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The North Sea problem III

Influence of a stationary windfield upon a bay

with an exponentially increasing depth

by

H.A, Lauwerier

de - Entiroducetlon

In this paper which 1s a generalization and a continuation of

the preceding paper we shall study the influence of a stationary
linear windfield upon a rectangular bay which has a variable depth.
It will be assumed in particular that the depth is given by the
exponential law (2.1). In that respect this model is a much better
representation of the North Sea than the model considered in the
preceding paper, This is demonstrated in figure 2.1 in which the
depth profile of a longitudinal cross section of the North Sea is
given,

The treatment follows closely that of the preceding paper. In order
to facllitate the references the same notations will be used. Also
in the numerical application the same values will be taken. In the
present model the depth varies from 33 m at the "Dutch" coast to
about 158 m at the ocean boundary. The mean harmonic depth hm is
then 65 m which equals the uniform depth of the model of the‘preceding
paper.

The elevation at the "Dutch" coast due to the linear windfield
(2.7) is given by table 6.4 and is graphically illustrated in figure
6.1. In order to estimate the influence of the rotation of the Earth
the elevation has also been calculated for 2=0. The elevation at

the middle of the "Dutch" coast is given below for the various cases,
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Exponential depth, £ =0

(1.3) ®a gh Y(za,0) = e

-6.28 V_ -4, 0k v, ;
Uniform depth hm, £ =0
(1.4) wa”lgh_ {(3a,0) = 0.26 U, +

-6.28 v -3.14% v, .

The left-hand side indicates how these results must be interpreted

if for a and hm arbitrary values are chosen. In our case with

Y- &
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a=400 km and h1:65 m we have
-] Any - ®)
(1.5) xa gh. = 5.0 %407~ mfsec”.

The relation between the absolute value of the frictional force of

the wind and the velocity of the wind at sealevel is given by

[ -6 D
(1.6) VP = 3,0 w Ao Ve

X

By means of (1.5) and (1.6) the elevation can be found in meters
(ef. also section II 6).

The general conclusion can be drawn that by the combined
effect of the bottom slope (x) and the Coriolis force (£) the in-
fluence of the rotation terms of the windfield is greatly enhanced,
The preliminary conclusions of the previous paper can now be given
the more definite form
wind the elevation at the "Dutch" coast does

2

1. For a uniform N-
not depend on the bottom profile nor on the rotation of the earth.

2, For a uniform W-E wind the elevation at the "Dutch" coast is much

influenced by o and .,

3. For the given model the most unfavorable direction for a uniform
wind as regards the elevation at the "Dutch' coast is about 15°
NNW .,

4. The influence of &« and o upon the contributions of the diver-
gence terms U, and V, to the elevation at the "Dutch" coast 1is

2 2
rather small,

The influence of « and Q. upon the contributions of the rotation

Ul

terms U2 and V,.| to theelevation at the south coast is very large,




2. The mathematical problem

.

If the depth of the bay is given by the exponential law

the stationary state of the bay is determined by the equations

D Dy
c &V X
AU -Qv + c e g; =1
(2.2)
(50 T8, =5 <
2l ¢+ S e
AV +ou + cTe*Y 28 _ ;
0 Y
?..11 4 ?_.Y_ = 0
X oy 2
with the boundary conditions
( u=0 at x=0 and X=a
(2.3) v=0 at y=0
§=0 at y=b .
The meaning of e is as follows
2 def
( 2 » L! ) &) 0 =5 gho A

The harmonic mean hr of the depth is given by
63
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so that C represents the mean velocity of the free waves.

We shall take the same numerical case as in the previous paper

Viz. 1
a = 400 km £ = 0. 44 pn~!
b = 800 km A = 0,09 h~]
2 &in « = m/4b
Then according to (2.1) the depth increases from 33 m at the south

acce
coast to about 158 m at the ocean (see figure 2,1).
If x and y are measured in units of a/w  the dimensionless values
of a,b and « are respectively a=w , b=2r , « = %,

As 1n the previous paper we shall restrict ourselves to the

discussion of the influence of a linear windfield of the following
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3. A particular case
For the following windfield

£3.4) U=20 V = V(y)

in the stationary state the stream is absent. In this case the
quantities 7,0 and h may even be arbitrary functions of y. The
solution of the equations (2.2) is

b 4
(3.2) u=v=0, g {(x,y) = - g h™ '(») V(n)dyn .
Hence the stationary state appears to be independent of a and ..
If V(y) is a constant, say V=V_, the result (3.2) reduces to

) gh, §(x,0) = -b Vv _

at the "Dutch" coast y=0. We note that for a sea of variable depth

the same result is obtained as for a sea with the uniform harmonic

mean depth h:hm. For that reason the models considered in this and

in the previous paper may be successfully compared to each other.
If the windfield (3.1) is linear,

(3.4) U=0 , V=V, + V,(1~y/b),
the result (3.2) gives for y=0

(3.5) ghy, §(x,0) = bV, - b(1-y, /b)V,,

where y /b
(3.6) yv‘” == -—n_l. J/ “\_/.. d:\].
IT1 b o h

In the numerical case considered here we find

2 2 r - - K
(3.7) Cp §(%,0) = 2%V - 4,04V, .




4, Method of solution

The treatment of the problem of the second section is very

similar to that of the similar problem of section II 2 of the

previous paper. Again a streamfunction

means of

v}

o>

(4./1) Au:-—%ﬁyz, AN =

Y

From the equations (2.2) it follows by

S RN AR 5 =
(4.2) B o ay) F20AU - 260V =

where R represents the rotation of the

(4.3) o= o 2R

X 2y

Substitution of (4.1) in (4.2) gives a
tion for the streamfunction

b

®(x,y) is introduced by

|

elimination of Y that

R+ 2& U,

windfield (cf. II 3.1)

partial differential equa-

(4.4) adh - 2\%%-2&2y::R + 2a U,
where

(4.5) p def AL S

The boundary conditions are

a the coast condition,

(4.6) b =0 at x=0, x=% , y=0;
b the ocean condition,

(4.7) gg + tguw %% = U at y=b,

with

(4.8) AL agr % arctg é% :

The problem of finding the streamfunction will be solved in

the same way as in II 3, First a simple solution ¢O(xyy) satis-

fying the differential equation (4.4) and the boundary conditions

at x=0 and x=w will be derived.

This function can be constructed as follows, We introduce the fol-

lowing two auxiliary functions which have the property of vanishing

at x=0 and x=wm
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If these functions are substituted in the left-hand side

J

ct
[¥3]

we find the following resul

(4.11) <&A>{)~»~—(1+ﬂﬁ) + 2AX

(4.12) W1<X>~~ﬁ—ﬁ,
Further we have

(4.13) X

-~/

L) ¥

Hence for $O(x,y) the following expression can easily be derived
2uU
(3.15)  D(x,3) = (R + 2aU ) g, - = (9 ) +
4 @’ T g 1

(83 1 IR e )
= - -+ == L
A 25 K|('

(4.17) D oA °9- il
g A ( - - B e 5
et ! e S K <* 3y Vs

and the boundary conditions
(4.18) TA = 0 at x=0 and X=% .

elementary solutions of (4.17) and (4.18) are of the
-STT.%, )

@

Th
(

c

g

Ax
(%.19) e * sin nx e
for n=1,2,3,..., wWhere
Bt ~ ~ ]
an N dCf ‘) = 2 >
(4.20) - =" (nTHATEx e

form




Hence we may put (cf. II 3.12)

Ax =2 . «yLwr—cQ
(4,21) @q(x,y) = g géﬁ c sin nx e o
fy 0O ~(b-y) (s + )
- J  d_gin nx. e :
=
The coast condition (=0 at y=0 gives by using (4.16) and (4.18)
h e \(QQ— , 3 il AT & po e (. =Dy
(4.22) /. ¢,8in nx = -e QO\X}J) + 0(e™"),
A .
1=}

where the order term contains the contributions of the terms with
the coefficients d  (ef. II 3.18),
The coefficients c_ can be obtained by means of (4.22) and (4.15).

S

The explicit expression of C will not be written down in view of

1ts intricacy. We shall mention only its asymptotic behaviour, viz.

-AT
) 2 fp.- o n-1 2e e 1
52 O el T I Ly S 200 S e T
(4.23) G = ik 1R+d&\JO+U1.U?)j +(=1) =y {R+_m\po UWILE)J +

=
+ 0(n™").
The ocean condition (4.7) gives a result that can be put in the
following form (c¢f.II 3.20)

o0} 3 [ v
n

\ = 3 Ao
(4.24) z:" fracee #% ieAX (-cos nx + 7¥ tg um sin nx)} =
i

Tz

= U(x,b) + (3% + tgur %) O _(x,b) + 0(e™").

In some respects the integrated form of (4.24) has theoretical ad-

vantages.

o) b
(4.25) 2 Dn(sin nx-8 cos nx) = £{x) + O(e b),
="
where
(h.26) , der “nn
i B - Ak =R 2
n
1af
(. o7) g B — cotg ur
i
and
: %
AX = " 5 0 \
(4.28) e “f(x) = ,+ﬁot€/w:/ L§39b>df + & (x,b) +
0 ) B
. v e e % £
vct5/u«é o QO\}yb)d; v

1

where C is a constant of integration.
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Since it follows from (4.27) and (4.20) that for n-—

(4.29) 8, = cotg,wwiﬁ = O(n_d)}

the properties of the expansion (4.25) can be easily deduced from

those of the simpler expansion

where F(x) may be considered a given function. The latter expansion

has been considered in section II 4 of the previous paper. A more
detalled treatment is given in Lauwerier (2). The main result is

the asymptotic behaviour of D

n
et oo Laall AL o0 o B
(Z’L-j‘) 4)1,] -—W+O(n 7 ),

where D' is a constant.

This result can be used to facilitate the numerical computation of
the coefficients dn’ For the latter coefficients we find by means
of (4.26)

»

°

(4.32) a =4=0 D' o g(n-3+om

w

We shall consider in particular the elevation of the sea at the
coast y=0. In a similar way as in th

formulae can be derived (ef. II 3.23 and II 3.25).

For the relative elevation at y=0 we have
o - ~ 2
- e . : ¢ F = a .
[ #.33) ¢ {5(x,0) - 1(0,0)} = f U(§,0)dy + [ 2 ¢(5,0)d5 .
0 B
Substitution of (4.15), (4.16) and (4.21) gives
i 5 X 5 *%
s, e ¥ (O = T )4 = f &5
()_‘F')“'L/' « {5(1‘{3@) = ((Jm)} i }’ [J<§5C>U¥ v me— o L {*f)n(?)d? +
ot J 6 ( & b c o |
00 : AL
S [ A5 3 T Ay b
- ZN,(/Ln"OJCn j &°F% mln nf df = Ole "),
n="1 0
For the absolute elevation we have (cf. II 3.26)
2 P 200 fb 20 9
&, ~ gulll 4 = - ;./ 9
(%.35) o §(0,0) = - | T V(0,y)dy + [ e”=2 ¢ _(0,7)dn +
(0] @)
QE n ()0\‘1’“ g?— n B
+ ) -e 7 ) ——ad_+ 0(e"7).
s - o G -
n=1 “ H B AT B
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5. The problem without rotation of the Earth

In order to get an impression of the influence of the rotation
of the Earth the problem will also be solved with the assumption
£=0, The streamfunction is now determined by

A

20 . B
5 A D . o D e
()./‘) L.(b it E(X 3}—7 = 1\ 4 = X I.J;
and the boundary conditions
£52) =0 at x=0, x=x , y=0,
and
20 .
(5.3) 5y = U at y=D

We may put by specialisation of (4.16) and (4.21)

Q. -y /,c.qwc\)
(5.4) T»‘(X;ZV'> = (?O(X;y) + 2_/1 ¢ 8ln nx e 3 I
n=
& “(b“Y)QQn+u)
e dnsin nx e ! ,
where now n="1
.
(5.5) Moo= (0T+a7)2
and
0 bo(x,¥) = =R + 24U + £ (1- Z)y, + 2a(1- LU, +
A . O s { 0 :’, g, T ~4 - B J:j L
2l 2
+ jb (({]O(A) ' 208 )} <PO<X>,
The coast condition at y=0 gives by specialisation of (4.22)
eel "
(5'7> L Chﬁ‘ih B = ) (};.O\) 4 Q(e" ) f

In order to find an explicit expression for C, We need the follow-

ing auxiliary integrals

(5.8) z- WO<X> sin nx dx = {1m‘_1)n} n~2
S / : :
(5.9) é (7"5X/W)@O(X)Sin nx dx = 3 iq+<_1)nfn—Jj
T )
- s ] il . o e b, - B AN =5
(5.10) é {?O<x) - @O(x)} sin nx dx = 6 {!"(_,) }n .

Then with neglection of the order term it follows easily that




L2

D
J c, = ;~%-)1 for even n,
N .
o 1 Y : o)
(5.11) i 88 BY. 7 f o e % 4 160" 1 -
Vg e Uy, s semap Vg ¥ (20 &) % 5 [ U
TN ;A o ¥ *n- ben* ¢ €
The ocean condition (S,j) gives
xQ o 2 o P
5.12 (& +a)d_ sin nx = U +U, (1- Z£) + 22 U ¢ (x) + O(e”P
()' L) Z \/u'n )n L1 ~ 5 J/}( 'F:> b '/;‘qO\ ) T (" ):
n="]
from which, with neglection of the order term,
), = 2 ~f

S +o)d o= —— U, for even n,
B4 '(ﬁh n 1N 5 2 .
(5.13)

) Q
ga tw)d = — U_ + —— U, for odd n.
N i ©n 0 " ) 2
orn~

The elevation at the "Dutch" coast is determined by (4.34%) with
A=0 and by (4.35). We shall give here only the explicit expression
for the elevation at "Hoek van Holland", the middle of the "Dutch"

3
coast,

) ) ’ ,..O,_O.. Al =\ 3
(5.8 o2 t(dw,0) {5 4 8e0 e
: x

= = n="1 n 1 1
- in
o o R e T e

We note that the contributions of the components UysUy and V, vanish
at this point,




s 6, Numerical application
The calculation of the elevation at the "Dutch" coast due to
the linear windfield (2.7) may be carried out with the help of
(%.3%) and (4.35).
In the first place we need the coefficients Cpy e They are linear
expressions in UO’UW’U“ and V,l the factors of which are given in the
&
following table for a few values of n.
U L U, v, |
0 ! 1 2 ] |
c, 0,094 0,017 0,154 -0,239
C . 0,014 | 0,016 0,022 -0,036
- 0,006 0,004 0,010 -0,016
Cy 0,002 0,003 0,003 -0,005
Cr 0,001 0,001 0,002 -0,004
table 6.1
; The calculation of the relative elevation by means of (4.34) gives
the following result
Q . e ~ ol — R ™
OX /T C o D D I
/ O 1 e for O 4 J2
0 0 0 0 0
1 0,37 0,33 Q;5 0 0,05 0
2 0,70 0,54 0,06 0 0,21 0
3 1508 0,66 0,93 0 0,40 0
L 1,33 0,69 14 24 0 0,621 O
5 1,63 0,64 1,46 0 0,86 0
6 1,93 0452 st 0 1,06 0
T 2,24 0,29 1,99 0 1337 0O
8 2,59 |-0,04 2,33 0] 1,40 0
table 6.2
i where
= 9 3
A 4 ae % 20 I 0 & A T I Y T 1
(Q.|) uo*\b(x,b) S(\'J’())J \OLO 1 {\J/])v/] T V“LB }




N €T
= For the absolute elevation, which is given by (4.35), we write
- e
(6.2) ¢ §J(0,0) = I + IT + III,
where
rb oy b S
= ; aTERY 5 Ydu ¢+ [ e~c%*% _2 o1 ¥el 5
(COJ) I = - J% c /\,/(O}‘/(’)(J/g T J[ (G t 3% tpg(ojq)(,!?? 5
O (®)
00 ,
(6.4) IT s ailenp
— Ak S T
B=% "N
x -2ub n .
(6.5) IIT = -e 7 —d_ .
fe . —-& 1N
=" n
The calculation of the expressions I and IT is simple and straight-
forward. The calculation of III, however, requires the calculation
of the coefficients dn which 1is a rather difficult problem. We shall
not give a detailed description of the numerical process, but we
restrict ourselves to the remark that much profit has been obtained
from the asymptotic expressions (4.31) and (4.32). The results of
the calculation are given below, however without the contribution
of the components V_ and V,.
— o
) i T 7
0 1 2 ¢
T -0,58 -0,34 -0,67 -1,68
X 0,10 0,04 Q7 ~-0,26
T -0,01 -0,01 0,01 0,05
table 6.3
We note that the contribution from III is very small, From this table
and from (3.7) it follows that
N
-c~ §(0,0) = 0,49 U_ + 0.31 U, + 0.49 U, +
(& 6) 0O (0] i 1 &2
\ O )
F 3 [+ 99 V. + 2,04 V. .
sl e \/O 1,98 4 Al A Vo
The results of table 6.2 and formula (6.6) may be combined in order
: to give the absolute elevation el x;0),




& ~ ~ 4 | = - =

T 8X /‘T‘C Vs U g U o Jl L)O v 1 ~\‘2
o 1-0,97 | 0,61 | 0,07  |-6,88-] _3,05 | -4 0h
1 -0,2 0,04 -0,26 ! -3,85 i
2 0,42 0,46 0,34 ! -3,53 2
3 1,05 0,69 0,88 ’ -3,15 i
4 /]567 (“571 ]9&3 “?‘5721 "
5 2,26 0,65 1,92 ; -2,24 b
6 2,86 0,42 2,46 . -1, 84 X
7 7 -0,04 2,97 4 -1,35 b
8 4,16 | -0,69 3,65 . 1,17 :

where now

,') "
(BT c. §(x,0) =C U +C,U, +C,U, +

o 0O 45 a e
+DAVO + DqVA = DV o
8] | (S ot

A graphical illustration of this table is given in figure 6,1
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= -16-
¥ The calculation of the clevation with absence of the rotation
of the Earth can be carried out by means of (4,34) and (5.14), With
the notation of (6.7) the following table can be constructed
8x /e Cy C, C oy D, D, D,
0 -2.54 | -0.89 | -2.26 |-6.28 | -1.49 | -4,04
1 -1.82 | -0.26 | -1.57 “ -1.31 y
2 -1.19 0.18 -1.01 g -0.95 '
3 -0.59 0.44 -0.52 ? -0,50 A
i 0 0.52 0 . 0 .
5 0.5¢ 0.44 052 s Q50 .
6 1.19 0.18 1.01 " 0.95 :
7 1.82 -0,26 1.5F ! 1.5 .
8 2.54 -0.89 252806 v 1.49 it
table 6.5
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see the bibliography at the end of the previous papey,




