
STiCHTING 
r 

,_[ 

2e BOERHAAVESTRAAT 49 

AMSTERDAM 

TOEGEPASTE WISKUNDE 

Re·r)ort rrvJ 72 
~ 

On a non-linear differential equation occurring in the 
• 

theory of thermo-diffusion in a ternary mixture of gases 

by 

E O r11 • d e Jag e r 

April 196'1 



1. The differential equation 

• The state of equilibriu1n of a 1nixture of three gases with 
,~-~ 

_,c _ _, l l 

ature of the mixture. The concentrations 

depends on the temper­

satisfy the set of 

differential equations: 
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where t denotes the logarithm of the temperature T t=ln T. 

rrhe coefficients t~o o deperld on the 
l J t_ ... 

cor1centrations x. and the 
l 

=1 they are submitted to the 
--c 011 di ti or) 
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lJ Jl 0 . 

some knowledge of 

1.2 

the behaviour of the con-In order to obtain 

centrations x. as 
l 

ex. •.. \tvill be taken lJ 

fur1ctions of the temperature, the coefficients 

as conf1·t-,a11ts, \\Jhich 1nay be assumed to hold 

approximately in a not too J_arge range of the temperature. 
Putting 

and using the identity 

X '1 1- x 2 

C'\12 

C< 1 ,..) ;; 
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- 0<21 
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ex 
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the system 1.1 can be reduced to: 

dx 
1 

dt 

dx 
2 ---dt 

--- X 
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Finally by substituting 

<X t 
<X,,l 

-
0( 

()/'r) 
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' -- ... J 
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we get rid of one parameter and the system 1.5, 

dx 
2 

d ·•c X 
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1.3 

1.4 

✓1 .7 

1.6 becomes 

1.8 
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The system of equations 1.8, 
are located in the points 

1.9 has four singularities; they 

A 

B 

C 

D 

X 1 

X 1 

o, x2 
132 

► '"' J ,1 

Since we a re 

1 J 

(3 
'1 .,,,_ 

with 1- ,.,., ~t--x2 - rnl'" 

(3 <)• 
I c_ 

only interested • in 

to consic1er those ·t)arts of the traject-

~ies which lie within the triangle with the singular points A, B 
and C as vertices. 

Since the same 

always outside the triangle ABC and 

igate 

1-.Jhen 

the singularity correspondinG 

x1 .,x2 .,s _.,s are the caordinates 

the singular point D lies 

so we do not need to invest­

with point D. 

of the singular point, the 

behaviour of the trajectories in the neighbourhood of the singular 

point can be obtained according to the theorem of Liapounoff by 

writing the right hand sides of 1.8 and 1.9 as polynomials 

of the second degree in and x -x and retaining 
2 2.,s 

consecutively the linear terms only see lit.1, Chapter III . 

By apply•ing the tl1.eo·rem of Liapounof~f we shall investigate the 

behaviour of the trajectories in the neighbourhood of the points 

A,B and C. When this behaviour is known one can construct quite 

lying within the triangle ABC by aid of the graphical method of 

isoclines. In the next section we shall give a short description 

of the classification of the singularities, which may occur in 

systems of differential equations of a more general type than that 

of equations ·1 • 8 a r1d 1 . 9 ; moreover.,, ive sha 11 also f or1nula te 

the condition under which the above mentioned theorem of Liapounoff 

i.s valid. 

,, 
3. Classification of the singularities according to Poincare and the 

theorem of Liapounoff 

The differential equation -

is given by=the formula: 

dx 
'1 

of the trajectory in the plane 

3.1 
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or in parameter form: 

• 
x1 x1 1x1+ ' 

0 = ( 
x2 x2 l ' L.. c._ 

where the dots denote differentiation with respect to~. 

We consider the more general system 
:, 

ax/') g x 1 ., x"' 
L = C.. 

or in parameter form: 

where f 

1: 
1 

• 
x2 -- g x1.,x2 ~ 

, 

1.8 

1.9 

3.2 

Taking the singular point of the differential equation as the 

terms only equations 3.2 and 3.3 reduce to: 

and 

• x0 
c.. 

where a,b,c and dare constants. 

By means of a linear transformation of variables 

X t"") , 
c... 

2 

3.4 

3.5 

3.6 

(X (3 \ 
the system J.5 can be reduced to the 

/ 

canonical fot'"'m: 
• 

s 1 1 ., 3.7 
• 

( 2 

are constants. 
quadratic 

equation: 

a+d + ad-be o. 3.8 
• 
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This equation is called the characteristic equation of the 

system 3.5 and it is the base of the classification of the 

singularities of the system 3 .5 ., t•Jhich n1ay occur for vario11s 
values of the constants a,b)c and d. 

It follo\.·~s fro1n the canonica 1 forn1 3. 7 that the following 

criteria for the kind of the singularity can be given: 

1. the characteristic equation are -
real and negative) one has a stable nodal point. 

2. 

l)Oint. 

3 • are real and of opposite sign, one has a saddle 
l)Oint .. 

4. are conjugate complex with < O one has a 
stable focal point. 

5 .. complex with Re > 0 one has an 
unstable focal point . 
• 

The singularity is called stable if the representative point 

t- >-+co and is called unstable if the 1~e-prese11tative point ap­

proaches the singular point asymptotically for T ➔ -ro. 

Putting p=- a+d ~ 

q_==ad-bc, 

the characteristic equation becomes 

=0. 3.9 

Figure 1 shows a graphical description of the various casesJ 
\AJhich can occur 

r,' p . S t cl b 1 e l\T o d a 1 
Points 

' ' ' 

Saddle Points 

• 
• 
• • 

• • • 
• 

' • 
' • 

• • 

• 

• 

• Stable Focal Points 

---··-·-··-·-··- . -· --·---' -------------------------------:-q -

Saddle Points 

...... .. ... 

' • 
' 

' 
' • Unstable Focal Points 

• • • 

' • 
' 

• • • 
• • • 

• • • 
• 

Unstable·····• ... 
• • 

Nodal Points········ ..... 
• • • • •• 

•----,-·-~ )l,tn 
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The theorem of Liapounoff~ mentioned in section 2~ states: If the 

real parts of the roots of the characteristic eq11ation correspond­

ing to the equations 3.5, which are obtained by linearization 

of the equations 3.3 : are different from zero, the linearized 

equations determine the stabili·ty of the non-linea1, system 3 .3 . -

are purely imaginary or zero the coefficient p 

equals zero, while the coefficient q is larger 

zero. 

in equation 3.9 
than or equal to -

Hence this excep·tional case corresponds for the linearized system 

to a 1'branch-point ri of equili1)rj_u111., namely the positive q-axis 

divides the stable and unstable focal points and one cannot give 

without furtl1.er co1nn:1.:;nt a right answe1, to the ·question of stability. 

For literature on this subject the reader is re~erred to lit.1, 2 

and 3. 

4. Investigation of the trajectories near the singular points 

4.1. The singular point A 

The differential equations 1.8 and 1.9 reduce after linearization 

in the neighbourhood of the origin to the form 

dx 1 
d-c: -- -131x1 

-· - (3 X • cl--c 2 2 

Hence in the neighbourhood of the origin the trajectories are given 
by tr1e · · 

or 

where 

to trajectory and C= 

4.2 

' 

integration constants, varying from trajectory 
(:); 
/~l ) 

• • ~-·- ' --

From 4.2 it follows immediately that the origin is a nodal point 

point is a stable point 

for the equilibrium of the dynamical system corresponding to the 

equations 1.8 and 1.9 . 

Assuming the X 
2 
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decrease monotonely to zero for increasing values of the tempera-

negative the concentrations 

neighbourhood of the origin 

ture. 

the 

for increasing values of the tempera-

In the former case tr1e origi11 is reached for T=+oo and in the 

latter case for T=O. 

When the parameter« should be negative the direction in which 

the trajectory is passed along by the representative point 

re-values of the temperature Twill be 

versed. Since the sign of the parameter~ determines only the 

direction of the trajectory we assume henceforth that~ will be 

positive. 1·.Jhe11 
1 < 

origin is zero, when 

the origin is infinite. 
"1 > 
\-Jhen 

at the oriGin equals C and it has for various trajectories dif-

ferent values. 

4.2. The singular point B 

The singular point B has coordinates 1,0. 

=1- 1' 4.4 

2 

one obtains after substitution into 1.8 and 1.9 the differ­

ential equations: 

d 
1 1- -d-c '1 

d 
1- 1'3 0+'1 2 d i:· C. 

After lir1earization we get finally: 

cJ 
1 -

d ·-··· v 

d 2 
I I • 

The characteristic equation becomes: 

'J 
("1 c.. 
t::::> -

and the roots are 

+ 0 

=+ 

-1 ., 
1 ') 

L 

' 4.5 

·'1 + • .,, f) 2 , 
L. 

2' 
4.6 

4.7 
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If • lS point is an unstable nodal point; 

this means that the point 

T ... ? 0 and that goes 

for increasing values of T. 

If point is a saddle point and hence 

the singular point is an unstable point. 

Solving equations 4.6 we obtain: 

1-x 1 J 

4.8 

a 1~e i11tegration constants, varying from trajectory 

to trajectory. 

The equation of the trajectories in 

be given by 

the neighbourhood of the point 
1,0 can also 

with 
-- 131 

1-x 1 

• 

1
,3 

?1 
C x 2 + x~2 ~ 

From the equations 4.8 and 4.9 it follows 

the point 1,0 is an unstable nodal point if 

~ is assumed positive and., since 1, the 

ories at t 1~e lJoint 1,0 equals -1. 

If 3 howe,re r, 

4.9 

i1nmediately, that 

positive 

slope of the traject-

and the asymptotic 

the 

trajectories in the neighbourhood of 1,0 are 

X 1 +X2= ,,, . 

~-.3. The_si11gular point C 
_.... ,.. ' ~ "" ',,..,,. __ .. _ ,.,..,.,_ -

The singular point Chas coordinates 0,1 . 

Putting 
4.10 

v· 
.r. f) 

' l-~- 2' 

iAJe obi~a i11 after linearizatiorl: 

OT. 
4.11 

2 • 

The characteristic equation becomes 
0 

Cl /'.) 0- .:lr) 2 . C. 
0 4 .12 
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point is a saddle point and hence 
it is an unstable point. 
If stable nodal point; 

approaches the 
point O, '1 asymptotically for T .v•:,-- co . 

Solving equations 4.'11 we obtain for the trajectories in the 

neighbourhood of the point 0~1 the equations: 

-'"C 

4.13 

• 

constants, varying from 
trajectory to trajectory. 

The equation of the trajectory in the neighbourhood of 

also be given by the expression: 
O., 1 can 

1-x 2 

-(32 
4.14 

From the equations 4.13 and 4.14 it follows immediately, that 

the point 0,1 is a saddle point, if 

asymptotic trajectories are 

is a stable nodal 

l)Oint and:, since 3 0 < -1, tl1e slope of the trajectories at ·the 
c:.... 

point 0~1 equals -1. 

4.4. The singular point D 

The coordinates of the singular poi11t Dare 
2 /31 ---, - i1i th 

3 

and the D lies always out-

side the triangle ABC and has consequently no physical rneaning for 

the mixture of the three gases. 

However, for the construction of the trajectories we can take 

advantage of the known location of the point D. d 
X .,. 

along BD; the line CD has the equation 1+ 2 x 1+ 

d x 1 
0 along CD. 

Hence the slopes of all trajectories are infinite 

the line BD and they are zero when t~~ey cross the 

--=:--- =0 
x2 

X -(3 ····O 2 2 2 

when they 

line CD. 

and so 

cross 



For the coordinates 

the fourth quadrant 

1 - X 1 

of the point D, lying in the second 

x 1 ,x2 planeJ the relation holds: 

- X 
? 
"-

1 
r n • 

/3 

or 

Hence the point D lies for all values of 
> O at 

the left hand side of the line 
--~ 

and < 0 at the right 

' C 

x 1 +x2-1, and for all values of 

hand side of the 
Although the point D has no physical meaning in ay m, 
have a meaning for the dynamical system corresponding to the 

equations 1 .8 and 'l .9 then, 1: is coriceived a:3 a time variable • 

For the sake of completeness we shall investigate the question of 
the stability in the point D. 
Putting ., 

4.15 
3 -(.2 /11111•• 

(3 

and substituting this into the equations 1.8 and 1.9 we obtain 
after linearization: 

d 
1 2 > 

13✓1 d -c· 1.J .. I ' 

2 , 

d 
2 1 

f3 + ✓1 c;... 
~ + ,3 2 -dt . "' ,. 

0 • 13 12 L 

The characteristic equation becomes: 

and the roots are 

-\·Jhen j_s positive., 

point Dis a saddle 
••• 

\·,Jhen, h ovJeve r, (3 .. 
lS 

~.) -· 

+ 

lJOint. 
' $ 

'3 l 

\ 

---·-
;1 p 2 
- • 
l 
,3 

a 1·e real and of opposite 

4.16 

sign and the 

' 

the condition, under which Liapounoffs theore1n is valid, is no longer 

fulfilled. 

In this case wecan not mal{e without further co1ru11ent a statement 

the linearized system with a branch-point of ec1t1ilibriu111. 

Since we have investigated the behaviour of the trajectories in the 

singular 
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trajectories for various values 

aid of the method of isoclines. 
and by 2 

In this section we give a sketch of the trajectories in the 

X,,1,X2 

res1Ject -

plane for the variouG cases, which are possible with 

to the values 

The figures are not claimed to be accurate from the quantitative 

point of view, but they give an idea of the qualitative behaviour 

for varying temperatures. 

The parameter~ is assumed to be positive and tl1e direction of 

the c11rves denotes increasing temperature; if a is negative the 

direction of the curves has to be reversed. 
r--· 

the concentration x~ equals 
.J 

2 times 
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As to the figures 2,3 and 6 it may be remarked that on the one 

hand the line segn1ent AB and on the other hand tl1e 1rCLlr""ve' 1 

consisting of the line segments AC and BC are 2lso trajectories; 

they are obtained by ta1cing the integration constants equal to 

zero or infinity. 

The same remar1{ can 1Je made ''mutatis mutandis' 1 for the figures 

4_,5 and 7. 

It may be mentioned finally that there are some particular 

where it is possible to integrate the sy·stem of equations 
-and 
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