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Summary -- .. , . .,. . ',:.,._ --

Storm surges of the North Sea are studied by means of a 

sirr1plified matl1r-:n1atica.l moclel \/'Jhich J_s c1escri1)ed by linear -
parti.al differential equations that can be solved by analytical 

methods • The ·i_~) ro ·b 1 em is ;J 1 so r~~ o 1 '✓ (: .. c, r11.:n:e r, i (~:. c-1 l. :1. ·l~' ·t) y us i 11g d iff e re11cc 

equationso The results obtair1ed by 1Joth methods are in perfect 

agreet11ent, wl1ich prov:i.des us wi 1cl1. a cl1eci_c of the adequacy of 

either method~ 

The numerical lnethod is also applied -~o more complicated models. 

The research o·r1 ·che l1ydrody11a111ic. lJel~1a•viour of the l~orth Sea 

was started by the Amsterdam Mathematical Centre shortly after 

the renowned storm surge of February 1st 19530 Under the 

supervision of the late Van Dantzig the applied mathematics 

department concentrated all efforts on the studJ· of simplified 

analytical rnodels. T11e fou1'1da•i:icJ11.s of this research v\1ere laid 

by Ho Poincar~ and Guio Taylor 2 Q In a number of papers 

and reports the Mathetnatical Centre gave a further development 

and ex~te11s1on c)f the theory C v-re 111.e11t1.o·t1. a report given by 

Van Dantzig 5 at Jche j_11ter1na.tJ.011.a~L co11gress of tnathematicJ.a.ni:-~: 

at Amsterdam 1954 and a paper by i:he san1e n11thor 6 offered at 

the GAivlM conference at SaarrJruci<:en 1950" \,.Jorl{ of the lVIathemati­

cal Centre is also contained in the final report of the Delta 

of the 

the 
Committee 7 . A systematic account of the research 

Mathematical Centre is given in a series of papers in 

Proceedings of ·cl1e IC011. .Ned .• Al,c. v" ~·Jet. of Amsterdam 

published in the Indagationes Ma.-·c1·1e111a.ticae under the 

heading 11 Tl"'le Nort11 Sea Problen1''. 

end of this paper. 

Cfo the bibliography 
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In this paper we shall consider some recent results obtained 

in connection with the analytical model of a rectangular shallow 

bay wl11cl1 at its open end is conne~ted to an ocean and which is 

bounded by three coastso In the analytical model tt1e depth is 

ta \<:en c or-1st a 11t o Fur t 11.er ·c l1e oc e a11. :Ls ass utne d ·to ~1a--v t::: an infinite 

deptho As we sl1all see this model may give a f·air description 

of' w 11 a t is go i 1-1 g o 11. i 11 t 11 e 1'-J or t 11 S e a. v·J 11 e r1 it is s u b J e c t e d t o a 

stortnf1eldc Of course local effects such as the influence of the 
Cha1·111el a11d Jche I·(atjcegat a1,,e lef't c)u·i: of considerationo 

Also the astronomical tide is disregardt~do 

7: 1·1 e a 1-1 a ~Ly t i c a 1 t11 ode 1 m a y· rJ e c1 e s c r ~L ·b r:: cl. 

l 111 e a 1: i z e c1 h yd r o c~l ~1·11 Ei 1n i c e ci ll (3 ·t i o 11. s 

----

and the equation of continuity 

The region is described 1Jy CJ s x ~ o 2 

,T=O'! 
' v 

3 

- . 

are coasts and y=b 

boundary conditions 

u· ·O for 

V 0 f'or 

(:) 
,"1 

1 or 

is the 0·1Jen enc1 

a.re 

a 11d x- .. a:; 

·y·-·· () 

y ..... b 

X .... a 

the oc..;eanc, 

t1.er2 we shall co11s1der only the f, . f"l !J th II case o a un1·orrn nor. ern 
wind 

u .... o 

!J 

It is assumed tha·t for I 

~ w• ,,;,- - 00 all devendent variables tend to .. 

zero expo11entiall:y 111~1- t·r1 tl1e -'cin1e 6 '11 he1--t \•.1e inay apply the techni­

que of Laplace transformation ~n tt1e sense of 
• 

NZ LP 

X:;Y~i? .. 
- co 

In view of the linearity of the model we may talce 

.. y t 
111111¥ - 0 
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without loss of ge11eral1ty. 

Physically this 1s a momentary disturbance of the sea surface by 

a sudden stress from the north. 

Postponing the details for a wl1ile we eventually arrive at a 

solution x,y,p holding of course for the par1 t1cular wind-
o -

field 1~ a.r1d 6 . }Io1,,Jev er, if vve ·ta l(e 

with an arbitrary time function the solution becomes simply .... 
... x~yJ·tJ 

0 
'f lJ • I11vers i CJl1 of~ 5 

. 

gives 

witl1 a vertical pa·tt1 of integra·tion. in -~he complex p-planeo By 

is reduced to the 
1 

' ,~-::. lr~, L~•1 ((J ,,__.,._ L J.. ... 
,.--.. 
. ' 

,:71 t·1 d t~ he ,~~ , _, 17 re s poncting residues. 

a Ex1)01--ie 11 t :.1_ al 'v··J 111 di' l e l d 
·1) 1 ·t 

C '1 e 

b Unit-step Windfield 

0 

! -· . 

- C 0 
'--

f' or ·i.: < O 

1 for t > 0 

c Step-sine windfield 

t 0 f'or, t < 0 
■----

0 ·:; 1~ Gt) t f' 0 :r'; 4- ),. 0 L, 11 __ .J 

c as e t r.-1t::-1 i 1-1 '"v e r rJ i o r1 f* or; rr1 u 1 a g J. v e s s i mp 1 y· 
•~1 "' l) ✓lt ~·· 

·- o x,y3p1 e - c2 o XiY,P2 

so that we need ·to determine the Laplace transfortn of for two 

particular values of p 0111y·o J~s we shall show below this calcu­

lation car1 be performed quite accurately. 

In the second and the third casej however, we need some 

l-c·nowledge x~y,p o Unfortunately 

it is not possible to obtain an explicit expression of this 
function

0 
However, it has been found possible by a process which 

is described in detail in NoS.P. VI to obtain A fairly good 

approximate analytical expression for ½a,O,p ioe. at the 
0 

• 
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mid-point of the 11 Dt1tch 11 coast y=O cor11 esponding roughly to the 

position of Den Heldero The analytic behaviour of this 

approximation which we shall denote by Z p is very similar to 

particular the a11alytical approximation enables us to determine 

the lowest eigenvalue of the rectangular bayo It turns out that 

this eigenvalue is a small real negative numbero This means that 

the lovJes·c free 1no•cio11. of tl1is l\Jor,tl1 Sea model is not a slightly 

damped oscillation but a pure dampingo 

The analytical solution has been worlced out with the follo­

wing numerical constants corresponding to realistic physical 

data. i11 connectioL1 v,1ith stc11::1n surges o1~ the f\rorth Sea 

4 l~>() lcn1 c:) 
0 

l+ )_!~ hr -1 
a ,. .... 

1J 80() ~{t·11 CJ " (J ~J E3 hr -1 

For the constant depth we take tl1e harmonic mean of the depth 

of the North Sea which equals approximately 

h 

In our ca.lcula.t101-is we have i11.trod1..lced a. na-'cural, u11i t of length 

a~ and a natural unit of time 

a 
=-

gh 
1 o 4 l1r o 

Tl1is means tl·1at a and b can be 1"eplacecl by 7C and 2rvo 

Fur·c11er tl1e correspo11dint?; values oJ~ .a ... a.~1d ?\ can be ta1{en as 

0.6 and = Oo12o Unless spec:Lfied otherwise we shall use 

from 11.01;11 011 only tl1ese 1~at·Liral uni·i:;s .. ~r1-1en we have also gh=1 r 

ioe. the unit of velocity i.s determined by the speed of propaga­

tion of the free waveso As regards the v1indfields a,b,c we 

a.lwa:y·s ·cal{e 1r1ax ,1 = 1 o In order t-;<-) see ~:1t1at this means we take 

the u11iform and s~ca.tiona.ry wincl.fJ.eld. U=1:_) ·v=-1 0 ~L1 l1e corresponding 

stationary situation is easily ol.Jta:Lned from the equations 1 
by putt ii1g· u=v··:0 0 rr11e s olut l~ on 1·• s s ~ 1 • • h l. lTIP, y 

13 

I-fence at the 11 Dutcl1'1 coast an elevat:Lo11. of 6 "28 u·t1.its is 
. 

obtainedo If we connect the stress at the surface with the 

the surface V8 in m sec it can be velocity of the wind at 
derived 

the unit 
cf. NSP VI section 2 that for t11e vc1lue of V =41 m sec 

s 
of the elevation is exactly one meter. In other words 
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formula 13 gives at y=O 

14 

st 

C 
1 

--.. -, - . ..... (1 '•'( _,,.,,,c...r 

V 
s 

'-·• 41
? 

··- ·) r.::. -- ) . - _.,· 

meter o 

·, 

represents a stori11 lasting foJ~ a1Jot1t 1; days with a slow rise 

a11d a sharp declineo Beyond t -· 2~~ the function 9 assumes 

v e 11 y 1 a r g e 11. e g a ·t i v e v a 1 u e s i3 o ·t 11 a. ·t: c.i 11 fJ r1 y· s i c a 1 re a 1 i t y is 1 o s t 

thereo Therefore all calculations carried out f1 or this wind­

field have to be stopped at tl1is po1r1t or soon tl1ereaftero 

The seco11d lrJi11.df"1.eJ.c1 may tell us i11 v\J11a·i~ \Jay tl1e tJta.tionary 

situation is approached when at ·t -- O everything is at resto 
For the t hi rd vJ i 11. c1 f j __ e 1 c1 we t a l{ e w -. 0 . 1 0 fa,. s e l11 i - ·per i o d of t he 

sine re1-;rese11.Jt~s a st<:Jrm lastj_11g a1)ou·c lt-4 l1rs. By this a very 

reasonable model of a storm is obtainedu Later on when discus­

si11g tl1e n-ctmerical soluJcion of· ·tl1e IJrolJlel11 obtainec1 by purely 

numerical methods we shall see what happens when w j_s variedo 
1L!· I e s 11 a 1 J_ now o "Ll -'c l i t1 e ~c ~.1 e v,1 a y i 11 1,~11·1 :L c h t 11. e 

tion is obtained. Starting from the e(1uat1ons 

find by perf·o1"t11i11g t1~1e La1Jl8C!e Jcral1sfc)1"'rr1ation 

eqtlatj~or1s 
• 

1)"1-A U - .. Cl V + -- u 
;(' 
.. * 

All I ,.,, 

15 p-t·· A V +..n.11 -l·- y V 
•. .,,,... .. t 

u -\-

~y + . ..., C) 
' j, . ., Q, 

J{ -

a11alytical solu-

1 and 2 we 

5 the set of 

Taking the momentary windf'ield 4 ·1 

EJnCl 
.... ,.,.., 

a.nd V . ~-1 we o1Jtain by eJ.irni11atio11 of ll 

equa.tion 

meaning that U = 0 

and v the l·Ielmholtz 

't¢A ·• 
•• n 

xx 

where 

17 

with the boundary conditions 

') -.1,1i.: 

c:.. 
- K.. 0 • lJ .... 

p 
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-'• 44'"111" 

+ n. +1 () for X 0 and X 
X y 

·- •••• 

18 ..0.. + p+?\ +1 0 for y 0 -
"( y .( 

0 for y=27C 

It is possible to solve this problem by an expansion which 
~ 

contains t1.,~10 i(elvin \"Javes and ·l::;v·Jo 1-L1fi·L'1ite sets of Poincare 

waves 
- :J' .a 

p+7\ 

1 s 11 ~ ·~:;7e- )!~ 
-l- A sh s -qy + x_jy,p - --- -- .... ..... ·• ~ 

rt, ch-~t K."1\:-

19 

+ 

where 

2() s -.o. 

.. 
sin 11X ·-8 COS 

·11 

Cj 

+ 

The unl{nown coefficients A and 
i.1 

tions at y=O and y=bo They lead 

of ... c l1e ' ·1:; ype 

,_ 

00 -
11· -1 

nx e 

T") 

.r::.1 
11 

to 

A B 0 
-2 

.. . + e 
21 n 11 () 

-2;,:; 7, 
'f 1.1 

A + 0 e -, 
.L..i --n 0 

0 

1~ • 
S lt1 

11 

- ),,J 27e-y 
11 

nx~t-6 cos n 

) 

nx 
-j) y 

e n + 

2 2 
v11 -- - n -!- K- , 

e --- p+?\ n . 
11 A J..in 

are determined by the condi­

two sets of linear equations 

where the order terms cantair11ng the contribution of the Poin­

car~ waves at tl1e oppos1·te l)oundary are al1nost n.egligible. 
1rl1ese equations can be sc~1lvecl a11ly nu111erically·. 111 i\JSF) VII the 

calculations are carried out explicitly for the two values 

L 

Eventually we a1"rive at thE! t·ollowing values at the i·r1idpoint of' 

tl1e rr D1.1 tch fl C ;~)a St 

• •• 

,31..,1 b s t i. t l-1 t i ~) n o i: t r1 e s e v a l 1.l e s i t1 t r:) ·1 ~:) g i ,.v e s t, 11 E: (~ 1 e vat i on a t 

-t-it, C.) as cl fL1nc;ti,:>n of ti11ie. ~L1r1i s is sJ:-1,.~)wn in figu.re 1 where 

it is comy)ared with the quasi-stationary elevation 2~f t i.e. 

the elevation which we wGuld obtain if1 at any moment the sea is 

in its equilibriu~11 position with respect to the windstress at 

that tilne. 1I'he same figure contains also the ele 1"r.s.tic)n for .0..=0, 

i.e. with absence of tl1e Cr:,1~iolis force .. We note tr1at for A - 0 

the following explicit expression can be derived quite easily 
...... 

22 x, o, p 
tanh 27tq 

q 

• 
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Using t11e expressic1n 1r:_~, a great, nLir·r1ber' '.Ji' valu.es 'Ji~ x, y, t 

have be e 11 c a 1 c u. l a t e d .. Fl r o rn i: he s e da. t, a a r1 u :11 be r '.-~) i:· l~> i c t Lire s 
l b , r1a ve -een c.trawn elevat.ic.)n at 

tl1e i11stant t ~ 0 ~ g~, It is c)f interest t~: nate that this 

rat 11 er s i 111 p 1 i f' i e c1 1r1 c:- cl e 1 k:S i "v e s , a t l e cl s t. q L.1 ,t 1 i t ::3_ t ~L v e 1 y ., a 1~ a t 11 er 

good lJicture '• 01 the true pa·ttern 0f the North Sea surfacev 

Cf. 4 .. 

It has already been said that the equations 

solved analyticallyo However, it has been found possible to 

c) b ta in a.Ppr ox i 1n ,3. t e cl r1 a 1 y ti c a 1 ex J-) rt~ s s i ~~1 n s f· c:~ r· t 11 e c lJ e f f i c i en t s 

A n 
'1C) 

+ _,; 

21 
• --

# .. , .. 

-1 ..,,... ,-. rI1h e 
,:_:: I I.I:; ,...J o 

a11d B . 
, ..... . l 

-0 i 1 1·J·· , ... t 1 -t- u· ·t -: ,· · ),1 ,,...., f 
... ) ...• ) ;_) ....... l,, . ...... .. i l. \._) . tt1ese expressi:)ns in 

·- -~ 

sr1 c1ef· - '7, . -­, . 
, I • I '-""' r ..... 

lowest eigenvalue 8f the m(1del corr·esponds 

of Z l'J 
r ) 

•• 
• ...... J wi tr1 the approxi1na t~J_(:.in 

• 

- ·"J 
·:·) r' - (~_1 • <) 5 '3 11 r .. -

1t.Ji th the 

,.., 
Y ==i ' ...... • 

By usir1g 

say at x to the windfields ·10 anc1 1"1) can be 

de t e rm ~L 1-1 e rl by s tan d ,3. rd. 1·r1 e t 1-1 (,) d s .. B' or t 1-1 e s t, e p - .f ~ n c t, i o r1 ,111 ind f 1 e 1 d 

we have obtained 

24 ½7t, 0, t 
- 0 U- ,-{, L1. t 

1..n .~1 ""'H"" u- ·--.,. ,.....1• e .. 
v-1 c.. r·..; -· .. ( t + 0 •• 

,-.l 1n t 1
n· i•· ~ 

...... ... I,._) function is given in fj_gure 3 tagether with the 

corresponding graphs for the cases (.; and 7\ :::.0.- (lo 

F·or the step-sine "\flindfielcl t,ve l1a've (JbtE1i1--iecl t-3 ee f' j_ gur'e 4 
-0. 0·7 4 t . 

25 .. l~ 0 t 
;2 '"'., , 

➔- O., 3 7· e -1-

f·igures 1 and 4- J.ead to the a.ssu1nption tl1at a fair prediction 

of' the 1·na xi 1n um e 1 e v a t j_ CJ t-1 at -}.-re () :1_ s o b ta i n e d b ~! t t? .. k j_ 11 g t 11 e ~. , 

max · 'J ·1G In fact the exact numerical values are as f'8llows~ 

the exponential windfield we have max 

wir1df'ield rnax ;;:::-: 5 (")3 
~ J .. - - . 

~ 5.90 and 

we obse1~ve 

imitates the wind-f1 unction 

for the 

that the 

with a 
step- sir1e 

elevation 

time-lag of' 

½"7\"j_, 0, t. 

a b(JtJ_ t 5 hours. 1'his is in agreen1ent with the 

observations in nature. 
The analytical treatment has already furnished us much 

insight into the hydrodyna1nics of a storm surge, yet is deficient 

in two respects~ First, altho11gh this is not an essential 
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restrictirJn of the 111etl1od, C1 l.ll.., t.reat111ent c:Jt1~;;iders only uniforn1 

windfieldsc Second, and thj_s restriction is essential, the 

method applies only to the idealized case af· a uniforrn depth. 

ciLli .Ice recently the N 1:.1 r· t 1,·1 :3ea l) r·o t, 1 e1n l1a s been at t.ac ked 

anew by purely nuinerical 111eans. This attack was 111ade possible 

by having at 0L1r disposal t1·1e electronic co1npute11 X1 which was 

put into use at the r1athematical Centre in the beginning of 

"l 96 0. 

Our first objective was to check the results obtained by the 

analytical method. ~rherefore we have considered the problem 

2 and 3 for an arbitrary buttom profile t~ith a fairly 

general windfield depending Jn x,y and t~ but still for a 

rectangular sea .. 

F1Clr the nu1nerical treat.n1ent we use the ei,ystE·r11 

the boundary conditions 3 • At first the equatior1s 

are approximated by 

2 with 

and 2 

26 

and 
2r1· 

u x_,y,t+A t 

V x,y,t·+At 

x,y,t+ At 

-

-

+ A t U X , y., t - gl·1 X X , y , t 

1-7,6.t v x,y,t -..0.A t Ll x,y,t + 

+ . X y t y ' , , 

x,y,t - &tu x,y.,t+At 
X 

+v X ·y· t + At . y , , 

The next approximation consists in replacing the partial 

derivatives with respect tc) x and y by sui.table differences. The 

essential problem is to set up a difference scheme which is · · 

stable
0 

However, the proble1n is in ger1eral not of the kind to' 

which the methods of' Lax and Richtmyer are easily applicable. 

Only f rJr Sl ==O 1·11ay a si1nple stability cri terior1 be de1,i ved .. 

rl'his c·ri terior1 has been used tc) adapt the tirne ir1terval ~ t to 

In the first difference sche1ne whicl1 we tried central 

differences were used such as 

23 .. X 
x.,y,t --~ 

When put on the computer the scheine proved to be stable for 

small values of A of the order of 0.1. However, for higher 

values of .n. str~rJng :Lnsta'b:i.li ties developed causing almost 

useless results at the Nortl1. Sea value of A =-
7 
.. 0.6. 
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In the second scheme ·the stream and the elevation were 

calculated at different poin·ts forming two interlacing netso 

St i 11 using; ce nJc ra 1 d i:f f' ere nee s a11c1 r11a i{i 11g appro1)r-:i ate changes 

at the boundary we obtained only sli~htly better results than in 

the previous scheme. It 1s not unlikely tl1at the instability was 

genera·ted at the corner points of the rectangular basin where 

bounc1a.ries of c1ifferen·~ natu.re, ocear1 ar1c1 coastJ meet eacl1 other, 

Tl1e final scheme which proved ·to be s·~able even for higher 

values oj: n uses 1n·l:erlaci1---1g nets i . .-1l1e1-ie eEicl1 sJcrean1 point eleva­

is s1...1rro1111c1ec1 1:;y a 11 sc11.1are 11 of e.le·va'cion points 

see f1g.5 . Tl1e par-~ial derivatives were 

re1Jlacec1 ·by averaged cer1Jcra1. dif'fere11ct=;s i c1 tjr-r)ical example of 

wl1ic 11 is 

20 
_,,"/ 

X 

~ 

I 
J - -~ ~-,· ~;.·---; 
' ---,_ 

+ 
A. X 

0 ,, ... ,,.. 
C- ... ,t,,. 

0 

At the boundaries we used weighted averages such as 

+ 

This scheme has been successfully applied to a great variety of 

ca.ses o Tt1e progra111 1.;tsed mes hes vJi th b. x--a,/24, /j,_ -y·==b 49 1i i oe. VJi th 

13 x 25 s-t;ream points a1~d '12 x 25 elevat~i.<.)11 "t:Joints. The time step 

~twas about 5 mino The program could accept an arbitrary depth 

functio11 h x,y a11d a windfield of thE type 

31 

VJe first considered the ar1alyt1.cal rnodel discussed aboveo The 

numerical results confirmed those obtained earlier by the analy-

tical me·chod, vJl'1icl1 provided a. cl1t.:;Cl-: 011 either1 met11odo Figure 6 

shows the values of for the step-sir1e windfield 11 

obtained by the two methods. Next we considered the same model 

but with a nor1-uniform depth h of the type 

32 

and a harmonic mean of·65 m. so that h varies 

between 30 m. and 160 m .. 

The exponential depth function 32 gives a mucl1 better approxi­

mation of the bottom profile of the North Sea and has the advan-



tage that it also permits analy·tical methods e.g4 when 

discussing the stationary problem, cf~. N.SoP. III . Figure 6 also 

shov1s tr1e elevation at -}x;o 'v•1l1.e11 the exponential depth 32 is 

taken. The various values of max 

approximate analytic expression 

numerical method~ uniform deptl1 

5.,93 
6 o ;I 3 

numerical method, exponential 

stationary elevation 

c1ept·h - 6.66 

6.28 

Tl1e nutnerical 1~11ethod ena1Jlec1 1.1s -"co assess tl1e influence of the 
-

damping cons ta.nt have c.a.lcula·cecl -}7C, O., t for a number 
• 

of"1 '"- -v a. l 1-1e s f"I or1 the mode 1 v'IJ_ t 11 t t1e ex·t)o11en t :i. a 1 depth 32 and 

the step-sine Windfield 11 . The res11lts are shown in figure 7. 

It appears that the elevation is rather insensitive to small 

vari3tio11.s or /\. 0 

Next we have considered a number of sine-windfields with 

di1""'ferent values of co O 
1.,·Je have l)lo:cted the resl1l ting elevations 

at i·7v3 0 in figure 80 Some sor1~ of) reso11.ar1ce j_s shown at w=Oo14 

where t~na.x ...... ···· 6 083" This resonance is s11cJv111 t11cJre clearly in 
.. 

figure 9 where we have plotted max • I 7G. I -·-, .1 •• 
--- 1 7 

• ::, CQ '-••' Q .J ... _, ., "" against w . 

These calculations indicate that a storm with a s1nusoidel 

time behaviour is most dangerous w1-1en it has a devation - ioeo 

the setni-period of tl1e sine- of a.1:,out 32 l1ours o F''t-Lrther calo ~,tions 

indicate that the worst direction for a storm is one which 

makes an ar1gle of about 12° wi·th the positive Y-axiso For the 

North Sea this means a deviation of some 25° from the North in 

VJestern directiono 
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