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The behaviour of a solution of Helmholtz' equation near a· 

confluence of boundary-conditions involving directional 

1. Introduction. 

The main problem to be considered in this report can be stated as 

0 ~ 'f (_ 1r 0, with O < 6 ~ 2, and satisfy there Helmholtz'equation 

closure of DR, except possibly for the origin and let the deri­

vatives satisfy the boundary-conditions 

for 

for 

= ,r-/) 

o, 

- sin 7r ?-1 . 

1 sin ·1i···µ 2 • . 

1 )r 
r b'f. 
df 
) lf 

0 
1.1 

0., 

bounded for r ➔ O, uniformly for O ~ 

Then, what can be said about the 
near the origin. 

numbers. Finally, let f be 

f 1re. 
analytic behaviour off r, 

Problerrsof this type are of some importance in the study of 
· boundary-value problems. If the solution or such a problem cannot 

be established in closed form, it is frequently useful to have in 

advance some information concerning the possible analytic behaviour 

of the solution near the 11 singular points'' of the boundary, i.e. 

the points where the tangent of the boundary is discontinuous or 
if one is dealing with a boundary-value problem of mixed type 

where the pa rarneter ~ of the boundary c and i tion., when the latter 

is written in the invariant form 
d 

' 1s discontinuous. . 

It is •Clear that the solution of the problem formulated above 

may serve to this purpose, at least if the boundary consists of 
rectilinear segments and the parameter ./4 is sectionally constant. 

For the more general case of a boundary consisting of sufficiently 

regular arcs and or boundary-conditions with sufficiently smoothly 

varying parameter/, a firs·t approximation may be expected which 
usually is sufficient, whereas more precise information can be 
obtained with the aid of conformal mapping and iteration. 

i.e. if we are dealing with harmonic functions, a 
complete solution of the problem can be found 4. In the general 
cas_e, however, it seems to be difficult to find a complete solution 
~ ans 111a ...... -.. ... ... IJ ,, ,_.. ..,. _. ,.,.. .... 

1 Research carried out under the direction of Prof.D~ D. van 
Dantzig. 



and we shall confine ourselves to one or two leading terms together 

with an estimation of the remainder. 

Of course 3 if sin tt? =0 or cos 1tfa ... o., i.e. if we are dealing 

with the classical boundary-conditions~ much more general results 

could be found with elementary methods. We shall not consider these 

cases separately, however. 

It should be remarked, that the left hand member of 1.2 is 

not the most general case of a directional derivative with complex 

would correspond with/" = + i m • In view of the results to be 

found in this paper, it seems that in these cases being the cases 

of differentiation in isotropic directions the behaviour off r, 

may be much more complex, 

This study has grown out from an investigation of some hydro­

dynamic problems, involving Coriolis force, which naturally lead to 

boundary-conditions of the type ✓102 with complex and even purely 

imaginary values of~. The hydrodynamic application of the re­

sults of this report will be given in a separate report to be 

published presently~ 

2. Bounds for the derivatives of functions that satisfy certain 
.--,;t,_, ~....... 1,1 -

boundary-conditions. ----------~-
In this paragraph we shall deal with functions f x,y 

are o c ass 0 n a cerva~n 
c,_ . 

where r is the bound a i:'y of D. 

First we recall a va~iant 
• • 

states that j_f 

will satisfy i~equalities of the type 

c)f 
• ·a X 

L.. --·-·- --~- ~·, · - r-· 1\IT + B ·- e X, y) ,. '1 x,y 

which 

D+ 

, that 

in D., 

2.1 

• 

where x.,Y) is tl-:.c shcL,test disi~ance from x.,y to r, and A and 

B are numerica:_ factors, indc:pendent of tr1e shape of D and the 

" t.. ..(:'l d -i D posi ion O.L x an ;1 ..$..n • 
• 

For points x,y) near 2.1 is not of much use. If, however, 

consists of sufficiently regular arcs and if f satisfies a linear 

boundary-condition on r J intuition indicates that the theorem may 

be generalised such as to arrive at a formula of the type of 2.1, 

where now e x~ y is the dis ta nee from the point x, y to the near­

est of the rtsingularr' poir1ts of the boundary. 

2 A function is said to be of class C in a domain D if its deri­
vatives of order m exist and are coWtinuous in D. 

3 Compare for instance John, Plane waves and spherical means, N.Y., 
1955, Ch.VIII, where 3 much more general theorem of this type is 
proved. 



• 

In this report, we shall only consider the case that the point 

x,y 

along 

lies near a part 

which f satisfies the boundary-condition 

Jf 
cos j(~ d + .s 0. 2.2 

By means of conformal mapping this result may be extended to 

2.2 holds. the case of a more general boundary-curve along which 

Theorem 2.1. 

Let D be the domain x +y le and let 

Let f x,y be of class 

Then 

Proof. 

f f X;, y f 

lb. r x,y 

o,o 

in D+ 

in D. 

4 
3 'Jt'' 

, 

be its boundary·. 

in D+ I' and let 

• 

• 

2.3 

2.4 

As has already been stated, this theorem is well-known. We 

shall, however, indicate a proof of it since this proof shows a 

way to attack the case where boundary-conditions are involved. 

Let us first suppose that =1. 

function 

def 
.,.. ·•· ln 

Min: c 

zz -1 
0 

zz -1 
0 

z-z z-z . 
0 0 

and consider the 

2. 5 ·. 

Since, when z and z=x-iy are considered as independent variables, 

, G is a harmonic function of x,y throughout 

the Z··~· 

G + '1 ln 
7i' 

+ 

z-z 
0 

is regular throughout D. 

zo 

• 

x-x + y-y 
0 0 

... 
z-z 

0 

•• j "" 

Hence G is a Green rs function which 

boundary condition G=O if x,y is on r 
moreover satisfies 

where 

Furthermore, we infer from 2.5 · that 

G x,y; x
0

,y
0 

= x,y, 

hence, when considered as a function of 

properties: 

the 



for x .. y on 
. 0"' 0 • 

Accordingly, by Green 1 s theorem and the I'amiliar reasoning, 

we have, if x,y is in D, 

f x,y G x,y; X ,Y 6. f X y dS + o' o 0 0 0 
D 

f 
d 

G ds. 2.6 xoJYo X';}; xo,Yo - an 0 
0 r 

Since., if f x,y 

respect to x or y 

follows 

is not on f , differentiation 

may be perfonned under the 
in 2.6 with 

integral-sign, it 

0,0 -
D 

-
r 

, using 2.3, 

o,o 

JG 
X 

D 

A M + B 1 

0,0; x ,Y 
0 0 

d S ··• 
0 

+ 

The values of A and B may be found readtly. Since 
X 

) 
e1Z + v°Z , 

we have, if 
0 0 

0 • 0 .,• X , ,:r 
" 0 v 0 cos 

and 
-;)G 

O,O; X 
1 cos o:,Yo -an X 1"r"· z ~---- 1 0 

Hence A -... 
,r 

B '1 
21t 

Finally, 

f x,y =F t ~ 
• 

- IMII, ..._ -- • r .... ..., -- ..,_ - -

2 "j(" 

cos 
0 

0 2,·(-

cos 

0 

if e 1, WC 

. Then for 

0 

d 'f 0 

l} 
,.. ,_.,. 

",t·-,:, 

d 1-r .. 
0 0 0 

0 

may substitute X , ... ,. .... ., 

-~,1• 2 •- .. . 9 "2. 
c:: +17 -~1 

JG 
ux O, 0; x 0 , y O · is regular exc.~12t_.,,_§! ~-the 

XO +y O · X 

throughout D. 

0 

o· 

2 4 
::x • 7r • 

origin, where it has 

is finite 



l ' f' 
X 

A x,y 

o,o ' ' 

Tr1eorem 2.~'?. 

L t ,r-, ".l 

e ·" .u oe 

and for 

·f .. ( X ,., 
' ,. ' ,;J • 

1 ' 
r, 
' "" - $!11 - ,.ti t e 

4 ·--
lr'f 

t,he ci omr::1 in 
1® F'fl,,_ 

L .... 

'--

(') 0 ' '-· 
' 

M I a 1 

~'1.1 
r,,1 

l ,/'"") 

L 

-JS--

l A l • 
' l 

I... ' :u> - r 
) i •.. 

+ ; g;1 -·---
' 'Jr J 

in '!""\ 
l ' ' J..,,~" 

' ·~ in ' ' • ,,, • 

4 4 ' 
'f I W'? + JIC' e 7r ,:,,r 

q.e.cl. 

➔• 

t") 
C. 

M,'j 
C. 

;;~ 
.... ; f.iit 

in D+I' 

Let f(x,y, r:;a t 1 .. s fy on 
1 

the boundary-condition 

c: OS 1r j-t 

wt1en is an 

Then fot~ 

[! "'c) 1~ L x,y -ox 
~!~ f L tx,y i,y ~/zl-

where A and Bare 
y or Re 

Proof. 

*•·'., 

~ 1~ 
=: 0, n 

c <:,mfJ lex n1.1mbe r. 
•t,11 ,,.. 1 111udtPEal 1t,11r 11:11 " ,, .. 

l y ' r .. , ~ e ? , we have c::.' J 1...., 

r\ 
}·i. 

tv1 ,,.1 ·¼· B r" ---- e 
\fa 

.t ,) , 

e l L 

A 
1'111 B M?, + e e it.,,.., .. 

c)n l y 9~ .. f).~_99.~-~ .. ~ .. on Im ~ 
' 

not on 

2 be 

and 

2 .7 

2.8 

2.9 

,x, 

We sr1a~11 ·pr"'c)VE~ 

t- he mo r-e· •:r Pone r11 ....,, l l.,,,; .., ~ (::) '-,,,, • . - (.:I: ' 

: ie tneorem or tne case - - the extension 

case being possible in the same way as in the 

... "" 

1 

Le' ~ .. 
• ! 

'V 

+ 

Let 

T',f .J.J 

' 
be ··the c1 oma .lr1 

> 

Z-X+ly, 

G X. Y" il,. ; ' , 

1 
' 
n • tUC ,_ .. 

,· Tr-

Since, if z
0 

is in D'+ I'', 

Of X, y-. 

From . 2. --10 

l,z >1'"11' 

1 - '"' 0 

y > 0 w:i th bC)Unda ry 

consider tt1e function 

lr1 

-2-r 1 .u - e .,,- · ln 
~1-zz 

0 

~• ·• . I ' t ~ po1n ,,.s Z= , z:;;; 1 
0 z 

+ 

and z=r 

r, -

I 

2.10 
l 

• 

1 are 
• 

is in D 1 a regular h,· rrnonic fu ction 
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2 2 1-z 1-z ~G 1 e2 ·1r 1,,µ 0 0 • - -cz ,,... 
1.-zz '1-zz z-z z-z 

0 0 0 0 

2 2 1-z 1-z dG e-2 7r" i~ 0 0 
.. I -. ,. -oz 1-zz 

tan 

z-z '1-zz z-z 
0 0 0 0 

~rom these I'ormulae j_t is di.rectly seen that for z z 

~ ) G ., ;JG 
e - ?r lfa rJ_~ + e z z =0., hence, 

z 
1 v ~ "2) 
2 ~x· - l ~-y , l ·-2 

C since 

"' + l 
X 

t> 
-·~ V , 

V 

• 

the boundary-condition 

cos iry 

or COS7r,P 

Furthermore, if x y o' o 

-zo - -XO - 1Xoyo+Yo 

,,, 

- s1.n 1rp 
X 

--, I 

is on 

0, 

we r1ave 

2.41 

hence we see from continuous 

functions of X 'Y o' o 
::3tood tha·t x,y is a f:1.xed point, not on 

Finally, we remark that 

G x ,Y ; x,y; -
0 0 

t 

2 

., 

as a func "'c i .. on of 
.., . 

x ,Y, G+ 0 ~ ln z-z
0 0 0 r c..Jc 

" lS hence, when considered 

regular harmonic in DT and G satisfj_es on the boundary-condition 

cos 1(r "' G 
tlS 

0 

- sin7r,P 0. 2.12 

Now by application of Green 1 s theorem and the familiar reasoning 
~~, h 1· f vve ave}, x.,y 

-

+ 
r, 

i s ~'- n D ' + 1··, ' , 

G X a >l : X ., "'\1 .,_"' O-'"O 

X ,Y 
0 0 

f X • :-.7 
0.,, V 0 

If sin 'lt"µ 0, we have on 

bence G 

• 

~G 
1:>~o ·'l'1, 

0 

~f ~G 
- f 

o 'l'lo O 71.o 
2 , 

cos. 1tµ .f 

ds 
0 

1., 0 , 

C l-g--ll f G - L, · It r'-
• 

d S
O 

+ 

)G + f ~--,,.,, 
so 

1., 0 

J 

• 

2.13 

ds . 
0 



since Gx,y; 
Accord :\.ngly 

+ 

-1,0 •O~ G x,y; 1,0 

D 
-~ ~ 

0 __ 1_ f"'t a '·r1 ,,. - , .. 
0 

nS Yi~-o + 

.r 1_,o 2.14· 

I 

then we l1ave on L 1 

2.14 follows from 

1~ x., y 
f 

-f 1.,0, since 
·.1·•~ ca-n- bt~ v~~1r~-~~ ~h~~ \#" _, t! 1. - . . .i.. C ¾,J ,,,,,, - :::,"1 ~1 

If 'x y \ , ' 

is not 1~ J~ n d f"' r on1 . 2 " 1 4 

x,y 

D 

+ 

t 

. ..,,, o· 
Ci 

X 

~G 
"'''" .1rmr11p 

ox 
X ,1 .,· X "" , ,J, ,Jo 0 ' 

tn --- . ' . 
...,,,, 

t>G 
3£1;· a • . vx 

~ f' ~ ' and similarly for~. Tnese ,,. .. . ~ n ·-"' ·1 .1.. ormt:i. t, e 
t ,1 

ci~nc~e ~~e 1· 1·ne ·1nt~ 0 r~1 · 1 , i.,.') ., l,; 1 1 · · . . . - ~ ,, t .. ,. (:;) ,.. . 

ds 
0 

a r·e') I.. ' true 

• 

~. 
t: 

2.15 

even if x,y ie on 

Now we are in a position to prove the desired 

theorem 2 .. 1 it f" o 11 c·>ws f:· r:"lc)n1 the s u {:)p(; s :l t, :1. or1 s 2 • 8 
estimation. By 

df 4 
'1'~1 

,l. 
! ""l 

........ 1r el X {), y 0 

where t X y · o-' · o is tl1E' 

1 X Y· o' o 

• 1+ 
T •' 

1/3 

y 
() 

' ( X 
'\ 

V 0' ~' 0 

to 
1 

tJ!~, 
C 

He11cc ntuneri.ca 1 fac1:ors 11\.' exist such that on 

df 
"'-lei 12$ I $ I JC ' 

i)n 
0 

Accordingly, we have from 2.15) and . 2.8, if x,y 

+ 

)f 

vX x,y 
I 

1'_) 

~• l 1,111 X .,, ,. x,,., y 
, J , ,I , 0 {) 

1 f aG 
Y I ~., x· i 

0 j 

ds + 
0 - ' 

2 

~n 
0 

, '"2 ( 2 1 4 . 
Now let i)t' be the c:tosE:!(1 clon1ain x 

' 

-;)G 
• • a Lt 

c)X 

t 

l 

2 

' is in D'+ 

ds 0 • 

inspect.ion of the for,mulae . 2.11 and the remark on the boundedness 
1 JG . .- ' 

in 2.16· have finite ut·)per limits., depending on] .. l1 on Imµ not on; 
• 

Rep • Hence nllirtbers A anc1 B., on.ly depending on Im?, exist siJ.ch 

that for any . x,·:,1 
t, 



~f"fllll If I LU 

ft>X 

df 
, tuu11111111r l r 

aY I x· "··' \ ., J . 
·t· .. ·h· If:' a- r ,"'!)> "un· ·'I. ,".:) 'V'\ .,. ..,; 0 n r" "'11 1 r, ·'l" , • ·~ , , s 1n· ·· !, n c e~.,. t ·n e·· t he· o ,,... em ·1.' !Q p ~ ov e a· ._,Ji.•\..:: \I. .; ·,::;,:> '11/.'1..,_,-lJ \, l ,:) C~-l !('.:I ...... Jf":i"-·Al).1,,A1, , .. ~~ . ,., - , .. ·· ,. 0/• .I,. .. ~ L) I._ ;.,,. • 

1.n . . ·"', t ' ., tl E 

Theorem 2.3~ 
. .,. 

7 1 I 1• 

p f 1:.1 • is t:J·1e d oma .:Ln D R : 

1n tl1E.~ closure 

of this dom,1 in, 

for , 0 (. 

for -, iQ 0 ~ ... j... '.\ ·-· . , . tr~R: cos 

c • 1"' or r . ,-~ O 

for O 

arbitrar~ comElex 
t t 1 1 17 JI t F IHPllli(-INllli WP riNli! $. lta'lh -\] 

= O r 
= O r 

e 

, 
f') t'i - ,::. 

, 
ThE::n \~(~ have f o r""I) ... -i' 0 

,.# 

MdlI:lllttllf8< Pl: S'.!i.:olo -•II ; 1 

r 

f ... , r, 'f 

Proof. 
W,Fk i1 lltlii IV Jff:QI tt 

• IIIU:i I 

orig in.; 
1 r , '*"' Fw • 1 m 

1 ~r 
' , •• ' ,, ::::i O , 

r c><f 
~f 

numbers; 

Consider the circular consisting of the points 
t") 1 

h l "" ,, l ~ t _n11"'l:""~ <~~s t.• (.,; . L I...,. _...,_ t_, 

2.17 

wi tr1 

lying in fixr:d 

D R., wi t~ i1. 
.J... V 1 

R anci Ci 

centre .~ 1· . ti 1 h r · ana 2- •·. r , res pee · ve y, w e r.e 

•• rr e t) f~ 0 (;1 ' 
1 .. r c., , rl l. r;.,.) ~A- E r 2.18 1 ' 1 r~ e i.. ,t L If') --- r ·., . .I,, 75 ... ..... C. 

,,,"-
, 

""" .. 

anci r1a lf-c ire les and lying irl DR·· \-Ji t~h. cent re r ,O. and rad ii 

r ·· ar1d p.9 
t t 

Then the . ' points of L arc 

from the boundar)l o!'" D··R is in ,:1 ver•y c~rude estimation greater than 

a poin1:: of t.j1e latter t.ypE:, ,,,e can draw 
. .. " 1 

r around this point which is entirely inside DR. 

~·h l ~ e origin that are greater than 1r. Henc8 it follows from the suppo-
sition that constants Mand N, independent of r, exist such that inside 
and on 
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Consequently, by application of theorem 2.2 and 2.1 we conclude that 
constants A and B exist, dependent only on 

that in every point of L 
and Im~ 

or Re , such 

or - ( r 
1 <> f 

.(_ 

r ot.p -

Mro<.+B r 
A 

e r 
M rcx + B 

cJ... - 2 N r , 

r N Q(-2 
r ., 

whence, with 2.,18 the desi1"\ed t::stimationsfollow. 

• 

7<0 

,,,... ,, 

• • 

' , 
., . . C1 . ' 

/_ :Ii.£_. ~- - , ., 

.,,, 

• • ·~ 
• •• 

' . 
' 

' • 

• 

/' 
/ 

' , 

/' •(~-- • --- • 
' --

\ 

4 
I 
\ 
l 
' 

j 
• 
\ 
t 

not on r, 

Remark. If instead of the estimation 2.17, we had the estimations 
CA-2 

, 6 f r, =0 r ~ 
~fr 1 ~f 

0 r o<. ln - ~ = 0 r , , <f' 

1 

ln - • r 

3. Construction of an auxiliary Green's function. 

L8t D be the ssctorial d oma in O < r <. oo , 
0 < l. n- 0 v-J i th O l.. 0 " 2 and let ro., 0 

be an inner point of it. 

We shall construct a Green's function 
~ -------·-····-·,...... ...... ---.. -- '----­

' 

~ ~) .,~ 
G -...•r· .. ·r- vJher0 r ,gnd r denote the 

' 0 0 
points r, and its 

first derivatives, continuous in the closure of D, except possibly for 

~he origin and which furthermore satisfies the following conditions: 

Ia. 

Ib. 

"14. IT., 
G r · r + ,, 0 ' 

f _. .. .. d o r insi e 

For .. ,,- e ..... , , 
,,,_ .,AA· oG cos 1 r 

'1 ln 
2T 
D o<J . ; 

0 J.. r '-

- sin 

r-r 
0 

.i)O • 
• 

Tr p 
1 

is a regular harmonic function 

dG 1 O; r 
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Ic. For 
1 )G 

a 1!1"97 PP 411 st• 

l~ vf 

H. ·-r,· . . .l1i-• ' i; ,, 
. . ...... .. 'l,,,,, 1 :c1nd 

• 
exceot for the .. 

j O ··· •·~ r· o·t·· f /ff • ,, 1t,,., ' 1 . ,, . . { . ~.) l ,, V 

_,.,,.,,_ , "' •fF· --· . ' _.,,,_ rl 1 . i ~- . -- r . ~~ \,., on,.,a. t~, .,,Jno 

Let us consider the 

1 
-~1,c&'>'!A ---;,,J~ J&¾::<•• I 

c:,r-

s .; n < ..• ,··, t 1r1 ,·.~; ,;t n t. <·, g· r~ '::ll ·n rJ 1~ a ,:-,, ··1 .,.., ,.,b .,, L'. ""4 J. i . '"" . ::::, (:'J • .,.,l 4 l \,,, 11,,J ( •. , 

() 

#-1 t 

shc1 l l 

d t . ., 3.1 

path. The parameter 

0 c: Re~ <.1. 

I <.1r'igin, \Zi /< is an ar1n~lyt.:;ic 
,, 

pole at t=1 and a brench-point at th~ 

function of z with a logarithmic 
singularity at z~1 and a branch-point at z=O. For our purpose it will 

be suffic1.c,nt~ to cc)r1~3~1_der~- tr1e tv-Jo-sht:.'ett::d dort1,air1 -2~ "- Rrg z <2 fr'. If 

a c u t 1. s rr1a d c·: \ z l > d. p' 
' ij z;~ is one ~•va lueci 

b. 

·1-1m j ,, 
"' di .. ,~)!. 

z ~., 

,,.- n ci ;;:J ' ,J 

c. Le: t 

5 

6 ·. 
. 

-~ -

z 

0 
•'1 + 0 , .. .,. 1 t') 

',. . "l'r 

1 1 .L. ffi 

·x ·i' ,:, . t.J, 

-·" 

.F ~•••""' .f rJ! /4- . 
\ <l,.,,J , . . - .... ~ • 1i-.,r oo; llhl b Q ,w:,.....,,. 

c:1 r--.r~ z 
,.,._., 

0 

0 

t27t'_ 

' , " ~'"..,: t· '"' .. 

• • 

behaves like 

3 1r1e l l-k11 O\-Jn 
?( i..),,,( 

,t!,. 

6 
result 

·• 

w.i th 

we have 

3 .:2a. 

~np1·0",,o.u1 Q1,, f· o~ ,.,.. tl .. E:) ,,.A. ;;.J . .,J ,, 1.. - 2 11:- .~ Fi r[!; ~~ ~ IJ 
• - n- 41..~ 

z.;~ 
z .,,, ,:;). t/J 

3.2b 

~ be positive real. Then, by the substitution t,,;1~, 

- Zj d' t., '"'"'' .... s. 

1:--~ 
z 

A 1 a1: ( I j t1 - lil 1--.,, ....: 
_ ... - ,,, , • l: ' i\Z 4,/1 

' 

1/z 
' 

More general fu11ction:s of tr1is ty1-1e a r~e mentioned by Erdelyi, 
Hi h t j t ·1 - t·i II N. Y 19-3 27 C·~ s· , Ort E:: ~ nn ~ r· ;fa\, r· ~-- . r~n O '• ?IJ<•""un,~ - ~ on S .... ", . p . . • ~- • J .,; o .. ~··•1. . "<:.,iJt·:,,,~. :1Jl ,;,., · .. a.. J. .· ·...,, · · \.i .· , J. ., . • ·._..;. 1 .· .. • .· .. • 

C 1"i,. Ti tchma rcri l'J:;i.~., :tl1e.o.r"y o1, rune t ions, Oxforcj 1939, p .105 • 
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Letting 'A tend to infir1:l~t~1 we .1"1.nd with ·• 3 .2 

relation 
z; A J.;t \ + t - ,- I . 

d. For )zlf~1. zt1 \~e have 

1 
- ?";-.,·,, 
-

- - ;;a; 
' 

C: ,r· 

·1 
' 

0 

n+µ 
" 

• 

. . sgn · arg z · 

2 sit11i"'J,A. 

,,, .. I RII 1114 

~-1 dt s 

tt1e funo tiona 1 

3.3. 

And with tl1e 

z+, 41 

·3~J) it follows t·rorn tk1is forniule that fnr lz\ l,, 1, 

e. 

., I :: l ' Jfd• i,e z -n+ 

2 sir1 ,r 
I. J .... n-J,4-

Fr(')m the formulae 1 ·3 4 and '3 5 j_ t j_ s clear .lli..,,,, - a \ . . ' • ... -' 

ar1al71tic f·tlr1 c +-- ~ on . ' \., ...L of\µ Wt11C t·1 ,,,. ... 11 n . ,~ 
~- -q,_. ,1 A,. be contint1ed 

entire -plane, except for poles at 

If N is a positive integer, 

z; >"° +1'1 · 
/ -- - . z;r """ ~- fr· 

~ 

\\le f"lcl v e 

n .... () . -·--

n+ JA z / 
n ➔-fa ., 

3.5 

th ·+-av z; 18 an 

analytically io the 

Of course the properties discussed in a,c and d remain true after the 
continuation. Moreover, we have for every~4 

d 1 
~ -·1 

#;:;4'1#,111,:: 1caolr lj;!l;Nu ,.,,,., -

T ,,1· JL .. , \.., ·€· 0 "::r. q ' l e· · 1 ..,., 1, L ,1. ~ 1.> t:. . 1_ ~ , we shall only need Lt1e continuation in the semi-closed 

re t;ur11 in the 

If 111.2.r11 t) e r~ t, occurring in the boundary-

0 ~b h ,.,-.. "' n ·e.fl.Li ot 

Until later we shall .. 

Now let the function lll,1 ( ., , \T .. l 1 V 
V\ \ i..-f. 1 . J ,, 0 J 0 

(UJH 00 ('U '-~ Q.l 0 ' .· .. - V 0 be. d· e· f~ i'li"\ ·=, cl b'' ,. . ' . ,. t : t.,, I... ' J 

l ' w u.,v; 
-

+ 

1 .. l V 0., () 
--tn w ) 

;! - e 
1,, u 
✓-~ ? -

- , ;-,.1 ?1 :11 I ,tliAll,11,~. . . 

S ··n . ..,. 1.-J. l, .CA ,r'\ ,,,,-... 

fO:t"' - 60 .£ U ,( CO , 0 t:.. V l OG> , 
ua 

-2 i'T i 
·-e w __ .. 

w , 
0 

(3.7 

+ 
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tJh£~re W•U+j.v 1 \~ =:U ''r1 V 
<) o - o· 

f O 11 QV,,J ~i 11g 

,, , \' 
LA J ' 

IIb. 

1' ., ·'It we nave 

,, 
';jl + 

0 
;!'"! "h ow·· t ha t 'I r ;•;:i ! l . , . , . ·. ;? i -~- 'J~J 

O; 

u > () 
cJ ~vJ 

•11•11 '1111 II 

b l.l 

A 
I ln l w w l oorr , 11t1 rr t ;mu 111 ·-' i':) 

"" i 0 :...., 

!::. ti 

~ 

1.S a 

s:ln 

- \~ ·t 

Hence, t:he P rooerty a. ,, . 

ltl 

w 
0 

w 
0 

0 I.. arg v,J 

+ l!l (1-

and 

w 
v,J 

0 

w 
!2£G, 111 

w 
0 

anc1 V~ . l1,~ 
() 

0 $: a rg ·w , ;, .. ., 
0 

11 a .L are between 
the argu­
-2 rr and 

function which satisfies the 

-~ $ I 
/ 

;f ~ ,1 
~I V 

Tr ),4 ,"""', 
' ,. 

4-

= O; 

bV 

1 ln ' I t>J t 
,.,..- 1ir- 0 

0 f"' 

+ 111 1- w 
= w 

0 

-}-
1 

ln 1-

ln 

4,1!1 

I •••• y.J 
0 

1 -

• 

w 
w 

0 
+ 

functions of w or 
41 •• 

w for 

2 T. 

C on s :l de r ~l. n fs vJ ..... u + ~i. ,, , v~·=:: 11- 1 v a s ·1 r1 de t)e ncj en t v a r 1 a bl es , 1N e ha v e with 

w 
w 

0 

.U:-1 • 

• - e 

- 2 1r 1 .. ~A,_ ;') 

'-· iJ l1 
··o '11v 

- - ,, " • =;:;;/I ~ 

A, ... c n r-.cj ·1 n i)" 1,, 
1,,.., ' ..I ' ·- t.i:.~ ' • y .. c .. , .,..,. J 

e 

and for a rg iv::7= rr 

e 

or 

< 1 ·t 1 
i,l\) - .,J;J 

0 

+Ar-i· 
✓ c.. 

, ... ,, 
• I \ ·J I.I ~-· 

1 d l,\f 
~-;;·V<i 

+ e 

1T' :l. ,_Pt1 
+ e 

• 1T ) .. 

.,,., 
-1 

1 

1 

:::~ 0 , 

t··rom whicl1 it follows thc1t ·\v sa1;isfies tl1e con,:3itions IIb and IIc., 
since 

"d , d 
i ~ d ], ~ +- i d ,. --

ii!! 11 11 ,.,.;;,,,.. . .,,,, 
'lj:1/); Jtq ·3· • it; ,, ... '':S''.ij' ~,~n:r ~lit# ,,,, 

't15 ti" - ~c• ;;: t: r ,.,.. ./" ' :, ~~ au 
: q " 4 

~,. tW () ,, 
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Furthermore,, by 3. 3 ·.· we have 

1- µ ,, 

- 1-p 

Hence, when considered 

t'.·. \1, ei) P ~ope ~to ie-· S 1 ~,JJ. ___ ', - .i, .;. ,,-_ 

U V o' o 
ll -~ r'\rl V . c. ii ,.J 

0 (~) 
f:· <) r V.), 

0 

IIIi1. 

function of 
TT I b _l.l. - • f~ o· 1.,#~ ' 

1 • .. O u ~ O - "'c:J..; ... , o' 
-~ 
_\ i ¥ uw 

(::! () s n---fa: . + .. 1 dU . 
0 

IIIc. for v
0

•.:0, u
0 

>() 

i) " r w 
15 ii",,.. +~ 

0 

j (~ ;,::. ... n 

~Jb 
'1- µ. ' tr + 

0 . 
-. ; 1-fa 

1-~ 

1T ~-" ~ .i n .,,,..., , A - .l. 
I -

~::.. !n l~ ,,,1 C""'- 1· i. 0 n ~,i, . ,( g,, ' ¾,,.,1 , "')·f U V \ . , , 
0 0 

::::I, 0"' ' , 

-

,.. 

+ 

has 

pj_nally, we find from 1 lt " ) , a n<J "" . the following expansions ror W 

for 

for lw 1 

·• Tl>r 

-· 1 

n -1 

1 
n-)A 

e 

\ l,\1 t 
0 

si.n sin 
... f I I 7 IT _1.1 ~· $ H ;w.;r,,m ti Uti71 :nwr ,r1irt1r:.il/'.' tlillil •• ,, tn ,, ., il.iMCIH 

S . .i.. 11 ,r--µ 

-n+Jt 

on G, it is directly seen thJt j_f 

1,,,, P." 1 f· -P·.·. 1 an/'...., ~ t 'r·1 'i,.~ fun.·· <"' t- J¼ •Ol""' 1*,1 · j"1'i <·· t·", !'.",~ { J1. \._,,; \..,. '\,,,,,,,. ,pY ""'" ~. , ,..,... \,/ ..., ,.. .1 if * ii<,.. "'-· • ~\1' t,,.,.) 

satisfies all of the conditions I. 

-!) + .)'-l 
d/1 At .At 

\f.J 

i ,1-· t~ r1e cj on1a in D · 

' , r 
0 

~, r 
, 0 

+ 

impo~:;ed 

is a 
sin 

In ·the rnore genera~l case, \~e mcly use tht:.~ cor1formal mapping 
"1 . l} 

' 

By this mapping, 
V). 0. 

the d orna in D 0() · 

• 

is mapped upon the upper half-plane 



Now 

~ ln 

1 n t h ,." ·t··~ o ~ 
""" .J t;; . . 1. J.ll 

(:; () s ··)j' I , 'IF . - 1 

as 

= 1· n ~-- ..t 

-z ·o 

-14•-

1 n t Z. . "".'!' ,. ¾ ... Pl'el i'l'..d,.. ~ 
- ,I,. - - ·;· 

0 
ln 

1 /,4 1· IJ 
~ /U n . 
"4, -:G 

0 

eO ·. 
• 

the boundary-conditions Ib and IIb can be 

rr;t, ,:> 
t.-

~I'; ••:•1~•· , .. n 

;, \,J 
"2ln = o, 

which is invariant under conformal mapping, it seen that the function 

, r 1. 
0 

B 
COB 

I.Po 
0 J 

1 18 r' / 
() 

a:in 

for the domain D that satisfies the conditions 
I. 

1 
n+~ 

~ ·t· n !,.,J . ,I 1r p 1 s J n 

. + Trfa2 
0 

- ----- - for r ~ t' , 
0 sin ·1tfa 

00 J t"l n-f' 1 ,- 1 16 o, I ,, 
S J.!1 J - n/',t T r r1- · 1 

n-fa 
. "'l} ''" ' " 

"Du. r1 t h· e r-,,n o r-iP J.. . _; -,.# - l _,. ¾l - ...., ._,, ,. ·r>i inc e 1· 1 
e'I ~ t· · 1··. -1'.':'.' f"' •1 e· s t· 1-1 ~ C"' Ol'1(.::J J'l t~ "' o· n s IT I i,.;) • ,, . · ,;';j .:::, C.'.l " · ...:_:; .! ...... ~ i..., 1 t, i. (:; ,, ~- ,; . • 1 . J. . · .J.,. • J 

~-.t,: 

considered as a function of r, shall 
0 

satisfv the conditions 
I,,, 

+ 

• , ..... ➔ 1 . ...., _... 
I\,~ arr-~ + ' ]n 1 r•-r \·.is~ J..J • f \ j l. f""i , ,5 fr _ .. I \ . .~. . ' '-i 

c. .. l l.~ · 0 
regular harmonic function 

i n t::"I 1 a· e·D, d:> ~· . ..L. ;, ._) ., -·· .,__ ., 

IVb. :for~ 

cos 

for (r 
() 

' 

+ r1 J. n 

oO 

1 )G 
d lf'o 

(); 

== 0. 

· 1 9 - . 

, when 

7 ~I 

r 
0 

It is not difficult to show that the function G ➔ .... r:r ·• as g.iven by -"' 0 "" 

3-9 l1as a 
For') we h,3ve 

lim 
p. 0 

sense ever1 11! "{ii ,, ·'"""•i,' .t"".l .J'A . "' 0 
$eaJ: ;v " .. 

r 
r . 

() 

p/B ' . .,I..( ,., s 1 n '1111 !I tfiili! 1 1411.S + 
(J 

1(µ . -, l. 

sin rr,,µ 

• 
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. . , 

t:o 

1 
NIil H•"4s 

?r I) 
X:Jt( ... ) • 1. n 

IC~ 

~ .. -'h L, e 

➔ 
G( r; ---

1 

1 

1 

,-~•!Iii~: 
' I 

,~:r:;..f'.V1"t I I 

The bcha,1io,~1r 
•'tlz<'.e+1-. !I I O . 4!1¥ I _, ;)rt t I clTFJPTXllt!"· 

.,-, . 1·· IC" d i. t " (.,on . . ~1-0nv., 

Ir1 

r--, 0 f1' 

O <r· < 11, () < 

ll ii.I ••II•" 

r 
+ S 1n '""~ , 

I ,~emain tt"'ue after the passage 

h :) '' f;,, .,,, ' ~ _,.. 

1 
m 111,•iw 

n 

r 
il!ll<I Ill i 7 I , 

r 
r 

() 

n/8 
9,1· n. 
~-4 , '• 

' c1 ·1 n 
t:) .,.7'L l ,J 

~ 4' 
c* 

s t1a 11 

j_n 

wi tt1 
~-...,~ 

( ) 
i..,~,.,,.. 

""""'·""'~--··•"· 

n~ µ?. j I . T' - ft ... lf p 
ft,,...,,,,. 

·+- rr· far, .· 
ef, 

.@w,, 

r .. i <,. - ·~. , 
0 

- 17:~,J ') 
'-· 

s1.n 

111,n•'flilfffW:-1$ J :p 

iJ 
(7 

0 

"'vo 
••:t iC ••••• -·· 

8 

consider functions 

V 

cl <)rr·1n i 11 D · t1 

e £ - arlcJ l. I I 
c;: -

i( 1,Mv I IA 

• • 

0 ft ("' •' lass C 

d ()n1Ei .in , ex<~E~pt 
1:WII I 14 f ,, IUJ!ljiYIOll 1 ~AiTHrr1rt1• 

t:)()~3Sib~l:' for 
Jl)j'J fl ,M1 >,:g 5 l l * 1 I I ) Ii --

. 'I, 

tr1e 
. . 

' 

.3.10 

which 

1 
111 tl1e 

Vb. for n B , 0 l. r· ~ 
.•,, f .... 
p'\ 
'l.; . - ;J f 1 

Ve. 

for 

-•II II.I It II 

r n ···~ i · ·l.,1 I .. a J , 

tin if or1111l y 

'T"'i'r· .,... or-. m .!!. ·lt::: · e1. 4.1. 

If 
WI 11""7 hll 

uniformly :for 0 

f ---· -

f'\ or 

-

r, - , 

0 ( 
, ... 

G 

·, f' 
(! _,k 

o r") - • ;JIii 

r o, 

eXCl~p,t 
I ; 'I I Iii' 

the cond i'tion 4.1 
,f - . ,r'""'-~ 

(,_; t .... ,} be: 
,.,8!111. a• I i rt,; ":; , 

t· ::,-:: () ; 4.3 

1 , 
L -

"·
11·'€" t . i ... ,, ~ .... -

ar1d 1noreover for r ➔ 0 
<l!llfl;if ' ~ •· • 1· ir· -· :111•n1rr1'11•• n,; 1 KM1Ptt¢HM¥ ii!U:JiS\f U 

tl1en 1·01: O , r·, ~ R, 0 L 

,NI. 1.(11. ➔ 
f 

. 

t' 'ii r A 1~ + , 
0 0 
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G -
~, ➔ 
t \ jll'll . .;l. .t. . 

. ''") ' ' ""· 

1 (; ~ kffl1!4'!, f fJ; 

+ -1 

-,i Iii' f /.!$la ! f I Iii .-.. 'r:it':i:'F 1 L il•l!l"IIM:tNP'Jf illlQ' i:S.-4w;zi 1_1111¢,<ee· 

!~ u r1 <~ t i ,cJ r··1 ,, 
'I'll l(,1411, I I - I Ill ".-SI i J?JIUilhl -,: l'i!!OlrelJ:.._,m I f \JIil 

{} 

..... ◄ 
G r;r ' 0 

by 
.i illlt''!il'W 

n ·c:> '1" n. 't" s: 
' ' . ""' ' 

t1S + ·o 

and 
.&tal 7 flltnltl! 

'ti L lat'. lllU If t W "Olli~ HE ,11'\WU:,,ZY; ft-,. W"'"' ' •• .,. 1 a I : ; 7· Z J 1fi ••1 t Ill I twSaQ I A : ts iii t 11111 P ,. ai!!if IA I "hi I I l 1 

r <t'.::i, ~ E e· c +--. '" , ., !£::\ 1 ·v t;,,.:) .. ' \.,,,J..,f'I..,.,.,.,. 
,' ~ 

•• ,- I u:•-• m•:ttr1111\1'1rs~• ,,,, ; w:1ra1,-.'-i!!!l'IIII> 

If a in 1r'" ·""" '::C) ,,,I"" y 
-~111 1'i'IQ I I :a 

a bsen ·t;. 
ff'r I • tl)Ji;}lkljftlf1Sf4i'l!L TllllMI $ Cl/tjP/#, 

Let O t. 

.]) l f, ? .. } 

If sin 

hence 

f~or 

'"".ii l ·o· · n ,,. 
(J 0 

0 

ti·· 
I 

+ 

in (J 
;:, t~ G . 
on 

0 

"""' 1t 6 
' . 

l_, 
~1 

For the, 

r 

--

➔ ➔ r .. r' , -
0 

on 

-

-

by 'fvb 

e. F{ , 

D 

r 
1 

' 

by 

--

Thi.s 

A f~ 

In 
is 

f~or 

order to arrive at 

possible on behalf 

r ·◄ o. For we infer 

J 

thE: 

f·~rom 

:r.: 0 ·. 

def Rep.(. 1, uniformly 

r 
0 ' 

-
115'. nm a._, :Jll"OIII 

• .. flit) t r .. r , 0 

g 1 \Y(~n 

be 
by 

the Green•s 

see 

t.r1eorem and 

reasoning, we have 

3.9 . Then, by 

the familiar 
" 

• f ,:: 

if r' is in the 

<)f D e, R , 

Af 
..... 
" (jS ~ 0 . 0 

_. ··• ) ➔ .... f~ G ds • r r r • ro - , 
~ () 0 n 0 

0 

anc:i Vb, re! s J)ec t 1. ve :1y, 

'11111-._ I I I ': II""' 

0 
1'I\ I 31-3 I i df¢ 1 lolbt 

~8 
0 

> •• ,... 

, 

-f p 
1 

s e er> fr- 01n. 

·r11 ds == .... u ii.a 

,~ • I, 
t ~r" ..,. t· G r .. r 
V J.(,1 J . 0 

''."\ 

.! o rn1 (4.3 h 'I • , t e 1ntegra ..r.. 

to 
on 

8 

limit i"or 
the behllviour 

e .,, .• , o. 
of f" and 

r ., 0 t • , 
' ::;11 

0 

4.5 
. ' 
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And form Ve and theorem 2.3 it 
~1, - ' 

:w1 0 r 
O 

, uniforn1ly for~ 0 ~ tp .. f 
0 

Accordingly the integral along 

if e tE:nds t:o ze~o. 

cl"\ be 1 Plf~ ) 1 J _ c1c. ·- .... nr ,'4 c\ nv1~ ·-~1~ ...,, 11 ,.i. • ,,,,) ) • i.. ~ I l~ l ,,,. 

seen ·thnt the integral over 

This completes the proof . 

de-r1·n.1t·~ Jim1t f~O" % ,,l, .. ~_.. ~,, .. ,...., .v .:I. 

P"' van iat1 
C: 

........ o, thE3: proot~ 01:" t~ht.~ abovE~ thc:OrtJm remains valid 

the Green's function now being given by 3.10 . However, with a 
slight additional restriction on the functions fr, , the result of 
theorem 4.1 can be sharpened. 

Let, us put 
def'" 

G 1 
,__. Wt I *""' 

T ' ; t * .:;a .. 4 1 nen ~~ is ~1recc•y seen 
➔ 
r , . ._ 0,. v;ie h<::i ve 

(') L 

* :.-j; ~ G r·; r 
0 

·, 4 .6 
➔ 

that if r is fixed and 

• 

Hen.• Cf"' J, ._, ,, i. f WC:: of functions fr, such that 
. ' 

t~--... A .J.. 

p R 
gives 
r• ,. 
l.. r 

+ 

➔- C ·tg 

where 

l. £,.~ f~ , i,.; ;'--, /i,J> '' ' ds nor1v--g-- \~~ mr1·y· 0 '-"' . ,.,. ._, ,,) "" ...,. /I '- l <. ... ~· 

A 
1r 6 

-

r -t-· 

➔ ·-+ \ r·, ill '1!"'11 
, l. I 

0 

,.. 
"f ' 

- J .. 

➔ 
l.~ ) 

('"'\ ,I 
,./ 

~ d • ..,1111 y 

L ,.,. It J•• :,; .... 

dS + 
0 

or 
~on · 

0 

-) 

r~ c1 s 
0 () 

! 

t . ..._ r, -- c·" l1 ~:i e · . h t ~-- ..., ' 

t t•"·' \,,,.J - (,,.A ' )' 

f~ r, 
-2+l 

·- Q1 n .... "'t•• L. 

4.6 ·1- Jr· 0 .. . 1 J v 

.... •• la 
1... .. t.,. · · d s () ~1--, 0 

, 

4 .. 4 

+ 
J 

4.7 

-1 

4.8 

• 

with f..)0., unift)rrnly for O ~ 

terms of the right-h;:1nd side of 

I:. 1r 0, 
4 7 

• i ' 

second, third and fou~th 
l1a \ ... e c1t;; f i r1i te l:lmi ts for r ... , 0, 

Fo·r the second t;erm., corr,i1,1re lernma 2 of~ 6. 



unif~ormly for O 

of 

,r, neorem 4 r,, 
,,..J . ..,_. 

If f r~, 

over for 1""} ➔ O 

-1A-: ~ 

.L c ·"")n ~ t I. 1 r ~.· o .,., --r~ 0 (4.9 

tp '" 1r e·· .., ,· .,_ ' . -

teMn 

the conditions V with 
·••tori J 

'l:'"l 
i,, , ., 

~Ji th £ .> 0, uni f <~) r}'ml v !~o r'l 
11 %1.tfll lilil $ 11 ; •fPitS:Z II I :x'.ct: 

·. 4. 4 holds even 
when 

...... ' • 
G r;r is replaced 

0 

Let us now consider 

111 -- IL 11P WLtt#tbNtlmF 

of~ r, 

f" r, 

that satisfies the conditl.ons V. Tt1e analytic behaviour cf 

near r=O is then directly derived from (4.4. 
Indeed, \-Je have 

Theorem ~-.3. 

If f r., 'f satisfies the conditions V and if moreover in D· R 
l@IPi ;t1tue1,1'¾w .. lll' ""Iii 411 ,, 1 allt'.Jlltq;a! ••• jj 

tt1E.~n <:1 E": t e r'm 1 n e d b f·. r, 
1rw1,1 ;c•rri1,r1 •••-nu; 11::1 ,,~:'lrauJ"!IUM.1111 ::.acJ 1,z• 

t ha t, f o r O l:.. r,. ~ R , (.) ~ t..p !: n- 0 

C+ \, 

( .. ~,,~ 

/8 , 

first term of the ~ " t ' 4· f) "" ,. - \'!I 
· ,,_ - . . · K '"''1 ""f . ~ ' · ,.Jf~ 1n tJ" -1 b s ,,,•n , l p =" t ,,__... 12; ¾,,~ _,.\., ~i • -1,.... . • 

,, ---- :: . " ,,bot•w:•:•• :c,r;, U•: ~ :nsnr • I If' 

Proof. 

If"~ *O, 4" 4·, 
fl . ' 

4 .10 

8 
. 

.. 

,.... "'''"' ,,,-- -­_., 

s:l.n 1r,µ;, 
I 

~· sin 

1r8 

_______ ,,_ 

0 

,.,, 
-1 

() 

•• 

- f' ( R, 

f R irrB , 

0 

'(' >111* , 
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lemma 1, stating ~ 4 

r =0 r ln 

6.8 -
.) if 
r 

_. l . ➔ 

0 21 1 ill e.,,.: · r . n r , w · . 

give the desired result. 
'-

The results concerning the differentiability can be established 

with the aid of theorem 2.3, like in the proof of theorem 5.1 • 

. .. ,,' . . 
' . . ' . . ' . . ' 

• • • 
. . '· . ' ' . . . . . . ' . 

. . . ' 
.' ,;'':; ' . . 

. ' ·• ,, .. 
. ; , . 

¥;·· • 


