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1 . Introduction 

In this pa pe r we consider a mathematical model for the behavi our 

of th2 North Sea unde r a storm. In this mode l tho North Sea is r ep re ­

sented by a rectangular bay which is bounded on three sides by coasts 

and which at the fou rth s :Ldc bo r de rs on an ocean . Th8 depth is assumed 

t o be unifor•m, For the salrn of simplicity the l onge st axis is assumed 

t o coinc id. with the North-South direction. The Southern border then 

corres ponds with i.a . the Dutch coast and the midd l e of it roughly 

with the pos j_ t ion of Den Helder . The influence of a sto rm is exp re ssed 

through the st r ess it exert s on the surface of thA sea . This s tress 

( U,V ) may be clc p --nde:ntonthe coo r dinates (x Jy ) and the time t . 

The me., ·:;h1;m ttca 1 p ro blem is formulated in S("C tion 2 as a set of 

linear partial differentia l equations ( 2 . 1) with bound ary conditions 

( 2 . 2 ) f or th0 components of the total stream (u,v ) and the e levat ion 

J . After removal of the time varia ble by me ans of a Lap lac e trans­

formation ( 2 . 8 ) elimination of 'Ci and v, t he bar i ndicating the Laplace 

transform, leads to an e llipt ic partia l differential 2quation of the 

Helmholtz type (2 .11 ) for J . 1l1hc dete rminati on of J follows in t wo 

steps . ThP fir~t step consists in solving the problem for tha strl? 

0 < x < ;c J .• e . wj_thout paying at ten t ion to the boundary conditions at 

the coast y=O and the ocean y=b . If 1 r epresent such a so l u t ion the 
- 0 

dj_ ffE::ren c(=: f -- J'
0 

rnay b8 considerGd as a free motion 111 the strir,i 

0 < x < it" • It is pos si ble to d<:~te rmin c this f r ee motion which consists 

of a linear supnrpos i t ion of two Kc- lvin waves and 2 -x oo Poincare waves 

i n such a way that the coas t condition at y=O and thn ocean condition 

at Y=b are satisfied. 

The solution f
0 

of the strio pr ob l em requires the solution of 

the corresponding p r ob lem of Gr een . The latter problem is solved in 

section 3 . In order to avoid ove rloa ding the analysis i n the remainder 

of the paper the s pecial case of a uniform Northern wind is cons idered. 

Y0t this particular case which is considered in s ec tion 4 shows all 

pecul ia rit ie~ of the gene ral p r oblem . However, in t hat cas e Y
0 

can 

be found without taking r ecour se to the Green' s p roblem. The expl i cit 

expression of j ( L1 . • 12 ) invo lves a set of coeff:Lcients Am and a set Bm 

(m=O,1, 2 . .. ) 3 wh0. r e A and B belong to the KP lvin waves, A (m=1, 2 , J ... ) o o m 
to the Poincare waves at the c o st y=O am1 Bn (1!1=1; ~ , 3 .. . ) t o th;_ Po:rn--

car ,·w v c:.-, at th , oc::.: 1 . Ac;surn:i.ng b t) b ::Jt.nftc:i_· "tJtly la~·c;•~ th:' Pu~i.i1 -

c2r,' wav::s at th .. co2st y=O c.:.rn: tho □ l ' ot 'cl1 nc·-rin :t y=b do 11rxi:; i,ite r ­
c.c t . Ther .. ~f,,rc th f-' cra::;t co1,cLtUm1 \~hj_ch :i_n co,1,.,t ... ~, r. din r.;,ct:,_0 J1 5 

@:7-\'~' o o :.;; t n f 1 -;_·1,0!' r,.:lath,llU b t1·1,· :1J l\.m (:11=0; ·1, <~ . . . ) sud :a
0 

n~Jly, 
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In a similar way the ocean condition which is c8nsid8red in 
section 6 gives a set of linear relations betw~en B (m=Oy1~2 . . . ) 

m 
and A

0
• It is now possible to detFrmin~ the co~fficients by means 

of some iterative process . 

-· ome j_nf orma t ion concerning the ana lytica 1 dep0.nd~nc e of Am 

and B on p, r. and ..n. can be obta incd by considering the lJ.m:i_ t n 
cases . .o. ~ 0 and ..Q oo. If ..0.. is small we may considEr 1 to bE: 

depe nd ent on the pa rameter groups q and r only. Expans'ton of Am,Bm 

in rising po• ers of r 2 cv8ntually l2ads to the approximation (7.1) 
of section 7. In thic approximation only the firAt-order co r r ect ion 

is givsn . This correction vani hes at the North South axis and shows 

that in a first approximation th~ r otation of the Earth gives ris• 

to a skew--syrnr.1c:tric obliqueness of the sea-level. If ..n. is large 'f 
may be considered to depend on sand 8 only, s b2ing mod~rate and 

0 small. In a similar way series expansion in pow~rs of G results 

in certain approxj_mations of the coefficients A >B which are to be m m 
found in the: sections 5, 6 and 8 . The first-order approximation of 

1 at the South -coast_ takPs the simple form (8 . 6). iv0 note that in 

this approximation J is uniform along the South-coast . A second­

order approximation is given by (8.5), (8 .10) and (8 . 13 ) . Then a 

slight skew--symmPtri.c oepcndence on x becomes a pparc~nt. 

In applying the r esul ts obtained above to th~ North Sea we 

note that th~ assumption of a large value of b c~rtainly is correct . 

However~ thP value of A is rather large~ and the results pertaining 
0 

to small ...Q (or r'-) must be considered as being of theoretical 

inte r ~st only . On th~ other hand the appro~imation (8 .6) derived 

for small and moderates a ppears to be quite good which has b8cn 
confirm2d by num0rical work. 

Numerical applications will ba considered in the subsequent 
°[;aper. 
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2 . The mathematical prob l 8m 

Tha 0 ro bl em can b2 desc ribed mathematically by the equations 

of motion (I 2 . 6 ) and the equation 0f continuity (I 2 . 7) 

( c)~ 

(2 . 1 ) ( u
0
t 

and the boundary 

( 2 . 2 ) { 

+ 7\)U n v 

+ 71. )V + ..n. u 

cJ U + '<J V -e> X '2J Y 

condi tions 

u = 0 

V = 0 

j = 0 

for 

for 

for 

+ C 

+ C 

+ 

2 _a_'l_ = 
a x 

2 c) 'f 
- · = 'i>Y 

,) 'f 
c) t 

X = 0 

y = 0 

y = b 

= 

u 

V 

0 

and X = a 

Th e componen ts U and V of the wind for ce are related to the veloci ty 

of the wind at sea l cvel v in t he follow ing way ( s ee II 2 . 4 ) 
s 

( 2 . J ) / u2 +v2 = -6 2 J . 0 X 10 V • 
s 

Fo r thL p r oblem c onside red h r e d imensionless quantit ies wil l be 

introduced according to 

-1 
---+ "TC" a (x,y ) 

( 2 . 4 ) (u,v) --+ h c (u,v) 

( ) --1 2 ( ) U.,V -+ it' a he u,v . 

This has the effec t that the constants c and a occurring in ( 2 .1) and 

( 2 . 2 ) can be fo rmally replaced by C=1 and a= K resp1~ctively . 

For the numerica l a pp lication to t h e No rth Sea cas(~ the fo l low­

i ng numerical values will be chosen (s ee II section 2 ) 

(2.5) { 
a = 400 km _Q = 0. 11-3 h-1 

b = 800 km ?\ = 0.2 .n.. 

h = 65 m C = 9 1 l:m/h 

If these values are substituted in ( 2 . 4 ) the dimensionl2ss time scale 

becomes 1 . 11 hour. The dimens ionles s values of ..O. J 7\ and b are ap­

p roximat e ly 

(2.6) { : : :: . 7\ = 0 . 12 
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The relation (2 .3) 

(2 .7) 

is in dimensionless form 

Vu2 +v2 = o.oJ--:• x -10-· 5 v 2 
./ s . 

A g0ne ral discussion of the problem (2.1 ) (2.2) has bee n given 

in I section 2. In order to avoid continuous reference to the fi r st 

pa per of this seri~ □ the most important fo mulae will be repeated 

here. The Lap lac e transformation 

(2 .8) 

chang~s (2 .1) and (2.2) in 

( p+ 7'.) u .. .n_ V + E..1 = u ox 
( 2 . 9 ) ( p+ 7\) v + ...0. u + 

"c) 'f v -= 
~y 

au 
+ 

c> v 
+ Pt = o, - -

?) X 1JY 

and 

l 
- 0 for 0 and u = X = V = 11;; •'-

(2.10) - 0 for 0 V = y = 

l 1 = 0 for y = b . 

E:lim:tnation of u and v gives for 'f the non-homogencrnus Helmho l tz 

equa tion 

(2 .11 ) 

with 

(2.12) 

and where 

(2 .13) 

and 

( 2 .11.f) 

F(x~y,p) 

2 -(t. - K, ) f = F(x,Y,PL 

= (a u + c> V) -:-
c> X -;;,y 

t V( -;ll 
g a o x 

def ( )-1 tg ( = ..n. p+ A. • 

·,:J u ) 
'cJ Y , 

From the equations (2,9) 1t can be derived that 
- -

{ 

p ·- 1
,<.

2u = _ "!..1. -- tg r c> ':f + u + tg r v 
( 2 . 15 ) ~x ~y 

-1 2- 'e).., r '":I (/J - t -p 1<. v = -· _j_ + tg -"-J + V tg U 
7Jy c)X 

By means of these exp ressions the boundary conditions at x=O, X= ~ 

and y=O can be expre ssed in terms of J . By using (2 .15) they can 
be writt en as 
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-
(2.16) tl uX + t g ( '?JJ ---- = cry u + tg f V for X=O and X= 11; , 

(2 .17 ) oJ - tg 0 f} 'f V t g f u f or y=O, ·-- = -oY ox 

(2.18) 1 = 0 for Y=b, 

From the formulation of the prob l em by (2.11), ( 2 . '1 J ) and (2.14 ) 
it follows that <:f d(e;pendn ()SS(.ntially on the two :i..ndepend0nt para­

meter combinations ~2 and t g ( . Th2 same is tru8 for p·· 1ii and p-'1 i 
0 

i n v iew of the r e l ations (2 .15 ). Of cou r sP t L and tg f may be re-• 

plac ed by any othe r pair of 1ndepend2nt combinations of p, 7\ and ..a. 
We shall consid .r tw o J.imit cases which may be cha ra cter1Z,'!d by eithe r 

...o. smal1 or .. fl large. I n th8 first case it i s convenient to use the 

pa ramet(•rs 

(2 .19) c: def r p .n. . 

In fact we: hav e; 

(2 .20 ) C1 = le. C Of-l r r = K. ✓Sin ( COS f . 

In the second case we shall use the g r oups 

(2.21) 2 def 2 ( ) ·- '1 s ..n. -p p +11. 0 def ( p+ ?\) ..a. -'1 . 

In fact we have 

( 2 . 22 ) S = K sin ( 8 = cotg f . 

For an a rb i trary windfie l d (U,V) the solution of (2.11), (2.16 ) , 
(2 .17 ) and (2 .1 8) may be r 2d uced to that of the corresponding pro blem 

of Gree n. Howeve r ~ it has not been foun d poss ib l e to solve! the latter 

prob l em in an exp lic it way. Yet an exp li it function of Gr Aen can be 

de rived for an infinite st rip O < x < 1r , - co < y < co with homogeneous 

boundary conditions of the type (2.1 0). Th i s problem will be studied 

in the following s ection, Then by mea ns of th e function of Green for 
a st rip the solution of th(' or igina 1 pr oblem for the bay O < x < 7C , 

0 < y < b may b<.:; r educc~o cventua lJ.y t o that of so lving a doub l e set of 

an infinj_tc number of linear equa ti ons . Je shall write 

( 2 . 23 ) 

whe r e 1 (x,y,p ) is a pa rt ic ular soluti on of (2.11) which satisfies 
0 

t he boundary conditions (2 .16) but not necessa rily those at Y=O and 
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y=b . Such a solution can be deduced from the function of Green for 

the strip O < x < lt" , -oo < y < oo. Consequently j
1

(x,yJp) satisfies a 

homo~en~~ equatJ_on of Helmholtz and homogeneous boundary conditions 

at x=O and x= ·~. Hence this function can be compos ed of the K2lvin -

and Poincar~-waves be longing to the infinite strip O < X< TC , OO < Y < OO . 

(See IV section J). If A and B are the coefficients of the two 
0 0 

Ke 1 vin waves and A j a nd B j ( j=1, 2 , 3 ... ) those of the Poinca r6 -waves 

the boundary conditions ( 2.16 ) and ( 2 . 17 ) each eventua lly l ead to 

an infi.nite num er of linea r equations . Th,= p r oblem of dete r mining 

the coeffici -mts is quite fo rmidable . However, if b 1s large (see 

IV section 7 ) these equa tions reduce to the simple form 

( 2 . 21~ ) 

and 

( 2 . 25 ) 

loo IX mnAn - °'mB o + 0 ( e -· b ) 
n=O 

for m=OJ/1,2 . .. , and wh1::r. thE: order terms represent the cont r ibution 

of the terms which vanish for b ~ oo . The coefficie,1ts 0<. o: "' mn' m' r mn ' 
Pm are only used hEr 2 and havn no relation to similar symbols 2lse-
where in this papRr. 
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3 . Problc!m of Green 
The prob l em of G1"een fol" the strJ.p O < x < ,c- , -·OO < ;J < oo m2nt:Lon2cl 

in t he p r eceding section may be f ormulat8d as follows 

( 3 . 1 ) 

with th,i bound ary condttions 

( J . 2 ) ZI G t 2l G = O ·-- + g y ..,. y· o ,r o "' ' 
for X=O and X= -,r;; • 

Furthc:r it wil l bi! r equi r ed that for I y I~ oo the function of Green 

is of th . o r de r C'XP- E. )y I , whcrco e. is an arbitrarily small posi t ive 

quantity . 

From Green ' s th eor0m it can easi l y bG derived that 

( 3 . 3 ) 

When G is known thl! function f
0

(x,y ) which satisfies ( 2 . 11 ) and ( 2 . 15 ) 

foll ows by means of the same theorem 
_ 00 it 

(3 .4) J
0

(x,y ) = -J j G(x,y ,[!,1 , f)f(J , ',z )d l d '7 + 
00 0 

QO .. J G ( x, y , 0) "? , f ) f ( 0; ;;,z ) d ,Z + j G ( x, y, -rr, 7l , f ) f ( -r,;, ~ ) d ~ 
oo - ro 

whe r e 

( 3 . 5 ) f(x,y ) = U(x,y) + tg f V(x,y ). 

Subst itut:Lon of ( 2 . 12), ( 3 .5 ) and partial integration givc~s 

( 3. 6 ) f
0

(x, y ) = r j1C'{ u(2- ·· t g f ~)G + v( 2- + tg f ~ )Gl. d ~ d"?. 
-oo o ay 0 71 "'? e> i J z 

The exp lic it form of G will not b8 derived he r e systamatica lly 

but in the fo ll owing simrle albeit somewhat heu r istic way . 

The fre e waves of thA st r ip arc the Ke l vin waves and the Po incar~ 

waves ( see IV section 3) " The Kc l vin i,rnve s a re 

( 3 . 7) exp .±. ( sx - qy ) . 

The Poinca r e waves are fo r n·-1 " 3 - J L, " • • 
- )) nY 

{ (sin nx + e cos nx)c 
( 3 . 8 ) n 

YnY 
( sin nx , 8 cos nx )e , n 

whe r e 

( 3 . 9 ) ),,I def / n2 +rc2 = n , 

and 



(3 . 10 ) G def 
n 

(, 

·-U -

In view of the symmetry r e lation ( 3 . 3 ) W8 shall try to r ,.p r esent Gin 
the following way 

( 3 . 11 ) G = C os ( x+y.-~) --q( y-- 11) + 

co -· -Y (y- ~) 
+ L C n ( sin nx+en cos nx ) ( sin n J +8

11 
cos n ~ ) e n 

11=1 

f or y > 7 and 

( 3 . 12 ) G = C e--s ( x+ '[ -- ,c) +q (y- "Z ) + 

00 ··· V ( o/) - Y ) 
+ L C11 ( sin nx.encos nx)(sin n 1 ~encos n f ) e n ' 

n=1 

for y < '1, . 

First ontinm.ty at y= '? requirrJs that 

( 3 .1 3 ) 
00 

C sh s(x+ t - --re) + L e C sin n( x+ l;) =O . 
l n= 1 n n z 

Subs titu tion of ( 3 . 11 ) and ( 3 . 12 ) in ( 3 . 1 ) gives, using differentiation 
in a ge ne ral ized sensc

2 

(3 . 14 ) 

Since by 

( 3 .15) 

( I!. - "'-2 ) G = t 71 eJY G ( y > "7 ) - v; G ( y < '1 ) } J ( y - 'Y/. ) = 

= { -2qC c h s ( x+ ,--- ?C) + 
00 

2 ~ v C (sin nx sin n l + en 2cos nx cos n~ )} rl( Y- '1) , n= 1 n n 2 

differentiation of ( 3 .1 3 ) it follows that 
00 2 

2qC ch s(x+r - ;c-) + 2 L v e C cos n(x+ z) = 0 
n= 1 n n n 

the righ t - hand side of ( 3 . 14) re duc 8s to 

( 3 . 16) 2 2 oo 2 2 -1 
{ -2 1<.s -- L (n +s ))) C sin nx sin n~} l (y - 1). 

n=1 n n ' 

Ther•efo r e we must have that fo r O < x, l < -r-:: 

( 3 . 17 ) 2 ·-2 °0 2 2 1 
- 2 iCS L (n +s ) vn · C

11
sin nx sin ny = J'( x •- ~ ) . 

11=1 

I t is poss ible to satisfy tho r e lat ions ( 3 .13) and ( 3 .17) for th~ same 
coefficients. w~ have 

( 3 .18) 

and 



( J .1 9 ) 1"2 
C = ----

,, 2 h c.. l<. S S 1'C' 

Substitut ion of (3.1 8 ) and (3.1 9 ) i n ( 3.11 ) and (3 .1 2 ) gives the 
foll owing exp licit expression 

( 3.20 ) r 2 e G' { ( x + t - ,c-) q ( y ·-· '12 ) } + G(x,y, f,~ ,f) = -~--
2 K sh s rc 

2 en ;i ·-Y I Y "11 
+ 7" L ~n_7- ( sin nx+ 0 8 cos nx )(sin n l + c;- G

11
cos n 2 )en , 

7t"lc n=1 n +s n 
whe r e 

( 3. 21 ) u = sgn ( Y ·- ~ ) , 



4. Solution for a uniform windfield 
-" 
'1' f ( 0 0 ·0 

) a b b For a uniform windfield the soluti on J oo ~-~~ n e o -
tained in a direct way without using the Green ' s function which has 

been derived in th0 previous section. In particular we shall conside r 
the case of a un:Lform "northern" wind 

(l!- . 1) U = 0 V = V(t ), 

Withou t loss of gen2rality we may take 

( l~ • 2) V(t) = · J' (t) 

i.c-,. a momentar'y 1;Norther11 11 disturbance . Hence we:. have f/ = --1. 

Acc,rding to (2.11) and (2.15) the problem can be r~formulated by 

( </ 2 2 
~ 2 )1 = (L~ .J) + 

() 

o:J -z 2 
c:i x Vy 

u~. 1+) 
f') u JJ tg r v'f JC ,_ 

-·· = . . .. tg r p d X c> y 5 

--2 "J'f ( 4. 5 ) V 
+ . r <> :r 1 J<:. = "'G - - -g ';) v :J p cJ Y " 

with the boundary conditions 

(4.6) u = 0 for X = 0 and X = 1\:' :, 

(4.7) --
0 for 0 V = y - :J 

( lj.. 8 ) j = 0 for y = b 

that 

( )~ . 9 ) 

-Supposing that u 0 Jv 0 and J
0 

depend on x only it is ~asi ly found 

(L[.10) 

and 

(4 . 11) 

u 
o = _ tg J' lf 1 

p K- 2 

V 
0 

Ch K'., ( l it"-- X) } 
-- :J 

ch ½Ki.. 

The elevation '.l' 1 r epres,;nts a free motion in the c hanne 1 0 < x < 1'C 

and may be considered to be a linear supGrposit1on of the two Ke lvin 

waves (3.7) and the doub l ~ infinity of Poinc a r ~ waves (3.10). 
Following (2.23) we put 

(!+ . 12 ) 00 -· 1 - Y nY + L n A ( sin nx+e ncos nx) e + 
n=1 n 

00 

n- 1B (sin 
-· >'n(b-y) 

+ )- nx-8 'COS nx)e 
5 Y'\~}J 11 r, 



-1 I-

where q and s arc g iven by ( 2 . 19 ) and ( 2 . 21 ) and wh~r0 On is de t e r -· 

mined by ( 3 .1 0 ) and ( 3 .9 ) . 
The component s of the total st r eam of the Kelvin waves and the 

s yst em of Poincar6 waves are g ive n in the following table where 

is defined by 

0( 
n 

def 
o:n 

2 r 
n v 

n 

11=1., 2,3 .. . 

2 and wher. r is giv~ n by ( 2 . 19 ). 

u/p 

v/p 

j 

Kelvin waves Poincar:e_wa~EL-_n=1,2,3 .. . 

0 
,. 2 

±(n 2 +s ·)s in n x exp~ Y
11

y 

+ exp + { s ( x -½'re) --qy } n v ( cos nx + <X sin nx)exp + Y y n -- n n 

q rc;Xp _±-_ { S ( X·-f: ?C") -qy } 
0 

r r_ )) (s i n nx+O os nx ) sxp + v.l
1
Y 

n -· n 

table 4 . 1 

Then for the componen ts of the 

u~ , 14 ) _1 li° ( X , y , p ) = _1 U ( X J p ) + -~-
p D O ~ 

total stream we have 
00 2 2 · · Y y 
~ n +s A , n L - -- - sin nx e + 
n=1 11 ~n n . r 

and 

f-2 11 2+s 2 - Y11 ( b-y) 
L --- B sin nx ~ 

n=1 n v n 
n 

(4 . 15 ) 1 -v·(x y p ) = p" ., , 

+ ~ B
0

sh{ s ( x-~· ic)-qy } + 

1 f-9- v 1 ~ -- v. ~ ·Y) + 2 L A (c os nx·H\
1
sin nx )e n· + -""'2 L D

11
(cos nx- °'nsin nx ):: w . . 

r - n=1 n r n= 1 

The coast condition (4 .7) gives by substituting y=O i n (4 . 15) 

00 

s A ch s(½~ -x) 
0 

• s B sh s(-½i'C --x) + L Ar/cos nx+ <X.nsin nx ) = 
0 11=1 

(4 . 16 ) 
= r2 { 1 + t g2f ch K- _(½1\: --~) fl + O(e··b), 

1<:. 
2 ch •:~· icTC 

whe r e the order t Grm re pr e s ents the contribution of the Poincare 

waves at the ocean boundary. If bis sufficiently large this contri . 

bution can be neglected . The condition (1~.16 ) will be disc ussed in 

s e ction 5 . 

Th2 ocea n condition (4.8) gives by substituting y=b in (4 . 12 ) 

-A
0

sh [ s(½~ -x)+qb } + B
0
ch t s (½~ -x)+qb } 

c.o 1 
+ L n Bn(sin nx-8

11
cos nx)= 

11=1 
(~· . 17 ) 

= - t 8 '/ sh r-, ( -~ 7C" •. ~l + 0 ( e - b ) ., 
tt. ch J ~1t:" 
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where in a similar way the order t e rm r epresents the contribution of 

the Poincar~ waves at the coast y=O. The cond ition (4 .17) will be 
discussed in section 6 . 
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5 . Coast condition 
From the coast condition ( 1~ . 16 ) a set of linear equations can be 

· ·riV<.!d by .,xpnnd :i.n g toth sides of ( l.! . • 16 ) in a pu r 2 cosin'O. series and 

equa ting corresponding coefficients . For conv2nienc0 we Rhall i ntro ­

duce the fol l owing nota tions 

( 5 . 1 ) 
7i s ( ]._ "TC' x )dx 2 J cos s = m" e 2 

" m .. J 

0 

(5 .2) 
f") 1t 

r '- J cos sin 11 J( dx, = mx mn 7(' 
0 

(5. 3) 
7f: ~(1~ ·X) 

· --~ri J COS { 1 
2 ch J dx . V = mx + tg I -

li1 
1t"K.c. 0 ch ½ K"JI; 

Performing the intc'?grations we fine 

{ 2ven l~ s 
sh ½ s ic'/(m2+s 2 ) m s = 

( 5 .lf ) m ?t' 

lts 2 2 
m odcl s = ch ½ s 1\: / (m+s ). m ;c; 

m+n <C: VPn r = 0 mn 

m+n ocld r 1!- n = 2 2 . mn 1'( 
n • · IT\ 

V 2 f t g2/ th 1- X:"J'C } = ·0 1 1 + 0 ~'- l K.1C 
2 

(5 .6 ) m ev r.n V = 2 t g
2 ~ th½ K-1t 

m 2 l. K.'!\, m + ~ 2 

m odd V = 0 . m 

'rh e: n th ~ r esult of tho cosirn:: expa nsion of both sides of (i+.1 6 ) is 
wi th omission of the-~ order t8rm 

A 2 
r 2 L r on 

A so s = r V 
0 () - 1 n l-.1 n 

2 2 ~ 
fl n 

(5 .7) A A mn A rn e ven = - s s + r V r e._ 
m rn 0 m 1 n vn n 

m odd A B r'- L2 r mn 
A = s s , m m 0 n v n n 

whcr•:; I::.1 d2no t cs a summa ti on over odd indic2s n=1,. 3 , 5 . .. and L 2 
011(. over even indlc(~s n=2 5 ~- > (5 • • • • This system which is of the f orm 

( 2 . 24 ) can be solvod by means of an ite rative p roc 0s s. Th8 ultimate 
r esul t may be writt Hn in the f orm 

(5 .8) 

0 
It is obvious that A = O(m-c ) f or rn ➔ OO since th8 A ar2 the coe f-m m 



.. 

ficients of a cosine expansion . 

We shall consider the system (5 .7) in the two cases which are 

characterized by either ...Q small or ..n. large . In the first cas2 we 

sha ll take q and r as independent parameters . Then the co~fficients 

Am may be considered as a powe r series in r 2 . We note that 

( 5 . 9 ) { 
2 

s = r /q 
VO = 2/q2+o ( /~) 

vm = o ( /!·) 

s = 2 + O(r4 ) 
0 

O( r 4 ) s = form evr;n 
m 

!.ks + o( L"6 ) s = form odd . m m ,c 

If we assume that B = 0 (1 ), which will be confirmed in the next 
0 

section, whPre thP ocean condition is considered , it follows from 

(5 ,7 ) that 

l 
A ·~ 1 

+ O(r4 ) = q 
0 

(5 . 10 ) A 
~-s2 

O(r8 ) for· odd = ~Bo+ m m -it m 6 
Am = O(r ) for m even . 

In the sccone cases and 8 will be chosen as the ind2pendent pa ra­

m2ters . Th(; n the oefficicnts Am may be considered as powe r series in 
G. We note that 

(5.11) { 

If we assume 

follows from 

( 5 . 12 ) 

2 2 
r = 8 s 

V = 2 
m 0 2(s2+m2 ) 

that B
0 

= o(e- 1 ) 

( 5. 7) that 

A = 

th½ s ic 

½s.c 

2 ( j') 2 
K, = 1 +O - s 

+ 0 (1) for m=0,2,!.J . . . . 

which again is confirmed la ter on it 

1 + 0(1 ) 
0 Gs ch ½s TC 

Ain = sm s B
0 

+ o(e ) for m odd 

A = 0 (1) for m even. 
m 



- 15-

6 . Ocean condition 

The ocean condition (4 . 17) calls for a more extensive treatment . 
This relation will be written as 

00 ··1 
n B (sin nx -8 cos nx) = q, (x); n n n 

( 6 .1) 

where 

( 6 . 2 ) ( ) f ( 1 ) J B h{ ( 1 ) b } t , y Sh R. ( ½ 7C' .. X ) Cf x = A0 sh l s 2 7r --x +qb ·· 
0

c s 2 7C --X +q - g 
0
---'-"'----- .. 

K) ch } Kn:; 

Expansions of this lcind have b0. e11 studied e lsewhe n~ /I) . A summary of 
the r c s u J.ts \"lill b0. giv0.n be l ow . We note: that for n -+- oo 

(6 . 3 ) ( -·2 ) en= e +on . 

The r efor e the p r ope rtie s of the expansion (6 . 1 ) are very similar t o 
those of the simp l 0r expansion 

CX) 
( 6 . L/. ) 

) bn ( sin nx - 8 cos nx ) = (3 ( x ) 
n=1 

in the in t e rva 1 0 < x < "TC' • 

The expansion ( 6 . 4) is unique and the asymptotic behaviour of 
of the following kind 

(6 .s ) B -1 + <X ( ) n -1 1 - 1- o< 11 - 3 -Hx b = n + - 1 B n +B n + . .. n 

where 

(6 .6 ) def 2 
0( = a re t g 0 

'iC 

The explicit expression of Bis 

( 6 . 7) B = -
0( l 

2 COS ·2 ()(.l'C 

r.: r (ix ) 0 

According to (6 .5) the conve rgence of (6 .4) is of subharmonic order 
unles s B = 0 when J.t is of hy pe rharmonic orde r. 

To th e sat sin nx - 0 cos nx, n=1 1 2 , 3 , . . a bio rthogonal set of funct ions 
is associated , each b~ing the p r oauc~ of the fa ctor t g ~x and a finit e J ' °' -- 11 
trigonometric sum . Ws n ot e that 

(6 .8) 
• 1t" 

J (X - 1 (sin nx --G cos nx ) tg 
0 

½x dx = 0 

and that 

(6 .9) 7C' 

f tX - 'I t g ½x dx = 1 . 
- - -~--- - - - ,_, - - -- -- 0 

1 ) Cf . Lauwe rier ( 2 4 . 

for 11=1, 2 , 3 . .. 
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The p roperties of the expansion (6 . 1 ) can easily be derived from 

those of the expansion (6 . 4). In particular we have for n -"""7 00 

(6 . 10 ) ..L 
I • • o 

whe r e the constants on the right - hand side are not the same of course 

as those of (6 .5 ). There exist s also an orthogonal function h
0

(x ) with 

the properties 

(6 . 11 ) 

and 

(6 . 12) 

it" 

j (sin nx-Gncos nx )h
0

(x)dx = 0 
0 

1'C" '] J h (x)dx = 1 . 
1t' 0 

0 

f ,- 0 3 or n=J,c_ , • . . 

Once the asymDt otic behaviour of the coefficients B is known , n 
something can be said concerning the behaviour of f and its pa r tial 

derivatives at th~ corners (O , b ) and (~ , b ) of the rectangular basin . 

If at (O,b) local polar coordinates (p, ~ ) are introduced by 

means of 

(6 . 13) X = J' COS 'f y = b- f sin rp 

it fol l ows from (~- . 12 ) and (6.10) after some elementary r educ tions that 

for f-+ O 

(6 .14 ) 
m 

J = B sec ½ one Im { n~ n- 1+0(. exp i(n f 8i <f._½ Ct.7C ) } +o(1 ), 

and next 

(6.15 ) j = B r (cx )sec ½one f - rx sin ix cp + o(1 ) . 

Hence a solution where J is ontinuous at (O , b ) requires that B=O. It 

appea r s that then also u and v are continuous at this point . A simila r 

analysis shows that at (~ ,b),j is continuous for B=O. However, the 

partial derivatives of J at th8 latter point are infinite. 

From (6 . 1 ) a set of linear relations of the type 

(6 .16) 

can be derived in a s imJ.la r way as in th0 previous section. A necessary 
and sufficient condition for B=O, where B is thr; c oeff ic i c.mt of n cx. in 
the asymptotic expansj_on of B, is 

(6 . 17 ) 
I\ 

1□ h 0 (x) <p (x)dx = 0. 

Substitution of (6 . 2) yields a linear relation between A and B only . 
0 0 

Further linear relations may bE obtained e .g . by expanding each sid e 
of (6 . 1 ) in a sine series and equating corresponding coefficients . 
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Th2 first orthogonal function h
0

(x) may be approximated by 

(6 . 18 ) il! -1 1 tg 2X . 

We may also try to find an expansion of h (x) for the two special 
0 

cases of th0 pr~c ~ding section . 

In the first case where q and rare the independ ent variables 
we have 

(6.1 9 ) 8 n 

Put t ing tentatively 

(6. 20 ) 

1 ~, 
r 

it follows from (6 . 11) and (6 . 12) that 

j 7C' 2 
(6 . 21 ) { 1 + r- yr (x ) + . . . } { cos 

0 

>-' l1 2 . } nx -· -~ r sin nx d x = 0 
nq 

and 
,t 

(6.22 ) j y (x )dx = 0. 
0 

From (6 . 21 ) ws obtain at once 

(6 . 23 ) 
1C 

f cos nx 
0 

Yn j-rr: 
-iy (x)dx = --'2' sin nx dx 

nq o 

so that in vie w of (6 .22 ) 

(6 . 24) 

If now (6. 20 ) and (6 . 2 ) are substitut ed in (6 . 17) it follows afte r 
some simpl2 reductions that 

(6 . 25 ) 

so that with the value of A as given in (5.1 0 ) we find 
0 

(6 . 26 ) 

For the coeff icient B a simi lar treatmen t is p ossible . In that case m 
the (m+1 )th b1orthogonal function hm (x ) associated to (cos nx-e~ 1sin nx) 
n=1, 2 , 3 . . . ma y be expand2d in a similar way as (6 . 20 ) by 

2 4 ( 6 . 27 ) hm ( x ) = cos mx + r yr m ( x ) + 0 ( r ) . 

Without 

(6.28) 

giving de ta ils we mention the f ollowing results 
1 ·00 >' n 

y, m ( X ) = ~ L -ri- r mn COS nx , 
q n=1 



( 6. 29)! m 

Bm 

4 v r 4 
m 

= - 2 4 
"lt' m q 

= O(r6 ) 

(- _,,_ 
ch qb 

-'18-
m2 8 

+ - ---) + O(r ) 
m2+q2 

for m odd 

form even . 

In the second case wheres and e are the independent variables 

the ocean condition (6 . '1 ) can be written in the form 

(6 .30) 
B h { ( 1 ) b } 

8
1 sh s(½iC -x ) + o(e ). -

0
c s ~~ -x +q -

s ch ½s "/t;" 

For the f i rst orthogonal function h (x) we may pu t in vi ew of (6 .8) 
0 

and (6 ,9) 

(6. 31 ) 

The condition 

(6 .32) 
1t" J { 7f:o (x) + e X (x)+ • .. } { 

0 
sin nx --8 n cos nx } dx = 0 

Yn 

for all n ~ '1 leads i n a similar way as above to 

(6.33) X (x) 
00 

= 2 L 
n='1 

n 
,.., n 

where the right-hand side may be interpreted as a generalized function. 
However, we may also write 

X (x) = cotg ½x - 2 /~ ('1- _E__)sin nx, 
n='1 vn 

where now the series on the right-hand side of (6.33) converges in 
ordinary sense . 

In the lowest ord e r approximation the r e lation (6.17 ) reduces to 

· (6 .34 ) 
7t" 

j J'(x) [ A
0

sh { s(½ ~ -x)+qb } 
0 

from which we obtain 

sh s(½'l':: -x) ] dx = O, 
s ch ½s -r,;; 

(6 .35 ) A
O 

sh ( ½ s ~ +q b ) - B
O 

ch ( ½ s 7;;; +q b ) = t ~t s ic + O ( '1 ) . 

Substitution of the lowest order approximation of A from (5 . 12) gives 
0 

at once the fundamental result 

( 6 . 3 6 ) B 
O 

= sh ( ½ s '1t +q b ) - sh½ s 'IC + O ( '1 ) . 
es ch(½s -it +qb )ch½s it" 
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The lowes t or der approximation of the coefficients B can be derived 
n 

as follows . Substitution of the approximations of A and B from 
(5 .1 2) and (6 .36 ) in <f( x ) of (6 . 2) g ives 

0 0 

(6 .37 ) 

Then from the 

(6 .38 ) 

(f (x) = ch qb - 1 
sh sx + 0 ( 1) . 

es ch ( ½s ;c; +qb ) ch½s~ 

l owest or der approximation of (6.1) 
00 

L n-
1

B sin nx = ?( x ) + 0(1 ) 
n=1 11 

viz . 

it is easily obtained that 

= f~ ~h q b -1 ) sh½ s -n: 
Bn (6 .39 ) 

7t 0 s ch ( ½ s n: +q b ) 

( - 1)n-1D2 
n2+s 2 

+ 0(1 ) . 

A SAcond order approximation will be discussed in section 8. 
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7 . ~pproximation for small ..n. 

In this case q and rare chosen as the independent parameters . 

Substitution of the approximations (5 . 10), (6 .26 ) and (6 . 29) in 

u~ . 12 ) gives 

f (x,y ) 

( 7 . 1 ) 

= sh q (b - y)_ + r~ { sh q (½,c--x ) _ (½~ -x )ch q (_b-1)_ + 

q ch qb q q ch ½ q ,cr--;:::---;,::: Ch qb 

4 . L cos nx exp-y / n2+q
2 

+ 
+ 7f q tl1 qb 1 n2 V n2+q2 

l~ L ( n2 1 ) cos nx exp -( b -- y )/n
2

+q
2 L + 

·x 1 2+ 2 h b 2 J n q c q n 

We note that for ..Q---,. oo 

'.f (x,y ) -+ sh q ( b-y) 
q ch qb 

( 7 . 2 ) 

Fo r the componen ts of th e total stream it follows then from (4.4) 
and (4. 5 ) that 

( 7. 3 ) 

( 7 . 4) 

( 7. 5 ) 

u (x ,y ) ~ 0, 

ch q ( b-y )} . 
ch qb 

l\.s a _specialization of (7.1) we note that at the axis x=½"l't 

j ( ½ 7C , y ) = sh q ( b-y ) + 0 ( r 1~ ) + 0 ( e - b) , 
q ch qb 

so that the influence of th e coefficient of Corio lis ..o. upon the 

e levation at the axis is of higher or der than e lsewhe r e . Henc e the 

rotation of the Earth gives ris e in a first instance t o a skew-sym­

metric obliquenes s of the sea-level . Or in ~rmula form 

(7 . 6 ) - - 4 b j (x, y ) + f (rv .,x,y) = 2 j(½-yr;,y) + O(r ) + O(e- ) 
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8. Approximation for large .D.. 

In this case the pa r ameters sand 0 ar~ used. We shall only con ­

side r the e l evation at the South coast y=O . For the elevation at the 

middle (½~,o ) we f ind from (4 .11 ) and (4 .12 ) the r esult 

CD 
j' (½'TC, 0 ) = B + L n - 1 A. ( s in n x +e c o s n x ) + 0 ( e - b ) . 

o n='1 11 n 
( 8 . '1) 

Substituting the approximations (5 .12 ) and omitting from now on the 

ord e r t e rm with exp -- b we obta j_n 

( 8 . 2) i (½n-, 0 ) Bo { '1 + L 1 ·-'1 sin ½n-n:} + o ( e ) , = n ss n 

01" summing the ser:i.2s 

(8 .3) - (1 1 ~ 71:', 0 ) = Bo ch ½s n: + o ( e ) . 

The e l evation at other points of the South coast can be found by using 

the first equation of (2.9 ) which now reduces to 

4' = ·- ( p+ "') u, J X 

so that with (4 .9 ) and (4 . 14 ) it fol l ows that 

+ o(e) -= .9 ~ -1 n2+s2 
L

I 
An sin nx 

n ),In 

(8.4 ) = - i 0B s2ch½s ~ L. sin nx 
7C O '1 D Y 

+ o( o ) . 

n 

is c ombin:-:~d with ( 8 . 3 ) we find If this 

(8.5 ) if ( x , 0 ) = B
O 

ch½ s 1t 5 1 + ! 0 s 2 L 
1 

c O s n x } + O ( G ) . 
t vn 

This r esult s hows that also in this type of approximation the Plevation 

is appeoximatoly sk~w symmetric with res pect to t he middl e x=½ 1t . 

The low~st order approximation of 1 (x, O) f ol l ows from (6 .36 ) 
which gives 

(8 .6) 1 (x, O) = .? h ( ½ s -re +q b ) ·-sh½ s ic 

es ch(½s 11: +qb ) 
+ 0 ( '1 ). 

Henc 0, in the l owest app roximation the e l evation at th0. South coast doGs 
not depend on x . 

The next higher approximation need s a bettsr approximation of B 
0 

than that given in (6 .36). 
From the f:lystem (5 .7) it follows that 

(8 .7) A 1 e B 
l~ 

cth½s,c I:'1 
r on 

+ o ( 0 ). = - s ---:,-
0 es ch½ s it 0 n v:; 

n 
Next the second --o rd e r approximation of the relation (6 .17 ) gives 
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it" 

( 8 . 8 ) £ (1e J (x ) +G X(x ) ) [ A
0
sh{s(½,c --x )+qbJ-B

0
ch{ s(½-n; -x )+qb } ,+ 

_ sh s (½11: --x) J dx = 0 • 
es ch½s1t" 

Putting by way of abbreviation 

(8 .9) A '1 + O< + o(e ) = 
0 8s ch½s 1t: 

( 8 .1 0 ) B = sh(½s"Jt"+qb ) sh½ s-rc + f.; + 0(0 ) 
0 Os ch ( ½ s 7r+q b ) ch½ s ~ 

the relation (8 .8) reduc e s to (cf . 6 . 37 ) 

( 8 .11) ~ '. ' qb-·'1 1 f ir:1--( x )sh sx dx + ex. sh (½s 1e +qb ) + 
::i ch ( ~- s -i,; +qb ) ch½ s1e o 

·- (3 ch ( ½ s ,t; +q b ) + 0 ( 0 ) = 0 • 

From (6 . 31) it fo l lows that 

( 8 .1 2 ) 

so that by 

(8.'1'1 ) we 

( 8 . 13 ) 

where 

( 8 .14) 

and 

( 8 . 15) 

Tr; 

~ J ): (x)sh sx dx 
0 

2 
== - sh s ,-;:; 

'l'(; 

0) 2 L ( _ 1 ) n-• '1 n 
D='°l -V J 

n 

substitution of this and the value of ~ from (8.7 ) in 
obtain 

2 1 (3 ch ( 2 s "TC +q b ) =( c h q b - '1 ) S '1 

00 I: (-1)n -1 
n='°l 

'1 '1 
2 3 · n v n 

2 
n 

- -:,- :J 

)I :J 
n 

In order to facilitate future refe r enc e the approxima te ex­
pr e ssion (8 .6) for j (x,O) will be denoted by Z(p) viz. 

( 8 . 16) Z(p ) d~f sh (½s1t+qb ) -s_h~·s11:_ 
q ch(½ S7t'+qb ) 

We not e that this a pproximation gives the correct analytic result 
if Sl.. =0 (cf . 7.2). 'rhe approximat ion holds in par•ticular if p ....-+- 0. 

So far we:, have considered the:i mom,.ntary distur'bancc 

( 8 .17) U = 0 V = ·- J'( t) . 

If now the delta-function is r ep l ac ed by an arbitrary time function 
V = V(t) the Laplace transform of the e l evation a t the South coast 
can be app roximated by 

(8.18) ~(x,O) ~ - V(p)Z(p). 

The original may be found e .g . by the comp l ex inversion f ormula 
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(8 . 19) J ( x , 0, t ) ~ -
2 
~i { e pt V ( p ) Z ( p ) d p , 

whe re Lis a suitable ve rt ical path. Th2 right hand sid e of (8 .19 ) can 

be evaluated by means of the calculus of r esidues . Th e r P. a r e po l e s 

of V(p) dep 2- nding of course on th~ type of windfield and poles of 

Z(p ) . 1rh r-· complex function Z( p ) is r egular at the origin and 

(8 .20 ) z(o) = b . 

Further the re is a s et of po l es de t e rmin ed by ch ~ = 0 or 

(8 . 21) s ( ½" +0b ) = + ( m +½ ) 7C" i , m= O, 1 , 2 . .. 

For each value of m we ob tain three poles, one r nal and negative 

tying in the inte rval ( - ~, O) and two conj uga t e complex one s with a 

nega tive r eal part . 

Qualitative ly these po l eR corre spond to the eigenvalue s of the 

p r oblem . However , the deviations between corresponding po l es and e ig~n 

values will bR th e g r eater acc or ding as the a pp roxima tion (8.1 6 ) is 

more inaccurate . The lowe st r eal pole of Z( p ) which is obtained from 

(8 .21 ) for m=O may be expected to give a very good a pproxima t ion to 

the lowe st r eal P.igenvalue of the prob l em. 1rh1s point will be taken 

up late r on in thn numerical a pplica tions. 

The app r oximation (8 .16 ) may be in t e r p r e t ed in the following 
i nt e r e sting way . I f we expand Z(p ) in powe rs of ~-- ~ 

( 8 . 22 ) Z (p ) = q· ·1 {1 --( --.?,;; -- 1) c·· /3 -2e- 2/3 +((•s"IC __ 1 )e-31\ . . . } , 

the f i rst t erm on the right - hand side r ep r esent s the di r ec t d i s turbanc e 

at the coast y=O. The S()cond t e rm r epresents the influenc e of the dis ­

turbanc e from tho ocean arising after b d imensi onJ.ess time-uni ts. 1rhe 

third t e rm ls the reflection of the di s turbanc e at the coast with 

r e s pect to th ' oc :-- an . •J1h P. latt c- r c7 isturbanc e begins to act aft e r 2 b 

time-unit s e tc e tera. 

Finally we giv c- an exp ression in the frict ion l es s case 7'=0. The n 

(8 . 23 ) Z( p ) = p- 1 
{ th( ½.i2.11: +pb )- sech(½_n.;r +pb)sh½ ..0.1t 5 

Its or i ginal can be written d own at onc e viz . 

( 8 . 2l~ ) Z ( t ) = H ( t ) - 2 sh½ ..n. 7t" H ( t - b ) - 2 e -- .D. ,c H ( t -2 b ) + 

+ 2 sh½ ..a. n: I-I ( t - 3 b ) + . . . , 

where H(t) is Heavisid e 's unit - function 

(8 .25) H(t ) de f { O for t < 0 

1 for t > 0. 
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