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Communicated by A. ERDELYI 

1. Introduction. The work described in this paper arises from a study of 
the long waves in the North Sea generated by a wind field. 

In this context there occurs the problem of1
·

2 l1ow to determine a solution of 
the equation of HELMHOLTZ 

(1.1) 
a2F a2F 

- q2F = 0, 

in the region O < x < 1r, y > 0, which vanishes for y > ro, and which satisfies 
the boundary conditions 

(1.2) 

(I .3) 

F = 0 at x = 0 and x = 1r, 

aF 
cos µ,1r ay - = 0 at y = 0. 

It will be assumed that q and µ, are given real constants with q > 0 and 
0 < µ, < ½, and that f(x) is a given real function. In order to sin-tplify the dis­
c1.1Rsion we shall assume that f(x) is an analytic function. In many cases, however, 
a much less stringent condition may be sufficient. 

The condition (1.3) means that at y = 0 the solution F(x, y) has a prescribed 
directional derivative, the direction of which makes a positive angle µ1r with 
the normal. Physically tg µ7r is proportional to the coefficient of CORIOLIS, i.e. 
the angular velocity of the earth. 

The solution F(x, y) may be represented as follows 

00 • k ~I 

b Slil X -:11V kll+qll 

i k k e • (1.4) F(x, y) 

-
The coefficients bk can be determined by mea11s of the boundary condition 
(1.3) at y = 0 which gives 

(1.5) f(x) 

1 Cf. G. I. TAYLOR, Proc. Lond. Math. Soc. (2) XX 148 (1920). 
2 Cf. H. LAMB, Hydrodynamics, 6 th ed., art. 209 (1932). 
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(a) For q = 

(1.6) 

O, µ = 0 this relation reduces to a sine expansion 

f(x) 
1 

In this case the coefficients bk may be determined in the familiar way and they 
are of harmonic order b1c O(k- 1

). 

(b) For q 0, µ ½1r (1.5) reduces to a cosine expansion 
CCI 

(1.7) f(x) 
1 

In this case no convergent expansion exists unless J; f(t) dt = 
(c) For q = 0, 0 < µ < ½ (1.5) reduces to 

co 

(1.8) f(x) b1c sin (kx + µ1r). 
1 

0. 

This expansion will be the subject of the first part of this paper. The results 
are as follows: The expansion (1.8) is unique and bk is of subharmonic order 
bk = O(k-1 + 2µ). 

In particular, we have the special case 
00 

(1.9) 1 = 0 < X < 1r, 
l 

where ek(a) is defined by the generating function 

(1.10) 

We have 

1 + 8 a 

1 - 8 

eo = 1, 

Isl < 1. 
0 

and for arbitrary index k ~ 1 

(1.11) - k, 1 + a; 2; 2). 

The coefficients b1c of (1.8) may be expressed by means of 

1 
b1c = -

7r 0 

where km(x) is the m th orthogonal function with respect to the set sin (nx + µ1r). 
These functions may be determined by the generating function 

(1.12) 
l 

The functions km(x) are uniformly bounded. For all m > 1 and all x in (O, 1r) 
we have 

(1.13) lkm(x) I < 2 + 4 sin µ,r. 
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We note that the function (tg ½x )-2
µ is orthogo11al ,vith respect to all functions 

of the set sin (nx + p,1r), viz. 
,r t -2µ. 

7r 0 
(1.14) 

for n = O, 1, 2, - • • . If for the functio11 f (x) of (1.8) the follo,ving condition is 
fulfilled: 

1 11" t - 2 µ 

- = 0, 

then the coefficients b1c are of hyperharmonic order bk = O(k- 1
-

2µ). 
(d) We shall consider the slightly more general case 

co 

(1.15) f(x) bk(sin kx + e,., cos kx), 0 < a.~ < 1r, 
1 

where 0k = 8 + 0(0-c), c > 1, fork > co. In the case given by (1.5) we have 

(1.16) 
q2 -½ 

1 + k2 tg µ-rr, f) = tg µ1r. 

Relatively little seems to be known concerning expansions of this kind. We 
quote the following result due to PATJEY & WrENER

3 If \0k\,.........< c < 1 and if 
f (x) £ L 2 a unique expansion of the kind (1.15) exists with __,; b% < co. 

In section 5 it will be shown that the expansion problem (1.15) may be reduced 
to either an infinite system of linear equations or an integral equation of the 
Fredholm type. 

The results are as follows: For 0 > 0 a co11.vergent expansion of the kind 
(1.15) exists and is unique. The coefficients bk are of st1bharmonic order 

(1.17) le >- oo, 

where (3 does not depend on k, and where µ (l/1r) arctg 0. 
In a way similar to the preceding case the coefficient bk n1ay be written in 

the form 

(1.18) 
1 -

where the functions m"(x) are bounded in (O, 1r) a11d ortl1ogonal with respect 
to the set sin kx + 01c cos kx. 

There exists a function lo(x) for which 

(1.19) 
1 -
7r' 0 

lo(t)(sin nt + ()n cos nt) dt = Oon • 

8 Fourier transforms in the complex plane, Am. Math. Soc., New York, p. 100 (1943). 
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This function is bounded in (0, 1r) with the exception of x 0 where, however,. 

X -1+2µ 

has a finit.e · · t. 
Returning to the boundary value problem considered at the begi.nning we 

may conclude that a unique solution F(x, y) exists which is continuous and 
bounded throughout the semi-infinite strip O < x < 1r, 0 < y < o:>. The be-
haviour of F(x, y) at the corners x O and x = 1r, y O is determined by 

x ·· ➔ 0, y > 0, F(x, y) = - - <p + higher terms, 

where (r, cp) are local polar coordinates and where C1 , C2 , ca , C4 are constants. 

2. We shall consider at first the expansion of f(x) into a trigonometrical 
series ,vith a constant term 

co 

(2.1) f(x) _ a1 sin (kx + µ1r), 0 < X < 1r, 
0 

with O < µ < ½- The discussion of this expansion is somewhat simpler than 
that of the expansion (1.8). We shall require that 

(2.2) 

For the present purposes it is 
of the following kind: 

(2.3) 

0 

cient that f (x) satisfies a Holder condition 

for any pair X1, X2 from the closed interval (0, 1r) and where c and 'Y are positive 
const,ants not depending on x1 a,nd x2 • 

We shall show that under these assumptions the expansion (2.1) exists and 
is unique. Consider the analytic function 

00 

(2.4) cf,(z) 
0 

where z --- x + yi, 0 < x < 1r, y > 0. This function satisfies the conditions 

(2.5) Im ¢ = 0 at x = 0 and x 1r, 

Im e"'1ri<I> 0 at y O, 

cp uniformly bou11ded in O < x < 1r, y > 0. By means of the following conformal 
mapping the semi-infinite strip O < x < 1r, y ~ O is mapped upon the upper 



half plane 

(2.6) 

TRIGONOl\tIETRICAL EXPANSIONS 

w cos z, w = u + vi. 

By this the problem (2.5) is transformed into 

(2.7) ImcJ,=0 at v=O, 
• Im eµr,cJ, g(u) at v O, 

lit! > 1, 

lul < 1, 

423 

cf, uniformly bounded in - oo < u < oo, v > 0, where g(-cos x) f(x). 
·The problem (2.7) is a Hilbert problem for a half plane.' Its solution may be 
represented as follows by a Cauchy i11tegral 

l 

(2.8) cf>(w) 
-1 t - w 

·This expression has at w = ±1 the finite limit g(±l) cosec µ1r. 

Any other solution of (2.7) differs from (2.8) by a solution of the cor1~esponding 
homogeneous problem. The latter is solved by a linear combi11ation of the 
functions 

(2.9) 

where v1 and v2 are integers with v1 > v2 • Since these functions are infinite 
•either at w = -I or w = I they do not comply with the last condition of (2.7). 
The problem (2.7) has therefore the unique solution (2.8) .. 

From (2.8) we may derive 
00 

Im cp(x) 
(2.10) l 

= (1 + cos x) 
X 

2
"' 1 

tg-
2 1r o 2 COS X COS t 

If f(x) is analytic, from the right-hand side of (2.9) an asymptotic series for ak 
in negative powers of k may be obtained. If f(x) has a restricted number of 
derivatives a finite asymptotic series with a remainder is obtained. The first 
few terms of this asymptotic expression are determined by the behaviour of 
Im cf>(x) at x O and at x 1r only. By means of a familiar technique5 we obtain 

2µ-1 

{2.11) 
r(-2µ) 

where 

·(2 .12) ~(x) - tg-
7r o 2 COS X - COS t 

4 Cf. MusKHELISHVILI, Singular integral equations, Groningen (1953), Ch. 10. 
6 C. G. LEKKERKERKER & A. H. M. LEVELT, Asymptotic Expansion of a certain Fourier 

coefficient, Report ZW1957-012, Math. Centrum. 
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We shall show that the expansion (2.1) is no longer unique if the condition 
(2.2) is dropped. We may, however, still require that C1c ➔ 0. This follows easily 
from the Hilbert problem considered above. To the particular solution (2.7) 
one may always add a constant multiple of (w + 1)-i+µ(w - 1)-µ. Since the 
resulting singularities of cp(z) at z = 0 and z = 1r remain integrable the coeffi­
cient C1c tends to zero. 

An alternative, more element.ary way is as follows: Consider the Taylor 
• expansion 

(2.13) 
1 + S a 

1 - s 

The first few coefficients are 

1, = 2a, 

0 

They satisfy the recurrence relation 

(2.14) 

Isl < 1. 

4a3 + 2a 
e3 = . 

3 

Hence k! e1c is a polynomial in 2a with integer coefficients. vVe have, of course, 
for e1c the expression 

(2.15) 

From this we may de1;ive 

1 + 8 

1 - 8 

a ds ----- . 
Bk+ 1 

(2.16) ek(a) = (-l)k-12aF(l - k, 1 + a; 2; 2), k ;:=: 1. 

Either from (2.15) or from (2.16) the following asymptotic expansion may be 
obtained: 

(2.17) 
- 2)ka-a ' 

where O < a < 1. 
If in (2.13), with -1 < a < 1 and O < x < 1r, s e":z: is substituted we obtain, 

separating real and imaginary parts, 

(2.18) 

(2.19) 

0:11" cos 
2 

• a1r 
sm 2 

In particular, we obtain for a 

(2.20) 0= 
0 

-2µ. 

0 

l 
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This is an expansion of zero into a slowly converging trigonometric series for 
which the condition (2.2) is violated. 

We return now to the original expansion (2.1). For the coefficient ao we find 
-easily by means of ao = lim cJ,(w) for w ➔ co 

1 11' t 1-2µ 

ao = 
7r 

'(2.21) 

By combining the expansions (2.1) and (2.20) an expansion of f(x) into a trigo­
nometric series without constant term is obtained. 

,(2.22) 

where 

,(2.23) 

f(x) = 
co 

bk sin (kx + µ1r), 
1 

From (2.11) and (2.17) we obtain the asymptotic expression 

,(2.24) 
(- l)k-122µ A 2-2µ B (- k-1 2µ-? 

= --

where 

{2.25) A = ao ' B = 2<P(O) - A, C 2<P(1r) + fµA. 

3. The biorthogonal functions. vVe shall derive a set of integrable functions 
hm(x), m = 0, 1, 2, · · · , which are orthogonal with respect to the set sin (nx + µ1r), 

n 0, 1, 2, · · · . Thus we require that 

(3.1) 
1 -
7r 0 

hm( t) sin (nt + µ,1r) dt = 

form, n > 0. 
From (2.18) a11d (2.19) we obtain with a -1 + 2µ 

·(3 .2) 
1 
7r 0 

11' t 1-2.u 

tg 2 cos kt dt 

(3.3) 
1 
7r 0 

'Ir t 
tg-

2 

Hence it follows that 

1-2µ 

sin kt dt 

ek(-1 + 2µ) 
2 sin µ1r 

2 cos µ1r 

' 

' 

(3.4) 
1 r t l-2ii 

- tg 2 sin (nt + µ1r) dt = O 
7r 0 

for n > 1. Thus we find ,vith the proper normalisation 

(3.5) ho(x) 
X 

tg-
2 

1-2.u 

• 

1, 

1. 



426 H. A. LAUWERIER 

From (3.2) and (3.3) we obtain for m < n 

(3.6) 
1 ,r t 1-2µ 

-
,r 0 

0, 

so that hm(x) can be represented by the product of ha(x) a.nd a finite cosine 
series. '\Vithout difficulty we obtain 

(3.7) hm(X) 
X 

tg-
2 

Ejem-i(l - 2µ) cos jx, 
0 

where e, 1 for j O and e; 2 for j ~ 1. 
We note that the fl1nctions hm(x) may be derived from the generating function 

00 

(3 .8) 
0 

1 + S X 1
-

2
µ. 1 - 82 

1 - s tg 2 -1---2-s-co_s_x_+_s--2 • 

Finally we mention the asymptotic relation 

(3.9) hm(x) 2 sin (mx + µ1r) + O(m-1
-

214
) 

for O < x < I, m > oo. 

The coefficients ak of the rapidly convergent expansion 

co 

(3 .10) f(x) ...... a1e sin (kx + µ7f') 
0 

may be expressed by means of the biorthogonal functions hm(x) in the following 
way: 

(3 .11) 1 r 

7f" 0 

From the biorthogonal set hm(x), m = O, 1, 2, • • · , we may derive a reduced 
biothogonal set of functions km(x), m 1, 2, • • • , which are bounded in the 
closed interval ( 0, 1r). We shall define 

(3.12) m > 1. 

By means of (3.8) we obtain for km(x) the generating function 

(3 .13) k(x, s) 
l 

1 + s x - 2
µ 2s sin x 

1 - s tg 2 -1--2-s-cos--x-+_s_2 • 

This gives the fallowing explicit representation 

(3.14) 
-2µ m 

X 
-2µ,) sin jx. 

' ' 

The coefficients b1c of the slowly convergent expansion 

(3 .15) f(x) 
1 
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may be expressed by means of the reduced biorthogonal functions. In viev,... of 
(2.23) and (3.12) we have 

r 

(3 .16) 
71"' 0 

Finally we shall show that the functions km(x) admit the following uniform 
bound: 

(3.17) 

The proof is as follows: From (3.13) ,ve obtain 

(3.18) 1 
27ri 

k(x, s)s-m-i ds. 

The function k(x, s) has in the complex s-plane poles at s e•:z;i and branch 
points at s ±1. The contribution of the poles equals 2 sin (mx + µ1r) .. The 
contributions of the branch points are equal to two integrals which can be 
determined in the following way: 

2 sin (mx + µ1r) -

where 

a(µ, x) 

1-2µ 
X 

cos-
2 

1 +2µ. 4 . 2 · sin µ71"' 

· {a(µ, x) + (- l)ma(-µ, 1r -

= (t .- l) 2µ(t + 1)2
" dt 

1 t2 
- 2t COS X + 1 tm 

• 

The inequality (3.17) follows easily from the follo,ving two estimates: 
0::, 

a(µ, x) < 2-2
µ 

u 2 µ. d,u 
--,--------= 

o 'll 
2 + 2( 1 - COS X) 

a(-µ., 1r - x) < 22
µ 

00 u-2.u du 

0 u 2 + 2(1 + cos x) 

-1+2µ 
• X 1r 

Slll -
2 4 cos µ.1r ' 

X 
cos -

2 

-1-2µ. 
1T' ---·• 

4 cos µ1r 

x)} 

4. Analytic continuation. The results of the preceding two sections may 
easily be extended to complex values of µ. Without loss of generality we 1·11ay 
suppose that O :s; Reµ < ½. Since the case O < Reµ < ½ does not lead to special 
considerations we restrict ourselves to the cases Reµ = 0 and Reµ = ½-

(a) Reµ = ½­
We may put 

(4.1) 
µ= 

tg µ1r 

' 
0 > 1, 

0i. 

The rapidly convergent expansion (2.1) is possible. We have a1c 
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... ;\11 expa11si(.)11 vi.·itl1ot1t (~()11st.:ir1t) t,t~rr11 is g<:"!.Ilt:~rttlly r1ot p<>ssible si11ce e,,(2µ) clot:s 
not. ha, .. <· 11 li.rr1it. f<>r A: ~ co. 111 t,l1is c111.se tll{\. ft1ll St1 t, <>f l>iortl1c.>gor1al fu11c~tior1s 

. . .. ~ . ' hf .) () l .) . ... ,x., rri. - , ., .... , 
• 

• • • ")X' l~.t."-' 
' '\..~ 4< "'""' ;:, • 

(l)) I{e µ =~~ (). 

\Ve n1ay p11t 

(4.2) 
8 

· 2,ri 1 + e ' -1 < 8 < 1, 

tg µr k X 9i. 

"fl1i~ slo1vvly co11vergent1 expa11sion (2.22) is possible. ,.fl1e a.sj,~n1pt<)tic beha\riol1r 
ot· l,. is, ttecording to (2.211), 

(-1 )k ·-·122/ll A 
= (4.3) 

2µ 

9 ) kl+ 2µ ' · - ..,µ . 

lit\tl(~ b1 c<)11tai11s two harmo11ic terms. N c>t.l1ir1g regiircli11g speed of conv·erge11c~e 
C}lil be gf1i11t'.>{i by i11cl11ding a sir1gle cor1st::111t t,<~1·n1 in thE:; t1·igc,11c,rr1etric exp1111sion 
si1at.·E~ l_>{>tl1 .. 4. 1111d L1 Illltst , .. :111ish ir1 <)r<:l<::r to gt)t so111etl1ing l)ett,er tl1a11 l111r111011ic 
co11\·ergt~r1t~t~. "I~l1e explicit) t:~X{)r<•ssior1s t)f ,1 ttnd ll follo,v f ron1 (2.25). They are 

( 4 ,-t) 
1 -

1t t 
·tg 2 

1-2~ () 1r 
{f(t) - f(1r)} clt + . - , · · · sin µ1r 

(4.5) B 1 -
?r 0 

-1-2µ f(()) 
{f(t) - f· (O). l. dt - -:----- · 

S lll µ1r 

These expressio11s are valid i11 the strit) - ½ < Ile µ < ½. \\~ e 11ote t.l1t1t for 
Re µ, > 0 the e..-xpressio11 (4.3) may be reduced to the sin1pler form (2.21). For 
Reµ < 0 the expression (4.4) n1ay be simplified likewise. In this case tl1e set. of 
biorthogt)nal functions k,,.(x), m 1, 2, • • • , should be used since tl1e fu11ctio1·1s 
hm(x) have a non-integrable sin -u.arity at x 1r. 

5. In this section we shall consider the more general expa1tsio11 

(5.1.) f(x) bk(sin kx + 81c cos kx), 0 < X < 1r, 
l 

where ek 8 + 0(0·-c), C > 1 for k ► co. vVit,hot1t loss of ge11erality ,,re may 
assun1e that, 8 ~ 0. \Ve sl1all s110,"~ tr1at tl1is exp~111sion prol1len1 n1ay be reduced 
to 1111 i11t)(\gral equation. T\\ro possible ,,rays prese11t thems<~lves. If the at1xiliary 
f Ull(:tiC)Il 

a, 

s(x) = L l),. sin l.:.:c 
l 

is i11trcxltl("t\(l t .. r1e relat,ion (5.1) 111:l)r be ,v1·itte11 11.S 

(5.2) s(x) + ek'S {s(x)} + K {s(a~)} ...... f(x), 
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where the operators S and K are given by 

(5.3) S {s(x)} 
1 

00 

(5.4) K{s(x)} 
l 

429 

We have for S, which transforms the sine series into the conjugate cosine series, 

(5.5) 

For K we have 

(5.6) 

with 

(5.7) 

S {s(x)} 
1 - P. V. 
Tr 

l{{s(x)} 1 = -
7r 0 

K(x, t) 2 
l 

,.. sin t s(t) dt. 
o COS X - COS t 

K(x, t)s(t) dt, 

0) cos kx sin kt. 

Hence (5.2) represents a singt1lar integral equation with a singular operator S 
and a Fredholm. operato1· K. This integral equation may be solved by the method 
described in Mus&BELISAVILI's book.6 This method consists in the reduction 
of (5.2) to an ordinary integral equation of the Fredholm type. 

In the following more direct way a Fredholm equation may be derived from 
(5.1) immediately: If the auxiliary function 

CX) 

(5.8) ,/l(x) = --,I b1c(sin kx + 0 cos kx) 
l 

is introduced (5.1) may be ,vr·itten as 

(5.9) y;(x) + L{ f(x)} f(x), 

where 
00 

(5.10) L{ f(x)} 
1 

If we put fJ tg µ1r witl1 0 < µ ~ ½ from (5.8) the following expression for b" 
is obtained: 

(5.11) 
cos µTr 

0 

Substitution into (5.10) gives 

(5 .12) L{ t/;(x)} 
1 

= -
7r 0 

L(x, t) f(t) dt, 

6 See footnote 4. 



(5.13) 
1 

In vit:~"'' of (~~.17) L is a I◄"rcdholrn t)J'.ler<J.tor with a lII1if 01·111ly bot111ded kerr1c~l. 
lif~r1cc (5.9) represer1t,s itil orciinary .Fredholm equation. 

1\(·cordi11g t-0 t,l1e familiar 11,reclholm theory, fr<)n1 (5.9) a uniqt1e ::1.nd bot111ded 
sol11tion l/;(x) n1ay be obta.iriecl. !11 exceptio11al cases, howe\rer, a certain cor1-
ciit1i<:)1·1 sho1.1ld l>e im upon f (x). F.,rom (2.24) we obtai11 for b. the asymptotic 

• 
ex{.l ress1 <Jll 

(5.14) 

where ;3 is & constant. 
lly way of illustration the followi11g special case will be considered: 

e, k > 2 
' 

where A is variable. Tl1e :F1 reclholm e(1uitt,io11 (5.9) reduces t,o 

Its solut,ion is 

A cos µr y,(x) + cos .l~ -- · 
1r 

11' 

0 

i/,(:r) f(x) + a cos x, 

a(4Aµ 2 + 0) 
• A 81D µ1r 

--1• 
0 

f(x). 

Tl1t1s a solution i.s obtained unless 4Xµ2 + fJ = 0. In the eigenvalue case A 
-8;'4µ.2 the follo'\\ing co11dition must be imposed upon f(x): 

k1(t)f(t) dt = 0. 
0 

If to tl1e expansio11 (5.1) a constant is added tl1e rate of convergence may be 
i.mpro\'t-~. I11 a similar ,vay as before we find tl1at the rapidly con\r~rgent expan-

• 
SIOn 

(5.15) /(x) ···· ao + 0 < X < 1r, 
l 

is genertilly possible, and tl1at 

(5.16) a1r. ..... 

where a is a cor·1stant. 
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Next we turn our attention to the biorthogonal set lm(1~), m = 0, 1, 2, · · · , with 

(5.17) 
1 
1T 0 

lm(t)(sin nt + (}n cos rit) lit = 

form, n > 0. The functions lm(x) can be obtained i11 the follo,ving way: Let us 
assume for simplicity that Ok =I= 0. Co11sider the slo,vly convergent expansio11 

(5.18) cos mx .....t lm ,k(sin kx + 0;1 cos kx)' 
l 

where m = 0, 1, 2, · · · . From this expa11sion l"l (~r) is obtained according to 

(5.19) = e-1 Em m lm,k sin kx' 
l 

where 80 = 1. By comparing the sine and cosine coefficients of lm(x) the ortho­
gonality relation (5.17) may easily be verified. 

By means of the biorthogonal functions lm(x) the coefficients ak of (5.15) 
may be expressed by 

(5.20) 1 -
1r 0 

... 
l1r;(t)f(t) dt, k > 0. 

The coefficients bk of (5.1) may be expressed in a similar way. The reduced 
biorthogonal set mm.(x), m = 1, 2, • • • , where mm(x) is the generalisation of 
km(x), is defined by 

(5.21) 

where 

(5.22) 

It is obvious that 

(5.23) 

1 = '--' Xk(sin kx + Bk cos kx). 
1 

1 = -
'II" 

nik(t)f(t) dt, k > I. 
7r 0 

We shall, however, show that the functions mm(x) are bounded in the closed 
interval (O, 1r). From (5 .. 14) and (5 .. 23), (5.21) we obtain 

(- l)k,So 1r l0(t)f(t) dt + O(lc_ 1
_

2µ), (5.24) 
kl-2µ. 0 

where {30 does not depend on /(x). 1..,he ft1nction rrim(x) has the sine expa11sion 
(X) 

(5.25) 
1 

We shall now prove the assertion by showing that the convergence of (5.25) is 
of hyperharmonic order. We may apply the asymptotic expression (5.24), 
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however, ,vith 01c 1·eplaced by 0-,; 1 
.. If l(:,(x) is orthogonal ,vith respect to the set 

sin nt + 0;: 1 cos nt, n > 1, the11 v,~e obtain fron1 (5.24) 

(5.26) 

In view of the cosine expansio11 of l{i (x), 

h1c sin kx 1 
1 1 

the integral in the right-hand side of (5.26) vanishes. Thus the convergence of 
(5.25) is of order k- 2 + 2

µ. 

The zeroth biorthogonal function l0 (x) has a singularity similar to that of 
ho(x) (tg (x/2)) 1

-
2

µ.. This follows easily fron1 expansion (5.19). We have 

(5.27) 

As in (5.26) we find 

(5.28) 

lo. 1c sin kx. 
1 

so that (7f' - x) 1
-

2µl0 (x) takes a non-zero value for x > 1r. 
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