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The dif'fferential eguatlion

The state of equilibrium of a mixture of three gases with

YM*Q

- K*‘a—ﬁ s — . —
4}255<i ] 1) depends on the temper

ature of Tthe mixture. The concentrations satisfy the set of

relative concentrations x

differential eguations:

5 1§L = = _;Ei;" Cx“jﬂtj:}i:i;}itj > ( 1e=1,2,3 ).s ( L )

where t denotes the logarithm of the temperature T (t=1n T).

The coefficients &ij cdepend on the concentrations X4 and the
: A ﬁ
temperature; moreover, since /. x.=71 they are submitted to the
]

e

condiltion

|8 o 2

_ o (1.2)
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In order To obtain some knowledge of the behaviour of the con-

centrations Xi as functions of the temperature, the coefficients

@ij willl be Taken as constants, which may be assumed to hold

approximately in a not too large range of the temperature.

Putting mqg = - agq = X
Mgy = = Bgq = 0, (1.3)
Yoz T 7 %gp = Yo,
and using the dldentity
Ry o+ Xy o+ Xy B (1.4)

the system (1.1) can be reduced to:

dx |
1 . 3 .
3t T X’x{&fﬁ"ﬂ"‘m/\ )% "’*4} -9 (1.5)
AX
2 _ ,
— = X, {(&2+&qu+agxg_<x2} (1.6)
Finally by substituting
N T = T,
*y"']
™ ﬂqﬁ (1.7)
€3i<3 |
= = Fo

we get rid of one parameter and the system (1.5), (1.6) becomes

= = % L P r(p - xs - BT (1.8)

1

T XE {(ﬁ2+1)xq+!agxgm{62}-, (1.9)
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The system of equations (1.8), (1.9) has four singularities; they
are located in the points

A x =0, x2=o,

B xqzﬂ, ngoﬁ
C xqmo, Xgﬁﬂj
Po Cq
D qu-ﬁr s Xp== A vuik1/3m4~ Fq+/32'
Since we are only interested in w»nositive wvalues of X, and'x2 with
o<:x1+x2<:ﬂ, we need only to consider those parts of the traject-

aies which lle within the triangle with the singular points A, B
and C as vertices.

Since ﬁq and 2., have the same sign, the singular point D lies
always outside the triangle ABC and so we do not need to invest-

igate The singularity corresponding with point D.

hen (X4,53X2Js) are the coordinates of the singular point, the
behaviour of the trajectories in the neighbourhood of the singular
polnt can be obtalned acccecrding to the theorem of Liapounoff by
writing the right hand sides of (1.8) and (1.9) as polynomials

~X ) and retaining

of the second degree in (x and (X

S U
I 1,8 2 2,8
consecutively the linear terms only (see 1lit.1, Chapter III).

By applying the theorem of Liapounoff we shall investigate the
behaviour of the trajectories in the neighbourhood of the points

A,B and C. When this behaviour 1s known one can construct quite

eatsily the trajectory, passing through some point (qu)xgo) and

lying within the triangle ABC by aid of the gravhical method of
isoclines, In the next section we shall give a short description

0l the classifiication of the singularities, which may occur in
systems of differential eguations of a more general type than that
of equations (1.8) and (1.9); moreover, we shall also formulate

the condition under which the above mentioned thcecorem of Liapounoff

18 valid,

3. Classification of the singularities according tTo Polincare and the

theorem of Liapounoff

The differential equation of the trajectory 1n the (Xq,x2) plane
18 given by the formula:

f _
de Xg'i(ﬁ2+4)xq+ﬂgxg“ﬂ2}

Prunarialy

= ,, (3.1)
1 xg { g (B ) Ro By



or in parameter form:

S B {ﬁﬂxﬂ""(ﬁft‘"/‘)xz"ﬂﬂ} -= (1.8)

]

Koy = xg{(p2+1)xq+ﬂ2x2mﬁ2 }, (1.9)

where the dots denote differentiation with respect to T.

We consider the more general system

iy

UX A g<x g X )
7> d 2
ax_ u (3.2)

or in parameter form:

X, = f(xq,xg)j 3.3)
X2 == g(X,]_,X2>_,
where f and g are arbitrary polynomials in Xq and X,

Taking the singular point of the differential eguation as the

origin of the (xqﬁxg) plane and retaining in £ and g the linear

terms only equationsg (3.2) and (3.3) reduce to:

dX2 ) qu+dx2 .
X, T % oon (3.4)
a}xq‘{" X.2
and X, = 8X1+bX2,
ﬁg = qu+dx2, (3.5)
where a,b,c and d are constants.
By means of a linear transformation of varlables
g = XX EBAX, (3.6)
fo = J X4t %,
wilth |
> ﬁ3; £ O the system (3.5) can be reduced to the
VA
canonical form:
S =S5
{“1 g ?1 (3.7)

¥ =
o = 5o j2 >
where S’l and S, are constants.

1t can easily be shown that S,l and 82 are the roots of the guadratic

egquation:

se.S(a+d)+(ad-be) = O. (3.8)
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'his equation is called the characteristic equation of the
system (3.5) and it is the base of the classification of the

Singularities of the system (3.5), which may occur for various
- the constants a,b,c and d.

values of
1t follows from the canonical form (3.7) that the following
criteria for the kind of the singularity can be given:

1. If the roots S,1 and SQ of' the characteristic equation are
real and negative, one has a stable nodal point.

~

2. 1T Sq and o, are real and posiltive, one has an unstable nodal
point,

3. If S,‘ and 82 are real and of opposite sign, one has a saddle
point.

4. If >4 and S, are conjugate complex with Re(S < O one has a

1,2
stable focal point.

5. If S, and S, are conjugate complex with Re(Sq 2)>(J<mu3}mms an
unstable focal polnt. ’

The singularity is called stable if the representative point
(xq,xz) approaches the singular point (0,0) asymptotically for
U—+00 and 1s called unstable 1f the representative point ap-
proacnes the singular point asymptotically for T — -0 .

Putting p=-(a+d),

ag=ad-bcC,
the characteristic eguation becomes

82+p8+qx0, (3.9)

Figure 1 shows a graphical description of the various cases,

which can occur 5
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The theorem of Liapounoff, mentioned in section 2, states: If the
real parts of the roots of the characteristic equation correspond-

ing to the equations (3.5), which are obtained by linearization

of the equations (3.3). are different from zero, the linearized

equations determine the stability of the non-linear system (3.3).

In the case that the roots Sq and 5, of the characteristic equation
L.
are purely imaginary or zero the coefficient p in equation (3.9)

equals zero, while the coefficient g is larger than or equal to
Zero,

dence this exceptional case corresponds for the linearized system
to a "branch-point" of equilibrium, namely the positive g-axis

divides The stable and unstable focal polints and one cannot give

without further comment a right answer to the gquestion of stability.

For literature on this subject the reader is referred to lit.1, 2
and 3.,

Investlgation of the Ttrajectories near the singular points
4.1, The singular point A

The differential equations(1.8) and (1.9) reduce after linearization
in the nelghbourhood of the origin to the form

c:'i:x:,l
T = " Pa%q
dx,, (4.1)
mmmﬁ A
dT 2 2
Hence 1n the nelighbourhood of the origin the trajectories are given
by the eqgquations
A
X, = qu 5
- T (4.2)
7&322028 B, 2
or 3
X, = C %, I , (4.3)

where Cq and 02 are Integration constants, varying from trajectory
NMFWWC

] 2°

From (4.2) i1t follows immediately that the origin i1s a nodal point

to Trajectory and C=C

and when £ 4 and [}, are posltive the nodal poilnt is a stable point
ffor the equilibrium of the dynamical system corresponding to the
equations (1.8) and {(1.9).

When P, and g, are negative the nodal polnt 1is an unstable one.

Assuming the parameter o positive the concentrations X, and X5
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decrease monotonely to zero for increasing values of the tempera-

ture T, when /Gq and /32 are positive; when /31 and B, are

negative the concentrations X and X increase monotonely in the

neighbourhood of the origin for increasing values of the tempera-
Ture.

In the former case the origin is reached for T=+00 and in the
tatter case for T=0.

When the parameter « should bhe negative the direction in which
the trajectory is passed along by the representative point
(xq,xg) for increasing values of the temperature T will be re-
versed. since the sign of the parameter o« determines only the
directlion of the trajectory we assume henceforth that o« will be
positive. When 1;611'<lf32l the slope of all trajectories at the
orligin is zero, when {ﬁ%ﬂ:ﬂ/Bzithe slope of all trajectories at
the origin is infinite. When ﬁqﬂzﬁg the slope of the trajectorilies

at the origin egquals C and i1t has for various trajectories dif-
f'ferent values.

4,2, The singular polnt B

.

The singular polnt B has coordinates (1,0).
Putting quqﬂ ?1J

(4 .4)
Xo= §o

one obtains after substitution into (1.8) and (1.9) the differ-
ential equations:

I3
]
dt (1- ?/1) { P ?*’1“(%”) ?*zzl( ’
d b (4'5)
(2 _ A-( B +1) §.+ R ?
R ?ﬁ{ =2 - Poio
After linearization we getf inally:
d 3
| )
d T ”ﬁﬂfﬂ”(ﬁ’ﬂ“‘)?g’ 56
d o '
a0 ?2 j
The characteristic egquation nH=comes:
:532.-( IE ,ﬁv’i)S + p, =0 (4.7)

and the roots are Sqm+4, 82m+/3q.
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1f ﬁq is posilitive The singular point is an unstable nodal point;
this means that the point (X,l,xg)j representative of the concen-
trations X, and X~ a@pproaches the polnt (1,0) asymptotically for
T — 0 and that the point (x,,x,) goes away from the point (1,0)
f'or increasing values of T.

LT ﬁq is negatlive the singular point 1s a saddle point and hence
the singular polint is an unstable point.

Solving equations (4.6) we obtain:

[ AV _
ﬂqu = qu /]4—62@-L p
i, (4.8)
Xy = Cze p

wherec C,1 and 02 are integraticn constants, varying from trajectory
To trajectory.

The equation of the trajectories in the neighbourhood of the point
(1,0) can also be given by

(1-x.) = C x, + X, (4.9)

,,. Py
mumh,chq.Cg
From the equations (4.8) and (4.9) it follows immediately, that

the point (1,0) is an unstable nodal wvoint if /31 1s positilive

(x is assumed positive) and, since >~ 1, the slope of the traject-

(33 4
ories at the point (1,0) equals -1.

1, however, 1ﬁq is nepative, the point (1,0) is a saddle point
and the asymptotic trajectories in the neighbourhood of (1,0) are
the lines xzmo and x4+x2uﬂ.

4.3, The singular point C

TG e ¢ vy - Y, grup—— R W )

R Ay, ot i I W+ P - - iR

The singular point C has coordinates (0,1).
Putting ?
(4.10)
Xp o= - ?2,
we ovvaln after linearization:
i
RO
SR i y |
. <17
52

gv = ~Pot ) iitPs Yo
The characteristlc equation becomes

{D .
ST (B3 ,-1)8= iy = O (4.12)
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and the roots are Sqmw’\ and ng 3o s

1T p2 15 positive the singular point is a saddle polnt and hence
1t is an unstable point.

10 [32 18 negative the singular point is a stable nodal point;
This means that the representative pointg (X,l _,Xg) approcaches the
point (0,1) asymptotically for T — @ .

Solving equations (4.11) we obtain for the trajectories in the
neighbourhood of the point (0,1) the cguations:

x = e "
17 71p,T (4.13)

_ & -
”I--»xg = Cge +C e

l

where C,} and 62 are agaln the integration constants, varying from
Trajectory to trajectory.

I'ne equation of the trajectory in the neighbourhood of (0,1) can
also be given by the expression:

.._ﬁg
= C x +X (4 .14 )

(1“X2) g 12

+{3
B 2
where C----C/1 .C2.

I'rom the equations (4.13) and (4.14) it follows immediately, that
the point (0,1) is a saddle point, if g , is positive and the

asymptotlic trajectories are the lines x_=0 and x_+x,="1.

’ |2
1T, however, @ 5 is negative the point (0,1) is a stable nodal

point and, since & 5 < -1, the slope of the trajectories at tThe
point (0,1) equals -1.

4.4, The singular point D
(Fo By

E

The coordinates of the singular point D are
B ="-L+5,.

Since [31 and B~ have the same sign the point D lies always out-
side the triangle ABC and has consequently no physical meaning for
the mixture of the three gases.

However, for the construction of the trajectories we can tTake
advantage of the known location of the point D. 3%

The line BD has the equation g ,x, +(p,-1)%5-p,=0 and so o=
along BD; the line CD has the equation (1+p,)x +f, X,-,=C0

dx

2 - 0 along CD.
dx,l

Hence the slopes of all trajectories are infinite when they cross
the line BD and they are zero when trzy cross the line CD.

]
2

=0
and 8o




For the coordinates (Xﬂ’XE) 01" the point D, lying in the second or

q,xg) plane, the relation holds:
g

kil
L 3

17 %o = %

- P
Hence the point D lies for all values of P, and A, with [§p O at
the left hand side of the line x 1 '

the Tourth quadrant of the (x

1T - X

q+x2mﬂ, and for all values of /31

and,@z Wlth f(# <0 at the right hand side of the line X_+4+x~=1.

) | 172
Although the point D has No physical meaning in our Droblem 1T may

nave a meaning for the dynamical system corresponding to the

equations (1.8) and (1.9) (then, v is conceived as a time variable)

PUttil’lg X/} _ };4 n ig_ 3
’ }:"q (4.15)
Xo = Jo = 5

and substituting this into the equations (1.8) and (1.9) we obtain
after linearization:

a5, F
T T2 g
dt"”'ﬁf‘{ﬁﬂ ?1+(P1“q) ?2} .
q (4.16)
;2 3 Pq (8 ’
dv = 73”“{ Potl) 54t 85 ?2} .
The characteristic equation bhecomes:
8. P
q= = 1
3
and the roots are e
- \/ BB 5
1,2 = T 3 y

Eﬂumn)@ 18 positilve, Sq and o, are real and of opposite sign and the
polnt D is a saddle point.

&ﬂumn,]ﬁoweverj[§ 18 negative, S,1 and S,2 are purely ilmaginary and

the condition, under which Liapounoffs theorem is valid, is no longer
fulfilled,
In this case wecan not make without further comment a statement

regarding the stability in the point D. The point D corresponds for

the linearized system with a branch-point of equillibrium.

5. Qualitative description of the trajectories in the (xq,xg) plane

Since we have investigated the behaviour ol the trajectories in the
singular points A,B and C we are now able to construct these
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trajectories for various values of the parameters B and B, by
ald ol The method of isoclines.

In thils sectlon we give a sketch of the trajectories in the

(xq,xg) plane for the various cases, which are possible with
respect To the values of the parametem(@1 and [32,

The flgures are not claimed to be accurate from the cuantitative
point of view, but they give an idea of the qualitative behaviour
of' the concentrations X and X, for varying temperatures.

The parameter « ig assumed to ge positive and the direction of
the curves denotes increasing temperature; if o is negative the

directlon of the curves has to be reversed.

Ag X4+X2+xﬁm1, the value of the concentration x, equals ‘JE Times

b b
the distance from the point (xq,xg) to the line x_ +x,=1.
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L. [ >0
1. [3,,1'::*0_, [32>O

a. {3/‘>;‘32

Point A: Stable nodal point,
dX A
dxq = O

Point B: Unstable nodal point,
dx
2 - 7
dxq '

Point C: Saddle point,

Asympt.traj. X,,]"-:O; K,l-}—}(,)mﬂ .
Point D: Fourth quadrant, at left
hand side of X +R5=0.
13./i1</32
Point A: Stable nodal point,
dx
c = 0
dx, ~— ¢
]
Point B: Unstable nodal point,
dxX
2 -
dx . ‘

]
Point C: Saddle point.

Asympt.tra]. quO; x1+x2mﬂ.

Point D: Fourth quadrant, at right

hand gide of x _ +x_-=0 and

1 2

at left hand side of
Xq+X2mq.

2 . [3‘,,,] < O, p2<o

a . ﬁ1;>ﬁ22

Point A: Unstable nodal point,
dx
2 =
dx .. = °
d

Point B: Saddle point.

Asympt.traj. x,=0; x4+x2mﬂ,

-

Point C: Stable nodal polint, Do
dx?
—— = =
dx.,, J
d

Point D: Second guadrant, act

left hand side 2of X.+x.=0




A: Unstable nodal polnt,
| d}q_?
- = Q0.
z‘j:ac:,,,ﬁ3
Point Saddle point.
Asympt.tra]j. Xng; K1+X2mﬁ.
Point C: Stable nodal point,
ax
2 1
axﬁ )

Point D: Second qguadrant, at right
hand side of X +X,=0 and
at left hand side of

X  +X_ =1,

1 2

<O
Bq> O, [32 > O; thus 3 N’ 3 >
Point A: Stable nodal point,
dx A
= = 00,
d:c,q
Point B: Unstable nodal point,
dx ~
2 _ -
axq "
Point C: Saddle point,
Asympt.tra]j. x1:03 Xq+X2m1.

Point D: Second gquadrant, at right

hand side of x,i%—xgm’% .
.ﬁﬁ< O, ;82<1O; thus ,q>~ﬁ2
Point A: Unstable nodal point,

dxg

— = 0

dx ‘

.
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As to the figures 2,3 and © it may be remarked that on the one
hand the line segment AB and on the other hand the "curve"

congsisting of the line segments ACasnd BC are a2lso trajectories;
they are obtalned by taking the integration constants ecual to
zero or 1nfinlty. |

The same remark can bhe made 'mutatis mutandis"” for the figures
4.5 and 7.

It may be mentloned finally that there are some particular cases,
where it 1s possible to integrate the system of equations (1.8)
and (1,9) exactly: e.g. when /qufeg or when ﬁ%:o.
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