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éﬂ. Introduction.,

several autnors have investigated the free oscillations of
shallow rotating lakes (seas), bays and channels of differ-
ent shapes. We mention the rectangular, circular, elliptic
and seml-circular lake (Corkan and Doodson 1952, Van Dantzig
1958, Jeffreys 1924, Lamb 1932, Proudman 1920, Taylor 11922),
ana tne rectangular bay (Van Dantzig 1958, Taylor 1922).

I'ne present investigation concerns tihe shallow semi-circular
pay of constant depth. By means of LAUWERIER's theory of
trigonometric series with prescribed phases

, valid in the
half'-period interval, a determinantal equation is obtained,
whicn Implicitly determines the free frequencies w of the
seml-clircular bay as a function of £, the apparent angular
veloclty at the site of the bay. An explicit formula is
derived for a first approximation in Qfl/ua)gﬁiFor comparisor
we have 1ncluded LAMB's treatment of the rotating circular
lake.




General eguatlions.,

I frictlon 18 neglected and if no exterior forces come

into play, the equations of motion and concinulty read
(Lamb 1932, p.319)
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where u tne X-comoonent, of the total current
v o Toe y-component of the total current
§ the elevation of the [ree surface above its
cagullibrium position
L)1 +¢he Coriolis coefficient
d The depth of the bay

2 The acceleration of gravity.

w : ﬁ 2 2 <2
In the following the bay will cover the areca yv>0, x +y<a“

Along the diameter y=0 the ocean condition § =0 holds and

~ o g

on the circumference x“+y“=a“, v >0 the radial component of

the total current vaniches (coastal condition). We assume

>, L and d to be constants. Then it is possible to intro-

duce dimengsionless quantities by means of
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Ihls amounts to putting gd=1 in 2.1 and a=1 in the coastal
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condition, The dimecnsionless form of 2.1, hence. is
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11, Instead of Cartesian coordinates, we introduce polar
coordinates

X = r cox @ } .
“)
vy = v sin @ | =
U, = U Cos @ + v 31n ¢ }, > 5
U, = -Uu SIny + v cog ¥ |
we find for 2.3
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['or the seml-circular bay the boundary conrnditions read
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u, = O Tor r=1 2.8
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O for r=0, @=0and @=T (-1<r ¢1) 2.7

and Ifor the circular lake

ul:’ = O for 1 = - ] 2 .9

In stead of a boundary condition comes the requirement that

tuuy and § remain unaltered 1f we add to ¢ a multiple of 2T

Elimination of v and u%, “rom elther 2.3 or 2.0 yields
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From 2,0 we also derive
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the equations 2.710 and 2.171 becomc

AY + K% = 0 2.13
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éf}.ﬁF?ee oscillation of the circular lake.

nls case hasg been investigated by LAMB (Lamb 1932,
_ Yy . R . : 4 :

D . 20~3?4) c1% CTreatment, adapted to the present
notation, 1s an fTollovs.,

The Helmholtz!' ecuation

5
AT + k=
possesses the zolution
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wnlicn 1s invariliant for the substitution cjo cg? +2 KT,

K integer., The boundary condition u?:o ffor r=1 becomes,

using 2,14,
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Substitution of 3.2 in 3.1 yields
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This cquation 1is satislied of

A= 0O, m # 0
and 3.4

, gl
ke J_ (K) + == n JQ(K)
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For every n this equation hao an infinite series of

roots. In particular we have {for n=0

or

For n » 1 the free [reouencies follow from
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Introducing the ouantities « and & by mean of

we can writae 5.7 in the Tfoom

5 (K) = exXp & , 5.0

i
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The rignthand member of 3.7 1< 1ot necezsgarlily nogative, I
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w and Ll hove oppouite sigui, the corresponding modes rotate

Ay

to modes which rotate 1 the same direction as the

1 3 divectlion opposite vo that of the lake.

i
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For a given 2 and N CwWwo unequal values of w exist, with

opposite sign: , which determine two modes which rotate in
OppPosite directlion<.

L

If Ll—co ancd K remains finite, it follows that also ¢ —> o

il

and LL/w —» +1, Seom 3.7 wWe thien find that;jﬁlfwfl/kuﬁwawﬂ or

R—>oo The corrcrpondlng values of K follow [rom J . 1(kjm0 and
A -

that for L1 /w ~% -1 0r K -—> -oo the corresooncing values of kK

follow from J . . (k)=0.
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whichh serlies olso cavcigiles The boundary condiftrLons ’§mi)
o %'7 =0 and (]C' = 1L
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I we guppose S tonree times Gliferentiable with respect to

¢ 1n tThe interval O£ @sw™ for constant v, 1T can easily

o

be shown tThat Aan( r)=0(n . Hence 1t 19 pzrmitted tTo
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¢ifferentiate tha series 4.1 with respoct to . I'ne

poundary condition u_=0 Ffor r=1 then becom s, uzing 2.14,
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for all value.. of in Ltne interval (O.T0) .,
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TNls 1S a #ourler <Seriens WLITta presceripoa pnases. These
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serleds were the subjoect ol recent investigations (Hofsommer
1959, Lauwericer 1957 . Veltkamy 1055 ).

We use the Tollowlng ceouit, due to LAUWERINR:

A function f(x) can, in general  be doveloped in a slowly
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~O That the abovye condition 1s ‘ulfilled wity 8=,

For a given £1 there eoxists a set of coeffricionts A, satls-
fying L 2 which are not 211 z2ro 10 «w belon to the

spectrum of cigenvalues ol the problem, These elgenvalues



are obvioucly functions of L2 . They follow from a deteir-

L

minantal relation 1n «w and L whickh will be derived by means

o @ method which 1 described in (Hofsommer 1953). We will

~

cutline the proccedure; but for details we relfer to that re DHort.

We 1nerocduce the cuantitlies of ang o By mean s of
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Then 4.2 can be written ao
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LAUWKERIER has devived euonlicit cxypressions for the functions
biorthozonal to the net gin(n® +4w) (Lauwerier ’1957) . LCT
k (@) be the =zet of functions biorthogonal to sin(n N¢ -5 1XTT ),

m
Then we have

/] ( - Lo » ‘ ‘ s
“m“f km(\f)u fi(r](fm-lg_i_D(Tt)d(?m ernyn . LE‘..'L:}

FUrCNermore we gelline

o 111

/l Y | ‘ £
- [ Km(fg))f:;tJ,n(an 1A TC)d = 1 d n<0<) , Y7
O

ki
dmse 0 0

_ & A Ry Lo - N U DU . I R P N TN s . e - -~
The iactor 1 1y lesertaed n the rignthacdad member in order

St

A oy

EI S SR B " % o e LN oy e e S A .
cnac cthe (jﬂn ooecome real 1l &L ls reol, Mhooge coecl i icrent
(O
oy
oo T e~ - 1 Jelen o . A 55 TP 2oL
SN (<) are rclated to the < n(c»{,) , introduced i (Hof omme. ¥
3 i
&

10555) according to

L3

IS I 1 .
[ (::3 = --“’“'“"\i (: { ' .é
) " L {HA& " .y ( ) & ‘L%‘ L b

T Y e (o e ol e e ] L}_ e . o T I pao
DY moe:din OL )"* LOand e ( W Oz LV L O L S s U TT _Liﬁif

the set ol cauationg

mz I 53;”<K’>dmjn<&>mo‘ 4,10
N="



—

This set only admits a solution if, formally,

Det [5mm-—3n(}c)dmm(o{)] - 0. b, 1

This represents a certalin relation between KA and K and hence
also between LL and w .

The convergence of thce infinite determinant 4.11 can be shown
in the following way,

In 4.10 substitute Bnm n/sn Cn‘ We [ind

O o
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“m ;i; Cnvhﬁﬁ7mrjckur‘md = O .12

and, in=stead of 4.11, we get thoe cquivalent eguation
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Consider the generating function for the S (Hofsommer 1958
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IT has bcen shown in (Lauwerier 1957;§§4) that, ii{ 1n {The
developmen®

o0
f(x) = ;i; A Siﬁ(hXﬁﬁMﬂ)
-
Re/a:m%j the anmo(n ).
Hence o
e n(1%) = 0(n™%)
ana

N emjn(iu) = O(n"q).

However, we have (lofsommer 1950, eq.1.12)
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and A
N dmdn(mj = O(m n ') . 4.14

Moreover g (K)'H Jn+1(K) ) O(D_E) »

R S ¢ ' 12
Hence

3 8
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and the double sum E{: d) is convergent, which,

mr

b

according to H.v. hOCH Holllngur uncd Toeplitz 1953, § 17 )
entalls the convergence of the determinant 4.13.

Explicitly tThe upper left part of (4.41) reads

) 0 ) z 0

1w:q(1+2a12 - §52u(4+:.) 4 - z-ga (1+a )

~ ,Bie,]oc(m—a ) =8, (e +2at) - -;]U?SBO((’1+G( )(3+20( )
25 &P (1467) - Fou(10e) (3420%) - s (94300 +28u +8eC) .

It follows easily from the recurvence roelations 5.8 and 5.0
ffor the d = viz,.
m, 1

20t dp 4 = (m+/l)dm+,l3O+(n1~’i)dmm,}30 :
m(dm+13n+dm ] n)m(n+q)dmﬁn+1+(mmq) m-1,0 °
do,o = s

that the dmjn anc hence the amﬁn are even functionsg of o 1if

m+n 1is even and odd functions of o if m+n is odd, Then 4.17
determines K as an even function of & or £2/w . IHence the

free freguenciesg occur in pailrs of egual magnitude but opposite
sign, this in contrast to the free frequencies of the circular

lake.,
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§f5. Solutions for small values of L)L .

For L2 =0 the solution of our problem is well-krnown. It

also follows from eq.4.2, The free freguencies

1, 5
constiftute a double infinite set of values, which follow

'rom

J '<w ):"‘_"*Oy nﬁﬁx/ljg'}}B}#fn 3

N, S

Or
{:_:;)mqj Y}ﬁﬁxquﬁgjlcn * 5;1

The first dnde:x, n, refers to the order of the Bessel-

th

f'unctlion and the sccond index 4Yndicates the s zero of

Tthe cerivative of J .

Let Komcan . b a solution of 5.1 and suppose that K dif-
50

fers slightly {rom t{o,

em = KT - Snjgcx : 5.2
Then we have
s (k)=s_(k )= 228 5 (K Yx“+0(& _° )
N Ny o A . 0 O N, s
- 4 d 2 . 2 -
— 1-n &hjg(w——? - %D )D( +U(€D,S) . 5.3
N O
On the other hand we can putb
2 I .
s_(K) = 1 - 6nﬁgm: + Ot ) . 504
It then follows from 5.3 and 5.4 that .
== 4
&hﬁ"{% = Jn}fg/n (1 mK.O )+ O( ) ., 5.5
Again, we nhave from 5.2
2 2 P2 2 4
wnﬁg == K-O + {4 -- 62’}:,;‘3(1 + O(O‘i ),
However
20 I 3
o= — ==t Ozﬂﬁfl/ua) |- 5.6
Hence Lg
2 2 n, & 2 l
“n,5 = Ko+ (1= 523 2% ok,
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Op,sEl) =@ (0) +p  L1%r0(027) 5.7
where 1 . -
‘Qngg:-g [/‘“41{] Jnjg/-[t {wﬂfs(o)“n }]* 5;8
We shall now show that
2 By gty 5 (0]
. - m,st n,s 16 mn
51’158:Dn“ Z —— ,. “f ““"é”nl“'?z” T O(OLQ) 2.9
=3 1”§mj8%wnsgﬁwf o~

A few values of
D5mﬂ048/2255

D
-36:’1

are p
d

. =2, D=4,
030 /225,

-

D,=35/9, Dy=40/9,

By means of 4.8 we borrow from (Hofsommer 1958) the follow-

ing relations betweern the dm

, 1
m( m+13n+dmmﬂﬁn) - (n+q>dm,n+ﬂ+(n“q)dmﬁnmﬂ 010
> SN — .
2 I o (m+ﬁ%%n¥«“fwﬁ11)dqujo. 5.1
B ) o B B A
Sbeclal values are d 3 = "] dﬂﬁowga d230m2d .
It follows f'rom 5.11 and from do Omﬂj that
5
dij = O(e) m odd ,
2
dmyo = O(et™) m even, m£0
do,o = '

.

Formula 5,11 ic=

coctiflicients 4
m, i

seen To be

a precurrence relation between four

ffor which the sum of the subscripts is

clther only even or only odd. Since dm q:O (Hofsommer 1958 )
S -
1T 1s possible to derive all dm . from the sequence d -
p ] 5 m

Then 1t follows from 5.10 that

d ::(3(M> m+n odcd

m,n

2
d = 0(&7) m+n even, m#n
m, n
.
q =1+0(&X ") m=n.
m,n (&)

Now let for some n, say n=p

L
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and supstitute this in the determinant

Det | ¢ -8 dmﬁn:] :

m,n

Agaln denoting th2 elements ol this determinant by a ., we
b

have

a = O() m+n odd

m, A

a_ = 0(et7) m+n even, m#n

m,n

& = 0(1) M=n#p

m, 1 5

fp,p = Ol
It 1s seen that the row a and the column a are divisible

Py ~ m, P

by * (the element a

o,p I8 divisible by x“). Bringing this
o2 2 A 3 ﬁ ~ P
ffactor outslde the determinant and subsequently putting

K=0 1In The arising elements, we find non-zero elements only
in the principle diagonal, in the pth row and in The pth
column. More precisely we have
a L = O(ex) m+n odd, m#p, nN#EP
? 2
a. . = 0(a) m+n eves, m#n, m#£p, n£Lp
7
/
e 0(1) M=N#DP
8, ,/&=0(1) p+n odd
a4
a_ _/=0("1) m+p  odd
m, P
EH;rﬂﬂmﬁmd) D+Nn even, n#p
J
a_ _/x=0(ct) m+p even, m#p
My 1 )
.
a A =0("1) .
0,0 )

With tThese simplifications the equation

Jet a = O
m, 1
takes the form
— i (m>8n<&>dr ﬂd"{} P e
> 2 SELENRLY 1+0(“), n+p odd. 5.2

n="1 {1M€p(x)dpﬁp}[q“8m(w“dﬂﬁﬁj

Between tThe coelficlents Sn(K) the [ollowlng relation exists

) 4o(n+1) Sm(ﬁ)
naal®) = T s - 5.13
2 > o

Putting n=p, e “b ”epm , S

3
- % S .
K)"ap(Ko) 9 % 1t is seen that
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S K,) = & ke + O™ .

In this way it 15 easily found that

3
-

for all values o1 n.
This means that, in 5.7
1

then follows T1rrom 5.

.
| d "‘“‘“/} GO ! Q .
g E{:*Q@%M*+‘§: TRy ], o). 5.5
D5 & N=" ) oL A =0
.
The factor (4. _ d. Jot. ) can be evaluated in the followling
|ORR S 1, D o =0
Wwavy .

Tt follows from H.11 that

(m+1)a ~ —(m-1)d L O(?), m even.

m+1,0 m-"1,0

This recurrence relation 1s solved by

o L (m..
C == f... (M/‘)a(m /])0( -+ O(OQB)ﬁ 44 elele 5;46
m , O m
taking into account that dq Om20<.
3
Then the recurrence relation (5.10) is solved Dby
) -liw - : -
3 . (--”1)f~f<m D 0(x”), m+n odd. 5.17
m ., 0 - fad
g n. -m
Hence _
£ - 106mn 2
: 1 dr >/m - ""§W"§”ﬁf+‘o(& ) - 5. 18
pﬁ jﬁ.}.: m — 1 )“’"‘

\ , _ » [ 2
Substituting this result in 5.15 and denotlng L(dp pwﬁ)%ﬂ
’ X =0

by DF gives H.9. By mears of 5.0 and 5.9 the lfollowlng
)
numerical values are obtalned:

> il
W 4 = 1,841 + 0,390 L1 7 + O(LL ),
Bqpp = 55331 + 0,337 L2 4 Q(—Q-ly)ﬂ
wqu = 3,054 + O, 144 L& <y O(.Q.l{').s
c,o?)” = 4,201 + 0,301 ol + Q(.O_l%)ﬁ
@) 4 = 5,317 + 0,104 a° 4 O(_Q.AL) u.



—-15 -

Reierences

Corkan, R.H. and Doodcon, A.T. 1952, Free tidal oscillations
1n a rotating sguare sea. Proc.Roy.
Soc . A 215 p.147-162,

Dantzig, D. van 1958 Free oscillation of a fluid in a
rectangular basin, Report TW 49

Mathematical Centrzs, Amsterdam,

E

dellinger, E und Toeplitz, O. 1953 Intepraloleichungen und
Glelcnungerr mit unendlich vielen Un-

bekanmnten., Chelsea publ.Co. New York,

Hof'sommer, D,J. 1¢C

\O
U
C

On the exnansion of a function in =a
ourier cerics with predcribed phases.
Report Tw 48 Mathematical Centre,

Ametercam.,

Je i f lﬁe y S 95 j{.i o /] O ’P)l!‘ :]:i i] (:n

I'ree oscillaetions of water in an
elliptic lake, Proc.Lond.Math.Soc.(2)
23 p.U55-L706,

Lamb, M, 1832 Hydrodynamics, bth ed. Cambridge,

University Press.

Lauvwerier, H.A. 1957 On certain trigonometrical exXpansions,

Report TW 43 Mathematical Centre,

Amsterdam.,

Proudman, J. 1924 On the tides in a flat semicircular

sea 0ol uniform depth. Monthly Notices

of" the Roy.Astr.3oc.Geoph.Suppl.Vol.2
no 1.

Taylor, G.I1. 1922 Tidal cscilllations in gulfs and

rectangular bays. Proc.lond.Math.Soc.
(2) 20 pw /148“/}81#



-6

Veltkam
P, G.W., 192
. > CW1
5 Ontwikkelingen in Fo
* Fourlier—-reells
Iaen mets

VOOrge v ha s
esch
& reven phasen. Report TW
] 34

Mathematical Cent
re, Amsterdam



