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Influence of a stationary windfie l d upon a bay 

with an exponentially increasing depth 

by 

H.A. Lauwerier 

'1 . Introduction 

In this paper which is a gene r alization and a continuation of 

the preceding paper we shall study the influence of a stationary 
l inear windfield upon a rectangular bay which has a variable depth. 

It will be assumed in particul ar that the depth is given by the 

exponential law (2.'1). In that respect this model is a much better 

rep r esentation of the North Sea than the model considered in the 

preced i ng paper . This is demonstrated in figu r e 2 . '1 in which the 

dept h p r ofi l e of a longitudinal c r oss section of the No r th Sea is 
given . 

The treatment follows c l osely that of the pr eceding paper . In order 

to facilitate the refe r ences the same nota t ions will be used . Also 

in the numerical application t he same values will be taken . In the 

present model the depth varies from 33 mat the 11 Dutch" coast to 

about '158 mat the ocean boundary. The mean harmonic depth h is 
m 

then 65 m which equals the uniform depth of the model of the preceding 
paper. 

The elevation at the 11 Dutch 11 coast due to the linear windfie l d 

(2 . 7 ) is given by table 6 . 4 and is graphically illustrated in figu r e 
6 . '1. In order to estimate the influence of the rotation of the Earth 

the elevation has also been calculated for Sl=0 . The elevation at 

the middle of the 11 Dutch 11 coast is given below for the va r ious cases. 

Exponential depth, ..n../o 

( '1 . '1 ) rca- 1gh !(½a , 0 ) = '1 . 67 uo + 0 . 7'1 u1 + '1 . 4 3 u2 + m 

- 6 . 28 V 
0 

2 .72 V '1 4 . 04. V 2 ; 

Uniform depth h, n/o m 

( '1 . 2) 1t a - '1gh 
m )(½a,0) = '1 . 31 uo + o .64 u1 + 0. '19 u2 + 

- 6 . 28 V - 0 .74 V '1 - 3 . '14 v2 ; 
0 
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Exponential depth , S1- =0 

( 1 . 3) -1 
1t a ghm \(½a,0) = 0.51 u1 + 

- 6 . 28 V
0 

- 4 . 0~- V 2 ; 

Uniform depth h , ..n. =0 m 

( 1 . 4 ) n- a - 1 ghm ~ (½a , 0 ) = 0 . 26 u1 + 
-6. 28 V 

0 - 3 .1 4 v2 . 

The left - hand side indica tes how these results must be interpreted 

if for a and hm a rbitrary values are chosen. In our case with 
a=400 km a nd h =65 m we ha ve 

m 

( 1 . 5 ) - 1 
'Ti: a gh 

m = 5.0 ~ 10- 3 m/sec 2 . 

The relati on between the abso l ute value of the frictional fo r ce of 
the wind and the velocity of the wind at s ea level is given by 

( 1 . 6 ) 

By means of ( 1 . 5 ) and (1 . 6 ) the e leva tion ca n be found in mete r s 
(cf . a lso section II 6 ). 

The ge ne ral conclusi on can be drawn tha t by the combined 

effect of the bottom slope ( <X ) and the Coriolis force ( .D-) the in­

fluence of the r otation terms of the Windfield is g r eat l y enha nce d . 
The preliminary conclusions of the previous pa pe r can now be g iven 
the mo r e definite form 

1 . For a uniform N- S wind the elevation at the ''Dut ch" coa st does 

not depend on the bottom profile nor on the rotation of the earth. 

2 . For a uniform W-E wind the eleva tion a t the "Dut ch" coa st is much 
influenced by ex. and ..()_ . 

3 . For the given model the mos t unfavorable di r ec tion for a uniform 

wind a s rega r ds the elevation at the "Dutch'' coas t is about 15° 
NNW . 

4 . The influence of oc a nd ...0_ upon the cont ributions of the diver­

gence terms u1 and v2 to the elevation at the "Dutch" coa st is 
rather sma 11 . 

5 . The influe nce of oc and ..n. upon the contributions of the rotation 
t erms u2 a nd v1 to the eleva tion at the south coast is very large , 
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2 . The mathematical p r oblem 

If the depth of the bay is given by the exponential law 

(2 . 1) h = h
0

e 2~Y 

the stationary state of the bay is determined by the equations 

- ..D...V 
2 2<X-y l!1. u ?..U + C e = 

(2 . 2) 0 ax 

?\ V +nu + 
2 2(Y..y ~ V C e = 0 u y 

oU 
+ oV 

0 = , i:>X 'i> y 

with the boundary conditions 

{ 
U=O at X=O and X=a 

(2 .3) V=O at Y=O 
)=0 at Y=b . 

The meaning of c
0 

is as fol l ows 

(2 . 4) 

The harmonic mean h of the depth is given by 
m 

(2 . 5) 

we shall a l so write 

(2 . 6 ) c 2 d~f gh 
m m ' 

so that c represents the mean velocity of the free waves . m 

We shall take the same numerical case as in the previous paper 
viz . 

a = 
b = 
h = m 

Then ac cording 
coast to about 

400 km 

Boo 1-an 

65 m 

to (2 . 1) 
158 mat 

.. 0 .. = o. 44 h - 1 

i\ = 0 . 09 h - 1 

Cl.. = n/4b 

the depth inc r eases from 33 mat the south 
the ocean (see figure 2 . 1) . 

If x a nd y are measured in units of a/n:: the dimensionless values 
of a, b and cz. are r espectively a="TC , b= 21e , ex.= J. 

As in the previous paper we shal l restri c t ourselves ~o the 
discussion of the inf l uenc e of a linear windfield of the following 



;;; 

type 

( 2 . 7 ) 

:a 

; 

{ U - U0 + u1 

V = V + v1 0 

~ y 
0 

-4 -

( 1- 2x/rc) + u2(1-y/b ) 

( 1- 2x/rc ) + U 2 ( 1 - y /b ) . 

TI 

\ 
\ 

\ 
\ 

\ 
~ 

depth along a longitudinal sec tion 
of the North Sea 

- ~ - exponential approximation 

figure 2 . 1 
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3 . A particular ca se 

Fo r the following windfie l d 

( 3 . 1 ) U = 0 V = V(y ) 

in the sta tionary stat e the stream is ab s ent . In this case the 

quantities ~,..n. and h may even be arbitrary fun c tions of y , The 
solution of the equa t ions (2.2) is 

( 3 . 2) U=V= O, lb 1 
g ~(x,y) = - h- (1) V(1i)d,z . 

y 

Hence the stationary state appea rs to be independent of~ a nd ..o... 
If V(y) is a constant, say V=V , the r e sult (3.2) reduces to 

0 

( 3 . 3 ) 

a t the '' Dutch" coast y=O . We not e that for a sea of variab le depth 

the same result is ob t a ined a s for a sea with the uniform harmonic 

mean depth h=hm . For that r eason the mode ls considered in this and 

in the previous pa per may be successfully compared to each other. 
If the windfield ( 3 . 1) is linea r, 

(3.4) 

the result ( 3 . 2) g ives for y=O 

( 3 . 5) 

where 

( 3 . 6 ) 

In the nume ri ca l case consid e r ed he re we find 

(3 . 7) 
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4 . Method of s olution 

The treatment of the problem of the s econd section is very 
similar to tha t of the simi l ar p roblem of section II 2 of the 

previous pape r. Again a streamfun c tion ¢(x, y ) is introduce d by 
means of 

( 4 . 1) 1\U = - ~ oy, 1\ V =~ 
c>X 

From the equa tions ( 2 . 2 ) it follows by e limination of J tha t 

( 4. 2 ) 1i( 0
V _ -au) + 2 ()(AU - 2 o:.nv = R + 2o:. u, 

\ cl X " Y 

whe r e R r ep r esents the r otation of the windfield (cf . II 3 . 1 ) 

(4 .3) R = uV _ aU 
ox r) y 

Substitution of ( 4 . 1 ) in (4 . 2 ) give s a pa rtial differentia l equa­
tion for the streamfun c tion 

(4. 4) A ¢ - 2A ~ - 2 O!. ~ = R + 2 rx U, vx "cJY 

where 

(4.5) def / A oU ).. ";\ • 

The boundary conditions a r e 

a the coa st condi tion, 

(4 .6 ) ¢ = 0 a t x=O, x= 1e , Y=O; 

b the ocean condit i on, 

(4 .7) 0¢ + tg_µic 0 (j) 
= - U at y=b., ay cl X 

wi th 

( 4 . 8) def .:l a rctg ..n.. J.J., 
iC ,\. 

. 

The p r oblem of findi ng the streamfunction wi ll be solved i n 

the same way as in II 3 . First a simple solution ¢
0

(x,y ) satis­
fying the di ff e r en t ia l equat i on (4 .4) and the boundary conditions 
a t x=O and x=-n; will be deri ved. 

This fun c t ion ca n be const r ucted as follows. We introduce the f ol­

l owing two auxi lia ry functions which have the propert y of vani shing 
a t X=O a nd x= 1v 



(4 .9) 

(4 . 10) 
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cp (x) d~f ½x (-n; - x ), 
0 

( 
2Ax ) d~f n; e -'1 _ ~ 

- 2A 2A~ ~ ~ · 
e - I 

I f these functions are substituted in the left -hand side of (4 .4) 
we find the following r esults 

(4 . 11 ) 

(4. '12 ) 

Further we have 

(4 . 13) 

(4.14) 

<p ( x ) -> - ( 1 +An:,) + 2Ax 
0 

y cp1 (x) -> y - 2 oc. <p_.,(x) . 

Hence for ¢
0

(x,y) the following express ion can easily be de rived 

(4 . 15 ) 

+ Sf 
A 

We put (cf. II 3 . 8 ) 

(4 . 16) 

so that ¢1 satisfies 

(4 . 17 ) 

2 0< U
1 - -- (cp +(f. ) + 

A TC O 1 

cp 1 + ~: ( 'I' o + <p 1 ) + 

2Arc 3 } - '1 + -2A K ) <p ~ • 2A.c ~ 1 e - I 

the homogeneous equation 

0¢1 0¢1 
- 2A - - 2 o:.. - = 0 , 

clX uy 

and the boundary conditions 

( 4 . 18 ) ¢,, = 0 a t x=O and x=11:: . 

The elementary solutions of (4.'1 7 ) and (4.1 8 ) are of the f orm 
(cf . II 3 .'11) 

( 4 . 19) 

for n=1, 2 , 3 , .. . , where 

(4. 20 ) ,,,,a 
n 



• 

- 8 -

Hence we may put ( c f . II 3 . 12 ) 

Ax 00 - y(µ, - <X) 
(4 . 21 ) ¢,, (x , y ) L c sin n = e nx e + 

n=1 n 

Ax 00 - (b - y)(,ll, +lX) 
L d sin n 

- e nx e 
n=1 n 

The coast condition ¢=0 at y=O gives by using ( 4 . 16 ) a nd (4 . 18 ) 

(4 . 22) 

where the order te r m contains the cont ributions of the terms with 

the coefficient s dn (cf . II 3 . 18 ). 

The coefficients en can be obtained by means of (4 . 22) and (4 . 15 ) . 
The explicit exp r e s sion of c will not be written down i n view of n 
its intricacy , We shall mention only its asymp t otic behaviour, viz . 

- An: 
(4 . 23) en= 7 { R+2 ot( U

0
+u1+u2 )} +( -1)n-1 2e 3 { R+2-0:-(U

0
- u1+u2 )} + 

Kn 7tn 5 
+ O(n - ) . 

The ocea n condit ion (4 . 7) give s a r esult that can be put in the 
f oll owing form (cf . II 3 . 20 ) 

(4. 24 ) 
00 n d n d - Ax fln } 

/ - - - { e (-cos nx + - t g _µ.,c sin nx ) = 
n= 1 JJ·n - ex dx n 

= U(x,b ) + (
0
; . + t gf',~ :x) ¢

0
(x , b ) + o (e - b). 

In s ome re spects the i nteg r ated fo rm of (4 . 24) has theoretica l ad ­
vantages . 

(4 . 25) 

whe r e 

( 4 . 26) 

(4 . 27) 

a nd 

(4 . 28) 

CX) 

L Dn(sin nx-8 cos nx) = f(x) + O(e - b) , 
n=1 n 

C otg flTI: , 

X 

= C+cotg_µ.x j UO ,b)d! + ¢
0

(x,b) + 
0 

X 

+ cotg_µ.-ic J u; 1
0

(1,b)dl , 
0 

where C is a constant of integration . 
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Sinc e it follows from (4 .27 ) and (4 .20) that for n ➔ co 

(4 .29 ) 

the prope rties of the expansion (4 . 25 ) can be easily deduced from 
those of 

(4 .30) 

the simpler expansion 
co 
L D cos (nx+,,u:rc ) = F(x ), 

n=1 n 
0 < X or:, 

where F(x) may be conside r ed a g iven function . The l at ter expansion 

has been conside r ed in s ect i on II 4 of the previous pape r. A more 

detailed treatment is given in Lauwe rier ( 2 ) . The main r esult is 

the asymptotic behaviour of Dn 

- ( -1) n- 1D 1 2 2 
Dn -'---=-'--=---- + 0 ( n - - _µ. ) , - n2- 2,,,u-, (4. 31 ) 

whe re D' is a cons t ant . 

This resul t can be used to faci litate the numerical comput ation of 

t he coefficient s dn . Fo r the latter coe fficients we find by mea ns 
of ( 4 . 26 ) 

(4 .32) - ( -1 )n - 1D 1 + 3 2 d --'--=--- 0 ( n - + JJJ) • 
n - n2-2,,uJ 

We shall consider in particul a r the elevation of the sea at the 

coast y=O . In a similar way as i n the previ ous pape r the following 

formulae can be de rived (cf . II 3 . 23 and II 3 ,25 ). 
For the relative eleva t ion at y=O we have 

(4 .33) 
X 

U(, , O)d) + f 
0 

Subs t i tuti on of (4 . 15) , (4 . 16) and (4 .21) gives 

(4 .34) 
X c; { r (x,o) - ) ( o ,o)} = J + 

0 

For the absolute elevation we have (cf, II 3 .26 ) 

(4 .35 ) 
b 

c ~ r ( 0, 0) = - f e -
2

0/. "? V ( 0, '1) d ·1 + 
0 

co 
+ \ n - 20<.b 

L. + en - e n=1 .,,<-ln C( 
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• 5 . The prob lem wi thout rotation of the Earth 

In order to get an impression of the influence of the rotation 
of the Earth the p ro blem will also be solved with the assump tion 
..0=0. The st r eamfunction is now dete rmined by 

( 5 . 1 ) c,,.¢ - 2<X 0 ¢ = R + 2cxU, 
c>y 

and the boundary conditions 

(5 . 2 ) ¢ = 0 at X=0, X=lt: , y=0, 
and 

(5 . 3) c)q) 
- U a t Y=b . - = oy 

We may put by specialisation of (4.16) and (4. 21) 

(5 . 4) 
OJ - y (µ. - IX.) 

¢ (x , y) = ¢o(x,y) + L C sin nx e n + 
11=1 n 

where now 

OJ e - ( b- y) v-tn + <X) - L dnsin nx 
n=1 

(5 .5 ) 

and 

, 

(5 . 6 ) 2 2x y = - { R + 2o:. U O + J !X ( 1 - 1e) U 1 + 2 ex.( 1 - 0 ) U 2 + 

20(
2 

2} + 3b (cp
0

(x ) + ½,c) cp
0
(x). 

The coast condition at y=0 gives by specia lis ation of (4.22) 

(5.7) 

In ord e r to find an explicit exp ression for en we need the follow­
ing auxiliary integ rals 

(5 .8) dx ={1 - ( - 1)n}n- 3 , 

(5 .9 ) fit (1 - 2x/rc)cp (x)sin nx dx = 3 { 1+( - 1)n}n - 3 , 
0 0 

(5. 10) J")i;{cp ~(x) + ½11:2 cp
0

(x)} sin nx dx = 6 { 1-( - 1 )n}n-5 . 
0 

Then with neglection of the order term it follows easily that 
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J 
8 C( for even en = u n, 
TCn3 1 (5 .11) 

t Bex. 8 { 1 4 C = 
~n3 uo I"J v1 + (2(H b) =-:=-J n 

n: n -rcn 

The ocean condition (5. 3 ) gives 
(X) 

+ 16cx
2

} U 
b1rn5 2 

) ,;;:-· ( ,,n + o:.) d n s i· n 2x ) 2 d.. ( ) ( - b ) (5 . 12 L- ,,.,.. nx = U
0

+U1(1--;;- + b u2 <p
0 

x + O e , 
n=1 

from which, with neglection of the order term, 

{ 
(_µ. + IX) d 4 

u 1 for = - even n> 
(5 . 13) · n n ;;;n 

4 8 
YLn+cx.) dn = uo + -- u2 for odd n . rcn b1tn3 

The elevation at the "Dutch 11 coast is determined by ( 4 , 34) with 

A=O and by (4 .35 ) . We shall g ive here only the explicit expression 

for the e l evation at "H oek van Holland 11
, the middle of the "Dutch 11 

coast . 

(5 . 14) 

We note that the contributions of the components U
0

, u
2 

and v
1 

vanish 
a t this po int . 
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6 . Nume rical application 

The ca lculation of the elevation at th e 11 Dutch 11 coast due t o 
t he linea r windfie l d ( 2 , 7 ) may be carried out with the help of 
( 4 . 3 4 ) and ( 4 . 3 5 ) . 

In the fir s t p l ace we need the coeffici ents en. They a r e l inear 

expre ssions in U
0

, u1 , u2 and v1 the factors of which are given in the 
following t able for a few va lues of n. 

-· , 

uo u 1 u2 V 1 

C 1 0, 094 0,017 o, 154 - 0 , 239 

c2 0 , 014 0 , 016 0 , 022 - 0 ., 036 

c3 0 , 006 0 , 004 0 , 010 - 0 , 016 

C4 0 , 002 0 , 003 0 ,003 - 0 , 005 

cs 0 , 001 0 , 001 0 , 002 - 0 , 004 

table 6 . 1 

The calculation of t he r e l ative e leva t ion by means of (4 . 34 ) gives 
the f ollowing re sult 

whe re 

( 6 . 1) 

8x/1t co C 1 c2 D D 1 0 

0 0 0 0 0 0 
1 0 , 37 0.,33 0 , 36 0 0 , 05 
2 0 ,70 0 ,54 0 , 66 0 0,21 
3 1 ., 02 o,66 0 , 93 0 o ,4o 
4 1 , 33 0 , 69 1 , 21 0 0 , 62 
5 1 , 63 o , 64 1 , 46 0 0 , 86 
6 1 , 93 0 , 52 1,73 0 1 , 06 
7 2 , 24 0 , 29 1,99 0 1 , 31 
8 2 , 59 - 0 , 04 2 , 33 0 1,40 

t ab le 6 . 2 

c~ { r(x., 0 )- 5(0 , 0 )} = couo + c1u1 + c2u2 + 

+DoVo + D1V1 + D2V2 . 

D2 

0 
0 

0 

0 
0 

0 

0 
0 
0 
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For the abso l ute e l evation, which is given by (4. 35 ), we write 

(6 . 2 ) c; t(o,o) =I+ II+ III, 

whe re 

(6 . 3 ) I fb e - 2 
e< 7 V ( 0 , ·7) d ~ + jb -2cx'>Z u 

¢o(O,~)d77 J 
= - e uX 0 0 

00 
(6 . 4 ) II -c--·· n 

= L -- c J 1 .A +CJ-. n n= n 

(6,5) - 2cxb CD 
III L n d = - e --

n=1 ftn - (l( n 

The calculation of the expressions I and II is simple and st r aight­

forward . The calcul ation of III, however , requires the ca l cul ation 

of the coefficients d which is a rather difficult problem . We shall n 
not give a detailed description of the numerical process , but we 

r es trict our se l ves to the remark that much profit has been obtained 

f r om the asymptotic expressions (4 . 31 ) and (4. 32 ) . The results of 
the calculation are give n be l ow, however without the contribution 
of the components V

0 
a nd v

2
. 

uo u1 u2 v1 

I - 0,58 - 0 , 34 -0,67 -1,68 
II o, 10 0 , 04 0, 17 - 0,26 

III - 0 ,01 - 0,01 0,01 -0,05 

table 6 . 3 

We note that the contribution from III is very small . From this table 
and from ( 3 . 7) it follows that 

- c 2 ~(0,0) = 0,49 u + 0 . 31 u1 + o . 49 u2 + ( 6 . 6) 0 0 

+ 3 .17 V + 1.99 
0 v1 + 2 . 04 v2 . 

The r esults of tab l e 6 . 2 and formula (6 . 6 ) may be combined in order 
to give the absolute elevation c 2 ~(x,O). m .) 
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i 

8x/1t co c1 c2 D D1 D2 0 

0 -0 ,97 - 0, 61 - 0,97 - 6 , 28 - 3, 95 -4,04 
1 - 0,24 0, 04 - 0,26 II - 3 , 85 II 

2 o, 42 0,46 0, 34 II - 3 , 53 I I 

3 1, 05 0, 69 o , 88 I I - 3,1 5 I I 

4 1,67 0,71 1,43 II - 2,72 II 

5 2, 26 0 , 65 1,92 II - 2,24 II 

6 2, 86 0, 1+2 2, ~-6 II -1 :1 BL~ Ii 

7 3 ,47 -0 , 04 2 07 II - 1, 35 II , ..., 
8 4:,16 -0,69 3 :1 65 II -1 , 17 II 

-

table 6 .4 

whe r e now 

(6 .7) 2 
cm r(x, 0 ) = C

0
U

0 
+ c 1u1 + c 2u2 + 

+DoVo + D1V1 + D2V2 . 

A g r aphical il l ustration of thi s table is g iven in figu r e 6 . 1 
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r C r - Do 0 

X X 

0 'JC l.. 1t 0 1t 
2 

l c1 r - D1 

~ ~ 
~ 

/ 
I 

figure 6 . 1 

El evation at the ''Dutch'' coas t due to a l i ne a r windfield 
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The ca l cula tion of the e l evation with absence of the r otation 

of the Ea rth can b ca rried out by means of (4 . 34 ) and (5 . 14 ). With 
the nota tion of (6 . 7) the fo ll owing tab l e can be const ructed 

8x/11: co c1 c2 D D1 D2 0 

0 - 2 . 54 - 0.89 - 2 . 26 - 6 . 28 - 1 , 49 -4 . 04 
1 - 1 . 82 - 0.26 - 1.57 11 -1.31 I I 

2 -1 . 19 O . 18 -1.01 II -0 .95 II 

3 -0 . 59 o . 44 -0 . 52 11 - 0 , 50 fl 

4 0 0 . 52 0 I I 0 II 

5 0 . 59 0 . 44 0 . 52 11 0 . 50 11 

6 1 . 19 O . 18 1 . 01 fl 0.95 fl 

7 1. 82 - 0.26 1 . 57 II 1 . '.:> 1 II 

8 2 . 54 -0. 89 2 . 26 11 1 . 49 11 

t ab l e 6 . 5 

Literature 

See the bibliog r aphy at the end of the pr evious pape r . 


