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The behaviour of a solution of Helmholtz' equation near &
conf'luence of boundary-conditions involving directional derivativesq)

& 1. Introduction. ,

The main problem to be considered in this report can be stated as
follows, Let f(r,<?) be of class 02 inside the domain D(R): O < r <R,
O ¢« <« B , with O ¢ O £2, and satisfy there Helmholtztequation
A F-k°F=0 with arbitrary complex k. Let f be of class C,in the
closure of D(R), except possibly for the origin and let the deri-

vatlves satisfy the boundary-conditions

B ' F 4 of
for ¢=70 , O<Lr<R: cos %/“qﬁ”ﬁ“sj-n?/“q'}??@'“o%“ )
) | Y 13f *
for 30._ O, O<r< R:cos TS == - sin M vl O,

when/uq and£ﬁ<2 are arbitrary complex numbers., BFinally, let f be
bounded for r —» O, uniformly for 0< @ < »6.

Then, what can be sald about The analytic behaviour of f(rj%é
near the origin,

Problems of this tType are of some Iimportance in the study of

- boundary-value problems, If the solution of such a problem cannot
be egtablished in closed form, it 1is frequently useful to have in
advance some Iinformation concerning the possible analytic behaviour
of the solution near the "singular points" of the boundary, i.e.
the points where the tangent of the boundary is discontinuous or
(if one is dealing with a boundary-value problem of mixed type)

n

where the parameter a of

the boundary condition, when the latter
18 written in the invariant form

COS Wt =—= + sinwu =—= = O, (1.2)

is discontinuous.

It is clear that the solution of the problem formulated above
may serve to this purpose, at least if the boundary consists of
rectilinear segments and the parameter u« 18 sectionally constant,
For the more general case o0f a boundary consisting of sufficiently
regular arcs and/or boundary-conditions with sufficiently smoothly
varylng parameter K , 2 first approximation may be expected (which
usually 1is sufficient), whereas more precise information can be

obtalined with the aid of conformal mapping and iteration.

If kzmo, i.e., 1f we are dealing with harmonic functions, a

complete sclution of the problem can be found ( &6 4). In the general
case, however, 1T seems to be difficult Tto find a complete solution
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1) Research carried oult under the direction of Prof.Dr D. van
Dantzlg.



and we shall confine ourselves to one or two leading terms together
with an estimation of the remainder.

Of course, if sin mau =0 or cos wMm =0, i.e, 1f we are dealing
with the classical boundary-conditions, much more general results

could be found wilith elementary methods. We shall not consider these
cases separately, however,

It should be remarked, that the left hand member of (1.2) is
Nnot the most general case of a directional derivative with complexX

coefficients, the caaes,§§~i_i %ﬁ-not belng included (these cases

= + 1 ). In view of the results to be
found in this paper, it seems that in these cases (being the cases
of differentiation in isotropic directions) the behaviour of f(r,q7)

may be much more complex,

would correspond with

This study has grown out from an investigation of some hydro-
dynamic problems, involving Corioclis force, which naturally lead to
boundary-conditions of the type (1.2) with complex (and even purely
imaginary) values of u« ., The hydrodynamic application of the re-

sults of this report will be given in a separate report to be
published presently.

» 2. Bounds for the derivatives of functions that satlisfy certaln

el i G e it ™ 2l i, RN G R PRSI e Tl . Ny RN

boundary-conditions.

In this paragraph we shall deal with functions f(x,y) which
are of class 022)'in a certain domain D and of class C,i iniD+fﬁﬁ
where [ 1is the bounds vy of D,

_ FirstT we recall a variant of a well-known theoremB), that
states that if |f(x,y)] « M, in D+ and |4 £f(x,y)} £ M, in D,

1
PE of e e o -
,_5""7‘}; and ﬁ will ;,;atluﬁhy 1o2dud lities of the type
tE A . ,
3% DOV ¢ sy Ya ot B e(y) My, (2.1)

where @ (x,y) is the shcrtest distance from (x,y) to {',and A and
B are numerica. factors, 1indecpendent of the shape of D and the

pogition of x» and vy in D,

For point% (,y) near | (2. 4) is not of much use. 1Y, however,

boundarymconditlon on f’, intultion indicates that the Theorem may

be generalised such as to arrive at a formula of the type of (2.1),
where now gg(x,y) is the distance from the point (x,y) to the near-
est of the '"singular' points of the boundary.

Wining WA FR0RE UNERE Smeis giead  dmeek givie. ek’ Siaalr R Ll amer il

2) A function is said to be of class C in a domain D 1f its deri-
vatives of order m exist and are continuous in D.

3) Compare for instance Jchn, Plane waves and spherical means, N.,Y.,
1955, Ch,VIII, whcre a much more general theorem of this type is
proved,



In this report, we shall only consider the case that the point
(x,y) lies near a part }?1 of ['which is a rectilinear segment

along which  satisfies the boundary-condition
COS Trm + 8inTm == = 0. (2.2)

By means of conformal mapping this result may be extended TO

the case of a more general boundary-curve along which (2.2) holds.

Theorem 2.1.
Let D be the domain +/ xz-t-yz ¢ p and let [' be its boundary.
Let f(x,y) be of class C, in D and of class C, in D+ ' and let

2 — 1 —
£(x,9)l < My in D+ L (2.3)
o £(x,¥)l ¢« M, in D.
Then
'ié-(0,0)‘ £ ﬁif M., +§é7'€ M, . (2.4)
Proof,

As has already been stated, this theorem 18 well-known. We
shall, however, indicate a proof of it since this proof shows a
way to attack the case where boundary-conditions are involved,

Let us first suppose that % =.
Let z=x+iy, z_=x_+iy_ (121 ¢ 1, \201:54) and consider the
funection (o5 (3 )
3 zz =-1)(zz -1
G(x,y; O"y ) ef’ 11'4'%' In m“g"”““":“:g""m ‘ (2*5)‘
(2-25) (Z-Z,)

Since, when z and z=x-1y are considered as independent variables,

32 02 32
+'““§ = 4 oSS , G is8 a harmonic function of X,y throughout
'%Xexcep¥ at z= zi Z(the point z= H%w-being outside D), but

’ \/ ”m? 2
G(x,¥; XO"yO) T ‘?""’* (X-—»X ) + y ) =

1 —
= G + = 1 (zmzo)(zmzo)

is regular throughout D.

Hence G is a Green's function which moreover satisfies the

boundary condition G=0 if (x,y) 1s on [’ (where Eezwq)

¥

Furthermore, we infer from (2.5) that

{

G(Xﬁy; XO’yO) G(X‘ijo; X;y);

hence, when considered as a function of X 3V 43 G has the same

properties:

G + %%;1n lzmzolis a reguler harmonic function of X2V g in D and G=0



for (xo,yo) on 1 .

Accordlngly, by Green's theorem and the familiar reasoning,
we have, if (x,y) is 1in D,

£(x,y) = - | [ 6(x,y5 x,7,) & £lxg,y,) dS, +
D

- [ 20reeve) Frm olmyi xou,) A, (2.6)

B
Since, if f(x,y) 1s not on 1, differentiation in (2.6) with
respect to X or y may be performed under the integral-sign, 1t

follows

df JJ G @

?E'(O’O) - Tl EE'(O’O’ Xo’yo) “ A*f(xo’yo) d 5o F

D
0 20
B J f(xo’yo)‘?EQ'SQ“(O’O; X5s¥o) A 84
N

whence 4), using (2.3),

D F PR _ I
2L (0,0)] & ;| {228 (0,05 x,,v,)| ds, +
K

O
+ M, J$§Lg%-(0,o; Xo,yo)l a s, =

= A Mq + B M2.

The values of A and B may be found readily. Since ;%-m ;%»+;;% .

we have, 1f XO+1yO:roe;(PO,

,gg'(O:OE Xo’yo) ﬂig;*(;g*“ Po) COS {fo
)y ¢ | , R
and s 5= (0,0; xo,yo)i = - — COS P .
O . Z ="
2T O
Henc A = i cos i d = s
© = X | ? o o = 72
° ow 1 .
7 . 2
B w—-éﬂiﬁ:ﬁ f ICOS L(Qol d(PO . j (1"3?0 )d}?o == ?“ﬁ' .
O O

Finally, if p #1, we may substitute x=p&, y= p7,

f(x,y)mF(é,Q). Then for ﬂ/af+?73.51

il gt migey SRRV U Gl el BN WRKS S SRRt RN e SO

4) %%'(0,0; Xo,yo) 1s regular except at the origin, where 1t has

c. .. 2 2@ :
a dipole-~singularity, hence 1/XO Y 5 15§-(O,0;X03y0} ig finite

throughout D,
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2 —_ 2
zg_m g -2, L2 1M -2, :]
= - = —~ — — ’
02z il (1ez2z Y(z2=-2 ) (1-2zz2 )(z-2 )
— D y
fag_w ﬁl'{j -2, -2 T L -2, ]
vz h4r = = . — - -
(ﬂmzqo)(gmzo) (4m240)(z~zo)
From these formulae it 1s directly seen that for z=2
- LG FiMm G R e
e — + € ga—woj hence, since
5 1,70 2 2,8 2
5o 2(3;‘“ l*ggﬂ: S % 5(3§'+'1 3@0:
{
G(x,¥y; ,V ) satisfiles on [} the boundary-condition
pXe! @ e G
COB WM s— - Slﬂﬂjﬁ*§§ = U,
2 G oG
or COSBTM == + SINTH = = O
i
Purthermore, if (xg,yo) 138 on I; , we have
1=z Qmﬂwx gﬂEix YV 4y EmWQiX Ya 2y 2m~21y z and similarly 1~?’2w21
O O 0Y0 YO O o 0" 0 ‘ e yo O’

. 193G 106 .
hence we see from (2.11) that —— 5% ° nd gmugy-are bounded continuous

H
Tunctions of (x s Y 4 ) when this 80 nt vari@s on f; (1t being under-

stood that (x jy) is a fixed point, not on Sf; ) .
Finally, we remark that
G(X,¥35 X sV m) = G(x_ LY 5 X,¥5 - M),
A

hence, when considered as a function of KoY go G+ égrln {zmzof 18
/
regular harmonic in D' and G satisiiegs on f} the boundary-condlcion
rRe ﬁ EXe
08 Fpp —— - sinmux —— = O, (2.12)
?}50 I

Now by applicacion of Green's theorem and the famillar reasoning
we have, if (x,y) is in D'+ [,

r(ey) = - [ eGoys xpuv,) Arlxyg) a8
D , ‘
+ {G(x s X,V ) Eme(y y.) - T(x_,¥.) 2 G(x,¥; X_,V )§ ds
BRI, Jn, = 0’70 0’0 ﬂ; AR e S T o
I (2.13)
If sinwm #0, we have on f;! by (2.8) and (2.12),
P pYe e Jdf 9 G
G :g*;l; - m e th"ﬂ”’/{& (G 5-"8—-;- + T g————)
hence | (G — - f ) ds_ = -ctgwu [ G -
LA "o T (=1,0)
1

CQSEW%A;f(ﬂ,O),

|
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Consequently, by application of theorem 2.2 and 2.1 we conclude that

constants A and B exist, dependent only on « and Im m (not on r, y
or Re a4 ), such that in every point of L

o f A e A -2 |
g—%r :ém MP + B P(P) Nl’"’ 2

1 of A o K =2

= o 6] M r™ + B p(r) N r ;

whence, with (2.18) the desired estimations follow,

N
ﬂ"u.
Ky
AN
f“’j%\
X
115,
\
&‘t
,, |
3

Remark. If instead of the estimation (2.17), we had the estimations

-2
f{r, ¢ }=0(r® 1n %) sy & f(r,® )=0(r ZT= 1n -g;-) , we would find in exactly
R _of " . d of oL d
the same way rs% = O0(r” 1n ), T = o(r” 1n =).

Tk of an auxiliary s_function.
: Let D(eo ) be the scctorial domain 0 <rd eo,
0O < Y 2w with O < ¢ ¢ 2 and let (ro, 4{00)
be an inner point of ic.

We shall construct a Green's function
G(T ; ?O) (where r and ?0 denote the
points (r, SD) and (ro, cpo) , respectively), which is, together with its
first derivatives, continuous in the closure of D, except possibly for
the origin and which furthermore satisfies the following conditionss:

Ta. (T ; T )+ L 1n | T-T f is a régular harmonic function
- O 2w C
of r inside D(c0O);

Ib« For ({9 = T 9 O < r & &0 0
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Consequet}_y’ i

we have for 0O < ro{r:

e

[ Gylrsry)l 4

and for r <r ¢ R:

O
- = 1 .2
: i
IGN(r,ro)i £ - C

Accordingly,

3ince the serilies 1s converge

“H4i+(n1/uo)/'

Furthermore

_ _ 2
lI,1 ¢ A6C g{

whence, 1if for no integ

If,
has to

nowever,




Proof .

We may depart from the formula (4

which certainly

infer that for r and r— Q

. Hence the
ﬁ) have the same
The function

-y def
I (r) "=

can be with the
Since by supposition Ve
we ind by application

discussed
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nifformly for O &

Conseqguently,

which proves the esti

The assertions concerning the

»

nroved with Tthe ald of theorem 2

Consider the function
£(R) 9€F pepy

This function satisfies

And since the second term of the

monic function of r and

Accordingly (since for
theorem 2.3 that the desired es:

2.3).

It remains to prove the estima

aequivalent with (5.8). And if
tion 5.9, proceed in the same

estima

tne derivatives of [ the procedure ig the sam

Remark.,

By means of methods similar to those To

theorem 6.4, following terms of the expansi

One has for insta

nee
for O & & <%

+ /&

fOr’ Qm%
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determined by f(r, ¢ ) anc
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6. The behaviour of a solution

of the boundary.

In this paragraph we shall

where the boundary-condition rema
passage of a vertex of the boundary. If f(r
ditions V (p.15) with M = Mo
then f(r, ) will certainly
Wwe may use the Green's functlon
with formula (4.4%) with G 1

natead of

|

- T <ﬂ--ﬁ
2 i
I 24
§ ;

From (3.10) and (4.0)
?‘-—-&Q: ' @
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(x
O(r al 6.6

O(r~1n 50 if

1is a constant, unlguely determilned

D

ormulae (6.,4), (6.5) an
pect to r or

in the same sense as
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Since the proof i3 rathe , we

ive only an outline of

3 easy to

e

results -~ o
e %ﬁ l . = 2 - o &'ﬁp} : ~ _ t

rheorom 4




(6.8)

The first term of the right-hand member of (6,8) is given by
lemma 2 and by application of lemma 1 (with o =2, N=1) to the second

term, the results ad a. follow.

Finally, if € =5 we use again (6.8) and a slight refinement of
mma 1, statling that Jq(?)mO(P&In ;0 if € =% and f(?)mO(r21n4%); will

cive the desired result.

The results concerning the differentiabllity can be established
wlith the aid of theorem 2,3, like in the proof of theorem 5.°




