTruncated at r=1,

¢ an open wedge Truncated at r=1 with an ocean condltion at r=1,
d a symmetric double wedge,

e a wedge plus a canal,

f an asymmetric double wedge.

e
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NeXt we shall consilder the combination North Sea + Channel,
I the windfield 18 absent in the Channel we have respectively

{ ¢(or) - & K (pr) | ,

B Ko(pr‘),

A

North Sesa t\ -

Channel ¢ —

o<l o<

The conditions 1.5 give

h

${p) - A K_(p)

1+ ¢'(p) - A K (p) =B K'(a‘p),

so that A = (F(D)K (a °/ +{11+ q>(p)} K p) 2.1

X (0)K,_ ' (a'p) + K '(p) K (a p)

- B K_(a'p)

The following c¢ases will be considered.

atl=d A:%{W.,.Mg, 2.12

K, (p) K (p)

al:._:éo} A = p)"‘”q“ ‘t p) ) 2‘13
K. (p)-K, (p)

al o~

In this case we may replace Ko(a‘p) and KO’(a*p) approximately by
4

Ko(p) and mT-Kb'(p) respectlvely. This gives
a
A= 2, K‘E%P_% 2 ___KL_L_l 2,14
+a - K '(p)
For Tthe elevation we have accordingly
8! a =" . —_ —
= - L (& &
dd - 2 ( b 1 C)‘ 2*15
_ x v $(p)-1~_¢'(p) }
e a'seo o= - = L glor) - f K (pr)t .  2.16
K (p)-K, (p)
£ ar wA, & = S 2.17
a+a a+a’

We end this section with the following remark.
The case e with a sectorial sea and a Channel in the form of a canal
with parallel sides gives the same sgluticn as a sectorial sea in the

form of an open truncated wedge alone with the following boundary
condition applied at the open Channel end



r = 7 v o= - & 2.18

This follows easily from 2.7 if the condltion 2,18 1l.e. ——= - pG = T is
applled there.
§3. A particular numerical case, A=0,
We shall consider the following model of a windfileld
U = 0 V = -0.01 T°(1- %) 3.1

where T = t/24 (see figure 3).

For the illustrative example of the introduction this corresponds to a
storm which extends over two days and which has a maximum intensity of
16 m/sec. This maximum 1s reached for t=32. We are interested in the
value of <i(rgt) at r=3 and 24 ¢ £t ¢48, It will become clear that under
these conditions the original €& may be obtained from the expansion of

£, , its Laplace transform for small p.
The various cases of the previous section will be considered next.

a From 2.8 and 2.5 we obtain

>~ v w z o
(:a” S {g;**?ﬁ‘+‘o(p )S.s 3.
SO that approximately for large €
T
&a(r’,t) = - g 5 V(iz)dTt + r V(t).
O

If 3.1 1is substituted into this expression we find

10 & (r,t) = 47w 22(1- § T) - r TO(1 - 3T). 3.3

For r=3 we obtain for the elevation (see figure 4)

T = 1.0 G, = 0.064 n
1.2 0.102
1.4 0.146
1.6 0.19"
1.8 0.228
2.0 0.257
2,2 0.249

Thus we have a shift in the extremum of the elevation wilth respect to
the extremum of the storm of about 8 units of time,

b Trom 2.9 we obtain

A V g (p)+1
c\-b ._.......,. Cma + f)* Ko(pr’)



_-:.&a—i—pVEg 1n +a/ +Op1np)} 3,4
In view of y 1np
~——§-———— = - Tlint + €
P
+ 1np
fﬁw§mmm- S %tglnt +% tg,
P

we find for large t approximately

L. = & -7 { o AT 2t
. ., + 4.5 % 10 t In 5% - 55 t7 1n . 3.5
32
e Y
For t = 24 we find (ib - da = 5 X 10“4
= 48 Cb "Ca = 3,7 % ’10“4,
whilch shows that the contribution of the "rcflection®” Z:giiglilﬁKo(pr)
f
18 entirely nesrligible, Ko (p)
Thus we may salfely take
éb(r*?*i:) = Ca(r,t). 3.6
¢ From 2,170 we obtain for small p
Z mmz i“(fﬂ/‘)p*z‘ilnf‘ L JI'O( p)% 3:7
C D z 1N g +3/ inp
We have The Laplace pailr
¥
- 3 m - 11
(I ISt | 2c8) g, 3.8
m+-] P P - . .
P in ? +X m—1 r(U."i‘/‘)

m -
e(y db e JI‘C)U ~ 2
w(ﬁ.) x du = y . 3.9
e 1 (uE) m: 1n(2e )
: Thus we have from
_
- ~ 1S
, (r-1) ¥ - 0.01 —E=5E (G - ——) E
ol 'EE 16D 1n-% + Y
'ﬁapproximately rfor large €
& (rrt) = - 0.01 12 {(Pﬂ__qmm Ty 4+ 1np W% .
<. In T + 3.29
3.10

For r = 3 we obtain for tb (sece figure 4)



~Q -

& = 0.015 h

1.0 .

1.2 0.024
1.4 0.035
1.6 0.0483
1.8 0.059
2.0 0.068
2.2 0.074

Thus values are obtained which are about 1/4 of those obtained in the
case of a closged sectorial sea.

d According to 2.14 we have
C\d(r’,"i‘;) = '%' { &‘b(rst> + é“c(r':t)zs s 3.1

s0 that from a and ¢ the following table may be derived (see figure 4)

T = 1.0 cid - 0.040 n
1.2 0.063
1.4 0.09"
1.6 0.120
1.8 O.144
2,0 0.160
2,0 0.162

¢ According to 2.15 we have [or small p approximately

— 7 r/2 K_(pr)
L o= 6 4 2 7,
S 8 ol
1-p 1n == D

3 .12

= -] -
oince for O £p <1 the term -p 1In %f-p has 1T8 maximum 2e€ ! Xﬁm 0.41 at

pm2@wqﬂxim0.41, only a small error is made 1f we take

Wi,
Wempuiivugy

b, = &, -5 (In B2 +y) 7. 3.13

G d

The original can be found easily. We need the following pairs

¥ + 1np

e = - %étglnt +-% £ e
D

y + oo 4 4 11 .3

We {1ind



T = 1.0 &, = 0.051 h

1.2 0.084

1.4 0.124%

1.6 0.166

1.8 0.203

2.0 0.230

2,2 0.229

The following approximation of 61@

A e ) A
&‘@ = é.a + 2] V Ko(pl”) 3"15

admits an interesting interpretation. It represents the elevation at
r In a wedge where at the origin a sink is placed of iIntensity

£ = é,a(o,t), 3.16
By a sink of intensity f 1s meant herc
& Q(Tr
lim  —— ) pv df = - f£(t). 3,17
P - O o K q _

Thils corresponds to

———er

r — 0 dmp'f'lnr'

SO0 That the elevation at r may be represcented by

E_ T o7
=~ ¢(pr) - p I K (pr)

e b icatd w

Since Cia(O) = w'%*g;we have [ = C;a(O) which proves the assertion,

84. The influence of A

,-":"

We shall consider the simplest case of

the elevation in a closed wedge.
The egquations are

p pR
(W+1)V+§“ﬁv
1D D¢ 4.1
7 3% (°V) + o5 = 0,
ffrom which 5 — dzﬂ
d“ ¢ g 22"" v
T = = - - T s 4.2
drg r ar r
_ 2
where q = DCD+?\)* 4.3

The solution becomes for a closed wedge



From the Laplace pairp

we obtaln for large ¢

i "

C‘a(ti '\) - “é‘";'

el
A

O

For G (3,t, A) with A =0.16 we {ind

A =0,16 A= O
0.040 0.064
0,057 0.102
0.077 O, 146
0.094 0 .19
0.104 0,228

1

@

+~ J

&

1 S S, Y. S, SR, ¢
& L
o O O Oy

o

*

Thus the influence of A becomes apparent in a reduction

decreases with time. The maximum c¢levation is

r

approximately. The friction A also effects =2

shift in the

(ci figure 2),.

In this case the reduction factor might be represented approximately

LY thoe expression &
s s

5. The influence of the rotation of the c
The 2quations 1.1 and 1.3 have been glven under the assumption that the
rotation of the earth has no appreciable Influcnce on the behavicur of

the sea 1n a small scctorial reglon,
of Coriolis 18 taken into account 1.3

I{, however, the coefficient

should be replaced by

N
2




b %\.ﬂi wlﬁi,h{)ﬁ iﬂt{} %3 *zg.




The toerm U,
1y a better solution
approXximation we may

For r=3 and 8 -0 we have

where T=t /24,

The maximum disturbance is

i

the values of 53? eciven in
i

we may expect The

Thus

of the order of 1%.

tionsof

4 K
I =14 5. A E ; el A . =r, = S : - 5 gy
Py, . ey E {3!#1{; fta . 1’9‘5 ‘,= " . ) B é"' :f. 1 : . "'~-..--'..."-5-:

S

i

nformation about the effect of the mon-linear

. o o I SN B, , S Y PR, S ; . . g | e
congider the model d of sectlion two,

I A =0 the eguations reduce 10

s 11

o

chis 18 cer-

2 o
L3 ona L.

may be ob-

sclution of




where &W and v, represent the "'perturbations” from the non-linear

term.
The "perturbations' satilsfy the equations
DXDl%ﬁBéq . fva
P G D O o I 6.3

in region I as well as 1n region II. The boundary conditions at r=1,
the narrowest part of Tthe Channel, are again the continulty of both

¢,

4 and vq,

The Laplace trangform of the solution of 6.2 without the non-

linear term may be approximated by (cf 2.15, 3.2, 3.6, 3.7)

— - b )}K (pr) -
_ _V A,@(p) O } 7T inr
L= = 5 APler)-2 RIS ‘""( - (- ). 6h
i  (p)K ' (pr) o
ngm y;iwﬂm ?'(pr)+-% :Cmﬁmrgymwmmian IR . 0.5
P o\P Hr pT1lnp
For V we take the following formula
— - C 1np l
V="V, =—,—5(1- 5%, 6.6
L 24 pB 0P
corresponding to the original
2
V,} — - g“%‘“’" { (1- g-) in 24 T - 0.92 (’1-—»-0.68’1‘)5 0.7

This type of windfield, very similar to that considered in section 3,
may appear somewhat artificial but it has the advantage that the

approximation for v baecomes very gimple as from

e T C d (1“* d )

VU0 - 4 T
~ lMTE rpé 10p

the following original results

.....6’3\TC f:l‘l‘ (,}__ %T)a 6'8

\
O ol r

b 8

Thus the disturbance tcrm in ©.3 becomes

Jv . D2
O 36 T8 e 3 2
- VD ST g mm*-;?““m T (ﬂ“‘* “*_,]O T) ; 6.:9

Next an approximative solution will be derived for the system

_ dE ~3
PV T sE T T 5 .40
%:?*ﬁ (I"V) -+ pz — O_g

mmrhony

holding in both regiors T ard TT with continuity of v and (&, at 'the



common arc r=r'=1i,
Obviously we have for ¢, the same formula in I and IT

& = 2 Io(pr) S Ko(p p )Q”Bde + ZKO(pP) g Io(pg )Q“Bdg MAKO(pr’)..
& g
J 6

The continuity of v at r=1 gilves s— =1, 80 that

| “ 3
-1+2p _.JCO (p) Sﬂ Ko(pe)Q“ de

o K, (p)

A =

gl

For small p we have the falrly good approximation A v» 1, so that A
may be approximated by

Coen - (;Egg~+ wlgd - (1= J%J lnpr + Llnpr
r

r 27
or G o
2
&

Thus for large t we have the approximation

— 2 ,

187 T 3 3 2
dqw — M;TT (’1.--. TO-T) . 6..'1’1

In the following table the non-lincar disturbance <i1 1s compared tO

the elevation er from the linearised system.

CO(Pﬂ3) tﬁq(rmB)
T = 1.6 5.20 C 107 0.44 ¢° 407
1.8 0.25 C 407 0.78 <% 10°
2.0 5.28 ¢ 10° 2.10 €% 107

We s8hall take tThe particular value

G o= O .0025

which gives a fairly good rcprecentation of actual windfield intensility

and elevation. A graph of the 1intensity of the x,«;rﬁ"_ncfl:ﬁ’:“L<—.='-=:~1d'V,l with this

value of C has been given in fig.3. The maximum Intensity of‘Vq 1S

about half that of V. This may be consgidered as some compensatlon for
the influence of the friction ¢\ which has been left out of consider-
ation here.,

Thus The windfields V .z-md‘ﬂ/',l
In the following table a picture is given of the situation at r=3

may be considered roughly aequivalent,.

(Hoek van Holland). The linear elevation C:o and the first non-linear

correction &, are given relative to h. The linear velocity v, 18 gliven

]
relative to c t?e velocity of propagation of freeéygves. Next the non-
Y
linear term.vo 1)? is compavrcd to the linear term ?ﬁg'* It appears

that at the time of maximum elevation these two Terms are of the same
order so that the influence of the non-linearlity upon the maximum
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are rather rough and the values
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