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Summary

In this paper we determine the surface charge density of a semi-infinite
conducting cylinder due to an axial point charge. The problem can be
reduced to an integral equation of the Wiener-Hopf type. The relevant
factorization problem 1s studied in detail.

§ 1. Introduction. The problem of the determination of the field
of an axial point charge inside a hollow infinitely long conducting
cylinder has been considered by various writers 1).

If there 1s a point charge —1 at the origin and if in cartesian
coordinates (x, vy, z) the position of the cylinder is determined

by — oo < x < 00, ¥ = Vy?2 + 22 = 1 the surface charge at the
cylinder 1s

o0

] COS Ix
o(x) = 3 fmlg(t) dz. (1.1)

0

In this paper we shall consider the equivalent problem for a semi-
infinite cylinder O < x << oo, # = 1. This problem 1s much more
complicated. The determination of the surface charge o¢(x), which
also depends on the position of the point charge on the axis, in-
volves the solving of a Wiener-Hopt equation of the first kind

j‘oh(x — ) o(f) df = g(x),x > O (1.2)
0

with 4(x) oo — In x2 for x — 0. If o(x) is known, the electrostatic

*) This paper is arevised version of a solution of a prize question put by the Wiskundig
Genootschap in 1956.
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ficld V{r, x) may be easily determined (ct. (2.3)). We shall therefore
confine our attention to the determination of o(x} from (1.2).

methods since in this case the strip of convergence 1s absent. There
is only a line of convergence, the real axis, upon which the Fourier
transform of the kernel function has a logarithmic singularity
at the origin. However, the integral equation (1.2) may be solved
by means of the methods developed by Muskhelishvili 2} cf.
also 3) and 4). In particular the notion of sectionally holomorphic
functions plays an important role 1n the solution of (1.2) %), In
§ 3 this will be discussed in detail. An explicit expression is ob-
tained for the Fourier transform of the surface charge o(x) depending
on the proper factorization of the Fourier transtorm H(x) of A(x).

The explicit factorization is carried out in § 4. Various integral
representations and series expansions are derived. This may lead
to an expansion of ¢(x) for small x in § 5, or for large x in § 7. If
the point charge1s at the open end (O, 0) ot the cylinder 0 << x <= oo,
r = |, we have e.g.

Zﬂg(x‘} - 0.337x—"/2 - 0.527x'2 — 0.782%2 — 0.961%2 ceer (1.3}

Special expressions are derived 1n § 6 for the case that the point
charge 1s far inside or outside the cylinder.

§ 2. Reduction of the problem to an integral equation. The electro-
static field V (7, x) of a point charge at (0, a) of intensity —1 in the
presence of a semi-infinite conducting cylinder » = 1, 0 < ¥ < oo

1s determined by

1 o oV eV |

—— e | Y ) A —— = (), (2.1)
y or o7 '

V=0 for #=1,x> 0,
V=024 (x — a2+ +0() for 724+ (x —a)2 - 0.
The induced charge density at the cylinder is

1 oV |1*° _
o) = ———| . (2.2)
4 &7 1—0

Conversely, if o(x) is known, the potential V(r, x) may be deter-
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A[(r 4+ D)2 4 x2S K2((r + 12 4+ 2278 (24

s the complete elliptic integral

R2sin?g)tde = Ia F(}, 1, 1; k2.

For » = 1, x > 0 from (2.3) the following integral equation for
a(x) 15 obtamed:

[ h{x — &) o(f) df = g(x), (2.5)
;

)= K[2(x2 + 4)-4], (2.6)

glx) = [1 4+ (x — a)2]~ (2.7)
Equation (2.5) 1s of the well-known Wiener-Hopf type. In view of
Alx) oo — Inx2 x — 0

the integral equation 1s singular.

§ 3. Solution of the integral equation. By F*(z) we shall understand
a tunction of the complex variable z = x <+ 7y which is holomorphic
in the upper half-plane y > 0 and which vanishes at infinity. In
a stmilar way £ (z) 1s holomorphic in the lower half-plane v < O

and vanishes at infinity. At the real axis we define

Fr(x) = lim Ft(x 4+ 1y) F~(x) = lim F~(x + 1vy).

| ¥+l y 1o
Consider now the Wiener-Hopf equation (2.5) in the form

fh(.x — 1) o(t) df = {g('f") ¥ >0, (3.1)
U

Z(’&f) x < 0,
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x> Oand y(x), ¥ < 0 are unknown functions. Let H{x),
SH{z), Gr{z), X~(z) represent the following lrourter transforms:

O
H(x) = [ e h(t) d¢,
- OO

{
X-(2) = fe y(t) db),

e

then Fourier transformation of (3.1) gives

H(x)S*H(x) = Gt (x) + X (x). (3.2)

-

The kernel function #H(x) can be factorized as the product of limit
functions of sectionally holomorphic tunctions H*(z) and H—(z):

f[(‘t‘) == H"’*‘“‘{x) H“’”(;X).. (3,3}

Then (3.2) may be written as follows:

L X G -

[t the tactorization (3.3) 1s carried out properly, the relation (3.4)
1s of the form

(%) — ¢ (x) = @(x). (3.5)
The solution of the problem (3.5) 1s unique if ¢+, ¢~ and ¢ belong

to any finite L2-class, 1.e. for —A4 < x << A for any positive 4.
We have

and

H(x) = do(x) + 5 § o d, 3.7)

where
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2 mpe——

Thus the following explicit solution of (3.2) 1s obtained:

1 G*+(@) e
2niH*(z) J H-(t) t — 2z

— O

(3-9)

IFrom S(z) the surface charge o(x) may be derived by inverse
Fourier transformation.
In view of

d? _
fgb“(t) t — =0 for Imz> 0
— 2

— O

the right-hand side of (3.9) may be replaced by

S+ l f (¢)  di 3.10)
2) = — e ..
2nme HH(2) J H~(¢) t— =z
where
G(x) = [e*g(t) dt.
We have
G(x) = 2" Ko (|x]) (3.11)
and
H(x) = 4mlo(x)Ko(|x|), (3.12)
ci. Erdélyi1, Tables of Integral Transforms (1.14.13).
§ 4. Factorization of H(x). Introduce the function
L. |2
L(x) %t 2L H(x) = 2]x] To(x) Koffx]). 4
For x — oo we have
In L(x) = 1 ] i O(x~5) (4.2)
8«2 64x4 | |
Then the factorization of H(x) is obtained as follows
2m \} 1 [InL(s
H+(z)m<-%) exp ﬂ—{— f il 2 dt],lngo, (4.3)
Z 4 271 [ — 2

—= OQ
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O

27 \* 7 7) 1 In L(¢)
H—(2) = ( - ) exp [-—-r Rl 23;[ t-—-—-(c’ dzf:l ,Imz = 0. (4.4

P’
— OO

From (4.3) we obtain tor z — x

X I e % I: 1 _[_ In L(¢) dt]* (4.5)
H(x) = 2 [wlo(x) Ko([e]) ! exp | 7 sgnx + 5 — 7 -——di |:
also
H~(x) = H™( (4.6)
H+(xe™) =
_ 0. 4.7
H~(xe~™) — } for x > (4.7)
The asymptotic behaviour ot H+(2) may be determined as follows.
We have
l ] L
f n L) . _ 5 %
2.752 I — 2 1 Sk
where s = — 22, Re s > 0. The first few coefficients are
] l
o] = wmfln L(t) dt = — 0.0280, g = — —,
7T 16
] _ 13
- ftz l:ln L(t) — ...__........__.] df = —0.00298, ogq =
q 128
0
Hence we have
_ 27 \? :
2 —>00 Ht(2) = (n:) exp 2 i , S = — 12. (4.8)
S 1 sk

For H*(x) an alternative expression may be derived in the following
way. We need the auxiliary function

Q(x) &L arg [— Yo(x) + iJo(®)], x > O, (4.9)

with 0 < @ (x) =< n. Without proof we mention the following
simple properties of this function:

2
Q' (%) = |
* = liem T Yo 19
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IFor x — co we have
1 25

Q'(x) =1 + —— - + O(x9).

8x2  128x%

For x — 4+ O we have

Q() 40 (1 2)
__T Y
Y T 3 (2/%) T
At the kt/’l/ ZC1T0 ﬁk Of Jo(x), k ; 1’ wWe have
QBr — 0) = 0, Q(Bx + 0) = m.

We shall now prove the following formula:

X (1)
HY(x) = — - dt.
+8 (% T J 1% 4+ x@
0
According to (4.5) we have
I+ 7T x | In L
al —_— — SO X - L= i,
0

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

This odd function is the sine transform of the even function

1

2y
U

This function may be reduced as tollows

1 l L' (¢
— — f Sin Y& — () d?
Ty
0

|

L(?)

1
e ------—-fcos yiIn L(¢) di, y > Q.
7T

— m._L E e-"ﬁ.t.:y + —Il‘nfe“yt Jof(t) — %Yof(t)
y o1 Ty Jo(?) — 1Y o(?)
.
]
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The expression last obt atned 1s the sine transtorm of the righthand
{ 1 Thus we have

ds. (4.16;

We note that for a purely imaginary = the tunction H (2} 18 real.
We have from (4.3) and (4.4

},{ f ‘. }1 7 *‘; ( 2:?: ) J ii} [ { ) {g 4 %?%
- {? :' S % §% P , . Bt i‘ N S é} : e g o e s th Y I) ‘ ﬁ” ' " ( :?, @ { » ;
(58] S xJ 124 s “

0
I irasz we shall consider the behaviour of H*(z) near the origin.
IFor x > O we have

2 2
In L{x) =In2¢v +Inln — +0{In"1 -},
o X

”
X

SINCe:

A

J’ in 2¢ ”zi
- {

P _.w;? —— é hfl 2** . I 11y 2 o= () )
fé . 2 4

Tl »
0
and

o

3 1113112 I 2 2 .
j e (= L Inln — 4 O (In -1 ww> o Im oz o O,

m. ]2 -3 z
{3

g
st

we obtain

2 \* | 2
>0, H*(z) = 2{x In — I +0({In"1-—}|. (4.18)

At the positive real axis we have

o 2 \? — L 2
HHx) = 2 (:z: In w-wm) [1 S el o jm -+ O(ln ):l :
X 2 In dx ¥

o - 2\ 7 ' 2
e 2o 2) [ 4 223 ofi2 2]
X 2 In 3x X

The argument of H*+(x) as a function of x is given in table I.

(4.19)
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§ 5. Expansion of a(x) for small x. The properties of the functions
H+({z) derived in the previous section vahidate the derivation of the
solution of the Wiener-Hopt equation (2.5). We have obtained

according to (3.10) and (3.11).

13

. l ( ., H'() df {

4733}1*(35 I(}(t_} [~ =

— m

The asymptotic expansion of S7(z) for 2 + oo mav be determined
as follows.
According to {4.8) we have

1
F

] ( S ) : \- oL g
R — CXD — Y, -
Hz  \22/ 0 T sk

where s = — 1z, Re s = 0. This may be brought into the form

] S \¢ dx

L % : ’ it
wwwwﬂm(mm) v Ok (5.3)
| | 3 P

H *(z) 27 0 sk

ap = 1, ay = — ay = 0.0280,
“)

X117 a13

A== — g+ 5= 0.0629, ag = — ag + xjue — 6 = 0.00473.

where
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Furthermore we have the asymptotic expansion

L Kol c? . b
R s D o (5.4)
Tl o H—(t) b — 2 o0 sktl
where
21 RT Ko(Z)
by — — Re f ex [z ( _ at) te 2Vt
¢ 7T _ P 2 H+(¥)
0

or, in view ot (4.16),

bk —— /2 f [ I (Zf :| COS l:-" — — ‘1 —— L‘Zt] dé, (55)
04

where

O

_ X (¢
A (x) def arg H*( mf t2 —5 dt. (5.6)

7T
0

By means of (5.3) and (5.4) we obtain trom (5.1)

225 (2) = 7@ X cpsThTE,  z = s1 (5.7)
0
where
ke
Cr = 2, djb;g_j. (58)
0

Accordingly we obtain for the inverse Fourier transform o'( ¥) the
following expansion, presumably convergent for small x

> I3
2n0(x) = 2, - cpxk—E, 5.9
( ~ T = 1) (9.9)
In the case a = 0 the first few coefficients are
bo = 0.337, co = 0.337,
by = 0.254, c1 = 0.263,
bo = —0.614, co = —(.586,
by = —1.803, cg = — 1.803,

so that
2no(x) = 0.337 x~* (1 + 1.56x — 2.32x2 — 2.85x3 ...). (5.10)

From this we obtain o(x) for a few x values (table II).
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TABLE 11
X - o(x) | x - o(x)
0.001 10.69 | 0.02 | 2.46
|  0.002 7.57 0.05 1.62
0.003 6.19 0.1 1.21
! 0.004 5.37 0.2 0.92
0.005 | 4.81 | 0.5 0.57
0.01 3.43 |

§ 6. Expressions for large |al. We shall consider the case a > O
and a < O separately. If 2 > O, we have from (5.2)

e*b # o 1

o o
S (6.1)
1 "

>Te) = 2nlo(z)  27H*(2)

where

The inverse transtormation of (6.1) gives

| }Zkemaﬁ""

o(x) = oo(x — a) + - 2 — B(Bk, x), (6.2)

where oo(x — a) represents the surface charge of a double-infinite
cylinder due to a point charge —1 at x = a, » = 1, and where the
function B(f, x) is the inverse Fourier transform ot

(H*(2)(— 2z — B)]71

o0

1 d?

B, %) =~ fe“m H+@)(— it — B) (6-9)

— T

or

If a < 0, we obtain from (5.1) by taking both sides of the negative
imaginary axis as new path of integration

[, Jol) e
+- __ B EPNZ 2 S— 6.4
>T) H*(2) fe H+(t1) ¢ — 1z (6-4)
0
from which
Jo(Z)
— e 27 _ B(—t, x) dt 6.5
o) = | e Fregy B4 (6.5)
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The expressions (6.2) and (6.5) are useful if |a| is large. If, however,
2| 1s small, we may proceed as follows. From (5.1) or (5.2) we obtain
at once by mverse transformation

1 [ e ' o Ko(|Z]) cl?
o(x) = op(x — a) + — — a f ettt L
(%) o )+ 2721 J H*(u) H=() t — u
L — o0

where L 1s a contour along both sides of the negative imaginary
axis. This may be written as

] f it Ko(lf]) _
xX) = — — | ¥ — B(—{ “ 6.6
o(x) = oo(x — a) + —Je a0 (— 2, x) dt, (6.6)
where — o0
] ,, d? | 7T
B | . __f é,___;bt;‘a: 3 ——— o ar )) _ 6
(B %) 27T - HH({)(— it — pB) arg | 2 (6-7)
1.

The tunctions B(f, x) which are used in (6.2), (6.5) and (6.6) may be
reduced as 1ollows

a. p real and positive:

. . H—{¢ /
B(ﬁ, x> s — fe“"it..l: L ( ) - Td_.. _
873 Lo(?) Ko([t]) —at — p

0

o0

_ f o-ita [ o) L KO'WI)] HTO) 4,
82 Lo(?) 2 Ko(lt]) 4 —t —p
1 Z Iy . 1 Ko (— &) tH—(—12
—_— 2 ﬁj ’Z_/) e""'ﬁﬁﬂ__ Re fe"“t“n ) O ( ?) e g_. 'Z) dt
w7 1 Py + P 4r? Ko(—1#) t+p
0
and finally o
1 2 hy | 1 H+(t d¢
B(f, x) = —— 2 Pt e PF o —fe“t‘”“ - (Z-)— o - . (6.8)
4w T Byp 2730 Jo2t) + Yo2(t) ¢ + P
0
b. f real and negative:
In a similar way we obtain
L & By . BJ1p) B
B(f, x) = —— 2 e Pt — H+(— B1) eP*+
= A e T
1 H(t2 d¢
| T ) - (6.9)

2 Jo2t) + Yo2(t) ¢+ B

()
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c. [ purely imaginary:

In this case the expression (6.8) may be used.

The expressions (6.8) and (6.9) are reasonable convergent if x
is large. For small x we better take the expansion derived in the

previous section.

§ 7. Behaviour of o(x) for x — oco. The behaviour of o(x) for
x — oo may be determined from the behaviour of S+*(2) for z — 0.

From (5.2) we obtain for small z
et 1 J it H+() di

~ 2710(2) i An2 H+(z) Io(t) t—z 7D

L!

S*(2)

where L’ is the real axis with a semi-circular indentation at the
origin which separates z trom the poles 18g, £ = 1,2 ... of Iy~1(¢).
Then for z — O we obtain from (7.1) in view of (4.18)

C 2\t 2\
2nST(2) = 1 — —\7 In -—--——--) + 0 [(hl -—-—-—--) ], (7.2)
Z 2

1  H (8
ot [0, .
27?:’2: ¢ ﬂo(t) (7 3)

I

where

For o(x) we find accordingly
C 1

——l T N - O —1 1 —/e ‘ 7«‘4
o T T OB ) (7.4)

o(x)

The coefficient C may be expressed as follows for a > O:

o Ht(iBr) e” ™
C = e . 7.5
A Y 7:9)

Received 10th February, 1960.
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