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Sun1mary 
In. this paper \Ve determine the surface charge density of a sen1i-infi11ite 

conducti11g cylinder due to an axial pclint charge. The problem can be! 
reduced to an integral equation of the Wie11cr-Hopf type. The relevant 
factorization problem is studied i11 detail. 

§ 1. I ntroditction. The proble1n of the determi11ation of the field 
of an axial point charge i11side a hollow infir1itely long co11ducting 
cylinder has been considered by various writers 1). 

If there is a point charge -1 at the origin and if i11 cartesian 
coordinates (x, y, z) the position of the cylinder is determined 

by - oo < x < oo, r = V y 2 + z2 = 1 the surface charge at the 
cylinder is 

a(x) == 
1 

2n2 

0 

00 

costx 
--dt. 

Io(t) 
( 1 . I) 

In this paper we shall consider the equivalent problem for a semi­
i11finite cylinder O < x < oo, r = 1. This problem is much more 
complicated. The determination of the surface charge a(x), which 
also depends on the position of the point charge on the axis, in­
volves the solving of a Wiener-Hopf equation of the first kind 

00 

J h(x - t) a(t) dt = g(x), x > 0 ( 1.2) 
0 

with h(x) ('-.) - ln x 2 for x >- 0. If a(x) is known, the electrostatic 

*) This paper is a revised version of a solution of a prize question put by the Wiskundig 
Genootschap in 1955. 
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f i f"lc:l ~r ( r f :t) l"l'li.:l y l}(;~ {:\ ,l si l y cl{\ t t:·1·1·r1 i 11 (~(i ( c: f'. ( 2. 3) ) . \vr {l> s l1<t l l t la (;f t.~f () J'(> 

<~<:.lt1fit1t~ <)t.1r· att,{~1·1tio11 tc:> tl1t~ <it·tt~1·rni11c1ti<.>r1 <.)f a(;t) ft~<>t11 ( 1.2). 
··1"t1t· \\Tiet1t~t·-l1c>1:,( t~<:1t1atio1·1 ( 1.2) Cft11r1ot be~ solvec~l tly tl1t.=• f(tr11iliftr 

111t~t l1<:xis si11<:t'.\ i 11 t l1is case tt,1e strip <}f C(ltl vt~rgt!rlct~ is ::1 l)st•11t. 1"l1t·r·(• 
is 011ly (l lint· c,,f (~()Il \r{;t~g<:DCE~, t}·1e real f:tXis, lll)()ll ¼'fli(~ll t l,t· l·"()llr'it·r 
t1·,l1·1sf<,n·r1 C)f tl1c· kt~1·nt:-l f11r1ctio11 t·1,ts ti l,:>gf1.ritl1111ic: sir1gl .. tl~1.ritv 

.. ..,,, 

;.it tl1t1 (>rigir1. H()\\rever, tr1t'.\ ir1tegr~11 (~(1uatiC)Tl ( 1.2) rr1;;lj' l)(' S(:JlVt·<l 

t)y rr1t~,1.ns of tl1t~ methods clevt::lc)r)e<l l)y w111 s k l1 el is h vi l i 2) : <·f. 
(ilsc:> 3) a1·1tl 4}. 111 l)c:lrti(~ular tl1t~ r1oti()Il c)f st~ctic.1r,1~1lly l1olc)IT1<>r1)l-1ic 
ft111ctic>ns !)lays an imp<.1rt;;1nt rc)le i11 t l1e solutior1 <)f ( 1.2) .5). I1·1 
§ 3 tl1is \\rill l)e discussed in detail. An t~xplicit ex1)ressior1 is c)l)­
t:ai11t~tl for the~ l•<)urif~r transforn1 of the surf ac~e cl·1arge a(.t:) clt~pt~r1clir,1g 
on the pro1:>er factorizatio11 <>f tl·1E~ I~ 0111~ier trc:1r1sfor1n H(x) of h{.t:). 

Tl1e exi1licit factc)rization is carriec.1 011 t in § 4. \ 1" ari<)t1s i 1·1 tt:.gral 
rt:~p14 es<::~11tations c:1r1d seriE~s expa11sic)11s are (1t~rivecl. Tl1is 11·1ay lt~i::tcl 
to ar1 eXJ)l1r1si()Il of a(.'.\:) fc>r sn1a11 ~~ i11 §5, (Jr for large .x: i11 §7. If 
tl1e 1>oi11t, cl1,1rge is ,lt tl1e ope11 t~11d (0, 0) of tl1e cy,lincler O <:~= .1: .:::: co, 
r == 1, ,ve havt~ {~.g. 

2n:a(.t") -..- 0.337 x-111 + 0.527~:r,111 
- 0. 782311 

- 0. 96 I 5 /z • • • • ( 1.3) 

Special t:~xpressio11s are <ie1·ived i11 § 6 for the cast'.\ tl1at the poir1t 
cr1i1.t·ge is far iI1side or ot1 tsidt~ the cylinder. 

§ 2. Reductit)ta, of t}z.e prt)bletti to a·1t integral eq'ttati<Jtz,. Tl1e electro­
st(1tic field l7 (r, :t:) of a poir1t cl1arge at (0, a) of ir1tensity -1 in tl1e 
J)rese1·1ct" of a sen1i-infinite conclt1ctir1g cylir1der r - 1, 0 < _i- .:-;:: oo 
is dett~r1ni11ed by 

1 a av 82J7 
... ,, .. _ - r--
r or or + -,--=0 

o~t"2 ' 

l1
'?' = 0 for r = 1, X > 0, 

, 

V = -[r2 + (x - a)2J-1 + 0(1) for ,,.2 + (~~ - a) 2 -➔ O. 

The indt1ced charge de11sity at the cylinder is 

a(x) =-
I 

4n 

av i+o 

• 
1-0 

(2.1) 

(2.2) 

Co11versely, if a(x) is kr1own, the potential J,,"(r, x) n1ay be dt~ter-
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-~ _f.<1(/) (It/· r,·2 ··t- 1 -+- 2r (~()~ f) ·+· ( .. \· --·- 1) 2 1 .... 1 clfJ 
I I I I 

00 

{I 

Ji(r, :1t) ~== 4[(r -f-·· 1 )2 -t-· ;t2J··-i 1{{2r'[(r -t- I )2 •+ ;r2J-·i}. (2.4) 

Tl1t· ftlfl(~ti<)tl l'\.(k) is tll{~ C()Tllplete t1 llir)ti(: i11tt:1g1~,t1 

K.(k) -~.:: f ( 1 - k2 si112 gJ) -·I c.l<f1 === in I~~( i, ½; I ; /, 2). 
(t 

I:<)r r '.:;;;; 1, .r ::• 0 frt)111 (2.3) tl1t:· t·c)llc)\Vi11g i11t(•grc1l <·<1t1c1ti<)11 f(:>r 
a(.t·) is <>l)t~1i11t·<.i: 

J }1(.r: ·- t) a(t) clt ~--=- g(.t), 
l& 

Ji(:t) :=-:= 4(.t:2 + 4)-i K[2(.r:2 + 4)-l], 

g(x) - [ I -·+·· .. (,.,· - a)2J-I. 

(2.5) 

(2.6) 

(2.7) 

I£t111,tti<·)r1 (2.5) is of th(~ well-kr1own \Viener-Hopf type. l11 vit")w of 

tl1e ir1tegral eqt1atio11 is si11gt1l~tr. 

§ 3. Soli,ti(>,i <J/ the z~,i.tegral eq1,icuio1z. By }"'-f...(z) we s.l1all undt~rsta11cl 
a fu11ct.io11 <)f tl1(~ cor111)lex v,1.riablt~ z = x + iy whicl1 is l1olo111orphic 
ir1 the UJ.)per l1;;1lf-pla1,1e )' > 0 a11d wl1ich var1ishes at i11finity. I11 
a sin1il~lr \vay F-(z) is holo111or11hic ir1 tl1e lower h(:1lf-pl,tr1e y < 0 
ar1d var1ishes ,it i11fir1itv. At the real axis \\re defir1e 

.,; 

F-+-(:t) - lin1 F·t(x + ,:y) F-(~,;;) = lim F-(;,t + iJ,'). 
wio vto 

Consiclt~r no\v the \Vier1t~r-Hopf equatior1 (2.5) i11 the fo1~n1 
00 

Ji(:.l: - t) a(t) dt = 
0 

g(x) .~ > 0, 
x(.t:) .t' < o, 

(3.1) 
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JI ( :r) :.- ./~ (•it.c Jz.( !) tit, 
--·00 

00 CC 

.5 t( ;y) :::::~ ./ {'it:; a(t) ell, c; +·(.:;) ::~ f t.~·'1= R(l) clt, 
( I It 

() 

.. Y-~( z) == _;· t~itz x ( t) dt), 

(3.2) 

Tl1t" kt~r·11el f t111<.~t ic.1r1 fl( x) t~a.n be: f actc)rizecl as t l1e proci 11ct ()f Ii r11i t 
ft1r1<:ti(>ns ()f st:c~ti<)r1r1..lly holorr1c>rpl1ic f11nctit)r1s J/+(z) ~incl ff-(::.): 

(3.3) 

'fl1t~n {3.2) 1·11c1y lJE• vvr~itter1 as ft)llows: 

(3.4) 

If thE~ tactorizat.i(}ll (3.3) is carrit!d out J)fOJ)E•rly, tl1c1 rt·l~1ti<)r1 (3.4) 
is l)f t flt~ f ()fill 

(3.5) 

Tl1t~ solt1tio11 c)f the problt·11·1 (3.5) is u11iqt1e if ef, 1--, 4>- a11cl q) b(•lc)11g 
to ar1y· finite L 2-class, i.e. fc)r -.i4 < x < ..c4 for a11y1 p<Jsitive .i4. 
\\Tt~ have~ 

and 

wl1ere 

00 

rp(t) 
--- cit, 
t "" - "" 

-oo 

00 

. 1 f gi(t) 
------ dt, 

t .t' 
-oo 

00 

j t - ~',\: ~- ► () 
cp(x + t) - cp(x - t) 
----·-·-----·--····----·-·- dt. 

t 
-00 IJ 

(3.6) 

(3.7) 

(3.8) 
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Tl1us the following explicit solution of (3.2) is obtai11ed: 
00 

1 
S'+(z) = ---- ----

2niH+(z) 
-00 

G+(t) dt 
-
H-(t) t - z 

• 
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(3.9) 

l~1~or11 .. 5(z) the surfc:1ce cl1arge a(x) n1ay be derived by i11verse 
I~ourier· trans£ <)rn1a tio11. 

In view of 
00 

clt 
= 0 for I1n z > 0 

t - z 
-0::, 

the right-hand side of (3.9) may be replaced by 

where 

vVe have 

a11d 

1 
S+(z) = ------

2ni H+(z) 

00 

-oo 

00 

G(t) dt 
----
H-(t) t - z 

G(x) = J eitx g(t) dt. 
-00 

G(x) = 2ei(u: Ko ( /x ) 

H ( x) = 4n Io ( x) Ko (Ix I) , 

' 

cf. Erdelyi, Tables of Integral Transforrns (1.14.13). 

§ 4. Factorization of H(x). Introduce the function 

2n 
= 21 x I Io(x) Ko( 1 x I). 

1~"'01~ x -~ oo we have 

ln L(x) = --
I 13 - + O(x-6 ). 

64x4 

Then the factorizatio11 of H(x) is obtained as follows 

H+(z) == 
z 

exp 
• 

ni 1 

2ni 

00 

In L(t) 
---- dt 
t-z 

-oo 

, Im z > 0, 

(3. 10) 

(3. 11) 

(3. 12) 

( 4.1) 

(4.2) 

(4.3) 
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00 

H-(z) === 
2.n ~ 

exp 
• 

ni 1 
-----·-·-

4 2ni t-z 
-00 

Fron1 ( 4.3) we obtai11 for z > ;,r: 

H-t-(;'r) = 2 [.nio(x) Ko(lx!)]l exp 
ni 1 
- sgr1 .. r: + ·. 
4 2ni 

also 

H-(x) = H-t-(x), 
• 

00 

f In L(t) 
= --·-·- dt · 
J t - X ' 

-oo 

H+(xe-rri) = H-(x), 
• H-(xe-7r·i) H+(x), for x > 0 . 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

1"'he asymptotic behaviou1~ of H+(z) may be dete11 1T1ined as follows. 
We l1ave 

1 

2ni 

00 

111 L(t) 
-----dt = 
t - z 

-oo 

where s = - iz, Res > 0. The first few coefficients are 
00 

1 1 

() 

00 

I 
cx3 = - - t2 ln L(t) -

1 

8t2 

13 
dt = -0.00298, oc4 === --

128 
• 

0 

He11ce we have 

z · ?'oo H+(z) = 2n ½ f.Y..k • 
exp ~ k - , s == - iz. 

S 1 S 
(4.8) 

B""'or H+(x) an alternative expressio11 may be derived in the followi11g 
way. We need the auxiliary function 

.Q(x) def arg [- Yo(x) + i]o(x)], x > 0, (4.9) 

with O ::;: Q (x) ~ n. Without proof we mention the following 
simple properties of this function: 

Q'(x) 
2 

( 4.10) 
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l;or x · > oo we have 

!2' (x) == 
1 25 

1 + -·----- - ---- + O( .. t"-6). 
8x2 128x4 

l◄or x >- + 0 we have 
n 

£J(x) ===- + 0 
2 ln (2/x) 

') 2 
111 - ... ---«- - • 

X 

At the kth zero fJk of J o(x), k > 1, we have 

Q({Jk - 0) = 0, Q({Jk + 0) = n. 

\Ve shall now prove the following formula: 

X 
arg H 1·· (x) -- _ .. ·-

n 
0 

Accordi11g to (4.5) we have 

n 

00 

Q(t) 
----dt. 
t2 + x2 

00 

X f 111 J..,(t) 

n t2 - x2 
0 

This odd functio11 is the si11e trans£ orm of the even function 
00 

1 1 
- + -- cos yt ln L(t) dt, y > 0. 
2y n 

0 

This fu11ction may be reduced as follows 
00 

l 1 

2y 
si11 yt --­

L(t) ny 
0 

00 

1 1 
ei11t Im -

2y ny 
0 

00 

1 00 I = -- ~ e-t3kY + -I1n e 
y 1 ny 

() 

00 

00 

_,yt Jo'(t) 
J o(t) - iY o(t) 

00 

dt --

( 4. 1 1 ) 

( 4. 12) 

(4.13) 

( 4. 14) 

( 4. 15) 

1 

y 
~ e -fJkY 

1 
e-vt Q' (t) dt 

1 
e-vt lJ(t) dt. 

1 n n 
0 0 
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'l'lit· t··x11rt·ssi«>tl 1~1'.->t <;l)t~1i11t·(.l is t lit· sirit· t1·;;1r·1~f<>r·11·1 (;f t lit.• 1·igl1t l1~tr1tl 
si(lt• c1f (4.14). 'I"t1t1s \\'t' l1~lv't• 

'· ' 

JI ' ( i ! ;;:, 2 :, :r I C) ( .t ) I{ () ( I .\· I ) ] \ t. • x I> 
l •.J I ~ ,) 

... ""''r" 'Ii ... ' _, •\, 

!)(t) 
(.lt. (4.16) 

' 

\\'t' tlc>tt· tl1 .. 1t t·cJr ,l J>t1r·t.·lyr ir11(tgi11;1ry .::; tllt' ft1r1t'ti<>r1 //!(:) i~ rt.•;;,11. 

\\'t.1 l1;l\1 t' ft"()ll1 (4.3) ~:lll(.l (4.4) 

}! + (, s·i ) =::::: }{ .... ( -·- s i) == 
2 "'t ~· .s ·"' I r·1 I .. ( t ) 

.,,.,,, ·'> • _., ~- ( 4.17) 
s. J. • ~-

() 

1:-i n ;:t l l y' \\I'(' sh,11 l (~(> r1 si d t.·r t lit:~ t)e l1r1. \'i c:> tl r of Ji--~ ( :: ) 11 t.~;1 r t l1 t: <> r~igi 11. 

I""'ot~ .l: ::-~ 0 \\'(~ l1a "V~c~ 

Si11ct· 

(I 

tl 11 c.l 
00 

.... •,' -··-

z -- ► 0 ., H ·t- ( z ) --·· 2 

Hr·(x) , 2 Jt 
2 

lr1 ---
.,t; 

}{-(_,:.) -- 2 7l 
' 2 
ln --

.,t' 

2 
A lr1 lr1 ··- -t- (J -

2 
l 11 -- 1 ·-····- I 11·1 ,.,, "· 0 

' ' 'W . .•. -·:~ ' 

2 i 
:,'7; .l Il --·--

y -

1 + (.) 

. \-ni .. 1 + ---~--~-- _..,_& _ __,.._ ~--

2 ln ·!.x ... 

!ni + ,, , 
r 1 + 

... ~- ----·----·- ., .. --
2 ln ·¼· ·x: • • ' . -

+ 

I 

T 

2 
111-l ·•··········· · 

0 
2 

l Il -- 2 --~·-· 
~t' 

0 •) 2 In- ... --·-·· 
·x: •' 

• 

• 

Tl1t~ arg11n1er1t of H·t-(:r) as ,1 f11r1ction of ~i is givt~r1 in table I. 

( 4. 18) 

( 4. I 9) 
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§ 5. li':tp,i;,,i:;i,,tz l>/ <:1(:t·) /<>r ,<;t1i,1l! .,·. frfi·lt~ J)I"<)J)t.''r·tit·s <>f tl1t• ft1r1(~ti<>11s 

}/±:(::) llt,.riv·t•(.l i11 tl1t·; 1>1·{·\'i<.>t.1s s(•(."ti<>Il \7~:tli(l~ltt• tl1l· <lt•ri\·~1ti()ll <>f tl1t.) 
~,.111ti«>11 <)t· tr1t' \\Tit.•r1{·1·-I-It)J)f ('(ll1,1ti(,11 (2.5). \\'t• 11,t\~(' <>l>t~ti11(.'<.i 

~tc::c<:)r·ciir1g t<) (3.10) ;:.t11cl (3.11 ). 

l 

l . '/' (' .~.. ) ~"' '-~,.-... ,. " ,... ...,_,_. --
' 4:r2ili r(::) 

,i,1t 
l 

00 

K,~(jtj) 
,~ ----~ ,< • • • ' - • • • • .,_ •• 

f{-·(t) 

• . f{-+(f) 
-~ 'ii ,,t l,, .... _, .. , ....... ,-'yM,,,. • .,... 

Io(t) 
-·00 

cit 
( 5. 1 ) 

tli 

t ---- .... 
• (5.2) 

··1"l1t" ft.sy1lll)t<.)tic t·xp(t11si<Jil t:>f .S'+(z) 
as f ollc>\\rs . 

t·c.,r ::; .,.. co 111,t v ht.~ <lett·1·r·11i11t·tl 

. t\C(:()f di 11g t () ( 4. 8) \\'(• t1~1 \;'(~ 
~..... ' . 

I 
•-•"=MO -~•-• 

II"''( z) 
·--

s 

2.n: 
,~ CX'fc 

-- '1' --~k ' 

I<.tl ,s· ::::~ 0. "l"'r1is l1lay7 l)t.l l)l"{)tlgl1t 

1 
"·- ·-• - .. ·~·- ·----~--··• '"'" '" -- s --,~­"-H ~~(z) 

s 
------ ,. __ , _ _,. 

2-i: 

,, 0· ;;:;;;;;: I ,1 1 = ' ' 

0.0629, 

• llj; ,,.,, 
' 

' 
"'" ..,..,.......,,,,, . ,. 

I 

sk 
, 

() ,. 

0:1 -- 0.0280, 

' 
¥ 

(5.3) 

et l 3 
·-·-;; 0. 004 7 3. .... .. .... 

6 
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l1t1rtl1(~rr11<)ft• v\'t~ h,tve tl1e asy111ptc)tic expar1sion 

00 

1 ·t I{cl(lt/) 
·••· --·- {: t ( i ' ---··----·--

n i: -.1 H-(t) 

dt 
2-J L 

bk 
(5.4) -------~-~-- , .. _ -- . ··--

sk t-1 ' t ,,, 
0 ,;., 

-00 

00 

2-i kn 
dt - I-<e • at bk exp ·i --·----

2 H+(t_) n 
0 

or, ir1 v1 it·w ()f ( 4.16)' 
00 

4 -Ko(t) k:rc 1 2 
!Jk --- tk cos -·-·-· __ ,. ..... --·- -

Io(t) 2 
- .11 (t) - at dt, (5.5) 

n n 
{) 

() 

00 

Q(t) 
----dt. 
t2 + x2 

By means of (S.3) and (5.4) we obtai11 from (5.1) 

where 

00 

2n5·t-(z) == v n ~ cks-k-&, z = si 
0 

Ji; 

Ck == ~ aibk-j• 
0 

(5.6) 

(5.7) 

(5.8) 

.. t\.ccordir1gly \Ve obtai11 for the i11verse Fourier t1~a11sfo1~n1 a(x) the 
followi11g expansion, presumably converge11t for small x: 

2na(.,~) == ------· Ckxk- __ 
<) I'(k + ½) 

(5. 9) 

lr1 tl1e crtse a = 0 the first few coefficie11ts are 

be> 0.337, Co 0.337, 
b1 0.254, c1 0.263, 

b2 0.6 I 4, C2 0.586, 
b3 1.803, C3 1.803, 

so that 

2'1:a(:-t') 0.337 x-! ( 1 + 1.56x 2.32;t"2 2.85x3 ... ) . (S. l 0) 

l:;-rom this we obtain a(x) for a few x values (table II). 
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T .:\. [3 LI~ I I 

X a(x) I X I a(x) 
- --·--- ··-- ·---------~---.-~-~ ·---- .. ~ 

0.001 10.69 I 0.02 2.46 
0.002 7.57 I 0.05 1.62 
0.003 6.19 0.1 1.21 
0.004 5.37 0.2 0.92 
0.005 4.81 0.5 0.57 
0.01 3.43 

§ 6. Expressio·ns for large lal. We shall co11sider the case a > 0 
a11d a < 0 separately. If a > 0, we l1ave from (5.2) 

• 
e·iltz 1 oo Ji ke - c,,/3 r.: 

5-t-(z) = --- -·-- - ------·-·- -Y: ----·-·-·--·- ----·-
2nlo(z) 2nH+(z) 1 (iz + f31c) J 1 (/3k) ' 

--rhe i11ve1~se tra11sfor1natio11 of ( 6.1) gives 

1 00 J -af3k ZkC . 
a(x) = ao(x - a) + -

2n 

( 6.1) 

(6.2) 

wl1ere ao(x - a) represe11ts the surface charge of a double-i11finite 
cylinder due to a point charge -1 at -~ = a, r = I, and where the 
function B({3, x) is the inverse Fourier transform of 

[H+(z)(- iz - {J)J-1 
or 

00 

B(/j, x) 
1 

2n 

dt 
e -·itx -------- . 

H+(t) (- it - /3) 
(6.3) 

-oo 

If a < 0, we obtai11 from (5.1) by taki11g both sides of the negative 
irnagi1·1ary axis as new patl1 of integratio11 

from which 

• 

1 
S+(z) = ---·- -~­

H+(z) 

00 

a(x) == 

0 

0 

00 

<it ] o(t) 
e . . ' H+(ti) t - iz 

clt 
(6.4) 

(6.5) 
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The expressions (6.2) and (6.5) are 11seful if al is large. If, however·, 
al is small, we rnay p1·oceed as follows. fi'1·01n (5.1) or (5.2) we obtair1 

at 011ce by i11 verse transf or1na tion 
00 

• 1 .. e-'i•u:r . t I{o( ti) dt 
o(x) === ao(x - a) + ------------ ---- d1,t eici. ----.-- -------- , 

2n2i H+(i,t) H-(t) t - it 
L -oo 

\Vhere L is a contour alo11g both sides of the negative irnaginary 
axis. This 111ay be written as 

00 

o(x) == ao(x - a) + -
1 

- ti, x) dt, (6.6) 

where -00 

1 

2n H 1-(t) (- it - 2 
• ( 6.7) 

1~ 

"'fl1e fur1ctions B(/1, x) whicl1 are used in (6.2), (6.5) and (6.6) rnay be 
red 11ced as follows 
a. fJ real and positive: 

00 

dt 
- ------ ---

8n2 Io(t) Ko( t ) -it - fJ 
0 

00 

Io'(t) t Ko'(ltl) 
== ------ -- - -

8n2 - Io(t) ltl Ko(lt) - it - fJ 
-oo 

00 

1 00 Ji ' 

4n 1 {Jj + (3 4n2 - ti) t + f3 
0 

ancl finally (: 

1 00 h· 1 H-r-(ti) dt 
-

0 

b. fJ real a11d 11egative: 
In a sirr1ilar way we obtain 

l 00 h . 
.. ,x) - - ---e 

4n 1 /31 + /3 4nJ o(/3) 
- {3i) e13x + 

00 

1 -tx H+(ti) dt 
e ----------· -

J o2 (t) + Y o2(t) t + /3 
(6.9) 

() 
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c. f3 purely imaginary: 
In this case the expression (6.8) may be t1sed. 
The expressio11s (6.8) and (6.9) are reaso11able co11vergent if ;t 

is large. I~or small x we bette14 tal<e the expa11sio11 derived ir1 tl1e 
previous section. 

§ 7. Behavioitr of a(x) for x ► co. The behaviour of a(x) for 
x >- oo may be determined from the behavio11r of S+(z) for z >- O. 
F1·om (5.2) we obtain for small z 

• 
eiaz l 

S*(z) 
Io(t) 

dt 

t - z ' (7. 1) 

L' 

where L' is the real axis with a sen1i-circular indentation at the 
014 igin which separates z from the poles ifJk, k === 1,2 ... of I 0-l(t). 
The11 for z >- 0 we obtain f1~orn (7 .1) in view of ( 4.18) 

2nS+(z) 1 

where 

C 

2 

C === -

2 -i 
n 111- + 0 

z 

1 H+t 

2ni tlo(t) 
L' 

2 
ln­

z 

For a(x) we find accordingly 

C 1 5, 

=== -- --· -·-- + 0 [x-1 (ln x)- 12]. 
Bn½ x(ln x) 312 

a(x) 

' 

The coefficient C may be expressed as follows for a > 0: 

C= • 
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