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FREE OSCILLATIONS OF A ROTATING RECTANGULAR SEA
BY

D). VAN DANTZIG Y anp H. A. LAUWERIER

(Communicated by Prof. J. F. KoksMa at the meeting of March 26, 1960)

Last of symbols

x,y Cartesian coordinates. The undisturbed surface of the water is
given by z=0 and the bottom by z =/
the time:
. v the components of the total stream;
the elevation of the water-surtace:
the coefficient of Coriolis;
the coefticient of friction;
constant ot gravity:

(A 18 a constant);
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1. Introduction

The present paper is a revised and corrected version of a report the
late VAN DanNTzig wrote in connection with the hydrodynamic problem
of the North Sea. In this paper the free oscillatory motions in a rotating
rectangular sea are studied with special reterence to the North Sea. The
free motions depend on two parameters: the coefficient of friction A4,
and the coefficient of Coriolis . Kssentially the case A= 0 is studied.
In that case the eigenvalues of the problem are purely imaginary and can
be written 4+ 1w, w =~ 0. However, the imfluence ot a small value of
/4 upon the eigenvalues can easily be determined.

This investigation may be considered as a continuation of the work
of a number of British investigators. RavLeigH [1][2] considered the
free oscillations when £ is small, but some of his results were in error.
TavLor [1] gave the first complete solution for a closed rectangular sea.
JEFFREYS [1] criticized Taylor’s conclusions and pointed out that a
double infinity of eigenvalues was implied in Taylor’s solution and that
there might exist modes moving round the basin In both directions.
LamB [1] derived by a different method the approximations to the lowest
eigenvalues when {2 is small. For a square sea he obtamed in particular
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GOLDSBROUGH [1] gave an approximate solution for the free oscillations
in a rotating rectangular sea. In particular the case of a square sea was
investigated and Lamb’s formula was confirmed. PrROUDMAN [l1] re-
examined Rayleigh’s investigation and showed that by a correct application
of Rayleigh’s principle Lamb’s formula could be obtained. CorkaN and
Doopsox [1] considered free oscillations in a rotating closed square sea.
By the use of iteration methods a number of cases were treated numerically.

The storm-flood of the 1st February 1953 stimulated Vax DANTZIG
to further research in this field. In Vax DaNTzIG [1] a review 18 given
of some results obtained at the Mathematical Centre at that time. The
final verson of Van Dantzig’s work appeared in 1958 as a report [2] of
the Mathematical Centre. It contains some generalizations of the results
of the above-mentioned authors and, more important, a discussion of the
influence of a small value of 2 upon the eigenvalues of a rotating rect-
angular bay which on three sides is bounded by coasts and which on
the remaining side borders on an infinitely deep ocean. In particular he
obtained for the lowest eigenvalue wo=34cn/b of the rectangular bay
0<xz<a, 0<y<b, where y=> represents the ocean boundary and where
b ~ 2a, the following result

(1.2) w = wo + 0.504 2 4 .

Hence, the rotation of the Earth tends to mcrease the eigenvalues or to
lower the period. This 1s in contrast to the case of the closed rectangular

lake 0<z<a, —b<y<b. There assuming b ~ a van Dantzig obtained
the result

(1.3) w = wo — 0.151 Z?:g; + ...
for the influence of 2 upon the lowest eigenvalue wq= 4cn/b.

Section 2 follows closely Van Dantzig’s text. In it it is shown how the
case 470 can be reduced to that of A=0. In section 3 where Van Dantzig’s
text has been slightly shortened the elementary case of the infinite channel
i1s treated. In section 4 the rotating rectangular lake is considered. By
introducing the operator formulation at an earlier point the treatment
could be made more elegant and concise yet preserving the essentials of
the original text. In section 5 the influence of a small value of the para-
meter {2 upon the lower eigenvalues is studied. This section has been
completely revised and some minor mistakes have been corrected. Section 6
which deals with the rectangular bay has been treated in a similar way
as section 4. The same applies to section 7 which is a counterpart to
section 5.

Quoting Van Dantzig’s own words: the treatment in this paper is not
in all respects satisfactory since the answers obtained are valid for small
{2 only. Therefore the results obtained here are applicable to a laboratory
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model of a rectangular basin rotating with not too large velocity, rather
than to the North Sea where 2 is large.

However, a subsequent paper by the second author will contain a
number of rather recent results which treat the influence of a large value
of the parameter . Moreover the existence of non-oscillatory free motions
when As<0 will be proved. These free motions which have the character
of a pure damping seem to have been overlooked in previous publications.

2. The mathematical problem

The free motions of a plane sheet of water are determined by the
equations (I 2.6) and (I 2.7) without the wind terms,

g( +A)u .Q’u—!—gh C 0,

2 2 DC.__.
(2.1) (§i+2) v+ Qu+gh 32 =0,
du | 2, 2

We consider a rectangular basin 0<xz <a, by <y <bs which is bounded
either on all sides by coasts or partly by coasts and partly by an infinitely

deep ocean. The variables of (2.1) will be replaced by dimensionless
variables according to

 — h{;

( x, Yy — an-lx, an-ly;

S u, v —> heu, hcv;

(2.2)

t — an—lc—1t,

where ¢ = Jgh.
This has a.o. the eftect that gh=1 in (2.1).

We want to study free motions where %, v and { are the real parts of

quantities proportional to exp (twt), where Im w>0. Denoting the
proportionality factors by the same symbols, (2.1) passes into

(i + ) — Qo + 32 = 0,

(2.3) (i +Z)fv + Qu + -C- —

dy
+ +@coC-~0

The sidesx=0and x=mn Wlll always be coasts so that we have the boundary
conditions

(2.4) u="0 for xt=0 and xz=u=.
The sides y=0b; ()=1, 2) may be a coast or an ocean boundary so that

e — 1 f St, :
(2.5) gv 0 for y=0b; 1f coas (=1, 2)

2 =0 for y =10y it ocean.
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By means of a complex change of scale the equations (2.3) may be
reduced to a system of the same type but without friction ). 1f we put
o’ E ol —ilw)i,
(2.6) Q= (1 —id/w)E,
£ E(l —iAjw) T,
a system of the form (2.3) is obtained with w'=u, v =v and A'=0. 1f

the eigenvalues of this system (i.e. the free frequencies) have been
obtained in the form o’ = ¢(2’) then w is obtained by solving the equation

(2.7) o(l —id/w)t=@p{Q(1 —tl/w) "t}
If |w|> >4 we obtain the first order aPproximation
(2.8) 0 =(Q)+ HA{1 + Q' (2)[p(2)} + 0(32/w2).

Hence the periods remain unaltered to a first approximation, but the
oscillations are damped with the damping factor

exp — $A{1 + 2¢"(2)/p(L2) }t.
Similarly, i {'=u({', z, y) then
(2.9) £ =p(2) — Jido 2 {p(Q2) — Qy'(2)} + O(A2/ew?).

Hence the amplitude of { is obtained to a first approximation from
that of A=0 by multiplication with the damping factor

exp — $Aw " p(R2) — Ly (2)}t.

If w and A4 are of comparable magnitude the discussion of the equation
(2.7) becomes very difficult. This important case will be considered in
the following paper by Lauwerier.

In view of (2.8) and (2.9) the remainder of this paper is entirely devoted
to the discussion of the frictionless case.

From the equations (2.3) it follows easily that (cf. I 2.11, I 2.19,
1 2.20)

(2.10) (4 — x2)u=0 (4 —x2)v=0 (4 —»2) =0,
where (cf. 1 2.13)
(2.11) x2 22 02 2,

Moreover we notice the relations (cf. I 2.18)

] ~
(2.12) o o
0x oy

Mk

1) Cf. Verrkamp [1].
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3. Infinite channel

For convenience we reformulate the long known solutions for an
infinite straight channel. This case is determined by the equations (2.3)
with 4=0 and only the boundary conditions (2.4). We consider solutions
(u, v, {) only which are (for almost every y) quadratically integrable
(shortly € L?) over 0 <z <z so that the theories of Fourier series and of
Hilbert spaces can be applied. It can easily be verified that

o0

(3.1) u = D (n2+022)sin nx(Cre ' 4 (- en?),
n=1

where

(3.2) Vn oot (n? -+ }52)&3

satisfies the first equation of (2.11) and the boundary conditions at
x=0 and x=m=n. The expression (3.1) is also the most general solution.
The at first sight arbitrary insertion of the factor n2+ 02 will prove to
be convenient later on. The elementary solutions

(3.3) U = SIN nx e T

3

are often called ‘““Poincaré waves’’.
v and ¢ are

T'he corresponding expressions for

(3.4) v = (envyn COS nx -+ 1wl2 sin nx)e nv,
and

(3.5) = (wmw cos nx + vy, sIn nx)e ™ @a?,
where ¢ denotes either the 4 sign or the — sign.

We note that for u=0 the first equation of (2.12) may have still a
non-vanishing solution which is of the form f(Qx—twy). Substitution
in the third equation of (2.10) shows that f is an exponential function.
This leads to the following two elementary solutions

0,
exp &{ Q2(x — 47) — 100y},
( { = ¢ exp e{Q(x— in) — 1wy}

Tttt
S
I

S
|

(3.6)

The solutions (3.6) are often called the “‘Kelvin waves’.

Hence the expressions of » and { which correspond to (3.1) contain
not only the components (3.4) and (3.5) of the Poincaré waves but also
those of the Kelvin waves (3.6) viz.

n =]

o0
g v= > O (nvy, cos nx+ 1wf2 sin nx)e v +

n=1

(3.7) 8 — > O (nvy cos nx — w2 sin nx)e*sv +

— OF exp{Q2(x — }x) —wwy} — Cy exp { —Q(x—$n)+iwy},
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and
oo
=3 CF(tnw cos nx + vy, sin nx)e =Y +
n==1

(3.8) + > O (1w cos nx — L2vy, sin nx)e’»’ +

n==]

— OF exp {Q(x — d7) —twy} + C§ exp{—L(x — 37) + 1wy }.

The expressions (3.1) and (3.7) will only be considered as solutions of
our problem if « and v belong to the class L2. The same then is true for
2oz and dL/dy, and a fortiori for ( itself. The condition is equivalent
with saying that the sequences n2C; exp T v,y belong for all y with
b1 <y<by to the class 12 of quadratically summable sequences, or also

(3.9) > n4|CE|2 exp 2b|Re v,| < oo,

where b=max (|b1], |b2|). The series (3.1), (3.7) and (3.8) need not be
convergent everywhere of course.

4. Rectangular lake

We consider the rectangular basin, 0 <z <z, —b<y < b in dimensionless
coordinates, which 1s bounded on all sides by coasts. Hence the solution
of the previous section must satisfy the further conditions

(4.1) v(x, —b)=wv(x, b)=0.

By taking sum and difference it follows from (3.7) that

- Q : ~— cth v,b
S > A cos nx+iw D v"‘ A7 sinnx =at(x),

(4,2) {\ 7 =1 n==] nVn
z § A, cos nx+ 1wl E thvab g+ sin nr = a~ ()
. Na=l § n=1 1%¥n " ’
where
(4.3) \ A} = vy ch v (CF —CF).
(A,;" gt nvn Sh vpb (CF4-C),
and
) ( a*(2) 2 cos wh(Ci o2 4 O o-Ae-im)

? a~(z) = 1 sin wb(Cg e“@—m — (5 e~ @—im)

In operator form the conditions (4.2) may be written in the form

S ot(x) +1028tp—(x) = at(x),

(4.5)

( (%) + 1028+ (x) = a~(z),
where
(4.6) ' () g z A: cos nz,

now=]
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if ¢ takes the + sign and the — sign respectively, and where

(4.7) g

S+ p(x)
- def 2 < thvzb . |
8 S~ plx) = = { gl oo SHLRE COS nt} @(t)dt.

ﬂa

def f_; { 2 oth ¥ab in nx cos nt} p(t)dt

/
/

The operators S+ and S- may be considered as operators in Hilbert
space. 1t 1s obvious that they have finite norms.

We have now to find the non-trivial solutions of (4.5), subject these
to the conditions

(4.8) f(pg(x)dx = 0,

and finally to solve these for the Cy. This is only possible for special
values of w which are the eigenvalues of the problem.

For £2=0 the solution is trivial.

In the first place we may have either cos w 6 =0 or sin w b =0. Next we
may have from (4.3) that either ch »,b6=0 or sh»,b=0. All zeros arising
from these equations are of the form

(4 9) (1) = (??22 -+ %nznzb“Z)ig

where m and n are integers.

The solutions belonging to an w of the form (4.9) need not be unique,
as more than one pair (m, n) may give the same w, which i1s then a
multiple eigenvalue. We shall not write down the solutions explicitly.

We return now to the general case. Eliminating in (4.5) either ¢~ or ¢
we obtain

(4.10) S (I + w2228+8-)pt(x) = ht(x),
| ( (I + w2228-8+)p~(x) = h=(z),

where

(4.11) he(x) 2 af(z) — 1028~ *(x).

The operators I+ »2025°5—¢ have, at least for sufficiently small w2, an
inverse V¢, obtainable for small w2 by a Neumann development. Then
from (4.10) the following solution 1s obtained

(4.12) () = Vehé(x).

5. Approximation for small £2

The transcendental equations obtained from (4.8) and (4.12) are
extremely complicated. For w occurs @) implicitly in the factors wv,,
b) implicitly in the operators 8¢ and V¢, c¢) explicitly through the factors
cos wb and sin wb of the a®(x). The dependence on £ i1s even more and
that on b almost equally complicated.
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Howe\ er, by a development in powers of £2 approximations to for
small Q can easily be obtained. Here we shall study the influence of £

upon the first eigenvalue, wo=}nb-1 for £2=0, only. We may always
assume that b=1m. If b=1x, the case of a square sea, wo 1s a double
eigenvalue. We shall consider the non-degenerate case b> inm first.

It will be found convenient to replace the expressions (4.4) by

( at(x)= cos wb{B*ch (x—j7) + B-sh Q(x — ix)}.
| a-(z)= i sin wb{B+sh Q(z— x)+ B-ch Q(x — }m)}.

Then it follows from (4.11) and (4.12) that

| V+h+(x)= B+{cos wbV+ch Q(x— §n) -
+ R sin wbV+8+sh 2(x — 37)} -+

-}~ B"’{ cos wb V*’Sh .Q(x — -%;gz) -}
+ w2 sin wbV+S+ch Q(x — $7)},

V-h~(x)= 1B*{sin wbV-sh Q(x — L) +
— wf2 cos wbV-5-ch Q(x— 3x)}+

11 B-{sin wbV~ ch Q(x — m) 4

3 — w82 cos wbV-8-sh Q(x—ix)}.

(5.1)

(5.2)

< Vi = L f Ve ch Q(x — 4m)dx.

(5.3) °
a 2m—-fVEShQ(:L-—-%n)
and
S =~ [ V8% ch Q(z— 4m)de
(5.4) : 0

l‘ﬁm
éHi-'

-

then from (4.8) and (5.2) the following eigenvalue equation can be obtained

[ vese sh Q- jm)da
0

cos wb Vi + w2 sin wbWi sin wb V5 — w2 cos wbW

(5.5)
cos wb Vi + w2 sin wbWi sin wbVi —wf2 cos wbWy

= 0.

It can easily be derived that in general for small O

\ Vs = S 4 O,

{ Vs = 0(29),

(5.6)

Wi = 0(£2),

7T

5.7 ‘
(5.7) s = “:}f sh Q(x—§m)de — w2(2? — JSESMESS sh Q(x—zm)da. + O(£25)

0 0



{ COS o ol b o O(L28),
{%ﬁiﬁ T/ (){

Substitution of (5.6) and (5.7) in (5.5) gives

cot 44 wh - % wfd M 1t € 3B M 9 -+ ( ){ ..Qﬁ} ; .

7R
Eig; En "

\ M = — - | 8+ sh Q(r-- j)dr,

L2 | 8+8-8*sh Qe da)de

bv means of (5.9)

P

Hence

(5.12) § = b1 {WQM + w33 M+ O(028)).

From (4.7) and (5.11) it follows that

4 4

i. - 4 | ﬁth kgﬁé} : B £ £t - _ | v T
\ M, = - =3, —a J cos na sh 2(x - dn)dx

(5.13) ‘ )

__ _ f?til a‘?ﬂb

where Ez denotes a summation over odd indices n=1, 3,5, ... only.
Hence the following first approximation is easily obtained

0 |
cth v,°0 ? 0(!24)’

4y, 0

{5*142 e

with

Hence we have obtained

. . y O2 +h 2.0 '
(5.15) (:)mi!lm?ﬁwv W‘FO(Q‘%)E

26 i br2 <=l ridy 0

By way of a numerical illustration we consider the case b= so that
mg = %. Then (5.15) gives

(5.16) w=0.5-0.151 £2 ...,
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For the second approximation we obtain

22 thv,' b w3 LM 4
(5.17) 0 = tl‘%:{;gn 8:;2 2 W ~ f SIS (37 - a)da + O (£2),
0

where

def 8ol cthv,90 | s def 5 | ()9
] = Wy — —7— > iy 0 and v, = (n2+4 £2° — w,2),

Next we consider the case of the square sea b=3in. We shall restrict
the discussion to that of the influence of £2 upon the lowest eigenvalue,
wo=1 for Q=0, which is degenerate. Therefore an expamnsion of the

following type
(5.18) 0 = wg 4= P18 + pald? + O(£23)

may be expected.
The discussion of this case follows closely that of the general case

b > 37 with some minor variations. The main difference is that »; vanishes
for Q=0. In the notation of (5.8) we have

cth v b 1 1 7T (2
1 .__,___;5_;_(5;_}__6_“_2%62

(5.19) ) + O(£).

Lhe expressions (5.6), (5.7) and (5.9) remain true with slightly different
order terms. The eigenvalue equation (5.10) or (5.12) becomes here

(5.20) 370 = w2 M7+ w323 My + O(£28),

where M; and M, are still given by (5.11). We note that here M;=0(1)
and My=0(0Q-1).
From (5.13) we obtain at once

2

. . ] A £22 8 ” Gthﬂuob
(5.21) M = —= 4 (5;; T e 23352) T = 21 N4 2,0
where »:* denotes summation over the odd indices n=3, 5, 7 e

From (5.20) and (5.21) a first order approximation can be derived
at once. We have |

so that in accordance with Lamb’s formula (1.1)
(5.22) § = igﬁ + O(£22),

which gives p;=4/n2.

For the second order approximation we need the limit of QM. for
{2 — 0.

It we define

Ag—?—.fhm mr{2—1 Mlm-—S—{{ :
(5.23) g 20 ( )
2 B %__e_{ Iim .Tl}Qsz

[ By
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there follows from (5.18) and (5.20) that

16

o 1 | v
1182 -+ 1282 2 ‘Q( 1+ p1£2) (n2(p1 +p2i2)

—204) — QB4 O().

Comparing the coefficients of 22 on both sides we obtain without difficulty

' P2= " "5 " 55
There remains the determination of the constants 4 and B. The value

of 4 follows from (5.21) viz.

)

¢ 4 4 J (S (,t:h Vﬂnb

nd pn(}

In order to determine the value of B we note that (5.11) gives
; Q¢
(5.26) My == f S+8-S+(x — dm) dx + O(Q).
0

From (4.7) and (5.19) it follows that

4

”%ﬂ) == m Sll'l 95""0( )

and next

B th1,°%b

S S‘*‘(xm%j’{; == ;z—-é-e{-s- 22 wml)"';:- SIn nx"!'O( )

where »s denotes summatlon over the even indices n=2, 4, 6, .... Finally

——— th Vﬂ,ob .

S+S S'i-(x_m%n — 31:5(52 (Zz (’72,2-—--1)2‘1’7;) S1T1 x+ O(Q-l):
so that
po -~ 8 thvn‘:’b

(52/) | | B = ; 9 (nzml)zvﬂe

Hence we have obtained the following result 1)

Sco.--l_-}-._ S0+l — Tt et

(5.28) i

8 ~ 3t T — T s | Q2+ O(@9),
or numerically
(5.29) w=1 -+ 0.405 2-4+0.138 224 ...

In the original dimensional variables we have of course

(5.30) o {1:;:0405-—-+0138(“9) )

L CJt

P — - -l PPl S

1y In VAN DANTZIG's result the second series on the right-hand side was missing.
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6. Rectangular bay
Under the same assumptions as in section 2 we consider a rectangular

bay 0<z <z, 0<y<b bounded by coasts x=0,x=m, y=0 and by an
infinitely deep ocean at y=»5. The solution of section 3 must now satisty

the conditions
(6.1) v(x, 0)=0 and {(z,b)=

It follows from (3.7) and (3.8) that

I o0
Y (U (nyg cos nx+ w2 sin nw) +

7 = ]
— > O (mvp c08 nx — w2 sin nx) = a(x),
n=1
(6.2) ¢ o | |
Y e "t (anw cos nx + v, SIn nx) +
7= ]
+ > e"t(, (1nw cos nx — vy, sin nx) = b(x),
7o ]
where

6.3 § U@)E CF exp Qa—m) +C5 exp —Qz— )
U b(a) ECF exp {Q(x— ) —iwb) — (5 exp {—Q(x — §o1) +iwb}.

If we define for n=1

( An = i (CF — ),

6.4

(6.4) ( Ba = jon(e " O + e C7),
and

6.5) gAeos wb d8f0++o

( B cos wb = e""m"bC’O —el®o (=,
with the inverse relations

g 20w Ny, ch v, 6C T =v, By +1we? A,,

(6*6) ( 21 NnNyy ch anO; mpan-—-ia)e_pﬂbAn,
and

(20F =ei** A+ B,
(6.7)

2 20 =e" 4 - B,

we obtain by substitution in the relations (6.2) the following conditions

Z Ay cos nx+1wf2 z th v bAn SIn N -+

" e 1 Vn
1 :
4+ 0 21 T B, sin nx = a(x),
z B, cos nx + @'—* z HLBn sSin nx -+

+ 2 z Ay sin nx = b(x),

nchvﬂb
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where
{ a(x)=A cos wb ch 2(x — 4x) + (+4 sin wb + B) sh 2(x — n),

6.9 .,
(6.9) ( b(x) = (A4 —iB sin wb) sh Q(x — 4x) + B cos wb ch Q(x — §x).

In operator form the conditions (6.8) may be written in the form
(cf. (4.5))

\ @(x) +r0l28p(x) + LUyp(x) = a(x),

(6.10) , _
| p(@) +io 1QTy(x) + QUg(x) =b(x),
where
( p(x) = S A, cos nx,
(6.11) < .
( w(z) = > B, cos nx,
1 == 1
o aef X thwad .2 ¢
\ S f(x) = ?21 o SIn nx ~ J cos nt f(t) di,
(6.12) ’
def ~ Vathvad . 2 o _
T f(x) = n§1 —— SN nr — f cos nit f(t) dt,
()
and
def < 1 . > ¢
(6.13) Ujf(x) = ﬂgl by g S e — | cos nt f(t) di.

0

The main difference in comparison with the case of a lake is the following.
The operators 8¢ of (4.7) have finite norms. The same is true for the
operators § and U of (6.12) and (6.13) but not for 7' since

o0
z I%ﬂl?’ﬂ, th 'anlg = OO,
=1

Nevertheless 7' i1s bounded since from (6.12) it follows that
|TH=) |2 = C| /(=)

where C is a constant. We have tacitly assumed that ch v,6+#0 for all
n. It follows that for all sufficiently small Q/w the operator I -+iw-1QT

has an inverse. Defining
{ @ = (I+10R8)1,
3 RE(I+i0 Q7)1

2
.

(6.14)

it follows from (6.10) that

% (I - 22QURU) p(z) = Q a(x)— 2QUR b(x),

(6*15) (I,____QzRUQU) qp(x) — R b(x) -—QRUQ a(x)
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These equations are of the form (4.10) and their formal solution is obtained

as in (4.12). The eigenvalue equation follows as in section 4 by elimination
of A and B from the supplementary conditions

1 - 1
(6.16) - f p(x)der =0 and —f plx)dx = 0.
0

If Q=0 the solution of the eigenvalue problem is almost trivial. It
follows from (6.10) and (6.9) that for £2=0

(6.17) { p(x) = A cos wb,

<

( v(x) = B cos wb,
so that eigenvalues are obtained from cos wb=0.

In view of (6.6) eigenvalues are also obtained from ch »,b = 0. Theretore
the eigenvalues are all given by (compare (4.9))

(6.18) o ={m2+ (n+ %)272/b2}3, m,n=0,1,2, ...

7. Approximation for small 2 and large b

Because of the complicated nature of the eigenvalue problem of the

preceding section we shall discuss in some more detail only approximate
solutions under the conditions

1. that the length b6 of the bay is large,
2. that £ 1s small

We shall study in particular the influence of 2 upon the first eigenvalu.e,
(Do = %nb"l fOI' .Q = ().

We suppose that b is so large that we<1 so that »; is real. If we define
(7.1) B = e~

J

then all exp —v,b are O(52) for n=2.
If the operators S*,7* and U* are defined by

dof & sinnw 2 .
S* f(x) = 21 o f cos nt f(t) dt,
n ==
0

(7.2) | T* fx) = > w; f cos nt f(t) dt,
n=1

0
7Y

U* f(x) def 4P sin @ f cos t f(t) dt,

TT

0
where

it follows from (6.12) and (6.13) that, symbolically,

/

SS —8* +0(02) + O(82),
(7.3) T =T* 1 0(22)+ 0(82),
2 U=U*+0(022) + O(52).
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Then the relations (6.15) reduce to
(7 4) g ‘P(x) — (I R inS*)a'(x) o 'QU*b(x) + 0(93) + O(ﬁz),
/ (@) =1 —1012T*)b(x) — QU*a(x) + O(£23) + O(B2).

Substitution ot (6.9) gives with neglect of the order terms the approximate
relations

@(x) = A cos wb+12(A sin wb —i1B)(x — $x) +
+ wS2%(A sin wb —1B)S*(x — ix) — 22(A4 — 1B sin wb)U*(x — 7).

7.5
(7-5) 8 p(x) = B cos wb—102(B sin wb +14)(x — ix) +
— ™ 122(Bsin wb +14)T*(x — }7) — Q22(B +id4 sin wb)U*(x — 7).
If we put
So & 2 f S*(x — d7) d,
def 1
(7.6) 0=~ £

Ha,

*(x — §ot) d,

1
7T

e
]

the conditions (6.16) give, again without the usual order terms,
A(cos wb + w2284 sin wb — Q22U ¢) — 1 B(wQ228y — 22U,) sin wb =0,
(7.7) ¢ —2A(w 20227+ 22U, sin wb) +
+ B(cos wb — w1227 sin wb — £22U) =0.

From this the approximate eigenvalue equation easily follows. After some
elementary simplifications we obtain

(7.8) 02-2 cos wb=sin wb(— wSp+ w=1T) + 2U¢+ O(£22) + O(52).

A simple calculation shows that

8 1
So = — 2 21 ndy,0”°
8 P, 0
(7.9) To = — — —
168
Ug = — —

Hence it follows from (7.8) that
(7. 10) W = W I ,sz“l(a)oso — a)-g"ng — 2 Uo) + 0(94) -+ 0(52)

or finally

(7.11) w = wo+ 22 {if Py R f;f‘;f} + O0(£24) + O(82).
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As a numerical illustration we consider the model of the North Ses
O<x<m, 0<y<2n. Then wo=1/4 and according to (7.11)

(7.12) w = 0.254+0.504 Q2+ ...

However, the value £2=0.6 of the North Sea is too large to permit its
substitution in this expression.

In the original dimensional coordinates of (2.1) where b is approxi-
mately twice the value of ¢ we have in view of (2.2)

(7.13) w = wo+0.504 aiﬁ + ...,
where
CTT
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