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MATHEMATICS 

IN\,T ARIANTS OF FUNC'l.,IONS C>N A SPH1~11Fj 1 ) 

BY 

D. J. HOb""SOMMI~R 

(Corn1n11nic~f1tell l)y ]·)r·of. A. VAN \VIJNCJAARDEN at t}1e 111eet,i11g of 1\'fay, 28 1960) 
• 

1. 111 th.is pape1~ t,l1e followi11g tl1eoren1 will l)e J.)1·oved. I"'et f ( 19', t:p) 
t1,ncl g({}, g;) be fl1nct,io11s given on a l1nit-sphe1·e wl1icl1 admit of expa11sio11R 
in t.erms of spherical harmonics, viz. 

2k 1 00 k , .. 
-(1.1) 

k-o m=-k 

( 1. 2) 
oo k 

(
~Cl. ) _ 2k +I , , Qm T>m.( 9) irn<p g ·u·, <p -·- 4:n; k .k k r ic. cos 'l · e , 

k=-0 rn= -le 

t,he11 t,he qua11tities 

[f, g]k def~§) /(1.Cf, rp)g({}', rp')P1c(cos y)rlc,>drv', k -0 l ') --·•., , .... , .... ( 1.3) 

with 

( 1.4) cos y def cos 1.9· cos i9'' + 81 ll ,,'} Slll {}' C()8 ( <p - <p') 

are given by 

( 1.5) 
m=-k 

Frn, a-rn 
· · k k • 

I11. ( 1.3) dw = si11 ,{} d{} dcp is a su1·face eleme11tJ of t,he sphere and g) <le11otes 
integration ()Ver t,he entire su1·face of t}1e Rphe1--e. 

Si11ce y 1·e1>resent,s tl1e angle bet,ween t,he 1·~1{lii t<.) the pointis ('8•, rp) a11d 
(,0.', <p'), it follows immediately fr·om (1.3) tl1at tl1e [/, g]k are i11var·ia11ts 
in t,he sense that thei1· numerical val11es are 11naffecterl by rot,atior1s of 
the coordinate system. 

I11stead of ( 1.1) we n1ay write 
00 

( 1.6) / ( ,& , cp) = I I 1c ( {}, cp) , 
k=O 

(1.7) 

and (1.2) similarly. This means, that the ft1nctions /(f), cp) a11(l g(f}, r:p) 
a1·e expanded in ge11eral spher·ical ha1·monics /k(,O·, cp) ancl gk({}, <p) 1"eRpec~i-,­
ively. These ha1·monics are orthogo11al, i.e. 

(1.8) m-::f=k, 
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and t,l1ey have the 1)roperty 1 ) 

( 1.9) 

Becat1se of the orthogo11ality of the f m witl1 respect to the special surface 
harmo11ic Pk(cos y) we may replace /k by f i11 (1.9), or 

4.n 
( l. l()) ~ /(·&', rp') P1c(cos y) dw' = 2k+I /k(·iJ, cp). 

He11ce 

(1.11) [f,g]1c = ~ ~ f({}',cp') g(#,cp) P1c(cos y) drodw' 
4.n 

by aid of the 01~t}1ogonality relatio11, (1.8). 
Since (1. 7) is a Fourier expansion of /k with 1·espect to cp, Pa1·seval'R 

theo1·em is applieable. We fincl 

2:n: 
4k 1 2 k 

( 1.12) Sn k k k k 
m=--k 

0 

8.n m= -k 

because of (k-m)! Pr (-l)m (k+m)t P;;m. 
By means of the 11ormalizatio11 integral for asRociated Legend1·e 

ft1nctions 

( 1.13) 
2 (k+m)! 

0 

it follows that 

4n 
[f, g]k = 2k+l /k ( {}, cp) 'J1c( f}, cp) d<p sin f) d{} 

0 0 
k 
, FmQ-m 
k k k , 

m== -le 

which proves the theorem. 
We note the following ''addition formula'' 

(1.14) [af + bg, cf+ dg]k= ac[f, f ]1c +(ad+ be) [f, g]1c+ bd[g, g]k, 

which follows immediately from (1.3). This formula will be used in 
anotiher context [2 ] .. 

2. The above theorem can be generalized to more dimensions in the 
following way. 

1) cf. e.g. [I], a1•t. 49. 
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Let u and v be two (p + 2)-dimensio11al t111itvecto1·s a11d let j (u) a11d 
g(u) be t,wo functions 011 the l1ypersurface of a (p + 2)-dime11sional unit 
hypersphe1·e. Expansion of / a11d g i11 surface harmo11ics gives 

CX) 00 

( 2.1) /(u) = L /k(u), g(u) = L gk (u). 
k==O k=O 

ai11 the surface harmo11ics are orthogonal, i.e. 

(2.2) g:> /m(u) {lk(u) dwu = 0, 

,vhere dwu is a11 element of the hypersurface. 
Furthermore (I. 9) is a special case of a theorem of FUNK a11d HECKE 1 ), 

which states that 
• 

( 1.3) < 4:n:) ½P k ! r ( ½P) 
1 

-1 

where O}P(x) is a Gegenbauer fu11ctic)11. 
If we take F(u-v) = OiP(u•v) which is a special st11·face har111onic 

depending on one variable only, (2.3) becomes 

(2.4) 

The A1c is evaluated by mear1s of t,he normalizatio11 i1·1tegral £01~ Gege11baue1· 
l)olynomials 

1 

(2.5) 22-p n(k +p-1) ! 

-1 

Because of the ortl1ogonality of the surface har·monics it follows from 
(2.4) that 

4:n:½v+l 
(2.6) 

Denning 

(2.7) I~/, g ]k def §) g> O!P(u · v) / ( u) g(v) dwu d<vv, 

we have, because of (2.6) 

4.n½P+l 
[f, {l]k = ----

or, again using the orthogonality relatior1 (2.2), 

(2.8) 
4n½v+1 

[I' g] k = -----~-

which is a generalization of ( 1.11). 

1) cf. e.g. [3] art. 11.4. 
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111 01·(_ie1· t,<) de1·i \7e a ge11e1·alizat1i(>11 C)f tl1e thec>1·e111 ( l. 5) til1e st11·fac~e 

l1a1·111011ic.,s /k(u) a.11<l [/Jc(u) of clegr·ee le sl1c>uld lle ex1Ja11ded i11 a series of 
stc111tla1·<l Hl11·f~1ce l1c1,1·r11011ic:-;. (It is l{11<)w11, t,l1at, for· a give11 degree le, 

. . . . . 2k + k · 
.. C p p 

8t1l)8tiitt1ti{)11~ ()f. t11ese 8e1·ies i11 t,}1e ·1·.l1. 111e111·l)e1.· <.)f (2.8) t1l1e11 gives tt11 

ex1)1·essic).tl co11.tai11i11g t lie ex1)a11i-;io11 c<Jefficie11ts. Wit,}1 i11creasi1·1g 11 t1n1 lJe1· 
()f. <.lin1e11si<>ll8, l1c)\ve,re1·, it, bet~o1nes i11c1·easi11gly cliffic~11lt t<J label t1]1e 

exJ>tt11sic)11 cc.>effic;ie11t,8 si1tisfitct()t·i1y. Alsc) several sets of sta11(lar·<:l ha1·111011icH 
<..)f <leg·t·ee /.; ca11 l)e tt~e<l, cle1)e11(_li11g 011 tl1e choice of t,l1e C(Jor·tli11at,e syst,e111. 
~..,01· tl1ese reaso11s a ge11e1·alizatio11 of (I. 5) is 11ot well feasible. 

1,11e al:><)ve 1·en1arks \vill lJe ill11st1·atecl f(>r· t,he case 1J = 2 i11 tl1e 11ext sectio11. 

3. rl,t) clesig11,1te t,l1e 1)<Ji11t1H 011 a f'o11r(lin1e11si<)11al 1111i t l1yperspl1e1·e, t,w<J 

set,s of coo1·di11at.es c1i1·e well 8ltit,e<.l, clefine(l by tihe followi11g sets of eql1atio11s 

\ X'1 -- COS 't<J ' ' ' 

( X3 ~- si11 l? si11 (f) (j()S 1j.), 

t1lltl 

(3.2) 
( ·•·1 --.. (~( >S' ·>° COS m 
' ,.(..r . ~ "' .... ti' ~ 14• ' 

( X3 -- sill {} COS 1.jJ, 

;c2 = cos {} '3 i.11 q_J, 

sin {} sin 1/J. X3 

U si11g t,he set1 ( 3 .1) tl1e su1·face l1a1·111011ics 
acco1·<ii11g t,() 

/k a11cl gk ca11 

(3.3) 

I 

• 
' \ 

\ 

' 

k; n 

L I P1'7:·n si111i 19 (_;t7~±-!(cos ·O) P',,~i(c<JS <p) e·i»i11) 

k n 
(Jk = L 2 G7:,n si11n1?-G':±-!(cos {}) P;:(cc)s cp) eir,il/' 

'li.=0 m= -n 

Tl1e sl1rf ace eleme11 t, reacls 

(3.4) dcvu =sin2 {) d{} sin <p dcp d1.p. 

Applicatio11 of Parseval's theorem a11d substit11til)ll of tl1e 1101·malizat,io11 
i11tegrals for tl1e associatecl Legendre functior1s ( 1.13) a11d fo1" the 
Geger1bauer poly11omials (2.5) r·esults i11 tl1e expr·essio11 

4n4 k 4-n k le + n + I n 
[ /, {]] le = --- L }j-,f:· n G ,:·· 1n. n • 

n= n 
(3.5) 

m=-ri 

U si11g tl1e latte1~ set1 of coo1·di11ates ( 3. 2), tl1e st11·f'ace l1a1·rn<)11ic8 /k a11cl file 
ca11 l)e expa11ded according to 

(3.6) 

-·-----

' ' 
' 

\ 

k k- l·nl 

fk = "' "" pm.,i p11n. ;,i (cos· 9. ·{}·) ei(rft(p-1-'lllJ') 
.£.., .t:., le lk '- .;,.; ' , 

11,-. -k m= -lc+(rtl -

k k- lnl 
Yk = L L GL'/1,· n Ptr· gti ( cos 2 ·&) ei<rnq,+1111,), 

n= -k r,i- -k+lnl -

1 ) cf. e.g. [3· J t 11 '> ar . . ...i. 



,vl·1e1·e, i11 t,l1e Sl1111n1at,io11 ove1· 111,, (J11ly t,ll<lHC te1.·1r1H <.ti·e 1·etai1ie<l fo1· '"'l1ic'.}1 
k - 'fli - ri is eve11. 

'1..,l1e ft111ctio11s Pi·r a1·e 

<lefi11e<l lJy ( com11 [ 4 ]) 

(3. 7) ' 

PJ . ., ( cos 2 i?) def ___ c_:(J_s_:!~_· ,{}_ta_· 1_1 :.._>q_f}___ • 

(2q)! (s--q+r)! (s---q--r)! 

· .h,( - s + q +- i·, - s + q - r; l + 2q; 
• 1.e. 

l 

(3.8) f JJ i' r ( i:) PJ · r ( :i:) dx - - () , 
-1 

c111cl t,heir 1101·malizat,i<.l11 iR give11 by (s ± ~l ± ,,. i11teger·). 
1 

(3. U) 
-1 

P .. d 2 
<l. r X 2 x· -- ~-----

s --t- q + r s-+-q-r · 

]:I., t 11•t,l1er·r1101·e 

(3 .. 10) 

Tl~e su:i·face elen1ent 110w eq11als 

(3.11) 

- t,,Lll2 {)) . 

Twofol{l applicatio11 of Pa1·seval's tl1eore111 a11cl s11bstit11tio11 of the 
1101:·malizatio11 i11teg1~a1 (3. i)) a11d tl1e surface eleme11t (3.11) results i11 the 

• exp1·ess1011 

(3.12) [/, g] 
2:n:2 

(k + 1) ! 

2 k k-lril 

I I 
1i = - l~ rn = - k-1- In I 

k 
½(k+m+n) 

k 
½(k+m-'n) 

Jj;?m. no-m. -n 
k k , 

whe1·e, in t}1e st1m1natio11 o"\re1~ ·,ri, C.)11ly tl1ose te1·n1s are r·etai11ed fo1· which 
k-m-n is eve11. 

4. The 1"est1lts of sectio11 1 have been obtai11ecl ir1 t,}1e cour·se of a11 
i11 vestigatio11 cor1cer11i11g t1l1e expa11sior1 of til1e Ear~t}1's topography in a 

series of sphe1--ical ha1·mo11ics [ 5 ]. A relat,e<l 1·est1lt has bee11 o bt,ai11ed by 
H.. C. VAN DER HlTLsr.r. 111. a JJl'ivat!e COIDillllllication ti() t,he autho1~, 
A. ERDELYI suggested t,}1at t.}1e theo1·en1 be ge11eralize<1 tio 11101·e dime11-
sions. '1:his is done i11 tl1e 1·e1.naini11g sectio11s. 
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