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ihis paper is the third of a set of p

pers in which the problem

&
oL Green of the eguation of Helmholtz in an angle with fairly general

boundary conditions is discussec . Relerences o the previous napers
Will Do donoted by I 2te. folloue Ly the formula number.
i I this paper the snocial casc of 1 halfplane will be discussed,
? Although a numboer of results can he obtaloned in an almost trivial way
i by specralization of tho reneral results obtainad in the nreceding
papurs a direct and independent treatment seems to be justified.
For a halfplane the problem of Green may bz formulated in Car-
tegilan coordinates (of. T introdu ction) in the followine way
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(1.4) m® < Re yoghiw |
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It has been proved in I section 5 that the corresnonding homo-
geneous problem - the Poproblem - has a solution which vanishes at
1nfinity and is continuous for v & only 1n the case Ro gﬁ > Qe Jﬂ“ 17
on the other hand Re Jﬁ Re gﬁ thaere 1s a solution which 18 continuous
for y &0 2xcent at_the origin where it has a gingularity of the lind
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I Winere r= Vxopys and £ >0 {'or Ho {qx:ﬂe J~ and a singularity
of" the kind Inr for I quﬂw {~. Accovding to (I 5.41) and (I 5.10)
this "best possible” solution takqs in polar coordinates (r, ¢ ) the
) form
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A number of properties of this auxlliary function have been
collected in I section 4 and a few more will be given in Appendix A
at the end of this paper.

The behaviour of the solution (1.5) at the origin 18 as follows

(cf. T 5.13)

[ Re > Re I continuous at r=0,
a /7 .
- (1.8) { Re y, =Re f, F = C Ilnr + 0(1),
) - /e
a ik his f1<1%351§ = Czﬁ@fﬂ !é)’ + 0(1),

where C is some constant

According to (I 5.23) the solution of the F-problem can also be
Writton in the form
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(1.9) Flx,y) = % QXpu{mPch(waiq})}iH(w)dwj
~00 5l
wherpre
(1.10) H(w) 9&f —%{;Zf(w-%ﬁci) (s wi)}

By using the relations (I 5.21) and (6.4) of the Appendix the solution]
(1.9) can be brought in the following form, however, with a different
maltiplicative constant

(1.11) Px,y) = & o e clms i, fo2®)
. Flx,v) = 5 h[ exp-(ixshwiyechw) w— e (3 g8hw,
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An independent derivation of this rosult wWill be pmpiven in section 2
ne solution of the G-problem has been obtained in TT sections 2
and 4, Again making the specialization 0=7 we arrive at the follow-
ing rosults,
Lf Re g%;gﬁe fg_th@?@ 18 a single function of Green which is
regular in y 2 0 with the exception of the Logarithmic nole at (xgﬁyo),

I poln» coondl ryon “i molntT 9 can be uritten as (cef, II 2,26)
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Lf Re {q:aﬁelfg there is a function of Green which is regular in §
¥y 20 with the exception of the logarithmic pole at (Kg,yo), The Green*sji
function can be made unigque by requiring it to vanish at the Origin. ]
The latter solution can be written as (cf, II 2.32) |
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On the other hand, by using the expression (IT 4.258) a solution
of the G-problem may also be obtained in the form

1 O‘D“i S0
G(XsV;KQﬁFD) = ‘/ } @xﬁ{~?ch(w«ti}H(w)dw
) Sk A O e
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where Lo18 the path of T fig.
An independent derivation of (1.14) and similar results will be
ction 4 we consider the problem (1.1) with the boundary con-
dition (1.2) and with (=0 forp y=0, ¥ =<0, This in eguivalent to tal {ing
fn = =1 and raedquirinzg that G=0 at thec origin., However, an indencndent
treatment is mops aporopriate,
In section 5 we consider the important subcase that ¢ vanishes at

Che negative X-axis and that its normal dervivative vanishes at the

positive X.axlis., This caso which ig of intorest in diffraction thecory
has been treated in some detail. In a2 certain sonse the solution of
this problem may be considered almost trivial since the free solutions
ol the F.problem can be written down at once (cf, 5.4) whereas the
Green's function can be cans structed from the free solutions alter the
examplce of (I 3.6). In this way the solution (5.5) 1s obtained, By
following the treatment of the more general case of sesction L, however,
the solution is obtained in a different Fopm (5.715) and (5.16). Tor
the auxiliary function © which 13 uscd here and which is discu sged 1n
Appendix B seovoeral cxrpressions may be devived. One of these 4s caul -
valent to the well-known integral of Macdonald which he obtsined in

connection with Summerfeld!'s oroblem,




2. 'the IMeproblem

Following (IT 4.5) a solution of the F-problem which vanishes

at 1nfinity may be represented by

(2.1) F(x,y) = M?Q exp--{ Lxshw+ychw) £{w)dw,

oS
The boundary conditions (1 2) and (1.3) give
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def
(2,4) f (w)chwu "= @h(wwigﬁ)f(w)u
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A sufficient condition for (2.2) is that fq(w) when consildered in the
Z-plane with 2z = ghw is holomorphic in the lowor nhalfolane Im 2z « 0 and
] o ) . i s
of ovdor Oz ') at infanity., Similarly £, (w) should be holomorphic in
‘-
the upper halfHlanse Im 2 » O,
It Tollows that fq(w) when consldered as a function of w is holomorphic
In the lower strin -wm < Tmw<0 and that it 4is symmctric with respect to
-z m i, Likewige fo(w) is holomorphic in the upper strin O« Imw < and
=
symmetric with respect to 4w i.
By elimination of f(w) from the relations (2.4) a homogeneous
Hilbert oroblem iz obtained on the real axis viz.
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where % <« Imw<0 for j=1 and O < < Imw<w for =2, In order o roemove
a" theé apparent divergency of the right-hand side of (2.6) we put
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We note that for t— +oo we have Q(t) = 1 + C(ah™ t). Then we may
congtruct the convergent solution
{glii GO U
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where _{shm;} hag its cut along the negative real axis.
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The gencral solution of the Hilbort problem (2.5) can now be writ-
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5. The G-oproblem
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Following (LT 4,51 a solution of the -nDroblom may be pevresent-

ed by

") :‘:;
~y . _ . L ] L
(3.1) 2wd(x,v,x SV ) = hﬁ{\/?;vxﬂ) vy )Y
O
‘}' - <y 1 g - 3 ’o- H 3 2 ¥ - b
+ [ exp-(1x shweyehw)g(w)dw,

v O0)

e singular part on the right-hand side may be representad by (cf.

T 35.2)

AN Q0
(3.2) EQ(\/?XMRQ)“+(§ﬂ§ﬂ)“) = = hf axpm{i(x % ) hw %}ywyofehv{fdv

- 00

Ihe boundary conditlons pive in a similar way as in tho orevious
section for j=1 and j=v
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(3.3 ~/ s . fJ(uﬁﬁﬁhw = (O,
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Wwhers now

(3.4%) EJ(W)QhW et ah{w- Jh e(w) - ﬁh(W%ijz)&K@{iKhthﬂy_ChW).

() 3

Eliminavion of g(w) from the two relations (3.4) mivea at the
axis
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O e ‘
Tnis 1o a non-homogoencous Hilbert problem which can be solvod at
once by uslng the factorization in the vrevious secction, IF K(w) is
B oey Tl e ] . ~ - - S ! . . . S S S : - ey
defined by (2.17) and . (w) by (2.10) the eelation (3.5) can he

N S .- N
writoen as

2 ..__._*’_:_ ..,:’.., I, . - = ¥
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The functions gg(w) f”(w) and gﬁ(w)/Iﬁ(w) are holomorphic in the

upper Strip 0« Imw<wm and gymmctric with roeonect o %'mﬁw N E

rows

functions gq(w)ﬁ fﬂ(w) and rq( w) /T, (J) are holomorphic ivn th: lower
Strip -7% <« Im w<0Q and symmetric Wlth respect to - wi. Thon che

problem (3.6) has the obvious particular solution
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(4.8)

el

b, A special cas

B oot st e et . . nama L anie it

In this section the following important case Wlll b= considered,
To find the Grezen's function which satisfies in the unper halfplane
Yy >0 the Helmholts cgquation
2° C
(5 (e 2o 1) o(xraxy,) - -H(xx ) Iy y,),
X oy
ana the boundary conditions

{*‘3} f‘n)

(')’l‘sg) yﬂoj }{;"O O‘:}qla‘;}“ S?Yl!aﬂﬁ%—:‘:. Oj
(5.3) y=0, X <0 G = 0,

In order o 31mplify the discussion the non-cssential assumntion
Will be made that J’ 18 real and that 4t is pe
val

stricted to the inter-

(4. 4) W <) <iw

The solution of +ho corresponding F-problem will pe determined
first, As in snction 2 we may nut

00
(%.5) Mz,y) =% [ exp- {i}{: sh w + yehw} f{w)dw,
-00

the boundary conditions give pelations of' the type (2.2) and (2.3)

(%.6) Filwlechw “=% ¢ ch(w if)f(w)
ana
(&.7) é(w)chsﬂdOf r(w),

wherc C is some constant and whepe £.(w) and f,(w) have the same
Properties as in section .
It follows now tmmediately from the functional relation (6.9) of
Appendix A that We may take

{

£, (w G(W+§K13*§mm!)

f,:}(w) = Q(W“%‘fﬁi_,w%‘fﬁmgl)

Hence the Following =xplicit solution is obtained
, : OO
vy F(xjy) = ‘jﬂ @pra{ixshW+yCthfG(W*%Wi;“%w“ijChw aw .,
| 00
avlcur of P(xﬁy) at the orilgin follows 2aglily by applying the

T Appendix A,
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It follows from (6,10) that for w — co

(4.10)  o(w-bmi, exp { (& [)W”(*mﬂ" )J«}{ o(e” ”‘?)} ;

}mugﬁchw = e e E

SO Thac

(&4,11) P{x,v) ::?fm:;mjimmm {51 ) 1t¢iwzc'%{§ﬂ-é3w}+ G,T? .
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Ihe olution of the C-vnroblem can be Couroiented again by the

£y N ’t“:r:; Lo S { ( E “ ) i - L. ~ - - N D S 1 - 23 v m : : P
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(3.3) where now
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ot rjo} oo e \ oty e o
B (w)ehw s () 4 cap{ix _shw-y _chw) .
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givies Tor peal w othe following non-homogonsous
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Eliminacion of olw
Hilbzrt problem
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14 i~ by o - * g e ey -4 Y Xl A L y

By malting uno of the functions Lq(w) and £.(w) from (4.0) and (4.7)
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