MATHEMATISCH - CENTRUM
2e BOERHAAVESTRAAT 49
AMSTERDAM

AFD. TOEGEPASTE WISKUNDE

Report TW 49

AQ?/%, .
Free oscillations of a fluid in aYrectangular basin

by

D. van Dantzig

1958

BIBLIOTHEEK MATHIIMATICON CEMTRUM
ANGTERDAM :



§ 1. Introduction

The present study concerns the free tidal oscillations in
a rotating rectangular sea. This problem is of importance for
the investigation into the behaviour of the free waves of the
North Sea basin. The North Sea has roughly a rectangular shape
bordered by three coasts and open at one end. (Cf. D. van Dant-
zig, 1954)., The depth varies only a little and has the average
(harmonic) value of roughly 65 m., At the open end the sea goes
over into the ocean which has a depth of some 1000 m, SO it
may not be unrealisgtic to consider the mathematical model of an
open rectangular sea of constant depth bordering on an infinitely
deep ocean.

Tidal oscillations in rotating rectangular seas have been
studied by a number of, mostly British, investigators. However,
they consildered only the case of a closed sea surrounded by four
coasts.

Rayleigh (1903,1909) considered the free oscillations when
the rotation (L) is small but some of his results were in error,
Taylor (1922) gave the first complete solution for a closed
rectangular sea. Jeffreys (1925) criticized Taylor's conclusions
and pointed out that a double infinity of eigenvalues wasgs im-
plied in Taylor's solution and that there might be modes moving
round the basin in both directions. Lamb (1932) derived by a
different method the approximations to the lowest eigenvalues
when L) is small. In particular he obtained for a square sea
the formula I

w - =t L.

TCC

Goldsbrough (1931) gave an approximate solution for the free
oscillations 1n a rotating rectangular sea. In particular the
case of a square sea was investigated and Lamb's formula was
confirmed., Proudman (1933) re-examined Rayleigh's investigation
and showed that by a correct application of Rayleigh's principle
Lamb's formula can be obtained. Corkan and Doodson (1952) con-
sidered free oscillations in a rotating square sea. By the use
of iteration methods a number of numerical cases were treated,
The flood disaster of February 1953 stimulated further
research in this field. Van Dantzig (1954) gave a review of the
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results obtained at the Mathematical Centre, At that time
some preliminary results concerning the free oscillations

in an open rotating rectangle were obtained. More recent
work is reviewed by Van Dantzig (1956,1958). In the sub-
sequent reports of the Mathematical Centre some aspects were
treated which are of importance also in the case of the free
motions. Lauwerier (1955,1957b) and Veltkamp investigated a
type of trigonomztrical expansion which appears here in § 6.
Veltkamp (1956a) discussed at length the Kelvin and Poincaré
waves which appear here in §83,4 and 6, Veltkamp (1956b) also
considered in detall the nature of the singularity which is
introduced at the confluence of the coast and ocean boundary.
Lauwerier (1957a,1958) considered the free motions in an in-
finite strip with a coast and ocezan boundary and in a semi-
infinite strip with three coasts, The latter case 1s not ex-
plic tly dealt wi“h here but can easily be obtained as a

limiting case of the rectangular basin of ¢4 or also of $6,

Summary. The free motions and the free periods depend
on tho Coriolis coefficient {1 and the coefficient of friction:.
Although later on only the case of real {1 (and n=0) is
mentioned explicitly, fthe results are valid for complex SL
also, so that by the transformation mentioned the case A#£0
(anc real L)) also is covered, In §2 it is shown following
Veltkamp (1956a) that by a complex transformation the case
A£O can be reduced to the case A =0, which therefore is the
only one that need be considered, For £ =0 the problem is
elemen”ary and in the rectangular cases of §4 and §6 a
discrete spectrum of eigenvalues is obtained. For £ #0 only
those eigenvalues are considered which for £l -0 tend to
this discrete spectrum. A possible continuous spectrum is
left ot of consideration here.

In &3 the -well-known- case of an infinite channel is
treated. In @4 the problem 1s solved for a rectangular lake
by making use of the familiar technique of operators in
HilYert spece. The formal solution obtained in this section
is Ceveloped for small L1 in §5. As a speclalization the
case of a square rotating sea 1is considered, The results

obtained in this section ZInclude those obtained by the
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authors mentioned above,

In ¢ 6 the case of a rectangular bay is dealt with. The
results obtained in this section are all new. Again an ex-
pansion of the eigenvalues for small £ is derived. For the
lowest eigenvalue we obtain for a bay which is twice as long
ag it 1is wide

)
£ o -2.0107% + 000

so that a slight rotation tends to increase the free period,
which is in contrast to the case of a rectangular lake., In

the same dimensions as above we find in the latter case

@ _ 4 4+0.300°% + o(0t) .
“b

The treatment in this paper is not in all respects satis-
factory since the answers obtained arevalid for small L only.

By using expansilons of Fredholm type [or the resolvents
this rectriction could have -~ but has not - keen avoided.
Therefore the results obtained here are applicable to a
laboratory model of a rectangualar basin rotating with not too
large velocity, rather than to the North Sza where L) is
rather large., In view of the considerable complications
occurring here the determination of the orthogonal functions
into which an arbitrary elevatlon pattern might be expanded
has not been carried out.

I am greatly indebted to Dr H.A. Lauwerier and Dr D.J.
Hofsommer for carefully studying the ftext and improving it on

several points,.
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Exposition of the problems

We consider a plane shect of water of constant density 1 and at
equilibrium of depth d, rotating with angular velocity . We
assume guantities of higher order than the first in the veloci-
ties and their derivatives to be negligible, and friction to be
repfesentable by a force parallel to and proportional with the
veloclty, and the pressure distribution in a vertical column to
be the same as in the stationary state, so that the equations
in three dimensions can be integrated over the depth of the sea,.
Let x and y be orthogonal Cartesian coordinates in the plane;;
the height of the free surface above its equilibrium level; u
and v the components of the current i.e. the velocity integrated
over the depth (H. Lamb denotes our d, n and v by h, hu and hv
respectively); wq and WE the components of the exterior force;
AN the coefficient of friction; and g the acceleration of gravity.
Then the equations of motion and of continuity, integra-
t.d over the depth,are

A o-ov o+ 224 gd 2 =y
a2t DX 1
OV d.F
2.1 00+ AV + =+ gd S =W
(2.1) 3t oy @
é).}l‘ - Qv, - ._a._‘t = 0

% P At
We assume g, d. A and . to be positive constants, We may then
choose the propagation velocity vfga of free waves 1in the absence
of friction and rotation as the unit of velocity, so that gd=1.
In the case of a basin having roughly the mean depth of the North
Sea, this unit of velocity is about 100 km/h (corresponding for
g = 9,81 m/5802 with d = 78,7 m). We further assume the basin
either to be hounded on all sides by impenetrable coasts (i.e.
the influence of rivers, estuaries, flat shores etc. to be ne-
gligible), or partly by such coasts and partly by an infiniltely
deep ocean, Along a coast the normal component of the velocity
vanishes; along an ocean the height of the sea level is constant,
i.e.5= 0.
We want to study the free (damped) oscillations of a rectangular
basin only. Then W =W,=0, and ?;tv and § are the real parts of

guantities proportional with e ; where © will be complex with
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positive imaginary part for A>0. Denoting the proportionality
factors by the same symbols, (2,1) passes into

(iwtrn)u ~ov + af _ g
ox

(2.2) ou + (iw+N)v +28 o
°y

By means of a complex change of scale these equations may be re-
duced to a system having the same type (and the same boundary
conditions), but without friction (Veltkamp, TW 37). Therefore
we put

, def 1A (3
(2.3) o'l o (q Ly
1 def 1A -3
= -

thereby obtaining a system of the form (2.2), with u'=u, v'=v

and A '=0. If the free frequencies for this system under given
boundary conditions have been obtained in the form w' =\P(n')
then w is obtained by solving the equation

e o1 =)t —plap -,

If A <<|w| we obtain the first order approximation

(2.5) ©=P@) +3d[ 40 @)/Pl)] +o0(A%/0?).

Hence the periods remain unaltered to a first approximation, but
the oscillations are damped, the damping factor

exp —%A[ﬂ+fl@'@1)/43@1)1 t being computable as soon as P () is
known for real (2 only.

Similarly, if P! = P(a) =Y (Q',x,y) then

(2.6) $-u( )_1__“)(11) -awf(m]+o(f\2/w2).

Hence the amplitude of § for A > 0 is obtained to a first approxi-
mation from that for A= 0 by multiplication with the damping facto



(2.7) exp _-2%[&))(&) -m)'(a)]t

is therefore sufficient to consider the frictionless case only.
By dropping the primes, or also by putting A= 0 in equations
(2.2) these simplify to

iou -0v + &l = g
X

(2.8) Ou + 1oy + 28 2 0
oy
@-E+Ql’~+i@£f=o.
QX Oy

It follows that

AU = Kgu = 0
(2.9) AV -~ X7 =0
2
SRS
2 2
where A def az + .52 and
X oy
2 -
(2°/]O> K g’_G__f_ wgu()bgv

Moreover we notice The relations

b= k2 (e 2L 4 g 2

) o
(2.11) 8 Y
v = K2 o se
dx oy
i 2 d
99 L = g QY _ QU
ay9 + W f 1max _CLay
(2.12)
52\ 5 2
S5+ = 10wu —ou
Ay OxXAY

Infinite channel

For convenience we reformulate the long known solutions for an
infinite straight channel of (constant) width 2a. We choose a/T
as the unit of length, so that a/T Véalbecomes the unit of time.
If the channel has the mean width and depth of the North Sea, fthe
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unit of length becomes roughly 125 km, and the unit of time accor-
dingly 1,25 h., At the latitude of the North Sea Q. is roughly
0,44 h_qj i.e. 0,55 in our dimensionless units.

Choosing one coast of the channel as the axis of y, so that the

two coasts become x=0, x=T, the boundary conditlons are
u=0 for x=0 and X=T

We consider solutions (u,v,§) only which are (for almost every
v) quadratically integrable (shortly: EI?) over 0<£x< 1 so that
the theories of Fourier series and of Hilbert space can be applied.
Every uEIL2 on this interval has a development
+ o )
U = ;E; un(y)  inx

—n TV Y
The first differential equation (2.9) requires un(Y) moe

(3.1) v, 8LV n%ac (k% =02 wf)

n

Hence, 1f & denotes a varlable, running through the two values
+1 and -1 (or also: through the two signs + and -), summation over
which is denoted by a small &£ , we have, inserting a factor
-41(n"+0°)

2

‘+S12) elnx+€ V¥ |

£
u = —%ichn (n
In order that the boundary conditions be satisfied, it 1s neses-

sary and sufficient that

& _ €
(3.2) ¢, = -C,
i.e., That the C; are odd functions of n., Hence u is a linear combi-
nation with coefficients (n2+£L2)C§ of the elementary solutions
£y vy
e " sin nx

which, together with the corresponding v ami; , obtained from (2.11)
by substituting for these unknown linear combinations of the
einx~évny’ are called "Poincaré waves". From (2.11) however, we see
that we still have to add the solutions of the corresponding homo-
geneous equations, together with u=0, the socalled "Kelvin waves'.
These can also be obtained formally from the Poincaré waves by substi-
tution of -i€00 for n, iw for v, So we obtain the general solution

for the infinite channel with a slight change of irrelevent constant
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—_— £ inx-ev_ y
u= -1 5 2. Cn(n2+fL2) e n

. inx-&v_ vy N 2
s 2. Ci(&nvﬂ%—.@.m) e n --ZC5 e&(n_x MH'IW'Q”)

Il
oj=

(3.3) v

— inx-&v
cny

€ N \
$ =31 22 0 (no-e0y) e _pec€ o (ax-iey-ima)

where Z: denotes a summation over all integers n and Z one over the
two values & = +1 and & = -1, or also over the two signs £ = + and
€ = —,whereas the conditions (3.2) must be satisfied. We notice
that v~n= | 80 ?pat the Poincaré wave parts of 3 andlt contain a
term U%fflw, (%fagzyn respectively) which is an odd and one

(& Cg ny s cé nw respectively) which is an even function of n.

n
By means of (3.2) the equations (3.3) become
£ -E». ¥
&
u =52 Cn( 2+£L2) sin nx e n
1
&« e "Evny
(3.1) v =5/ Cn(Enth cos nx+ iQwsin nx) e +
g
& - L
_sc GE(Q.X 1wy -3T0)
0 ~&v. ¥
“f‘zzzi Ci(inogcos nx+€6uy, sin nx) e 4
/]

_5¢ Cél eé(n_x-my-é—vm,) .

The fact that the two Kelvin waves appear to be analogous with
a pair of Poincaré waves could be exploited by treating them all
on the same footing by using the calculus of residus instead of
the calculus of series., This can e.g. be done in a complex VY =
plane, with n=n(v)= i(v2+co2~112)%. The twovaluedness of n(y) is
not serious, as only even functions of it enter into the integrands.
With respect To an increasing sequence of domains asymptotically
including all zeros of the denominators (or also a single domain
]Imw]<a, where as|w|), we obtain instead of (3.4), with a function

C(v), holomorphic in the (limiting) domain,

_ & sin n(v) x C(v) eV
tenmn(v)

(3.5) v =g n(v) cosgn(v%x + 1w sin n(V)x cly) eV
(VW) tanTTn(y)
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_ lwn(®) cos n(»)x +09 sin n(v)x oy eV
f g (» +Q)2) tanTn() W) e

where £ denotes the sum of the residuals+

\\ ~Vy -V, Vs, Vs /
& ""”1

. X “Lw f},ﬁ'
—
e

2
4 ¢ -N"c4

We shall, however, not make use of this calculus. Formal deve-
lopments (3.4) will only be considered as solutions of our problem
1f u and v belong (for almost every y) to the class L, of quadrati-
cally integrable functions of x on 0< X< 1 . The same then is true
for 3 F/dx and dP/dy, and a fortiori for ¥ itself. The condition
is equivalent with saying that the sequences n2 Cé? “8 ¥y belong
for both € and all y with 0<y< b to the class 1, of quadratically
summable sequences, or algo:s

Z:n42 05]2 ezereph\<:(}O
The series occurringin (3.4) and later need not be convergent

everywhere,

4. Rectangular lake

We now pass to a rectangular lake (i.e. a basin bounded completely
by impenetrable coasts) of length 2b, which we may consider as a
channel 0« X< 1T , bounded by dams at y=b and y=-b. Hence we have
to submit the solutions (3.2) - (3.4) to the new boundary condi-
tions

v=0 Tfor y=b and for y=-b ,

Explicitly we obtain



1O =

e -€v_ D

& ~ib-g
sZ2.c e ° (&nﬂn cos nx+lwil sin nx) =ZC e&(flx ob zﬂxg

o]

(4. 1)
Ev_b

SO

> & Job=t
ZZLCE S Il(énvn<xm nx+iw sin nx) =2C e£<‘Q‘X+“'°b BT

g

)

or, by taking sums and differences of corresponding memhers, and

putting
- - &
(4.2) a2l 5605 a "L 35 ¢
n n n n
o0 + -
2. cosh v b(npd "cos nx-wO d sin nx) =
1 n nn n
1
cos w bE ¢t eEIL(X’Zﬂﬁ
(4.3)

sinh » b(ny d_ cos nx+wOd T sin nx) =
n nn n

~Mg

e -1
sinwbe& & C6 e L (x-37)
We notice that the number 1 does not occur explicitly anymore,
2
although it may occur implicitly in some q)n, viz. if >>n2+£l%
The problem is: to determine all values of <>, for which non

+9dn",C+,C-) exist, and the corresponding

vanishing systems (dn

solution (u,v,?).
For L. = O the solution is trivial. As the functions cos nx for

n> 0 are all independent, 1t is necessary and sufficient that all

coefficients vanish, i.e.
(cos @b)ZCa =0 (sin wb}ZECE‘ = 0
+ - L —
dn fpncoshﬁrp =0 dn ’vn81nhﬂ%P =0 ,
Hence either sin 2wb = 0 or sin 2’Dnb = 0 for some n. The latter
ik for some integer k, i.e.

1
+ (n2 + %‘ﬂg kgb"g)z,

1t

condition gives 2 @nb

il

(4.4) W

The solutionsof sin 2wb = 0 also have the form (4.4) with n=0.
The solutions belonging to ancw of the form (4.,4) need not be

unique, as more than one pair (n,k) may give the same &, which

then 1s a multiple free frequence. We shall not write down the
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solutions explicitly.
Returning to the general case L1 # O we define

+ def +
fn == n q)ndn cosh '])nb
(%.5) s
- de - .
fn == n-ondn sinh '))nb
o . i
L a+(x) dEL(cos Qgtﬂzilg eéll(x—ejr)
(4.6)
- —x
a”(x) g.—ﬁ-—i(sincob)i& € gtalx-zT)

-l %@ ctnhw b +
R cos nx-will — £ sin nx = a (x)
1 1 n

(%.7)
o oo tanhy b
2. f T cos nxtewly ——Lf T sin nx = a’(x) .
1 ,‘ ny n

mentioned " 5
The condition about quadratic integrability/implies that fn—-€1

For any pair of real functionsﬁpggbfiLg (i.e. quadratically
integrable, always on 0<x< ) we define the "inner product"

¢
(4.8) (P, 9) £ 2 JP(x) PlET ax

(notice the factor 2 1))ﬁ and for anytp the norm

(+.9) [Pl £ (p.9y=

The cosine development of a function %)on 0< x<T is

N

(4.10) kP(x) =Z% LIDm cos mx

1f the serles converges, where

=t

1) It is possible to drop this factor 2 and use 2. instead of ZZ%

-G
throughout by defining the coefficients in an appropriate way

for negative n also. Advantages and disadvantages of this change
of formalism as well as of replacing the interval 0,1 by =:1T,

39T or =T, +T are approximately in balance.
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Q

(4.11) &Pm el (cos mx,&P(x))

whereas the symbol E# denotes a summation over all positive inte-
gers m together with half the value of the summand for m=0. From
(4.8) - (4.11) 1t follows that

(P, P) =Z, P Pu
o)l °

in particular

AU

i
©

In particular for

(4.12) I, = (cos mx, cos nx) (m>=0, n=0)
we have

1 if m=n £ 0
(4.13) Im,n ={2 1f m=mn =0

0 if m # n

and for allKP
kpm zji* %m1¢%1.

Also, for

(4.14) Tﬂm » gef (cos mx, sin nx)

we have, F“mn = 0 if m-n is even, and Iﬂmn = 4n/TT(n2—m2) if nén

is odd, i.e.

(4.45) Con = % == b(n-n)
n -m
where
0 if k is even
(.76) o) 2L 3 [1-(-n)¥] -

1 1if k is odd .,

In particular

(4.17) M =0 o te(n)

Hence

(4.18) sin nx =Z_ cos mx (0<xg ™)

¥ mn
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Moreover we have

(4.19) cos mx = 2.1

Z U, 8in nx (0<x< 1T )

0o oo
where, of course, the symbol Zg:might be replaced by 7Z_ or Z_ .
We notice the identities 1 ©

(4.20) n#f?m F I

In
but
(4.21) %* E’nk anzlgng@x glkn if k #0
10 if k=20
i.e. Iin = Ikn(q"(gko)' Moreover T%m S % T;n unless n=0,

Building the inner products of both members of equations (4.7)
with cos mx we obtain for m>0

ctnh» b
-—Gaflggrﬂ AT fn' = (cos mx, a+(x))
n
oo tanhy b
- ™M n L _ . -
fm +(»J.C’2_Z/1_‘lmn ""'—r"l—v;l—‘—" fﬂ = (LOS mx, a <X))

For m=0 (4.22) remains valid provided we define

(4.23) f’o+ def £,7 == det

Defining for m>=0

3

T ger s
(4.2h) ay (cos mx, a (x))
we have, because of (cos mx eAx) = ~——§2L§— (-1)" eWA —;1
T 5 = 2
T(m=+A%) !

(4.25) & ¥ = —2EL _ cosiop 2&(}6[(-1)”‘ e“"’:q -BEaT_

m

——~%£L§— pT sinh STl cos wb m even
T(m ")
' ———%££?~ b~ cosh 2T coswb m odd
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: _ -1
2 " = ﬁ—é£%§ SinwbE c&ﬁwﬂfne&Wﬁ‘wq e 2EAT
T(m™ =+
-——%;gﬁ§— pF sinh iTA sinwd m even
T(m™+07)
—-—?—%££§7 b~ cosh 3TLL sinwb m odd
Tm oo
where
(4.26) pt el 5 ¢* b- &L vect

Because of (4.25) the an—'are el (i.e. 2bsolutely summable), hence

a fortiori € 12 (quadratieally summable).
Defining moreover for n >0

+ def ctnhy,b
Em = 'wun To9
n
(%.27) T A
Kmn —m nﬁ;»«
+ ’
and X° 2L o then equat-ons (4.22) become
Rt + +
(4 .28) L —w0 2 mn Tn = 2
+ -
7ol 2 K BT D
+
We notice that X have finite norms }IK—t!:
-2
. <= < +1 o tan v _b * . 2
P R P ek G
¥ > ¥ ' mn
m n 1 lDA m
;;_ }tan'p b!+ 2 <i
= o0
IR

Y
(pby 4.21), as for n —»oo tanhy b —> 1 and P _/n —> 1.
' Denoting vectors and matrices in Hilbert space, by the same

symbols as their components with the suffix(es) omitted, equations
(4,28) may be written shcetly 1)

e e R e e

1) Using the same notation the identities (4.20), (4.21) take the
/
simple forms ' =

of the matrix F,

I, Y7/r7= 79 , Where "’ denotes the transypose
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+ +

T ok FT = oa

(4.29) _ - . _
f +00lK £ = a

We have now to Ilnd the non trivial solutlons (f+, £ C+, ¢

s
of (4.29) with (4. 25) ubgect these to the conditions (4.23), and
finally to solve (4.5) for the dni. This latter solution is only
possible and unique if sinh 2¢%b £ 0, This condition is not neces-
sarily satisfied, but it will, for given LL , only be violated for
special values of b (and vice versga). This occurs if and only if,
analogoug with (4.4)

(4.30) w? =02 + n° & TR AT

For this reason, we shall assume simh 29D # 0 for all n=1, so
that solution of (4.29), (4.25), (4.23) is sufficient.
Eliminating in (4.29) cither £~ or £1 we obtain

£ -
Tl kT e -t 8L Y L LoaxTa

il

(#.30)

7 +w”0” KK £ = n”

Qs
0]
=5

a_ "L‘-)Q.K_a_{_ @

U

The system (4.29) is equivalent with the one obtained by replacing
one of 1its (vector) equatlons, say the first one, by the corre-
Spondin§ one of (4.30).

As K—, henca also Ki-KI.have finite norms, the matriced

I +xo2£12 Ki K ¥ have, for sufficiently small w L, unique twosided

reciprocals RY, obtainable for sufficiently small w-.° by a

"Neumann development'

[e2e]
; o n -
rY 8L (10 0%0% kx)TT = 2 (wfa®) (k)
- 5 1)2)
« 31 N A & - 1
rm 8 (100 kT = 2 (cePa®)” (eh
@]

o e S e Gw R Gwm PN T B R0 B e e D Aab G s G cm

1) The fact that in rY (cf. also (5.4) below) two different opera-
tors alternate is not essential. By using instead of (4.27)

: s n N n
14 def n oo, - +{ -1 n, T(-1
' 8Ly )P T (an) M (tanne o) DL Ly S0
| J o
fn; def £ +( - -1)°
we optain seperate equations for f'+ and fr"y each depending on

the correspondlng operator K'T , K'7 only,
2) See page 14,
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We notice fthat
R™ =1 —QJEIL? " rT xY, xTr =grTx"

(%.32) - -
RT =T -wnxTr kT, kR =R Kk .

il

i

By means of (4.31), (4.30) can be solved:

£ - rT ot
(4.33) - - -
F- =R n
and subjected to the conditions (4.23) i.e.

ZR+ +=O

®  om m
(H.34)
Z,Roh " =0,
We remind that iﬂmn, Km% are only # 0 if m and n have unequal

parity. Hence RO% = 0 unless m 1is even, and only hmi with even m
occur in (4.34%), These depend by (4.30) on ami with even m and
an+ with odd n, hence by (4.25) only on bt or on b, Hence we ob-

tain two sets of solutions, one with b+ #0, b~ = 0 the other with

pt =0, v~ £ 0.

Defining finally

+
(4.35) ©° &L 2> R L (wPr® T

w oom
s

(4.36) G XL a2y rExh)  (nBrn?)7]

on
we obtain from (4.34), (4.30) and (4.25) either b~ = 0, bt £ 0 and

(4.37) 53+ sin M coswb -wAE cos hiTO sinwb = 0

or b =0, b~ £ 0

i

(4.38) P sin hEMH sinwb +0WOAGE cos hzmLl coswb = 0

2) If LQ?IL2:>}{K+K—H "1 the developments into power series (4.31)
need not exist anymore. The reciprocals Ri, however, still exist
unless —QQIL)”Q 15 2 latent root of K K~ (and, equivalently, of
K'kKT). If it is a root of multiplicity r , equations (4.30) re-
gulre for their solvability » linear relations for h+ and r for
h™: then f+ as well as £~ is determined except for p constants,
Hence in this case also each of the conditions (4.23) implies
(¢ +1)~r = 1 linear relation between b” and b~. We shall not go
into thelr explicit form, which requires the spectral develop-

ment of Ki K+ .
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§5. Development for small {0

Each of the transcendental equations (4.37), (4.38) for w , given
L. and b, is extremely complicated. For, w occurs a) implicitly
in the K — through the argument 7 = (n2+112—u32)% b) implicitly‘
in the R = through the argumentuﬁl c) explicitly through the
factor w iqoganub. The dependence on (1L is even more and that on
b almost equally complicated. T

We can, however, develop 9 — and 6’-—1n a series of powers of
512, from which approximations to w for small £1 can easlly be
derived (we remind that in ordinary units £L has to be replaced by
L a/m Vegd). We shall do this for the first equation (4,37) only.

o I = 2 we have
00

As R + vanishes unless m 1s even, and R
om 00

from (4.35)

00 e
(5.7) pr=1-2 (- 2 w®
g=" m=2
Moreover for m # O
co
+_ 3 2.2 + - P]
(5.2) Fom = 12 (-"0H" {7 ]
whence
0o - 2h+2
(5.3) prea-0ft 2 (-af" 2w
=0 h=0
where oo
Wb - > -21 [(KJFK-)h]
N=q “on
(5.4)

and similarly, as (R K')_, vanishes unless n is odd,
2 > 2
+ S b 2h+1
(5.5) ct-q §2<aa Z@ Mot

In order to cobtain a second order approximation (in ILE) it 1s
sufficient to take

Pr-1+0 (@M

4

¢t = nful - °

(MA+ wo12) + 0 () .

We obtain
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6) ctnwb _ L o
(5- @ - tanhsmO P
= TZT [QQVI/] ,Qa( /‘ 5 T M/1 - M; + 0o M3) + O(Q\6
But
oQ ocQ
21 b5
(5.7) M/‘l: AR = LT - =
1 ' 1 n v tanhy b
n n
o oQ
I p(n) 2 2 <= p(n)
= = . - =
n—qZ T2 ) © tanhy 06 T %n21+2 vnos
(@]
Y I
¥ —T e+ 0(Q)
tanhg b sinh VY, b

with.'vno =‘V 2—(0023 and assuming vno £ 0 for all n, whereas M%

can be taken with the arguments ’Dno instead of ’vn, A further
simplification can be ohtained if b is large (we may always assume
b>a = %Tr) this will be done below seperately. Patience only is
required to obtain a few higher order approrimations. If a first

order approximation only is asked, we obtain, putting 5\—-—(0 -
where coscoob = 0 so0 that w™ ctnwb = ©, 1c§b + O(ll?)
2 2 p(n) L
(5.8) Gfg_:&%_ P — — + o),
o) m p n “Qn o) tcmhvn b

The series converges rather rapidly, as n runs through the odd
_5)

numbers only, and the general term is 0O(n
For the. lowest frequency in particular coob = 2T so that

2
\/;gbg _ 2 T

If, more in particular, the length 2b of the lake is twice its
width 2a=T, so that b=T, coO:;«, then (5.8) becomes

R P 1 1 1
_(:>—. - —.3_‘(2‘ ( — + + + nlo)
o T V3 tanndTV3 8y/35 tanhiT V35  baslgtanniT V99

= 0,30‘2_0_2 .

Clearly the hyperbolic tangents rapidly approach 1. This fact
may be used for the higher terms in.flg also, if b is sufficiently
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large, We shall give only a first order approximation in J3=e—2vﬂl.
Then ¢~ 2 nP- OQPB) if n>3. Moreover
_gqb
_ e _ 2
Ctnha),lb—’\ = m‘w = 2/5 + O(/5 )
(5'9) _’))/‘b 2
J-tanhy,b = e = 2}5 + 0
s cosh Yy (jb)

Hence, putting 1)
T (nv)™ i n#o

mn

jon
™
Py

(5.10) K

mn
0 if n =20

we have

o
1l

w1 = Ko (1+gﬁ) + ogﬁg)

(5.11) Ko7 = Koq (1-2f) + ogﬁg)
+ 3
K- =K + O(P ) if n >
Consequently
+ -0 ~
[EK k™) ] e
2h-1 5 “ 0
(K7) i 1-2pd 1) 42 B ; (-3 Ny (kP
+ OS&E)

(5:12) [ﬁK+ x™)0 Kf]mn -

(K2h+’] mﬂ 1+2/5J jb :IZ: ,‘)J -1 J)mq(K2h+q—j)’]n+

oQﬁ?) N
e omit the substitution of these values into (5.2) - (5.5) and
in the equations derived from them. We use them only to obtain the
second order approximation for § ir uooz'w/zb and if b is large.
Finally we consider the case, dismissed above, where one of
the u)no,-yso say, vanishes. This means that w, =8 (or -s) (s
odd) is a degenerate free frequency. The simplest case, for which

1) We remind that we have assumed < £ 0 for all n.



aler

a first order approximation is known since long (cf., Lamb, Proud-
man, Corkan and Doodson) is the lowest frequency for a square lake:
D=3 T, W =1,

In the case i)sozo the argument up to (5.6) remains valid, but
(5.7) remains true for the terms n # s only, whereas

(5.13) 'DS2 = 52+Q2—(w —&)2 = 2@05 +Q_2“—c52
Hence M; beoomes of the order cp , i.e.d _1, and ¢ = 0({L) instead
of § = 0(£L°). The term n=s in the first sum in the right hand mem-
ber of (5.7 ) becomes
2 2
(5.1) 2 : b 5% Y et
o L 821+2 yS tanhﬁsb o 21 2b 2w 6 +£L 62
Hence to a first approximation we have by (5.06)
ch _ cgb _ 2@.2 2
@, s T pa-d
or
2
(5.15) J = 22 +0(0%) .
TS~ b
For the ocarticular case of the square lake (s=1, b=57) this
becomes
§- Ly o(n?
T

equivalent wish Lamb's value.
Using (5.1%) for obtaining the sccond order approximation we
obtain with (5.6), (5.4)

T owibs 4 10 20083 PO 3
(5.16) ¢ = “T'Cbsz \1- 8 (4-‘.1[7-132.3‘! 3m3s 2> T %L:% n'? banh %b +0le).

In the specicl case of the lowest frequency in a square lake

this becomes

| I
T A N4 T F 0492 tanh 0T

{

[

2 \g}
(5.17)  do4 - (T -4 L2037 B }wmf’)

. o )
with vn = V% -1 or, numerically
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d

Hence, e.g., for (L

0,4053 . (1 - 0,3570£LL) .

il

0,55 the decrease of the frequency is almost

t

20 % overrated by taking the first approximation only.

The rectangular bay

Under the same assumptions as in section 2 we consider a rectangu-
lar bay O0< X< T, 0<y< b, bounded by impenetrable coasts x=0,
0y by y=0, OKXL T3 X=T, 0Ky« b and by an ocean y»b, consl-
dered as being infinitely deep. Along the latterlﬁ may be assumed
to be constantly zero,

In order to determine its free oscillations we start again with
the solution (3.4) for the infinite channel, on which we have to

impose the conditions

for = 0, OLXLTT
b, 0< X<

L)
O
=
< o«
il |

Explicitly these are
— & L
E;Z;Cn(ﬁnﬁh cos nx + iwllsin nx) = §:C€e££l(x 2T)
(6.1)
-&y b e
Cge n(iwncmsnx+£ﬂn%sinnﬂ =2€C X

M
™M

Y e EQ (x-3T)-1€ b.
We define (cf, also (4.26))

(6.2) ptdef s & - def 58
éf(x) deL cosh 0 (x-5T)
(6.3)
G (%) def inh L (x-571T) .
P(x) e 5 0% O (x2m)
(6.4)
1
4)@@ def ZECaegfL(X~§Wﬁ
and for n» 0
Q}gﬁ;nﬂlzﬁcf
(6.5) ' :
N £y _D
8y def iwn E_Cé;e i



DD

We assume that coswb £ 0 and ny_ ooshvnb 40 for 21l nx1.
This for given b is true for almost all (L and vice versa, pro-
vided w is a free frequency. Then the CS’can be solved from (6.5).

We obtain

c 1 £ D
(6.6) C, = (v, 8, +Eiwe 7 f)
) 2ieony_ cosh b ol n
n o}
whereas
£
(6.7) ¢ = LT+ &0
and
Px) = f (=) o7 +6(x) b
(6.8)

O (x) b7 +)(x) b7,

=
>
N
i

The expressionsfor (u,v,?) become

[e2e]
< 2 2 ,
U = 22\12»+£L ) sin nx [?st sinh 9 (b~y)+ Yy _g_cosph ¥ %]
i n n n-n n
1 1w ny,_ cosh V. Db
n n
(o0
CO A |
(6.9) v = /2 [?os nx{ iw f_ cosh vy (b-y)=V g
1 iw cosh vﬁb n n n°n X~
X sinh vny§+
+ L2 in mxlior sinhy (b~y)+2 8 cosh v yi | +
ny, n “n n-n n
() coneoytiP(x) sinesy
o
F =<Z, i [igpn cos nx-gioaf sinh v (b—y) 4
17 iwny coshyb n n

V. 8 cosh vnyg +
+gzvn sin nx%iu:fn cosh_vn(b—y)—vngn sinh vnyzl +
..%(x) cosu3y+ikp(x) sinwy .

The conditions (6.1) become
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&% 10 co 8, sin nx
__(i.__ | + ————CT S —— X
%:fn(cos nx + o tanh ¥ b sin nx) ll.Zl o coshuT LP( )
1 £ sin nx
o 1y QL
(6.10) J_g (cos nx + —— tanh » Db sin nx)+fl£i_ ~q)
T " ne 1 n coshy b

q)(x) def q)(x) coswb ~ 1P(x) sinwd

K
For {L = 0 the problem again 1s trivial. As the cos nx for n=0

all are independent, we obtain from (6.1), using (6.5) and (6.2):

& I 4
sc” =zect etEewb _ g

(6.11) ew b

- & £ no
QHZ.E Cn ~Q>Z.Cn e = 0

for all n. Hence also

£
coswbz & C =0
(6.12)
&
w cosh 9 bEZC =0 ,
n n

The only non trivial solutions (i.e. such that (ujv,ﬁ) do not
all vanish identically) are obtained from

(k)™ 5 ¢ =ct

i

coswhb =0 ; w

(6.13)

u=0 3 v =«12s8inwy 1 F = COSw7Y
and for some positive integers from
2 2 - - 1
cosh 9. b =0 ;0% =5 + (k)T ;C=S(e.g.=-é—£-—)
u = - is sin sX coshvsy
(6.14) v

S

Formally the former mode of oscillation (6.13) can be obtained
from the latter (apart from a constant factor) by admitting s to

1l

ivs COS 8X sinhvsy

i

W Ccos 8X cosh vsy \

take the value O also (hence arbitrary integer values).

Returning to the general case, we take the cosine coefficients
of both members of equation (6.1(0. We have, using with integer m=0



1 1
1 m al\Tr ~%4
(6.15) (XA | cos mx) - 2h 1 (1) e i
T(A “4m")
o 0 if m is odd
7 L (cosh Q(x-3m), cos mx) - )
4&812}’1 %T\TL if m 1is even
(6.16) e
e 0 if m is even
G’ == (sinh Q. (x-37), cos mx) =
Yncoshsmn |
— s if m is odd
(L7 +m")
hence
2
jnl: ”é%;7§ (m even)
L. "+m ©
Q%41
Gm O S G’ (m Odd)
flg+m2

and, by (6.8)

defi1+ -
=== b+ e
(pm m GmI

SUm (j:—@—i Gm]3+ * ]mb—

Moreover, defining for m=0, n>0
_ tankzvnb

mn n n
m vn

(6.17)

Qs

ef ™

K

Q.J
y

. pY
. . de n .
(6.18) Hon {mn —- tanh 9 b

U

jon
=

y def 1
mn mn nCDSEvnb

|

We obtain for m>0
9_@_ OO
fm +jﬁﬂ1%% Kmﬁn +Q.Z%
By * o 2;~ Honén +(L ZT

c -

N
mn=n m

jmnfn = q)nl’
¥
provided we put

(6.20) £, ¥ (1.7) =0 , g, B (1) =0
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We extend the definitions (6.18) to n=0 by requiring r%n/n —~iﬁ /m

and Pmnzo if m=N(9) to remain valid for n=0 also:
def  Up(m) tanh Kb

.
mo m2 by
(6.48) g 2ef () oann wp
0 mo 2
m
y  def _ Hp(m) 1
mo 2 coshxb

n

as v =x
o
Then the (m,0)-componentsof K , H, N remain finite for all m >0 and
(8]
vanish for m = 0. Hence the J  in (6.19) may, because of (6.20) be
1
replaced by Z¥ and (6.19) may be written in operatorform:

£+ i K f +0Ng =P
(6.21)

1£2
g + =—— Hg +ONf = #i.

The main difference in comparison with the case of a lake is the
following. As we saw in section 4, K has finite norm, and the same
holds for N as the sums of squares of the coefficients of Tﬂmn in
these matrices converge, but not for H as Z:] n 1’1—q tanh » b lg
0&0. Nevertheless H is bounded, i.e., if QHEL Then HLPE L an@

IH\}/H/H(/JH is bounded. In fact,
BRI =Z*]n V_ tenh » b l-])nFé(’]-i-hﬂg) c2VIF

where C is an upper limit for all . This exists, as ‘we

have suppoqed cosh o b%o for all n, so that, if C'=max 'tanh wnb‘
over all n <.fL c02 C = max (1,C') satisfies the required con-

dition. It follows chat for all sufficiently small . /w (viz.

I!l/&)!é<3 (1+ j 2! the operator

(6.22) ot 4L (1 4 HLogy”
exists, and that

(6.23) ot = i:. (= ZLyn

The condition for existence of inverses for operators of the

type I+2’H have been investigated on two interesting reports by
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LAUWERIER and 3.W. VELTKAMP respectively, who used different me-

thods. For the special case H =[" Lauwerier obtained interesting

explicit solutions fTo which he reduced the general case where
=T -2

Hmn mn +0o(n ")
Putting

e

(6.21) pdel o 1,y

we have by (6.22)

(6.25) g=a" n.
With the abbreviation

g~ def (T + iwﬂK.)_1
(6.26)

il

Z. (-1en)? (k)P
(6.20) leads to

h+o N £ =Y,

6.27
( ) £ =97 (P-ana’n)
whence
(1-0% e = F 4L o7 (P ~amtyY)
(6.28)

(I-02m meHn

Il

Y-

Defining the operator

1-0 29 ng ) 77

Lo
_ Zélzn (Q*NQ+N)H
0

we obtain from (6.28), (6.27), (6.26)

(6.29)

f=>c

6.30
( ) (L,U D_NS)(

il

g

We have also
(6.31) g =5 X~
with

(6.32) s ¥ 0" (-0 %) 0N T = (1-a%a g ) ]
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and
(6.33) X" =at (Y —amTy) .
Between S~ and ST the identities
SI = I-flg Qi N Si Q1 N
(6-34) F + + +
S QN =Q~ N 8™
exist.

We notice that 1 does not occur explicitly anymore, although it
still does so implicitly, viz. through iw(l X~ in @~ and through
i é%H in Q+, hence also 1in S—,.

The conditions (6.21) yield two homogeneous linear eguations
for the two Kelvin coefficients CE, or, equivalently for the bg
The free frequency condition is the vanishing of the determinant
of these equations. Denoting by £C, g% the coefficient of b° 1in
f, g respectively, we find by (6.8), (6.10), (6.28) into (6.30),
(6.31)

ft=§%"BI+H1Mmmb Mf){—ﬂﬂo&ﬁbb@&@]
(6.35)
£ = sTq” [(1+1Qsinwb Q)G - coswb gt g’]

g = 5T [coswre -(1 sinwbI +0ONQ7) ({]
(6.36)
g”= 570" coswby -(1 sinwbI +QNQ“)6“] .

The O-components of these sequences must satisfy the free fre-
gquency condition

r ¥t g -

o o
r T p T
o o [

or, explicitly

§*Q7Y),~ S AN cos wb-iysinwbl)  (§Q S eoswb-if sinuh]) xOERMNAY),
(6.38) . , N
(5*Q%),~ S A NAYY coswb-igsimebl), (EQ i cosob-igsinabl) +Q(s"ANAT)
!

This is the regquired eguation for the free frequencies «w . If
it is satisfied, p® # 0 exist, such that £ and g, defined by (6.35)
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(6.36) satisfy (6.20) and (ujv,F) defined by (6.7) are the corre-
sponding modes of oscillation.

Although equation (6.38) still contains implicitly as well as
explicitly imaginary quantities, it is actually real, as can be
seen as follows. First, 5‘m and CTm vanish unless m is even and
odd respectively. Then the operator r , hence also K, N, H and
products of odd order of these quantities change the parity of
the suffix, whereas even order products preserve it. Finally,
taking the inner product with the constant 1 means taking the com-
ponent with suffix 0. Hence J and @ occur ultimately only accom-
panied by even and odd order products respectively. Now K and H
occur in R, L and & always with a factor i. As the left hand
member of (6.20) can be written as a real function of Qf, 8f, K,
i@, iIN, it follows that all 1maginary quantities cancel.

Long bay low frequencies

Because of the complicated nature of the equation (6.38) we shall
discuss in some more detail only apprcezimate solutions under the
conditions 1. that the length b of the bay is large, 2. that (L is
sufficiently small, More precisely, we shall discuss the zero and
first order approcimation with respect to

-3,
d
(7.1) /5 def o .
-
assuming. that 91 is real,. 1l.e. u32<:4+112. Then all e E (ns1)
5 )

are OQﬂ }. In the case of the North Sea we have roughly b=2a=2T,
0= 0,55. The lowest frequencies tend forf{l —» O to the roots of
cos w b=0, i.e. u)os(k+%)Tr/b, Hence for k=0 and k=1, h30=1/4 and
Q)o=3/4 respectively., So/ﬁ is of the order of (roughly) e'Q“;e,hoe
and e’w'=0,043 respectively. So for w = 1/4% the zero order and
for W = 3/4 the first order approximation may be expected to be
quite good. For the frequencies which for ). —= 0 tend to the
roots of coshvsob 0 the approximation is no longer valid.

Now by (6.18) (cf. also (5.11))

il

[o]]
O]
=

1 - 2
K def " 1 _ K +0(37)
mn mn gvn mn /5
o def N 2
(7.2) Hm1_~11n n —}%n+wﬁ>
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o(fDB) if n = 1

mn =
o(jbg) if n>1

In particular 21l terms conteining two factors N, notably the

second term between brackets in (6.32) can be neglected.
+

Moreover, introducing the real parts R— of Q—

L @ 2.,
RPEE (1-25 w07 - Z ()T e
W o W
R = (I-w Q7 (k )77 = 2 (w0 09" (x7)
O
we have
ot =Rt =1 LEptg gt -1 Lygt
(¥%] w
(7.4)

Q" =R -1 R K =R - 1iw{LK R .

Hence, because of the parity relations mentioned,

(@), = (R,
(7.5) (0's), =0 (7 HE)
(7 C), = -iQw (REKT ),
(@ f), = 1o ®ETRTY), - 1020 (RTERTY )
(7.6) (Q+ YY), = -lea(RKNR d/) - 10w (RTNERT )
(@'n G’)O=(WNR G, (R HNKRG)
(@~ Q+G)O:(R VRT o), 0 % (rk nHRT G, -

Noticing that for arbitrary operators

(unv) . = 2}5(UF)M Vi (140(p))
and that

(R™ HN) = (Ri KN) . =0

o1 o1
(7.6) becomes, omitting further the Ogﬁ2) correction,

(@ y), = ~21Qwp(RTT) , (KRY)

(@M’ ), = -.eiﬂco"U?;(R‘r‘)o1 (mY),
(7.7) (Q%@,G ::EP(R+P)O<R_5)1

(@ma'e), = 2p(R7T), (RTe),
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Consequently the zero order approximation of (6.38) becomes

A CHON (7o) coswb - i(Q+@/)osin@b
© Qo) U§+Jﬁcgoscob - i(Qﬁj)osinqu
(7.8)
(R, 10w (BTEE) coswb - 1(RT) sinwo
Mo (REw), (R coswd -0 w (BTG sinws
or
(7.9) A =Aoccoswb -A g sinwh
with
(R™) g Q(RHEE),
A def
e]6} - - +
-O(RKG),  (RTY),
(7.10)
(27Y), (BT ),
A def
ot QEREGs), o (&5HEE),

The first order correctlion is

(Q"NQﬁj)ocososb—i(Q~NQ+é)Osinu>b (Qﬁs) cosu)b—i(Q+j)osincob

A,=-01

(27NRTY) coswb-1(QNQ'G) sinwb  (aT) coswb-il (Q75) sinwb

(@), (@),

(ea@), (Q+NQ73)O

| (R%‘l cos wh —ﬂm-1(R+H ZD? sinwb Sin” <R+HG)Ocowa— i CRW ), sin b
'Z—EQ[MR r)o/‘ . -yt "N o At
~-ifw (R HJLCowa—i('RG),]s\n wbh (R d’)ccQﬁmb—ﬂca' (R HG‘}O sinwb

@R—a/):,.l N (R Wg{,z;
r20p R |

]

-0L(RKT),  (R7o), |
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ou
(7.12

where

(7.13

and ©

(7.14

In
the ¢
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(R°1), Qo (REY),

A, = 20.pRT
b P Des -Qw(RKG), (R G),

| (R7o), adl

) RTHG)
- RTP :
20p T cneW®TEp, (BT,

8

r approximate eguation having the form
) Lyocoswb =4 osinwb + 4, =0
A, = O(F), the zero order approximate solution is
1 P
W= —arc ctn —£ + 0
) - 7=+ o(fy
he first order one
1 Boe 2., 2 ».i] 2
W = < jarc ctn —= + A + 4 21 4+ 0
) b [ AN W(Aoc os> (15)

order fto get more explicit results we restrict ourselves to

ase where (1 is small and where the oscillation passes for

{)—= 0 into one of the simple one-dimensional ones (6.13), having
a frequency W, = (k+3) /b satisfying cos wob = 0. We assume that

there
=20
o)
later

o(_&l2

is no degeneration, i.e. that for this value w of w and
all o = vno are £ 0, We shaél give the approximation up to
inclusive, treatingvﬁ and (L~ as being of equal order, and
explicitize further the first order approximation which is

). We notice that Z =4 sinh 2O /ML is 0(1) in T2 (viz.

2+O(IL2) that all a’ for m>1 are O(Ilz) and all Cinanaouﬂ).
Consequently for n ?,’1

as (H
Simil

((X7)

(not

and s

(65 §) o= 2 (55 o = 0(0®)

Zn) ==Zi (H2n 1>ok Hk = 0 because of H,_ =0 for all k.
afly ((K~ 2“&') £.7) for n>1, and (H n+q(§) o(LL),
2n+16‘)o = 0(L1). Hence
R N y
+ en

(r7 ), = Z (=75 E" ), = Joo+oh
only 0(L0L9)) ,

(B, =10 = (), o)
imilarly
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(B ) = o ~2Pa2(x)Z ), + o) .

Further
(R'E@), = (HG)_ + O({1)

(RKG), = (K'G), +0(n7).
Consequently by (7.10)

-020f(x)2f),  aEo),

A, + o(L7)
(7.15) -0 (K CT)O JO +£1?u;2(HQJ)O.
= 5;2 + o(fl&)
Aos= &g @J; |

(K73 ) -0 0" (&) g), o (86) -~ n(#a),

(7.16)
-1 ‘ -
=Qﬂ%E3(HU%-®U§G)J+
-ad g [WP0Pe), w13, ] + o
(7.17) A O(Q4)b2) :

Hence by (7.13) the first order approximation is, putting
(7.18) m==wo~6
whence ctnwb + tandb =db + O((;SB) and c§=c§,‘ + O(.Q.A,/B) with
-1
6’1 =0 AOS/AQC * O(f))

7.19 r
(7.19) - 3087 [(00) (50 -en (K, |

and the second order approximation d = 6\2 + 0(116,/62) with

9o v lansn, a0 fra 5] v o(p®)
(7.20)

2.2
-8,y (1= 100 0% [0 ) - 2626,

+O(ﬂ6>=
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Now, writing again vno for Vn?-cnoz

22 9 tanh 9 b
UIG)O = Zi r;n-ll a G = «SELCOSh ST X
1 n o W

o p(n) v tanh Yy b

X Z =

ng(n +£L )
o
B /16 co p(n) %
I %‘ ot o jo )
(7.21)
( o i tanh v b > 16.0. i p(n)
K G, = e 4
76 p on " ny_ n T2 5 nE‘QnO
+0(Q%, p%)
so that (7.19) becomes
Jq 851? b (ng—zcoog)pn
(7'22) _— = "‘"‘d"‘-'—"é—‘ Z__ T S f
Wy b W p n vn

We shall not explicitize (7.20), where e.g. the difference be-
tween u>2 and &)02 implicit in vn has to be taken into account.
For the special case b=21T, a30=1/4 (lowest ocsillation of

llorth Sea-like bay) (7.22) becomes

d 4 2
Sa_ 380 (T, 70199 .y - 2.010°
w g w3 VA5 81VAalk3 625399 '

Hence @ is for f).= 0,55 about 63% larger than it would be for
{l = 0. Actually we have to this approximation w = 0,42 instead of
W= 0,25. In ordinary units the oscillation tims 2‘[‘\‘03_/I becomes
to this approximation 15 instead of 25 hours. It must, however,
be reminded that the neglect of the terms O(JL?) is decidedly too
rough for this application.
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