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1. Introduction

The two-dimensiocnal diffraction problem for a half-planc screen
has been solved by various authors, both for incident plane waves,
c.f. e.g. [1],[4],[7] and for incident cylindrical waves, c.i. e.g.
12],13],161,{8]. The diffraction problem for cylindrical waves amounts
to finding a Green's function. From this Green's function the solution
of the plane wave problem can be obtained by letting the source travel
to Infinity. The solution of the plane wave diffraction problem, hence,
is a 1limiting case of a Green's function.

In the present paper these well-known solutions will be rederived
by a method which uses a Riemannian »nlane of two sheets with a branch-
point at the edge of the screen. The solution for the half-plane dif-
fraction problem with either Dirichlet or Neumann boundary conditions
at the screen will be shown to depend on a Green's function for the
full Riemannian plane, this function being unigquely determined by
requiring that, on both sheets of the Riemannian plane, it vanisk

at infinity in a suitable way.

To tf'ix ideas introduce polar coordinates r,2 with O<r < o ang
-2t <Y < 2 1in the Riemannian plane in such a way that the gcreen
colncides with the half-ray =0 and the edge of the screen with the
origin. A cut along the screen separates the Riemannian plane in a
sheet O<«<r <co, O< v <« 2x and a sheet O<r <oo, -21w<VYU< 0, In optical

language these two sheets may be called "real space' and "virtual
space' respectively.

Let G(Pﬁﬁgroﬁﬁg), O<r,r <o, -2w< ¥, ¥_< 2w , be a Green's
function, defined in the Riemannian plane without reference to the cut,
which vanishes in a suitable way at infinity and which has a unit point-
source at (Po,zfo). This Green's function satisfies L(r,¥)G(r,J,r )=
=-r™ I (r-r ) (F-2)
Now consider a "real source, i.e. a source lying in real space, or
O~<'fb<:2m:5 and its reflection with respect to the half-ray ¢ =0. This

is a "virtual' source, 1.e. it lies in virtual space, and with it a
Green's function G(r,”,r

05
L(r,») being a linear differential operator.

>

Oﬁwdg) is associated. Next construct the function

GD(P,erO_,%) = G(r,2?,r_,v ) - G(r, v, s=2) (1.1)

Thils function satisfiles the same conditions at infinity as G(Pjﬁgrc,ﬂb)g
In general GD(r,O,rojv%)%O, However, we shall prove that GD(P,Oﬁrojﬁg)mo
1f the differential operator L(r,?) 1s symmetric in ¥, or L(r,»)=L(r,-).

The function G(r,V,r Jb) satisfies the differential egquation

O.’
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L(r,2)G(r,v,r ,v) = -P“qJ(r-ro)Jfﬁwm%)ﬂ In this equation replace ¥/
by -¢ . Using the symmetry relation for L(r,v) we find
L(r,;2)G(r,~J,r_,2 ) = 7 I (r-r )0 (-V-2 )=-r i()‘(1:‘1--«'--4:"0):}’(J—&-v)'{:}) . This,

however, 1s The differential equation for G(rjﬁgrojmﬁg)g Assuming
the conditions at infinity strong enough to secure a unigue solution
of the differential equation, we hence have the i1dentity

G(PJJ:P .5“17

O O) — G(Pﬁ“zjﬁr’ojlfo) (1ﬁ2)

which holds for differential operators which are symmetrical 1in v
It now follows from (1.1) and (1.2) that G, vanishes for ¥ =0.
The function GD moreover has one real and one virtual source and

hence 1s a Green's function for real space, which vanishes at the

screen.,
In a gimilar way we find that

GN = (P,?}gpogﬁo) — G<P5175P0j1}o) T G(rsﬁﬁrojmbﬁé)

G(p_,z)'jr'oﬁzfo) + G(r’j-*?j}r’o_,ﬂ'g)

I

represents a Green's function for real space whose normal derivative

vanishes at the screen ¢ =0.
1t 1s seen that the applicability of the method of images, hence,

depends on the symmetry properties of the differential operator.
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it can be regarded to be a special casc of a Green's function, the
solution of the half-plane diffraction »nroblem, again, can be found
by addilng or subtracting the reflected function.
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3, Plane waves

As stated 1n the preceding section the governing differential
equation 1n the case of 1incident planc waves readcs

2 2
2 & 2 f .
L+ S5 - pTe = O, (3.1)
Jd X IV
An incident plane wave, which makcs an angle zfo (O « 270 < 27 )
with The screen 1s represented DLy
». = exp p(x cos J5+y sin ﬁz)ﬂ (3.2)

where the coordinate system 18 chosen i1n such a way, that the screen
coincides with the positlive X-axis. Now introduce a Riemannian plane
with one branch-point, which coincides with the edge of the screen.

By means of a parabolic transformation this Riemannian plane is mapped
on an ordinary one. In the scguel ve will try to solve our problem

by aid of the method of separation of variables. The application of
this method is sgimplified con&idérably 1 the 1ncigent wvave itself
assumes a separated form in parabolic coordinates. Fortunately this
can be achleved by Jjudiciously choosing the axes of the parabolic
coordinate system. In effect by putting (sece figure )

X = u Vv sin ﬁg + ;(ugmv )cos Jéﬁ
0o (3.3)
y =-u v cos ¥V _ + z(u”-v7)sin v
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in view of the c
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Substitution of this value for A in (3.11) finally yields
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erfe(-u Vp). (3.12)

This function satisfies all conditions and thus validates our
initial guess, that only the solutions of (399) with n=1 play a part

in the present problem. We also could have started with a trial
solution in the form of a series of products of parabolic cylinder

functions. We would then have found, of course, that all expansion

coefficlients, except one, became zero.

Equation (3.12) describes the behaviour of an incident plane
wave 1in a Riemannian plane of two sheets with one branch-point.
Before constructing a solution of the half-vnlane diffraction problem

with Dirichlet or Neumann conditions at the screen by means of the

method of images, we must ascertain, that this method is applicable,
The screen is given by x> 0, y=0, or v=u tan - ‘L}‘Oj and reflectlon
should be carriecd out with respect to this line. It is easily seen
that the operator L(u,v) = 32/29u2+232/“av2 - (mg 1- vz) 18 sym-

metric with respect to every line through the origin. An analysis,

analogous to that given in section 1 for polar coordinates, then
shows That the method of images indeed is applicable if reflection
18 carried out with respect to a line through the origin. The image

s 56 P of a point P(u,v) with respect to
| )

the line v=u tan = 170 is the point

| / P'(u cos J +v sin vV _, u sin V-V COS 17@)

110 - —— The reflection ¢ . of the field

Plu,v)

2 2 ﬁ . )
(P]f’ — wbe;ﬁ 13(U. —\/ )COS 2 '270'1-131,1'\7 =S L1 22}/0 er’fc(”u,\[‘p cos ﬁow\f\fﬁ Sj_‘f‘] ‘)j'o) Q
(3.13)

We can reduce (3.12) and (3.13) to a more familiar form by introducing

™

polar coordinates r, v by means of

— b ~ 3
u = 2 P COS 2(17'0 3/}’)_9 (3‘}/}4)
v =V 2 r sin -:-:»}g(ﬁo--ﬁ’) :

Substitution of these values in (3.3) yieclds

X = rcos v, y=r sin ¢ |
as 1t should be. The screen is given by =0, and the solutions (3.12)
and (3.13) become
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e Pl cos(y ﬁ%)erfc[w 2pr cos'éﬁﬂFﬁg)} 5

&
epr 008(17+2/O>ez,fc [...... V‘ 2}-3.? COS ;“(15'—!—270)] ,

(3.15)

(3.16)



4. Green's function. First method

In general a cylindrical wave can be decomposed in plane waves.

For The full one-valued x-y planc this decomposition appears in the
following reduction,

Green's function for the full one-valued x-y plane, belonging
to the modified Helmholtz equation (2.2) is that solution of

aQGo DZGO 2
F S - 0% = - I (x-x )T (y-y ), (4.1)
2)}{2 Y, > © -
wnich vanlshes at infinity. In fact
7
GO '“"""' EWWKO(pR) 3 (4*2)
whe re x/’ - ~
R =V (x-x )" + (y-V,)",
or, in polar coordinates X = r cos ' , v = r sin V , X =r, cos U ,
Vo = T sin 7,
R = V r4r_° s (V- ) (4.3)
R = SR S mzrrocou( - ), :
is the distance between the points (r,) and (r 7).

Using a well-known integral revnrescentation for the modified
Bessel function K _, (4.2) can be written as

exn(-pReht )dt. (4.4)

Now define (comp. fig.3)

RetY - Poei /o ~ reii?a (4.5)
Hence o n
LT roet+l(90“@)mret+l@ﬁﬂe), (4 6)
Substitution of (4.6) in (4.4) gives
G, = i%- jpo eXp[MpPQcos(ﬁbm@wit)] exp{pr cos(ﬁﬂﬁ-iﬁ]dt, (4.7)

~00
The factor exp|{pr cos(¥-6-1it)] in the integrand has the form of

a plane wave which i1s "inclined" over an "angle' 8+it to the x-axis,
The factor exp [ -pr _cos(J_-6-it)]may be regarded as a kind of ampli-
tude. In (4.7), hence, the decomposition of a cylindrical wave in
plane waves 1is achieved.

The representation (4.7) of the Green's function for real space
can be used for the determination of the Green's function for the
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Riemannian plane in the following way. In the preceding section,

the dncident plane wave for Riemannian »Hlane was required to tend

at infinity To the incident plane wave for real space. Ve shall
prescribe the same rcguirement for the respective Green's functions.
Since in (4.7) the Green's function for real space 18 oxpressed in
Cerms of incident plane waves this simply means that in (4.7) these

plane waves have to be replaced by the corresponding plane waves in

the Riemannian wnlane, 1.e¢. by

o

-%exp{jpr co&(ﬁeemlt)] GPfC[w\Zpé cogg(ﬁm@wit)] :

The Green's function for the Riemannian plane hence becomes

, QO —
G(r,7,r ,vV ) = .-.-l- f exp( -pReht)erfe [ ---\/im‘* COS -3 (ﬁi—*@mit)]dt .
s (4.8)

The remaining part of this section will be devoted to reducing the

representation (4.8) to

’ /3
Glr, e,V ) = +— jﬁ exp(-pRchy)dy,
4ro _45 | (4.9)
3 = arsn Z(Pfo)éﬁﬂqcDSé(fﬁb%)a

1 this Green's function is used for constructing Green's functions
for real space with Dirichlet or Neumann conditions at a half-plane
the results are MacDonald's formula [6:}, The following reduction of
(#.8) to (4.9) is due to Lauwerier [ 5] . |
In (4.8) we introduce the substitution t=u_-1(¥_-€). We then find

1 o |
G = e /ﬁ exp(mprocosh uO)eXD[@P COS(J“ﬁg“luo)]

.....C}o |
eric f - V2pr cos- (@- z);,)»--j’_uo)_] du.o :

(4.10)

For the complementary error function the following integral repre-

sentation 1s known

’ QO | _
exp zoerfc z = ;52 jk =P “t%dt ;s Re z >0, (4. 11)
0 te(t+z)
By means of the substitutions z=V 2pr coséj“j C=2pr sin’h2 su (4.11)
becomes

exp(pr cos J ) erfc(V 2pr cos 3 }) =
, GO _ ‘o aaht
1%.005”ijf[t expl -pr cosh u,cosh=u 1 =

2
O cosh u + cosf
T

du =

1 L ]
rg.;-t-*f e?’ip( -Pr cosh u)li — T
D coshz(u+iy)  coshy(u-1})

d QDEngmpr cosh u)
= f ‘ du, -1 < Re y <™, (4.12)

Yoo coshz(u+iy)
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A simple direct derivation of (4.12) was given by Lauwerier [ 5 7.

If | -9, > (4.12) is not immediately applicable to (4.10). However,
by means of the property erfc(-z )=2-erfz we also have

QO
g .
G = mﬂé@ exp{-p R cosh t)dt + g, (4.13)
’ se
g = - o .....‘o/o exp(wproc osh uo)exp[pr oos(ﬁmﬁgmiuo)]

erfc [ Vopr coss (v m%ﬂ-iuo)] duo,

or, introducing (4.12) in the latter formula,

’ 00 /po exp[-p(r cosh utr_cosh u_]
g =-—> | [ —— 9 9 audu_.  (h.14)
16 -0 =00 cosh—-ﬂg(u—{wud&—i Jo-d k)
By means of the substitutions u=x+y, u_=x-y (4.14) becomes
Q0 , o0

d
g = - é:? j __.__.___WJT_.._.W;____..W ] exp| -pr cosh(x+y)~prgcosh(x-y)]
-0 cosh [ x+3i(¥-J )] -oo dy dx.
The integral over y is of type (4.4) and yvields a modified Ressel

function. In effect

g o= - —-:-? fOO I{OZp (I’-%—PO)P"-H% rrosinhgx “““-—mm%m . (#.15)
I ~0 cosh|x+z1(V-9 )]

It is easily seen that replacing x by -x in (4.15) is aeqgqulvalent to

replacing VvV - z?;:) by =V -1—170,, The 1maginary nart of g, hence, vanishes,

Taking the real part we find

‘ — L%
00 . cos {(V-V )eosh x
_ i e Ton i/ c PR - O

0
>n™ O sinh “x+cos 5 (V- )

The further substitutions sinh x

|

t cos -;-(sz*mﬁé) , v+r =R cosh g

S .
where R™ = r‘2+r’02-2rroc os(i-io) , yield
1 2SN~ © 7 at
g = - —-—-gé KO[pR tTsinh®p + cosh™f| —— , (4.16)
2TC T+

and, by differentiation of g with respect to g ,

—
L

Q0 1{4 [pR ftgg inzh%a +C oahgfs ]

dt ., (4.17)

Oh

Jt2s1nm° 2
/t7sinh ™R +cosh 73

By means of the known integral
CO K,,( \/82t2+b2)

7/ _ rexp(-b) 4,0, bso, (4,18)

J
O 82t2+b2 2ab

it is seen that 2g/2p equals




-~ 12—

Y e SXP(-pPR cosh @), B >0,
or . Q0
g = ~1§§_~[ exp(~pR cosh t)dt. “(4.19)
f
Substitution of (4.19) in (4.13) finally gives
’ 3
G-m=n;; J[ exp(~pR cosh t)dvu, (4.20)
" ~00
5 P“}—‘PO o ‘. -;5* v /l ]
with p = ar cosh —2 = arsinh 2(rr_)°R” cos z(V-7).

The integral (4.18) is a special case of a formula of Sonine: a
simple direct derivation has been given by Lauwerier [ 5 ] .

The result (4.20) has been obtained under the Pegtriction}zfmdg

However, it is seen from (4.10) that G is an analytic function of

ﬁlazg 1T then follows from the principle of analytic continuation

that (4.20) is valid for all values of -

<.
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5. Green's function. Second method

The modified Helmholtz equation reolds in nolar coordilinates

X = r cos v , y = r sin ¢,
25 i g - A
2 a* ‘e
__%4.?_5?“ . ___%mpcpzo. (5.1)
o1 ik IV

The Rilemannian space is delimited by O<«<pr <o, ~-2w<v<2w . A Green's
function G 1:‘*_9?7_91’05 JQ) with 1Ts singularity in (}?Q, Jg}) satisfles the
inhomogeneous eguation

2 0

d G 1 2G 2 G 2 g (8 e
2 T Toar T ELne m v Gs g )o@ g), (5.2)
2T 27 Y
or, putting V= o+ 'J"‘O_y
2 f
2 G 2 G 1 9 G 2 - ,
p 20 26 136G 20 L y(per )o(w). (5.3)

It follows from (5.3) that G 1s an even function of &« ., We now try
a trilgonometric expansion for G. Since G is an cven function of o |
only cosine term can occur. Also, since in the Riemannian space the

two pairs of coordinates (r,YJ) and (r,?+4w) represent the same

point, the cosines must have periods 47T , The expansion, hence,

must be of the form

G = 1%3 A (r)cos smoe (5.4 )
m
O
Substitution of (5.4) in (5.3) gives
ol 2 5
11 1 m _ | : _3.“, — o

g [PAn1+Am = A -Pr Am] COS MK J(r r_)a(e).
Multiplication by cos 4nw and integration over the interval (-2x,2=)
e rA + A - m” A - p°p A = - i J(r-r )

m m  Lr Tm : m e o/

where €& = 1 and €& = 2 (m3z 1).

® m

i""‘ H

The solution of this inhomogeneous modificd Bessel eqguatlion 1S

given Dby
g
m b3 3 _
| I I-%-m(pf) Ki—m( SPF ey ( )
_— *E"
Am - %HI{ (tmﬁ T, (pr_) r o . 2o
Lve “5mt! mV\E ol

- First consider the case rsr_. Substitution of (5.5) in (5.4) yields

QO
. g T. 7. e
G = 7= méz*—o € ._%m(pr') Jigé_m(pro)cos SMR
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or, 4 90
G- T e T ! i 3 ¢
lhﬁrggs & %ﬁ(pr)ﬁm(pro)coo m ox
P (5.6)
t 5= 2 I (pr)K o (pr_)cos(m+))«
27 m-., M+
m=0
The first series in (5.0) 1s a well-known repnresentation of Ko(pﬁ)
2 2 2 “ : Vo
where R ™=r tr "-2rr _cos & . Denoting the second series by 3I'(«

(5.6) can be written in thz form

G = E’J% [KO(pR) +- ?(rx)] = I,Lj-?'v: [ f exp( -pRcosh y)—l—?‘“(o.c)] 5 (5,,7)

0 - Q0
Flx) = 2 éz; Imﬁi(pr)ii+é(prb)cos(m+§)a . (5.8)
11T we put pm‘fg, a single term
21m+%(r= @)I{m+é(PO@)y I‘{f‘o 9 (5¢9)
is the Laplace transform of - 5
1 1 r +ro
r Im-i—ﬁ;-( 2t >e:><;p (” IS . (5.10)

Since the case r r,ocan be obTtained from the case r g L by inter-

changing r*vﬁiﬁllﬁygzrt follows that we obtain the same inverse Laplace
transform.if‘r=grk)

By means of the known 1nbegpal Peoresentation

r?)ln’}‘
Im+§(z) = g jﬂ( exp(mzu)duj (5.11)
m! Ve
we can write (5.,710) in Lhe form
2 m+s
[ ) /I"L“"O ) = / (1 Q)m ( ?POU> ;
——— eXD| mmmT_m- TE -u”) expl - —5r— | du =
znbtvq; \ 4t A t Ot - =
& /o orTHr Tr rr m rr U
1./ 70 o O O 2y o~} du
£Y Twg €¥P\ - TmE o )J [ g (-un)] EXP( ot ) m
Hence F(« ,8) is the Laplace tran%foqﬁ)of,1

rr rT+r 8
| O O
Flo,©) = g Vg exo "(“““a“f“)n%

L e I ryr u 1
Re[ez” i f{ Ir" (1-u")e"} exp(“‘ =% )%ﬂ

Interchanging integration and summation and performing the summation

gives
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ry 2 d ry : ,
_ 1 O 5 LK @ 0 i —-doa\ 2
F(C’:jt) - = m GXD( E“")Re[e “J]_ eXp-‘%w TE_ (U.e +€ ) }dU.] .
] (5.12)
By means of The substitution
k- R |
ue2 T L eEl _ B oiap v,
er
(5.12) is transformed in
F(o,t) = M*EH-M*EXp( Rg)Re u/ﬁ exp( RESiﬂhgy)ooghy dy
3 = - ' oL -
ot Vo t HE Sy he U
where 3 = arsinh[zqu(fr )%cos x| and ¥ = arcsin!i?ﬂmﬂ(rr )%sin~£m]
O f _} i"' o 2 :*?

Deforming the path of integration in such a way that it runs along
the Imaginary axis from -1/ To the origin and alon

I'rom the origin to B , it is easily seen that these two parts deter-

the real axis

U

mine the imaginary and the real part of the integral respectively.

Hence

Rgsinhgy

F(m t) = __ji_m-exp(m Rz)&/%;xp(ﬂ-—mem—mmﬁnxﬂ137Cmf (5 13 )
2t VTt 5t O C

Returning to the function F(&,s) we have by Laplace transformation

of (5.13)

. 3 2 e 2 L2
F(ot,8) = R é[ (ret ) qgeXp( ts)exp( - 71}1?) é exp( - B—W)cosm dy dt

T
o

I s -1 .. RTsinh"y ﬁ

|

Now interchange the integrations and »Hut

i

IR X

T = e coshy .

The result is

ﬂ | OO 3

— \/ — _

F(o,s) m/%wf JFCOShdy %/' exp( ~RVs coshy coshx)e 2% ax ay
Lo

- OO

\/gﬁijﬁcoﬁhdy jﬂ cochix L“p(mhvg coshy coshx)dx dy,

O

or ., by means of the i1ntegral renrcecosentartion
.5 2 i
OO
K (z) = f' cosh vx exp(-z coshx)dx,

Y BRYE 1
PRV's [ cosnZy K%(Rvgcoghy)dya

F(et,s)

Since -
K_}(Z) = \/ '-g%- c 45

(5.14) equals




Fleo,s) = f exp(-R\/é cosh v)dy.
O

Remembering that S::p2 it follows from (5 .7) that Green's function

becomes

3
_ ] f of - -
G = o S exp(-p R cosh y)dy,

in accordance with (4.9).
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6. Commentary

In the present paver the two-dimensional half-plane diffraction
problem with Dirichlet or Neumann conditions along the half plane
has been solved by means of a Green's function for a two-valued
Rliemannian plane., Such a Green's function has one logarithmic

Singularity and vanishes at the boundary of the region, i.e. at
infinity.

in the usual direct approach a Green's function is sought for a
region which extends to infinity, but is also bounded by the half-
plane, Besides the usual boundary conditions and the prescribed
behaviour at the singularity this Green's function is also required
to satisfy a condition of guadratic integrability. The question then
may be ralsed whether such a condition would not have been necessary
for the determination of the Green's function for the Riemannian
plane, in other words, whether the Green's function obtained in this
paper 1s unidgue for the used conditions. Although the conditions are

known to suffice for a one-valued plane in the case of a modified

He Imholtz equation, it might be surmised that the presence of a

[Ty

branch-point would introduce a J_.fi.culty. That this is not the case

can be shown in the following way.
The Helmholtz eguation

'&)2 ‘a?":: 2
¢ | =
-—-—% T -—-—-é.}- - P ¥ = O
dX oy
: . ~ 2 2
reads in parabolic coordinates x=5{(u"-v7),; y=uv:
3255 ?gg 2, 2, 2
> +- S5 - D (11 +V )fﬁm Q.
DUl 2V

The corresponding cqguation for Green's function reads

0 . P
o % ¥ 3-—% ~ p‘i‘(uﬂ"-wa)(} = -3"(u-—-uo)c3'(v-vg) :
2u” v’

The parabolic transformation serves to map the two-valued x-y plane
on a one-valued u-v plane. In the latter plane, however, G is known
to be uniquely determined by the condition that 1t vanishes at 1n-
finity. It, hence, is also uniquely determined in the origilnal Two-
valued x-y plane.

Considering the two m thods which in the present paper were used
for obtaining the Green's function the 'irst method constructs 1t

out of plane waves with a variable angle of incidence. In the second
method a general technique for obtaining a series representation of
o Green's function is used. An analysls, alkin to that of Mac Donald
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161, then transforms this series in an integral.

Both methods have in common that, although use is made of a Two-
valued Riemannian plane, paths of integration which occur during
the evaluations, always lie in a one-valued complex plane. In this
respect they differ from Sommerfeld's original method {27 , [7]
which uses paths of integration which lie in multi-valued complex

Riemannian planes,
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