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g 1.

In tals report we shall consider the influence of some
uniform windfilelds upon a rotating shallow sea which has the
. . £
form of a semi-infinite strivp )

O<¢x < T¢C QO <y < oo |,

The differential equations are =)

167

gu | 9v . 2F
X oy ot

The boundary conditions are

X = 0O and ¥x=T¢ u = O
}]mo vV o= ’

The study of this model meay contribute Lo the understanding
of the behaviour of the North Sea under a storm. The North
Sea has roughly the form of a rectangle with three coasts
and one side bordering to thie ocean. In the model considered
nere the influence of tiie ocean is lelt out of accounct.
dowever, The study of the rectangular model will be the
subject of & later report.

Much attention will be paid to the elevation of the sea
at the "south" coast y=0, in particular at the midway point
Xx= Tt/2, With reference to the geography of the North Ses
this corresponds roughly to the Dutch Coast.

The numerical case woerked out in this report refers to

£y

'

pproximate values for the actual conditions of the North Sea.
The following units and numerical constants will be taken

X5V 135 km U,V 01 km/h
y 1.5 h b 55 m
A =0, 14 L2 =0, ]
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rch errricd out under the direction of Prof .Dr D. wvan

hDantZig*
2) Cf TW 31 ®
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LT the Laplace transforms ol u,v etc., for the full t
range -e&v <t <oe are denoted by the same letters, if neces-
sary writing Y(p) etc. the equations 1.1 become

(p+Nu - N v + 25 2 u(p)
(p+N)v + L2 u —i—ggmv(p) 4D
oU oV
5% v sy rpS=0 ﬁ
with
X = O nnd %X=TT U=
Vo= U v=0 .
173
where 1.4
1.5
and
1.0

. 2. Solution of the problem

The system 1.2 hag an elementary solutlon uogve,jg Witdlceh
does not depend on vy and which satisfies the conditions at
X=0 angd =TT ,

We have from 1.3

- = - Y + e YV
—or T p(U + 57% V)
with uOmO for x=0 and for xXx=T,
SO that TC
2} -
0 = I I 2,




Next we have

The solutlon of 1.2 satisfying the conditions at x=0 and x=1C
and at y=0 may be represented by

u = Llo"l*u,} V = Vo-%*'\fq ’fm' 3&@4*5),‘ o 2.4

The functctions uq,vqgja satlsfy the homogeneous differential
equations

o ¥
(p+7\)u,‘ - V,{ - *-?;f?“m O
. —d
(p+>\)vfl +ﬁ u/l + a.y O 2&5
auq qu
st wy " PH =0

with the boundary conditions

uqmo at X = 0 X =TC

v, = mvo(x) at y = 0 .

The elementary solutions of 2.5 satisfying the conditions at

the Kelvin wave

U = 0O

V = €XD { 3 ( K= 1"’5) - Y

p;‘ eXp { s (% - '%t) - vy V% np } _@

2.0

the Poincaré waves, k=1,2...

2.7

&
!



Thus the solution u,v,] of 1.2 may be represented by

u(x.ﬂy) = UO(X) t

v(x,y) = v _(x) +C_ exp{s(x-B

ke '
I .. KV
+> C (cos kx + B sin kx)e 2.0
T K 2

£(x,y) = S, (x) +)/BED

The coefficlents C K=0,1,2... may be determined {rom

15

the condition at y=0., This gives

s(x-i%) A
Cajea + E;;vk(cos Kx + Mksin KX ) = wvo(x), 2.9
P
A, = £
Whe I”e k W ¢

K

The condition 2.9 may be converted into an infinite set
of linear equations, This may be done by expanding both sides
of 2.9 into a cosine series and equating corresponding terms,

We shall introduce the following coefficients
TC

2 3(x- )
8. = o= S cos 1lx dx

G

T
i“, = — J( sin kx cos 1x dx ,

0
£ = - = fvo(}{)czosi 1x dx |
@,

where 1 runs through the integers 0,1,2... and k through
1,25&3
Then from 2.9 we obtaln at once




The coefficients aq, Plk and f, are
3 4 Ls STC
ay = Z§:g§‘q1€LSh’?? 5 1 even
-1 Us STC
almm — h*-é*j 1 odd

_ L)
fl = 1 even,
flm O l Odd #

ITne system 2.10 may be solved by means of an iterative

process. If pdlL 1is small we have the follbwing approximate
solution

Co{ao -2 Pok dkak}m Vo s

1 even Cl = fl - a5 C_ 2.1

1 odd (}1 = =&

$ 3. Influence of an exponential windfield

In this section we shall consider the exponential wind-
field 1)

U = O
{ pkt |
V = Z Pk@ o 3 o

Calculations will be carried through for the particular

numerical case 2)

p/} = 0,12 pzm Oa/}a P/‘ — wOa’lB P2 — 0@028"-5*

1) U and V are components of the surface stress which is 5
proportional to the square velocity of the wind at sea level.

2) Cf. TW 42,
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This windfield reaches its peak at t=18.5, the maximum
velocity is 24 m/sec.

In this case the elevation ff(x,y,t) may be represented

C

by D
lf<xﬁy$t) = - E: PKZ(X,yﬁpk)e K 3.2

where according to 2.3 and 2,95

sha{~-%) g
Z(}fsysp) = @%m ql—g +%Co CAD {S(X" %)“Ef p2+7\p}+

ch%;;
o -¥Y ¥
o) a . (p+n)k ‘ k
4 2,1 = Cy, (sin kx + Formn cos kx)e : 3.3

The coefficients C
eguations 2.10 with

L K=0,1,2... are determined by the

fo =
£y = 1 = 2,4,..
flmo $ lm 133103

In both cases p=0.12, p=0.18 the eguations 2.10 may be
solved with only a few iterations. We have [ound

€2

b=20.12 0.6 0,12 0.18
C 4 2,884 2,200 C e 0. 006 0,007
C. 1.853 1.580 C., 0.046 0,041
Ch 0.056 0,067 Cq 0.003 0 .004

: 0.247 0.219 69 0,028 0.025

Cy 0.013 0.016 C .o 0.002 0,002
35 0,091 0,080

For Z(x,y,p) at the coast y=0 we have the following
values x=0 T/6 w/3 T2 @ 2w/3  57/6 C
Z(%,v,0.12) 6.00 5.90 5.72 5.51 5.31  5.14 5.05
Z(x,y,0.18) L.,50 4.40 4,219 4,01 3.84 3,04 3.56

From these data we obtain according to 3.2 for the fol-
lowing table for K(x,0,t) in meters



x=0 /6 /3 w2 2w/3 5w/6 TC

=0 0.65 0,64 0,62 0.60 0.58 0,57 0.56

5 1.11 1.09 1,07 1.02 0.99 0.97 0.95
10 1.2 1.79 1.7% 1.70 4.64 1.60 1.57
15 2,82 2,78 2.72 2.64 2.57 2.51 2,47
20 3.54 3.90 3.33 3.74 3.66 3.59 3.55
22 L.25 4,21 4,16 4,08 4,01 3.96 3.92
24 L.,32 4,30 4.27 L4.23 4,20 4,16 4,15
26 3.9% 3.95 3.98 3,99 4,01 4,02 4,01

We observe that the maximum values of 9(x,0,t) occur
practically simultaneously at about t=24. There 1is a little
decrease [rom xXx=0 to X=7 which is obviously due to the
rotation of the earth, However, the deviation from the avéragej
which is at x= /2 approximately, is of the order of 2% in any
direction.

If £ =0 the elevation j’does not depend on X, We have 1n

ewyb‘p2+hp
Vp3+%p |

1k

this cagse

Z<X~yyﬁp> =

At y=0 we have accordingly

Z{x,0,0.12) = 5.65 Z(%,0,0.18) = 4.15
and next
t=0 5 10 15 20 22 24 26

T=0.56 1.05 1.73 2. 69 3.79 4,13 4L.26 3,98

There 1is8 a surprisingly small difference between these
values and those of j(ﬂ/?gogt) for- L)L £0, The small influence
of L appears also in the following table, where the maximum
values of F(x,0,t) for
value of “f for £

(). #£0 are compared with the maximum
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In diagram 1 we have drawn §(w/2,0,t) for LL#0, to-
gether with the windfield -V(t). It appears that the maximum
of the elevation occurs some 3 hours (unit of time is 1.5h)
af'ter that of the wind.

Next a number of diagrams 1s presented in which the
siltuation at a given Time 1is Pepreaentejd by a few lines of
equal elevation. i |

We observe that the influence of the rotation of the

earth which is almost negligeable at the '"south'" coast y=0
becomes more pronounced for increasing v,

§ 4. Approximate analytilc expression:

In this section an approximate expression will be de-
rived for the elevation T (7©/2,0,p) due to an arbitrary uni-
form windfield.

From 2.8 we obtain

O > )l A wsn kT
‘31(73/2305{3) = = CO 4 Y T wlﬂ{ S 1 ST e )‘}.p/l

According to 2.1 we have the rather good approximation

K odd C, = =2

- Ty 4,2

kK 70

30 That in view of

- —-—-L-C“ = LT *--?w - = 5 4#3
we obtailn
T(W/gsoﬁp) ~ "‘I:g}“ ch % CO o o4

From 2.117 we have also in good approximation

2 ¢ohn

Since

fo may be approximated by
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& (14q°)

4.0

and the expregsion between hrackets on the left hand side of

L5 by 0.2 Y- Vpd+lp

1 - 25 4 7
T (ﬂ+s£)»%

€Yy e
ch %;(ajggm §%§{ 1”’$B%£% _’WF‘} .
™ (M) (Y + YV pTenp)
U 832 I 0
's"ﬁ ; ' ? o fol
T (1+aT)

Finally for ’f(W723Q,p) the Tollowing approximation is
obtained

f (TC/ 2,0,p)x - - e

We notice that for L — 0 the correct expression is
obtained,
For p=0.12 and 0.18 we obtain

'3@ (TC/Q—SO&OV?Z) = =553V + 0,31 U
¢ (m/2,0,0.18) = 4,04 V + 0.32 U

The true coefflcients of V are 5,51 and -4,01 respective-

ly, 80 that the approximation is very close. The ingluanceiaf
. . . ; p pﬁc
the component U is rather small, If V=0 and Uﬁpqe i -P € c
5

with the values of the preceding section we obtain for ¥

£ 5 10 15 20 20 24 ‘
f(m/2,0,t) 0,05 0,08 0.11 0.11 0.09 0.0% .
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From 4,9 we obtain for an arbitrary windfield

U“"-—-—": O V — Mf(t) 5@1

in a somewhat less c¢close approximation

(p) . 5,2

Inverse lLaplace transformation gives

- .?lt >
~ Q _
f(t/2,0,t) e ° T (A wr(t) - B euri(t). 5.3
TC
Case a, A step-functlon windfield
O T <0
f{t) =
d T >0 .,
Formula H.3 gives
b - T 80° -t
F(v/2,0,8) % [ e T I (BF)AT - Z=m e 5.
T

O
Tn the numerical case we find for a few ¥ values for

¥ in meters

t = 5.7 o~ 4,74 - 0.18 = 4,56
11.3 8.16 - 0.08 8,006
17 .0 10,82 - 0.04 10,78
22.0 13,00 - 0.02 12 .93
28 .3 14,86 - 0.01 14,85

The influence here of the rotation of the earth 18
apparently almost if not completely negligible.

Case b, A sinusoidal windfield

Lisasiiivighing

r O t <O
r{t) =
sin wT t >0
From 5.3 we obtain
Fo-
T(w/2,0,t) f e ° Io(:"%) sin w (t-T)dT +
® 5 t
. 8("‘){} f ™M cos w (t-T)dT . 5.5
WL

O
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For a few values of t we obtain with w =0.1 for j’in
meters

t= O f(t)= O T~ © - 0 - 0
2,3 0. 23 0.39 - 0,09 0.30
5.7 Q.54 1.4 - 0.15 1,20
3.5 0.75 2,86 - 0,18 2,68

11.3 0.9 4,57 - 0.15 4,42
14, 1 0.99 5 .97 - 0.13 5.78
17 .0 0.99 7 .61 - 0.10 7.5
19. 8 0.92 5,96 - 0.03 3.93
22 .6 Q.77 9.90 + 0,01 9.9
25.5 0.58 10.30 + 0,08 10,38
28 .3 0.3 10,19 + 0.15 10,34
31,1 0.03 3 .51 + 0,18 9,609

These results refer to a sea which has the form of &
semi-infinite strip (O<x<w, v>0). In this model the part
O<y <27 represents roughly the basin of the North Sea. The
numerlcal cases studlied in this report refer to approximate
actual conditions of the North Sea as regards size, average
depth, bottom friction, wind-force and Coriolis coefficient.

The elevation at the coast y=0C is almost exclusively
due To the longitudinal component V of the wind., In a re-
presentative case (cf section 4) the influence of the lateral
component U was about 3% of that of V.

The computation of the elevation of the sea which is due
TO an exponential windfilield of the type

V = EF'C ept

wlgmpr O

involves the solution of a few rapidly converging systems of
an infinite number of linear equationsgs,

In a typical case (c¢f. 3.1) the rotation of the earth
had hardly any influence -about 2%~ upon the elevation at
the coast y=0 but the Coriolis effect became more and more
pronounced as y increased.
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For an arbitrary uniform windfield the elevation at

=7t/2, y=0 may be approximated by an analytic expression.
In two typical cases (cf. section 5) the influence of the
rotation of the earth was very small, 2% at most.

The method studied in thils report may be extended to
non-unlifiorm exponential windfields of the type

U,V = 2_C exp (&x +87 + pt) .

These wlll be discussed in a later report.



elevation at the coast

~== Windstress intensity -V

Elevation at x=7/2, y=0 due to exponential windfield
v = -0.13e0°12% | o 028ue0- 18t
- 6.26 x 1072)

(“vmax
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Lines of constant elevation of the ses ; due to the exponential wind
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