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§ 1. Introduction. The following mathematical model will be 
considered. In the cylindrical half-space O < r < oo, 0 < z < o::i 

particles of concentration c(r, z) are subjected to a diffusion process 
detern1ined by the constant D and to a mass trans1)ort parallel to 
the Z-axis with constant velocity - w. The pla11e z = 0 is a re­
flecting plane, i.e. the mass transport tl1rough that plane is zero. 
The particles are produced by a point source at the origin z2 + r 2 =0 
of constant intensity Q. . 

The stationary state is detern1ined by the partial diff ere1·1 tial 
equation 

1 8 
D --~-

r 8r 

oc 82c 
r --· + -·-

8r oz2 

the boundary condition 

8c 
z=O - == 0, 

oz 

and the condition of the point source ( cf § 2) 

z2 + r2 > 0 
Q 

( 1 . I ) 

( 1.2) 

( 1.3) 

The model described above originated from an investigatior1 by 
Bou m cl n s 1) concerning the concentration of particles of a metaJ 
evaporated between t\vo electrodes. The plane z == 0 corres1)onds to 
the lower electrode. If the unit of length is chosen in such a way that 
the unit circle O < r < 1, z == 0 represents the surface of the lower 
electrode, the s1-1rface of the upper electrode is on the plane z = 4. 
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\\rt• c11.1c.)t(: tllt' f<'.')llc>\Vit1g \rftlllt·S ()fl) ar1cl 'ltJ frC)ll'l c:tn ,lt"'.tll«ll (')!: .. 

J.){"rir11t·~r1t: l) === 15 c1·1·12/'s, tf' == 720 cn1,/s, r<:tclius of (•lt:~ctr<::>clt· st1x·f~tce 
0.25 c~r11. ~I .. l1t1s v\ .. (.~ n1a)" Ct)r1sicler tl1e fc)llc)\Vir1g nurr1{:.ri('ctl t'X~tr111·,le: 

(~)t1tsicit! tl1is rt~gior1 tl1e r11odel no longer reJ)resents the experimenti1l 
C<)n(iitions. Yet tl1e mc)ciel consiciered abc)ve may,. gi\re a realistic 
J)ictt1re if tl1e C<)r1centratic>n outside t.he region O :~ r ~ ) , 
0 ~ z ::~ 4 is very sn1all compared tc) the conce11tration inside that 

• region. 
In fact we have fo11nd the result that for v = 6 only 0.166<1/0 of trie 

total 1nass is ou tsi(ie the region consi(iered. 17 or v -- 3 this figl1re 
becon1es 4.45~.~ and for v = 2 still only 13.5~1~. 

§ 2. Derivation of the sol1,tion. The solution of (I.I) with diffusio.n 
from a point source of intensity Q at the origin with diffusion in the 
\\1hole space - oo < z < oo is well known, viz. 

(2.1) 

where v - u1/2D. Tl1e meaning of the constant Q becomes appa.rent 
if we consider the mass transport through a small spJiere of radius f! 
round tl1e origin : 

,. oc Q o 
D ,_,,., --·--· da = - ·--·-. 4no2 -·-·-

on 4n - Be 
1 

= Q. 

In a similar vvay the solut.ion of (I.I) with difft1sion in the half-space 
0 < z < oo behaves near the origin as give11 in (1.3). In the latter 
case we should consider the mass transport througl1 a small hemi-
sphere ·\11;2-"+ ;-2 = (!, z > O only: 

i• ac 
D ,., ---- <la = -

on, 
1 

--- = Q. 

The complete sol11tion of ( 1.1) and ( 1.2) may be deri\red as fol.lows. 
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\\' t' J>l.lt 

• 

(
. ~-q Q \ ::: ·-···· ..., ) "' -r· Y"" 

. (2.2) 

1·t1t1s tc1 t\\-'i<~t· tl·it· SC)lt.1ti<)n (2.1) f<:>r ,i J><>ir1t S<>t.1rct· \Vt~ l1;1\·t:i itci(lc:(i ;;1 

<~•- ·;11 ti 11 tl ti r11 <" f I)<) int sc:) u r c~t;· s<, l tit i C) ns fr(> rr1 S<> tl r C'(_•s tL t .:: -:.::::::: -- .:- , r :::::::; 0 
\\'itt1 ir1tt·r1sit)' ---- 2Q,,-(:)c:l.:-. Tr1e St)l11ti<)r1 (2.2) clt\<1rly· s;:ttisfit·s tl1t:~ 
<.lifft"r·t~nti~tl t•<:1u~ttit)11 ( l. l). Tl1e t1nk11<)\\'I1 fur1cti<_)t1 q)(() \\'il.l t)e clt"'­
tt:•n11i1·1t·_~<i ir1 sucl1 rt Wcl v <ts tc) fulfil tl1t"> b<)Un<:i;;trv C<)n<liti(lil at ~ ::::::: 0. - ~· 

If (2.2) is ,vritt(:\n ,ls 

Q 
< .a " .,,._. ,. ' ,., 

-,~,--·-,--~· 

2-rrl) 

tht~ c<>n<litio11 ( 1.2) gives 
00 

•; .r.i. •- t'r e. - itr --- ' \.,_,,. 

0 == ········· - · ··········- -·- -t- q,(O) -- -- --... 
r r 

1◄--ron·1 this we obt.ain at once 

<p(~) ........ V. 

l"hus \'1e ha \re f()Und the follo¼ing solution 
00 

c(r, .z:) ...... 2co(r, z) 
2:riD 

Qv 
--····---~ --·-- ,_,. ___ .. __ ._, ______ -•"·~-'""'~----,,s 

'---·-·· _,., .. -- '. --- -•--""'' ., ., - . -. ' .. dt , (2.3) 

which in turn n1a,,,· be written as .. 
00 

(~(r "') --. , . ,.. -
Q 

2"'lD 

e -- t, \ , fl +· r1 
e -vt d ... --- -··-- - ____ .. __ _ 

\!1,' t2 "" +····;2· . (2.4) 

"I"'l1e ir1tegr,1l 011 the right-h,111d sicle of (2.3) n1a); be recluced tc) tl1e 
c:'X{>C)Ilt~ntial in tt:gral 

00 

- Ei( -- -~) · ·-: (2.5) 

Q1.J 
c·(r, i) == -·-··· 

2-rrD 
(2.6) 
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2!2 
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t· .... r l ' 2 ' 3 I • • • 

1~1.{l:) ~ l -+ ,\' ", ' .... """'"'~ -~-· - " ' .•.. -, 
• • • ')/1, j 

.'t2 .t·3 
..,, .. ,~ ,,· .t 

.. ,:11,1jtili,1r)' t' .. t:Prt~ssions. \\1 
(• sl1,:tll c.lt.:•ri \'t.;• ;1r1 t:XJ>rt.~ssi(.>r1 

cc:►nc(~1·1tr}1t.i()I1 at tl1c~ l<~vc·l z: 

(,' ( .: ) .::;;:; 2n r c ( r, .z) <lr. 

ti 

"I"'r1t~ fllilCt i ()11 S,l tis f i(•S tl·t (~ ciif f ('ft'I1 t i._tl (~Cl ll,l,t i<)Il 

ci. 2(' cl(~ 
i 2-, ft -..-.. ,- 0 ,,,, .. ' --· ,. ' ,, ',,,,, 

<lz 2 1 
/ cl.z -···- ' 

0. 

f <f) Y" t· 1,., >l,'l 
1\~,- 1. 11 i\~/, 

(··3. 1 \ 
• J, i 

\\i'l·1i(~h is c>lJt,1i11ecl lJ)r i1 .. 1tegr;:1ti<:>n <:>f ( l. l). Sir1ct· c· .. - ;,. 0 f<,r : ' " :,.. i ..,,,,, 
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. ··-·"---· -

' f' /) "' t 
(I 

S<.> t }1 ~l. t 

''" ( ) ( __ ,· z J :,,..._: 

Q 
·~~ :r: 1 (t) t tit ~~: .,, ·-

'l) /) 

00 

Q 
I .. ... .\ 

,,. 

... 

(I 

Q 
( .. ( '")' -- . . . . . ,,. -· 2 ll z 

,,;,,,i. -·-· \._., • 

() 

t~ ·--t t cit 
Q () 

L 

(3.2) 

v,Tt· 111,l\' f{~Tllctrk that tllt~ S,lll1e E~XJ)fCSSi<:)rl is t)l)t~-tiI1(.•(l if\\-'{: Stilrt ~· 
fr()t11 tl1t· sc>lt1ti<)ll Cc)(r, ,?) c)f ,t J-)<)int S<>11rc(• <)f ir1tt·nsit}' {) cliff1.1si11g 
i11tc) tl1E• \v·l-L<>lt~ Sf)flCC --- C>O < .: <:: oo, 0 <.~ r ,:::= oo. 

N (~xt ½'t..• sl1,:tll dE~riv"e an ex1)rt:-ssi<.)r1 t·()f tllt' t<)t;1l <:<>1·1c~t:r1t1·~1ti()I1 ,tt 
tl·1t· lt•\'t~l :: <>11tsiclt~ th() circle:~ r =-= R: 

00 

"--1 ( /?, z) :-.:::: 2:r Y(' ( ,·, z) cir . (3.3) 
... 
Fi 
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Fron1 (2.4) we obtain 
00 

A (R, z) 
Q 

vD 
z 

which may be brought into the form 

or finally 

Q 
A (R, z) = -- -

2D 

vR2 

00 

In particular ,,re have at z == 0 

.. 4 (R, 0) 

C(O) 

Q 
==----{(I 

w 

e-vu I 

Q 
' w 

R2 

1,.t,2 

. (3.4) 

From the asyrnptotic expa11sion of E 1 (x) f C)r x --)·· oo we o btc1in the 
follovving approximation for large vR: 

Q 2e-vR 3 -------- + 
vR 

• • • • 

We shall now determine the total mass ot1tside the cylinder 
0 < z < 4, 0 < r < I for the case v==6. The total n1ass in O < z < oo, 

0 < r < oo is in1mediately obtained frc>m (3.2): 

00 

M= 
0 

QD 
C ( z) dz = --------- . 

'l£J2 • 

The total mass above the plane z == 4 is 

00 

QD 
C (z) dz === ------ e-Bv, 

iv2 

,_i 
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which is entirely negligible. The total mass outside the cyli11dtr 
0 < z < oo, 0 < r < 1 is 

00 00 00 

dz 

() - -
z + \i z2 + I 

00 
½(it- 1

) 
u 

Q I 
e-vu 1 d,z,i dz -- -

2D u2 
1 0 

QD 
w2 

v2 
-----

v3 

2 
e-v + 2v2 

1 

QD 
w2 

00 

v2 2 
e-t 1 

t2 
V 

v2 
I +-- E1(v) . 

4 

tdt ;_ __ 

The total mass outside the finite cylindrical region O < z < 4, 
0 < r < 1 is less than M1 + M2. If v = 6, we have 

1.4 X 10-21 , 
w2 

---M2 = 
QD 

1.66 X 10-3. 

Thus for v = 6 only 0.166~{; of the total mass is outside the region 
0 < z < 4, 0 < r < I. For v = 3 this figure is 4.45~{, and for 
v = 2 still 13.5~~. 

§ 4. Appendix. We mention the following alternative method 
which gives the solution in a different form. The partial differential 
equation ( 1.1) is satisfied by the elementary solution 

( 4.1) 

A being an arbitrary parameter. From this we may construct the 
general solution 

c(r, z) = 
0 

00 

f(A)J o(Ar)e-z(v+ v i2 +v2) d.1t.. (4.2) 

In particular the point source solution co(r, z) may be obtained in 
this way 

•• 

00 

'l e - 1, (z -r- "\I z2 + r2) A 1--

- ·-_ ----: Jo(Ar)e-z(v-t-V' A2·-f.-'V2) d.A. === ---:-::==•·-=-··=-==-··-
v' A.2 +· v2 Vz2 + r2 

0 

• (4.3) 
' 
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Formttla (4.3) may be derived from the follovving Laplace transform 
(cf. Erdelyi, Integral transforms I, 4.15.9) 

00 

b 

;--

---- e-b v p2+a2 
e-Pt J o(a.V t2 b2) dt = --:-::::==::-=:::::::::;= 

v p2 + ci2 . 
(4.4) 

In view of the condition ( 1.3) the function /()..) may be written as 

--
2:nD 

(4.5) 

wl1ere tp(l) -·>- 0 for Ji. >- oo. From the condition ( 1.2) we obtain 
00 

-- ve-vr 
(11 + Vl2 + v2)111(l)Jo('1.r)cU = ---

r 
0 

From Erdelyi Integral transforms II, 8.2.4 we quote the following 
Hankel transform: 

00 

X 
= ----. 

a2 + x2 y 
0 

Thus we have 

V 
'lJ'(A) = --- . 

V ;l2 + v2 v + V ;.,2 + v2 
' 

Substitution of this expression into (4.4) and (4.2) gives 

Q 
c(r, z) = -----

2nD 

00 

(4.6) 

(4.7) 

It is possible to reduce this expression to the for·m (2.3} or (2.4) • 
We have 

00 CO 

e-vt d.t A] o(lr)e-tv' A3 +i,2 dl = 
0 

00 00 

2nD 
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Q 
2nD 

Q 
2nD 

-,., 

00 00 

e-vt d 
---- -·-~-

] o(rV u 2 v2) e-ut dit 

'1) 

00 

-vvt2+~­
e-vt d _e --------------

·---- - ' 
vt2 + r2 

where in the last line again ( 4.4) has been applied. 

§ 5. Ge1ieralizatio1i. In a similar wayT the solution may be fot1nd 
of the diffusion equation in the region z > 0, 0 < r < oo: 

1 oc 
-"•-·- ---- r ·--
r or or 

vvith a reflecting plane 

z == 0, 
oc 
8z 

== 0, 

and a point source at z == a, r == 0. 
The solution is 

00 

Qv 
c(r, z) ==co(r, z-a) +e2a.vc0(r, z+a)- --- e2av 

2nD 
,..,.i,,fl 
,.; I , 

or 
• • , ! 

. ' . . . . . ' . '\ 

c (r. z) ....... 
1
._.. • • , , • " • ,; • • '"" • • • 

,' r ~ ' •', ' - - lo' • .. •• ' 
•• ~ • I :t • •:'\ .:. •.' s , ... , ' ' •.' " l •• • J i' .. '• • 

• ~ ... ! •, • ,,. .. r . • · .. .. . . . .. l . .-1 • •• 1. • ·•·'\.• , 

( 5.1) 

(5.2) 

(5.3) 

' 
t' . . \" • • ,., " • ' • • ' Q ' . ' . ,;,, . . ' . 

-·~ ... ,... , •• i •• • • • • V ... ....... ......... " --------------~--~---·-·~--~·~---·-~--~ 

== co ( r, z - a) -+- e 2 a 1' co ( r, z + a) - , .. ____ E 1 [ 1; ( z -t- a + '\1 ( ( z --f-- cl) 2 + r 2) J . ( 5. 4) 
2nD 
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