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1. Introduction 

In this report some aspects of the work carried out by the 

Applied Mathema"'cics Divisior1 of· the J\ .. msterdam M;3thematical 

Centre in connection with the problem of the motion of tt1e 

North Sea are considered. 

We shall study the free motions of a rotating shallow sea 

of constant depth which has the form of a semi-infinite 

strip O<:x<a, O<y<oo. 

The differential equations and the boundary equations are 
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Thus we have for a free motion 

- 'A < Re p < 0 " 

This means that any free motion is damped out as t ~c;'\:';. 

If "- =0 the free motions are purely oscillaJcor-y. 

2. The case )\ ... o 

The equations 1.5 become 
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The solutions of 2.1 may be normalised in such a way that 
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The motion 2.2 is in general ellipsoidal. For k:=0 we obtain 

a motion in they-direction 
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For w =k we obtain a motion in ·the x-direction 
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Similar phenomena may be expected for - O. 

The general solution of 2.1 may be written as follows 
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From 2.13 we obtain 

arg sinh .-0 i cosh ~ ···2· ' 

for 
~ ~ C 

for odd le so 

sepa ra tior1 of tl1e rea 1 and imaginary 

part the relatj_on 2.11 becomes 
' 

-· 2 COSo(. -x sin l{x 
l,t vk 

sin kx 
2 .17 

kYk 
cosh -x • 

I f the re 1 a t ion f.:, c~ .. 1 7 21 re 1·n L1 1 t i r~) 1 i e d by c o s 1 x , l · .. 0 , 1 , 2 • . . 

and integrated between O at1d \1,JE; obta :in 

.. sin w c;,... I I J£i 

2 sinh Sl-n: 
'J c. ......... 

8 ~ ., " h TC ~ J... s 1 n or... s 1 n , . .. ~.. . . . 

c3J1 COS CX C (; sl1. 

c:. 

Jl. TC 

2 

~ t El<: 

-
E k 

"" o > • •2 •• a O>O •z l I .. '° > e • • 

1{ -~l )) 
ic 

F r om t r1 i s s y s t e rr1 o f l j, r1 e- ,7 1,, e C! u 8 t i on s -r ·1·~ 

derived by successive approximation. 

small 

2.19 

2.20 

I f µ;, i s s ma 11 i--i e obi~a irl 2. 19, 2. 20 tt1e- fullowing 
a pp ro x :i.mc.:1 t i <_) r1 __ 

4wI'L~~ 
o( - -

]-_) 1 ',.,. 

r 
iq,Jlt 4 I I 

......... 

c_ 
r' .--l .,.) . 

"_:i 01 •- r-'! {_. l 
- _; l- C..U,.J L C 0S11 

.,,, o It l 

0 u 
t11■ rn:1•-••-.. """:r,, r tt;;s<••a:nn ._"'111111 •r••--::,t:tt ..,._, 1n :ii.,,.., 

] c_ t nc.. '1't- . ~t-

1 'i .• ' 
I •• 

- ' 2 ...... _, 
.. I '?\ 

-· k r.~. 

+ 0 
/') - 3--,_ 

The value of~ mny also be derj_ved from 2.15 and 2.16. 

From this the same approxj_mation 2.23 is obtained. 

• 
• 

2 .. 22 

2.23 
I 



"CIJIWli IJ!f 

4 •~i 
., • .,,"!, 

,)..,# 

t:o t r' '"l t":~ . ' . 
,. >4 w· 

n 

<. 

--,.fY'-9 ~""' 

➔ 
,-", 

' ' 
' J 
' ' ,_ ,,,. 
'• 

-

,c~; 
f "-, 

\,,, ____ .,,.' 

.1 

k 

' ,111,w;,<, 1 

> #w,. rrnsi" 
' 

+ f') ,~) t· 
{,,,1,,,,, 
...... ' ,f,, '·-·" """ 

.. 
i;a•' 
} ! t 
l" .f -

• 

-►~. 

l.) 

( " 

r" ..., . •. . . f· ·'' 
,"l;.,,) -· 

( "'"I 
I -

$1 »1iit1itlll'W1tt1.lllil"""'i11 :11·tr:01•rr1•M1111rp:q.»i1t.,.2I I r l11¢>H1; l1:es=r•• ate: nw::a"•* 1 ,., 

-c"•1 

'• \l!l •• ,j 

to 

l Jr'"j 
' 

• l 

to 

v· , I 
J, ,, 

C r 
~ 

" 

1 
! 

,4'> 

I 

-

' ' 'it' v, ,·, 1,,,t .. ,,, 
..,,_, ,,.,. ;;, ~~-

,, 
__ ,.,.. if ~ 

-\ ~ ,, 

j 
.. i, 

C' 

(,_1 

✓-- , 

" l 

,•'"'¾ 
j ... & ~-

' 

} 7~ ""! ,--

1 \ .. )·. 

(it 
\ 

' ¼ 
' ,, 
' 

' . 

}''"" rn l , 1 . 

t .. "~ 

! .. ,,., 

' 

\ 

' ,f 

-

,"', 
i j ' . 
·,,. .. J 

,, ·~- ' 

j ex· i''\,, .. 

l .. 1 

\ . ..,-'" 
-~ ...,,,. / ..,,,,,,.,., 

... , 
l 

'- ' 
I ' 

,"I " ! 

]. i.l 

,.'!I 

' ' . '· ) 
• 

.~ 

' -~ J 

(''¾ 

i 
1 

.. 

\ 
V 

) 

' •. -

.. 

,., •· 

' l 
\ J 

... .. ,.-' 

w r 
\; 

f ' \..,y 

j 

\ 
) 

V 
V 

• 

f) 
• 

1' 
"""''"'""" 

.25 

r1ti syin-

" 1.rlg i~c)rn 



• 0 
0 

0 

0 

0 

2.020 

0.3'19 
0 .. 119 

-9-

0 Or_) 0 • . ) J _, 

0.064 

0"016 

0.007 

~~. 020 

0.318 

O .119 

0 
L. 

0.0308 

0. 06~­

o. 016 

00007 

2.020 

0.318 

0.119 

Thus after only 8 single iteration surprisingly accurate 
• 

~alues are obtE1ined. We mny al:Jo say th8t in this case the 

f ot')mula e 2. 2'1 j 
'J 2 r') 
C...o--L;J 

accurate resul tr;,, 

•'") 0 3 ("_ • c:. '' .5 

We repeat the differential equ8tions 

·p-t- >-.. 

T,)+ A -

c) l] v. 

c) :'Z 

" 1 1, \~ ). t L1 lJ. 0 

V ~--· 0 

1J .... 

V + 
I .,-

L-l V 

..O~ U. 

oV 
oy 

for 

f O l" 

·1- () 4f ,..., 
l,) -· ox 

·i- o:f r, 
. ·- \ ' 

0 -~, 
_,✓ 

\. 

-~) 'S + 0 ··--- J 

X 0 ·x -- TC ... -

y -- () • 

, 
,- ,-i r' 1JlTI ., 1'' .-~ . ! .. . l I. ! 
C... ,.J 1J -•- ) t::> A <. 2 51 

f 01;nrJ i~o l~e 

l V ·-
,_ 

w ~t-
' 

___ .......... _i":59 .... IL 1,11. o• J1,; l* I .,.-__. 

' C. r'") 

)... 1 c.. 
.. '1 - ·- ·{ " '•t' l 

a j ' Wlt .. ·1 p -- ·f- w i 

17 1 1..- ':; m O -J- 1" r)· r·\ ..... lt V ... J 
" J.S 

1..1 ,. .... 0 

(.,,0 ... " 
11 

k c:._ 
•• 

V 0 

We consider 110w tt1c 

..- .,-, , • , •- ; - 11 : ,,,,.,,., 111·r : J u➔o,• ,._ 
"--' V t 

y \ 
0 
C t ~'\ ',.) I\ -

-i J 
,-• 

,'"l Q (." 1,(""!' r-·, 1" {1 1,J 7 
,., . ,-) ~ . ./1. \J • . . ,J "l -- + (L., 

0., 1 ... 

,-·· ·1 1 ]' ~-·) ('"< () i .. , ,-) 1 •-1 l -, { l , . ........ - .. ,. f ... .., ... ' . ' { .. , j • 

V 

J 

3 .. 1 

3 ,) 
• C. 

2 _l 
)\ 

i{ -- 1 0 ! .. ,OJ<... !) '--- • • • 



• u 

V 

+ 

-

+ 

Tl1.e 

2 2 
s +k r1 " 0ks1n 
k v1.,c 1 

st\ exp 

'1 

""'I OS lrx (.__,,. .t''~ 

f"I i1 • 
' \..J l 

K k 
sin kx 

Vl -· { 

q 
-· 

Q 
1....1 

1') 
c.. 

2 

r"') I') 

1 C C. 
K +a _, 

P p+>. 

p+~ 

,~, 

kx 

+ 

(2oe:fficients ; ..... J ~ 
t 
l( ,. 

-10-

-vky N 
e 

,,1 

! 

/) 
c... )\ +-

' 

p+\ cos 
i,..' l,r 

C .,_,.. 

J 

, h . - I C'.' V,Bnl.J 
~ ") 

li 

IJ t'""• - c::. 
L... l k t? ·t 0t 
1:c ·v

1
· .. v k 
I'. ,_..., 

vky 
" 1{X 3 .3 s 1.n e 

-s 'TC 2 "':\ x- ?5" +y p +np 
C. -

+ 

cos kx- sin kx 

3.4 

, 

B exp -s x- 2 p +).p 

-Y1 y N 
kx e :e + (''\ t .. 

S1.!1 ' \./ k 
1 

J.5 

vk 
C r1ot imaginary. lS r . pure ,:,1 

t') 

' 

The coef1~icier1t B "' , 'f PC-+Ap 0 11ot • • vanisr1es l lS !:\ ·p1..1 re 1.mag1.r1a ry. ,..,,. 

The expressions 3-3; equations 3.1 and 

the b o u 1~1 cJ c3 r 1 y c; on d ~i_ t i on ~5 -:1 t x - C) .::.1 n c~l x _ n: . 

rrhe (! or1d it ~l. on ,) t ·y=O l1E; (; ome s () f' t 11 e f (") 1~m 2 0 ·r Or 

sf\ e 
s x- Te 

~ c·•B e •-> --

·x- ~ ,~1 

- ~{ 
1 

'i O I' ' (_. . 1:.) l{·,r + t ./'I. 

pD. 
~:A Jlllil - \.,) 
1 -t-t 

~ l Gln KX + 
N. 

+ -.... 
1 

fJSl 
t Id IZft-

l{ "'1c 
., 

S 111 3.6 

r11h C 0 on I', 1 1 , s ion n ::'.':I "v";E:) c::.• -'1' t·r1-1 ·1 ., ,,.,, t O t ~·· 0 C_I e·l .. ..I...::; .,_, I.. \., ,.,,. 1. J ,:, ,_., 1. ,., :.) _ 1, _.._ •.• ·" l. ., ~ l .. v 
• ··1 Y' ~ - ,I. j the preceding sectior1 . 

W .. 
f; 

a 
•11 ,,. •• 

... 

f' o 11 C)v'J J. r12; 

".'.'.l 1·· f)' s c..1 · I...) 

independent f'ree motior1s which all 

character of 8 11on-oscillutory dampir1g. 

b 
• :; , (II 

..-) 

l) '-+Xp-~ 1'C 2. 

have the 

., 
lS only r1 We m~1 y t(3 l,ce w > 0. 11 t1e 

single fr·ee motion of the oscillat~o1~y dam1Jing type. 
r''' 
c~ q real and negative, p not real. 

.... .. 



p 
P+"­

2 --- - r , 

• 

where r is real and The equation 

oositive has 
l. 

for any r three roots, one real and two conjugate 

complex vJijch 
..... 

p the coefficient B 

vanishes. We have, however, N= r •• 

Hence there are N independent free motions of the oscillatory 

damping type, assumin3 

For r large the values 
r ~ 1 • 

of ·r) 

p ).. 
- ?" - 11111 .I Mia $11 I •,5 

2rc:. 

+ j_r 1+ 
, .... ,. 

1- ... -~, + 
r 

4.n2-"2 

of· c ourr:; e . 

become 

r 
l.L f") 

8..0. I +24/\L.. -

• • • 

a ,ot,.,111 I !Ir 11 t 1 1f I n 11111 -~-\ S SI JhFl!IHt l;I 11 ■ I 

16 r· i· 

+ 

For 1~= 1., 
•"") 
c.. n =0. 5 \,\Je obta ir1 P=-00094 + i 1.22. 

The possible ·p values yielding free mo·tions are for the three 

cases sketched belowo 

p Sl small 
111111@ Qlftl , •• ,.- iii I O $ •ut:'1111•1t ··• i II lliloil# 

..... 
- I\ 

~ 

I 

• 
\ 
• 

\ 
r 
• 

l 

• 

- rj 
- - .. ·•· ' . (),c------i--t-· --'--I·).,_ - .. - .. - -· - ,. ---.,-··- ___ ... -.... 

'---1,.·' 

r ..... ,·1 
"' --

1 

! 
I 
1 

• ' 

\1e sl1all 11ov,1 conf,ider t}··:ie c;E:1f3(; a o·r· b VJitl1 pfl sm8ll so that 

tr.te c oe f'"f i<; j_e·r1ts 
1Thc condj_tion EJt 

it" cc A exp (" t x-0 i5" o· 
c. .. 

,, 

Puttir1g sA -c(l. 
e J 

preceding section 

C ' V ~::, 111'· ("I 1-l 
I k ( .. I l. . 1.') l ,11 

y .... o becomeo 
l. 

ii;; CIB C'XP 
,,_ .... "r - )..,) . ... ' n - ,{\. , i...J 

c.. 

• 
" 

s ]::j::;::: e ot..l obtain :·. vJ e 
, 

-

1;>n + ('i t:; OS kx+ " kx s1.n vk k'v .. 
1 k 

3 • r7 
• 

• s i111i la r lf) a \t,J3 y ··1 C'1 (_ 1._'I in tl1.e 

... 0 • 



" l tg 0( . ~ 

('1 • 

-12-

p3 
(~ 
V 1 , .. r. l.. 

1 even \.J 1 l I' O ,.. '> •2·•• O ·2 < d 

k -1 vk 
1 •• J.9 

1 odd 

From tr1is 

1 even 

1 odd 

ITl<~ ti.() t} S 

As 1.. • .J I u ..,,~ -' 

TC 

V ,,, .... 

. .. 

the 

lJ. 0 • • - p • I ; - • 

it 

" t ~ ci pp rC.)X lll1c:"i - i Ori f3 may be o1J·tained 

c• ·re ) . .J 
-• Id F 

2 

' ...- ... -
,,, ~ 7 

j 

l c.. 
,,{ 

•~- T : ; I; I I T Jtrllllt a 

1 c.:_ c.: r ...L ci 
.... I ... , v1 1· 

f ... 

- -· 1---m;ss-·-, ·-· ~-·r-J ___ n_, -\?'_), ____ _ 

C... ·1 L + , __ 
1t - s 

....... " ·2' ... ' '?)" 

TCl-+sc.. 

C'"r("' 
►J 'V 

a • 

f) ,,,-.... 
c.. c:. +Ops.D. 

-f- 0 , 

1 
-·• r "5 - ' ·2 a ' " 0 'r )" 0 .... ' ·-

kl... le - -1 c.. v 
lr r \.. 

• 3.10 

0 3 .. 11, .·, 13 
;) l> - f' i r's t - o rd e r approxi-

C ;.:.-: C) 
c:ven 

f 

.......... 
'?Zf· 

1Cl c:... 

:t~, r r· 
' ) 

.,,.,_ r#'t ;ti ...... Iii. e'llo "'Ii ~- liitl I _,, I ... ,,,.Ni"""'-¥ I " 

flllr➔ ••••:rra ,, a ua•11a1rs ••••• ,,,,..-,... 

("~) I'") 

k -~ c_ C. .. ,( + 1- + ,,-. \,. t-> A !- J 

~~-. 
' i .. 

0 
D. '-

,. 

sin 

sinl1 .Y 

f-) ·t- )\ 
w ot ill r, 1tum111 

p 
•• 

8 +· If r,i ?tF 

1t 

1 
•• , l Fj 

kt::. 

• 

kx 8:>?~f)-Y 

,-) 

c()~:;r:t y \ p'::-1--)\·r) + 

1 

t:) ri 

k '- c.. ' +p + /\·p + 

/ 1• •;;41 r:k••urt1111 

V (.' 
(:~.osh y tJ -+\p -1--

n ,) 
kc ·t-p t:._ + ').. f:J ➔- 0 2 

.m., 1iffll,,. • •• ••1111•• •i•i! ·• 
,( .. ) 

()(,,+I\ p 

.., ;t~l11 -~ L ._ .. ,,,_ I i ; 

l,cx exp-.. y 

+() 

, 

3.15 -

, 

+ 

3-17 

+ 



X 

f ' " · 1na by 

,~ 
I...,,; .~ 

j ,,., 
·~ 4 

... !<!) _, 

-'l'Q>~\11!,;t 

-· -

c. cJ1nnu ta ·ti o·r1 s 
• " 

J:)epa rt1ner·1t of 

[,) 

0 

-, \ -u 

0 

-0 

-

X 

j ... ~ 
l 

,,.,. · r. 0 '"'> P - S µ . ?· •··;l>'i.· . . ' ~·~~ 
.. 

i 

-•""''' ? ,-
i ) 
'-' 

0 1 

) 

t1Ut 

J 

? ' 0 -· -:.=·· ..• ::,, 

the 


