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0. Introduction

infthe fdlloWiﬁg ten sections we have tried to gilve a rather
' CGmpléte and sufficiently detailed treatment of the main notions
and concepts  of functional analysis which are indispensable for a
Qleér understanding of the theory'df generalized functions or dis-
tfibuﬁions. The material is mainly derived from the first chapter
of Gel'fand and Shilov, Generalized functions IIA(MOSCOW 1958, in
Russian). The material of the first few introductory sections is

derived from Kolmogordv and Fomin, Elements of the theory of functions

and functional analysis (Roch.1957) and Ljusternik and Sobolew, -
Elemente der Funktionalanalysis (Berlin 1955, in German).:
At a few places we have also consulted A.E., Taylor, Introduction
to Functional analysis (New York 1957) and the éncyclopaedic work
of Dunford and Schwartz, Linear operators, vol.I (New York 1958). °
. The following treatment is written'for the general reader., This
means that he needs no previous knowledge of topology or functional
analysis, nor need he'consﬁlt the textbooks on the subject. However,
those who are not Very‘fémiliar'With the language of functional
analysis are strongly advised to read the little book of Kolmogorov
and Fomin which is a very clearly written introduction to the' sub-

ject.

The topological treatméht of_géneralized functions was originally
given by L. Schwartz in a very elabbrate fashion in his two books on
distributions. However, they make hafd reading for the uninitiated
who is not a "Bourbakist". On the other hand, the approach of Gel'fand
and Shilov has made it possible to present the following self-con-
“tained treatment which may be followedeithout being involved in too
many topological details. The main cmphasis. is on the concept of a“ v
sequentially normed space which is soméwhere between the too general
linear topological space and the too special linear normed space.

A very important special type'of sequentially normed space 1s
obtained by taking the collection of all real functions @(x) of a
real variable -o0o < x <o which are infinitely differentiable and
which vanish outside the fixed interval (-a,a). This space will be

indicated by X(a). In K(a) a sequence of norms is introduced by
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HoGl, = max [ox)] . Te(x)]p = max [l Te GO} ...,
loGal, = max § 1o(x)] 5 o' () eens o™ 0N Lo

Next a suitable topology is introduced which implies that conver-
gence to zero of a sequence @n(x) (n=1,2,...) means that uniformly
in (-a,a) '

@n(x)~—r0, @é(x)«e:o,..., @nm)(x)*+-o,...

In this way K(a)_bgcqmés a special type of linear topological space
which does not héme;the topology of a Banach space but which has
. many properties in common with the latter tType of space,

Generalized functions or distributions of a single real variable
may be defined as continuous linear functionals (f, @) on the space
K which is the union of all spaces ¥(a) (a— o0 ). Many properties of
genebalized functions are reflections of the topological structure
of the sequentially normed spaces K(a).

Since there is a great variety of spaces like K(a) and K on
which generalized functions can be defined, an abstract approach by
means of functional analysis is of paramount importance. It can be
said that the concept of sequentially normed spaces and their unions
covers all important cases.

The set-up of the treatment given here is as follows.

Sections 1 and 2 are introductory. In section 1 the definition of a
linear space is given. In section 2 we consider a topological space
with a éuitable separation axiom. Section 3 on linear topological
spaces démbines t'e results of the preceding two sections. This
section is of fundamental importance for the remainder. We note the
definitions of boundedness, of a continuous linear operator and a
cdntinuous linear functional. It is shown that in the space of all
continuous linear functionals a strong tonology and a weak topology
can be introduced. In section 4 we consider a metric space and in
particular a linear metric space, which is a special kind of to-
pological space., The most important theorems here are those of Baire
(theorem 4.1) and of Banach (theorem %4.6). Further in vicw of later
applications in section 9,something is said about compactncss and a
proof of the well-known theorem of Arzeld-Ascoli is given (theorem
4., 4), In section 5 we consider the more familiar normed spaces. Some
properties are derived from those of a linear topological space and
a linear metric spacc by making suitable specializations. It is shown
that to each continuous linear operator and in particular to each




continuous linear functional we may associate a norm in which the

strong topology finds a simple expression. In this section we meet
thé sp—ca1led'prihciple-of uniform boundedness which is:of funda-
mental. importance. The main theorem is that of Banach and Steinhaus
(theorem 5.3). We note that this principle rests upon Baire's theorem
quvthe.preoeding section. As another important principle we mention
Ehe_#hegrem of Hahn-Banach (theorem 5.6) on the continuation Of a_

Vgontinuous Tinear functional: In view of later applications a proof
'ié giVen'of,the representation theorem of Riesz (theorem 5.10) on a
cdnfinuous linear functional on the space C(O,ﬂ) of all continuous
functions @(x), O¢x ¢1. In section 6 the definition of a sequential-
1y normed space is given and it is shown that a s.n.s. may be con-
sidered as a linear metric space with an equivalent topology. This
fact makes it possible to apply e.g. Baire's theorem which leads to
the useful lemma of theorem 6.2. Further a proof is given of the
theoretically important fact that the topology of a s.n.s. is es-
sentially different from that of a normed space., The subject is con-
tinued in section 7 where in particular the properties of continuous
linear functionals on a s.n.s. are studied. Many properties are
either specilalizations of more. general properties for a linear
topological space or generalizations of more special properties for
a normed space. The principle of uniform boundedness appears here

in the theorems 7.2, 7.4 and 7.7. We note in particular that in the
conjugate space of a s.n.s. the notions weakly bounded and strongly
bounded are equivalent., We mention also the important fact (theorem
7.5) that the conjugate space is complete with respect to weak con-
vergence, In this section 1t 1s shown by means of Riesz!' represen-
tation theorem that an explicit form can be obtained for continuous
linear functionals on the space K(a). In section 8 something is said
about linear operators mapping a s.n.s. X into a similar one X?
Also for continuous linear operators a convergence in the weak sense
can be introduced. It is shown that the space of continuous linear
operators T(X-—X") is complete with respect to weak convergence
(theorem 8.4). In section 9 we discuss perfcct spaces, which are
sequentially normed spaces with compact bounded subsets. Perfect
spaces enjoy a number of nice properties. Theorem 9.2 says that in
the conjugate of a perfect space weak and strong convergence are
equivalent. Further a perfect space is separable (theorem 9.5). In
the conjugate of a perfect spacc bounded sets are compact as in the

original srace (thecvem 9.4) . 5 is shown that in particular K(a) is a
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peffect'spadé, The last sectlon does not contain essentially new
featurgs.‘A definiti@n is given of the union X(w) of a seQuénée of
séquéhﬁiélly normed spaces X(m). The properties of the union are
always reduced to those of its constituting members. In the union
VX(w)AnO spe01al topology is introduced but we restrict ourselves to
the 1ntroductlon of a weak convergence. As an obvious genefallzatlon
of a former result it is shown that the conjugate X( )! is’compleﬁe
with respect to this (weak) convergence. This section closes with'a

few remarks on linear operators,
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1. Linear spaces

group of axioms:

X+y=y+x
x+(y+z)=(x+y)+z for each x,y and z,
for each x.

For each x there is a

defined a second element of X,

For the scalar multiplication there are two axioms

TIT. Addition
to each other,
K(X+y) = UX+ ®Y.

(¢ +p)x=ax+ B x,

R

A get X of elements X,¥:Z,...
the following conditions are satisfied:

I. X is an additive Abellan group.

This means that for any two elements x,y € X there is uniquely defined
a third element z € X, called their sum and written as z=x+y. The ad-
dition is commutative and associative, there is a zero elementvo.q)
and each element X has an inverse -x. Formally we have the following

for each x and vy.

-X such that
These axioms imply that the zero element ig

element the inverse is uniquely determined.

IT. For each element x e X and each real number & there is uniquely
called the scalar product and written

and scalar multiplication are distributive with respect

From these axioms the following rules can easily be derived.

X

0

X

X

he set of all vectors (or points) in Euclidean 3-space forms a special
case of a linear space. An abstract linear space embodies so many
features of this particular case that words like vector have been taken

over into a more general context. Thus a linear space is often called

a vector space and the elements are called vectors

Pk E e N

1) The fact that the zero element of X and the real number zero are indi-
cated by the same symbol should not cause confusion.

is said to be a linear space if

unigue, Further for each

Il

il

implies ®=0 or

s
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In the foregoing iﬁ was assumed that the scalars o, p,...»Were
real numbers. To emphasize this the space is sometimes called a real
linear space. With the same set of axioms it is possible to define a
somewhat more general type of linear space for scalars belonging to
some commutative field. However, we confine ourselves to the two
fields of real and complex numbers, respectively.

A subset M of X is called a linear manifold if with x and y any
linear combination cxx+/3y belongs to M. It will be seen at once that
a linear manifold is itself a linear space., Therefore it may be called

a subspace, _ _
A finite set 'of vectors xq,xz,..,,xm is said to be linearly

dependent ff there exists a set of scalars 04, ag,,,,y o not all
zero, such that

(1.5) L KE &Nt b X =0,

If the vectors X sXps e, X ATE not 1inear1y dependent the relation

(1.5) would 1mply o= ®,=...=% =0. In that case the vectors are
said to be linearly independenﬁﬁ”An infinite set of vectors is called
linearly independent if every finite subset is linearly independent.

If X contains n linearly independent vectors but if every set of

n+1 vectors is linearly dependent the space X is said to be finite
dimensional with the dimension n. Otherwise the space is said to be
infinite dimensional. As we shall see the spaces of greatest interest
for us are infinite dimensional. If X has a finite dimensional sub-
space M with the dimension n any set of n linearly independent vectors
X is said to be a base of M. Any eclement x ¢ M can be ex-

X/‘3X23n--
pressed as a linear combination

(1.6) X o= §oxgt FoXoh. b F o X,

A linear operator is.defined as a transformation T which trans-

forms the elements x,y,... of a linear space X into elements T%X,Ty,...

of a linear space X1 and for which

T(ax+py) = «Tx +8 Ty.

The points x e X, upon which the operator can be applied, constitute
the domain of T. The points X, € X,l which are obtained as xqux con-
stitute the range of T. Hence the domain is all of X and thec range

is a part or all of Xq. Obviously the range of T is a subspace of ¥ e
If Tx=Ty implies x=y the operator defines a ocne-to-one mapping between

two linear spaces so that T has an inverse 7, Obviously ™1 is also




linear. It follows easily from the linearity of T that an inverse
of T exists if and only if Tx=0 implies x=0.
For linear operators T(X-4}X1) an addition and a scalar multi-

‘plication can be defined by

(T4+T2)x = T, x+T X,

(o T)x = & (Tx).

If we define the zero operator as the tranéformation which maps all
elements of X into the zero of X, it 1s easily scecen that the set of
all linear operators T(X —X 1) is itself a linear space.

We shall now introduce a number of oefwnlcwons and notatlons
which will be frequently used in the subseouent sections.

If S 1s a subset of the llnear space X then the set of all ele—
ments &« x for which x¢ S 1is written as &3, In case & =-71 we write
-3 for (-1)S. If R and S are subsets of X then the set of all ele-
ments x+y for which x<¢ R and ye S is written as R+5. We note that in
general 28#£5+3, | | - |

A subset S of X is said to be symmetric if -3=3, v

A subset S of X is said to be convex if &S+(1-«)S=S for all &
withTO§ o 51, 7

: A subset S of X is saild to be balanced if mS?:S for all o with
] 1.

A subset S of X 1s said to be absorbing if for each element x ¢ X
there is a scalar o« #0 with x ¢ a3, | ’




2. Topological spaces

A set X of elements x,y,z,... is said to be a topological space
if there is a family of special subsets called open sets which satis-

]

y the following axioms
0

The empty set and the whole space are open.

/‘
go The union of open sets, even uncountably many, 1is open.
10 The intersection of a finite number of open sets 1is open.

The family of open sets 1s sometimes called a topology for X. Some- .
times we consider several topologles for the same space X. If we have
two tdbdlogies Tq and t2 for X and if every member of T, is also a
o We say that the topnology rq

T 5 is stronger than T Thus . the stronger topology has more open

member of T is weaker than T, or that
sets,

A set S of a topological space is called closed if its comple-
ment S' is open. It follows from the axioms that the cempty set and
the whole space are also closed. Further, that the intersection of a
collection of closed sets 1s again closed, and that the union of a
finite number of closed sets is again closed,

Any open set which contains a point x is called a neighbourhood
of x. A point x is called a limit point or accumulation point of a

set S if every neighbourhood of x contains a point of S distinct from
x. Clearly a closed set may be characterized by the property of con-
taining all its limit points. The closed set which is obtained from
an arbitrary set S by addition ol all its limit points 1s called the

closure of S and is denoted by S.

: 40 0 ,0 : A , . ;
To the axioms 17 27 3 we add a fourth axiom of a special nature

and which is called a sgeparation axion
o} o . . .
§ Each set consisting of a single point is closed,

This axiom can be replaced by other velat=d axions which may lead to
topological spaces of a slightly less general type. We shall, however,
not enter.into this question. The ceparation axiom stated above has
the following simple but important consequence, |

If X, and X, are distinct points there exigts a neighhourhood of
X, which does not contain X5. In fact, the set which is the complement
of the.single point X, 1s open and contains X

A system B of neighbourhoods U of x is saild to be a base at x if
each neighbourhood of x contains a member of B.
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Example S .
Consider the points of a Euclidean plane. A base at the origin (0,0)
may be formed by ‘the open 01roles x2+y2< n"° (n=1,2,...).

A topologlcal space which has a countable base at x is said to
satisfy the first axiom of countability at x. In that case we may
suppose that the neighbdurhqqu Un‘(n=1,2,...) are ordered in such

a way that U D UZD‘Uﬂ . . Then the base is called a shrinking

base,
- The set S is said to be dense in X if 1ts closure is X, If there
exists a countable dense set in X the space X is said to be separable.

Example
X consists of the real points x in (0,1). The rational points form a
countable set which is dense in X. Hence X is separable.

The sequence x_ (n=1,2,...) is said to converge to the limit x,
lim x_ = X,
n

if for each neighbourhood U(x) of x there is an index N such that

x, ¢ U(x) for n>N. . -
If % is the limit point of the set 3 and if X has a countable

base at x then it 1s possible to select a sequence X, of elements of

S for which lim X =X, The proof is simple., However, the proposition

may ‘be not true if X does not satisfy the first countability axiom.

Example

X consistgof all real bounded functions f(x) defined on the interval
(0,1). A neighbourhood of fo(x) is obtained by taking all f(x) which
for a given positive & satisfy

at a finilte number of points, say X% e, X

o m | :
We consider the set S of those functions g(x) for which g(x)= 1 with
a finite number of exceptions where g(x)=0. The function g(x)=0 is
clearly a limit point of S. However, it is not possible to select a

sequence g ¢ S which converges to 0.

The set S is said to be (sequentially) compact in X if each in-
finite subset of S contains a converging sequence of distinct elements,
We note that in this definition the 1limit -ofthe sequence does not

necessarily belong to S.




-11-

The concept of an operator and its inverse can be introduced
as in the previous section.
The operator A which transforms the points x of a topological space

X into the points X/i of a topological space Xq_iswsaid to be con-

tinuous if for any neighbourhood Uﬂ of»xq there is a neighbourhood

1°

U of x the image of which is in U
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3. Linear topological spaces

‘A set X 5fze1emen£s X,V5%Z,... 18 said to be a linear topological

space 1f the following conditions are fulfilled:

I. X is a linear space.
II. ”X'is_a_topolcgical space., |
TIII. Addition and scalar multiplication are continuocus in the

topology of X.

In particular the continuity of the addition

means that for any neighbourhood W of Z there are neighbourhoods U
of x_ and V of yo such that U+Vec W,
In particular the continuity of the scalar multiplication

N X =
OOyO

means that for any neighbourhcod V of Yo there is an ¢ ~-neighbourhood
of = and a neighbourhood U of x_ such that for |A-nl<& AUV,

From the continuity of the addition it follows that the topo-
logy in X is completely determined by the neighbourhoods of zero.

In fact, translation of the neighbourhoods U of zero vy means of
V=x+U determines a system of neighbourhoods V at x which by virtue
of the continuity is equivalent to the original system at x, 1.e. in
every neilghbourhood of fthe translated system there is a neighbour-
hood of the original system, and vice versa.

Therefore, the topology in a 1.f.s. is completely determined by
a base of zero-neignhbourhoods.

From the continuity of the scalar multiplication it follows
without difficulty that if U 1s open then also A U is open for all
A#£0, If U s a neighbourhood of zero a balanced neighbourhood may be
formed by taking the union of all aU with lals e for some positive &,

Therefore any base of zero-neighbourhoods can be transformed
into a base of balanced zero-neighbourhoods,

We shall now givé an important example of a 1l.t.s.

Example

The space K(a) consists of all infinitely differentiable functions

¢ (x) on the interval (-0 ,c0) which vanish outside the interval
(-a,a). The linear relations are the usual ones. The zero-neighbour-
hood U(m,&) is defined as the set of those @(x) for which




(3.1) - max 1¢(x)]¢a , max Je'(x)|<e j.,.,max.]@(m)(x))< £ ;

the collection of Zero~neighbourhoods consists of all U(m,¢) with
m=0,1,2,... and £>»0, It is easily seen that by this a topology

in K(a) is defined. Further it 1s clear that there is countable base
at zero (take &=1, %3 i ;...) 50 that the space is separable.
Convergence ¢ _(x) — ¢(x) means that each derivativeqé?kx)(j=031,2,.“)
tends uniformly to the limit ,?(J (x).

A set 8 in a 1.t.s. is said to be bounded if it is absorbed by
each neighbourhood U of zero, i.e. if for each neighbourhood U of
zero there 1s a positive real » for which S « aU.

The set consisting of a single point x is bounded since xx —> O
for a —0,

If the sets S1 and 82 are bounded then' the same is true for
thelr union and thelr arvithmetical sum. If in particular 82 consists
of a single point it follows that translation does not destroy the
property of boundedness.

A seguence of elements X which éanefges7to a limit x forms a
bounded set. In order to prove this we may adssume x=0, Since any
neigbourhood of zero contains a balanced neighbourhood it is suffi-
clent to prove the absovrbing property for an arbitrary balanced
neighbourhood U of zero. Since for some N x e U for n>N the proof
can easily be completed, '

The closure of a bounded set is also bounded. The proof de-
pends on the property that any neighbourhood U of zero contalins a
smaller neighbourhood V such that Tc U, A topological space which
possesses this property is said to be a regular space. The proof
that any linear topological space is regular depends on the con-
tinuity of subtraction. In fact if U is an arbitrary neighbourhood
of zero then the continuity of subtraction secures the existence of"

/ and V2 for which V14V2c U. The intersection of‘V4
and V2 contains finally a neighbourhood VW for which it is easy to
show that W <U.

Theorem 3.1 . A set S is bounded if and only if for every sequence

x €8 (n=1,2,...) the elements~xn/n converge to zero.

neighbourhoods V

Proof ., Elementary. _
Next we show that in any linear topological sbpace compactness

always implies boundedness.
Theorem 3.2. In a linear topological space any compact subset is

bounded.




DI

Proof, , ,

We shall show that a contradiction is obtained if Sc X is compact
but not bounded, If S is not bounded there exists a seqguence

x, 8 (n:ﬂ?Q;..}) and a zero neighbourhood U such that Xn/nng.
Then the sequence X is itself not bounded and has no bounded
subsequence. But then the sequence contains no converging subse--

quence'infCOntradiction to the assumption of compactness.

The definition of a continuous linear operator A which trans-

forms a 1.t.s. X into a 1l.t.s,. X,l is dmplied in the definition of

linearity in section 1 and that of continuity in section 2. We re-

peat: |
The operator A is said to be linear and continuous if the
following conditions are satisfied

O

1 Alax+py) =aAx +p Ay,

20- For any neighbourhood V of Ax there is a neighbourhood U of x

the image of which is in V.

An operator which transforms any bounded set into a bounded
set is said to be bounded. The following two theorems express the
fact that in a space satisfying the first axiom of countability
pounded linear operators and continuous linear operators are iden-
tical.

Theorem 3.3. Each continuous linear operator is bounded.

Proof.

Let A transform the bounded set § into a set S' and let XA be an
arbitrafy sequence of elements of S'. Then there 1s a sequence X,
in S such that Ax _=x'. Sinrce xn/h — 0 and A(xn/n)zxg/n also

xg/n-*0. Therefore S' is bounded.

TheOPGM»B.%L If in X the {first axiom of countability is satisfied

each bounded linear operatof'is continuous.

Proof. '

If A is not continuous then there exists a zero neighbourhood V of
X' and a shrinking base U_ (n=1,2,...) of X for which it is pos-
sible to find elements X, € n—qUn with Axn¢'v. The sequence nx, is
bounded, and even.converges to zero., Hewever, it is easy to see
that the transformed sequence XézhAXn is not bounded.

From these two theorems the following conclusion may be drawn:

Theorem 3.5. If X satisfies the first axiom of countability a

linear operator A is continuous if and only if xn~+-0 implies

Axn»e»O.
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Application. In the space K(a) the operator of multiplication by x:
Ag(x)=x¢(x) =w(x)

is a continuous linear operator, Convergence @h(x)->0 means that

yéJ)(x)—n#O uniformly in x for j=0,1,2,...

v ) 2 x el ) v 56D

Since

also WVn(X)'~ﬂ-O in K(a). Therefore A is continuous.

An operator f which transforms the elements x of a 1l.t.s. X
into (real) numbers is called a (real) functional.
The functional (f,x) is said to be a continuoug linear functional

if
1° (fo,ax+py) = o«(f,x) + p(L,y).
2% For any & > O there is a neighbourhood U of zero such that

| (f,x){<e for xeU.

This definition is clearly a specialization of that of a

continuous linear operator. -

Example
In the 1.t.s. K(a) a functional is defined by
3.2) . () = [ o™ () ux),

o -a : ,
where /u(X) is a function of bounded varlation and where m is fixed.

The functional 1s clearly linear. The continuity can be shown as fol-

lows. Take the zero neighbourhood

IR

max {}@(X) s !?'(X)lj.g.j

then (3.2) gives
f(f, ?)l <« & var u(x)

from which the continuity follows at once,

A functional which is bounded on any bounded set 1s said to be
bounded. Also this definition is a specilalization of the correspond-
ing one for an operator. Again in a space with the first axiom of -
countability a continuous linear functional is bounded and conversely.
For future reference we merely 3tate the following specializations -of
the theorems 3.3, 3.4, and 3.5.

Theorem 3.6, A continuous linear functional is bounded.
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Theorem 3.7. In a space with the first axiom of countabllity a

bounded linear functional is continuous.

Theorem 3.8. In a sgice with the first axiom of countability a
linear functiongl(f,x) is continuous if and only if xn—é-o implies
(f,xn) -0,

For continuous linear functionals f,g,... on a 1l.t.s, X addition

and scalar multiplication can be defined by
(3.3) (afrpg,x) =a(f,x) +a(z,%).

Hence the continuous linear functionals on X form themselves a
linear space X' said to be the conjugate of X. :

A topology in X' can be introduced by defining as neighbourhood
of zero the sets U(E,xq,xz,.,.,xm) consisting of those f for which

(3.4) [(eax ) lee , () lee oo, [(ex )] <8,
where xﬂ,xgj...,xm are an arbitrary finite set of X.

The verification that X' satisfies the axioms of a 1l.t.s. is
left to the reader.

The topology introduced in this way is called a weak *opc.ogy. The
topology of the conjugate space does not satisfy the first axioms of

countability except in trivial cases.
Convergence in this type of topology is qalled weak convergence,
Convergence of a seguence fh to a limit f means here that for each

element x of X we must have

(fhﬂ

The weak topology in X' further allows the introduction of
notions as weakly bounded etc. o A
A, A sequence fn is called a weakly fundamental sequence 1f for each
weak neighbourhood U of X' there exists a number N such that
fm—fn belongs to U for each m and nz N. The conjugate space X' is
called weakly complete 1if every weakly fundamental seduence has a

1imit in X'.

- A different type of topology in X' can be intrcduced by defining

02

a system vancighbourhoods of zero with respect to an arbitrary

bounded set B< X and a positive constant & as foll u%_ The neighbour-

o
1

hood of zero U(B,&) 1s the set of all elements fe X' satisfy

'

|

nz

sup | (f,x)] < € for all x e B.

T
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The collection of neighbourhoods is then the set U(B,e) for which B
is bounded and &3>0, R
The verification of the: axioms of the 1.t.s. may be left to the
reader. The latter type of topology is called a strong topology.
This topology may not satisfy the first axiom of countability either.
Convergence in this type of topology is called strong conver-

gence, Convergencevfn»enf in the strong sense means that

(fnjx) ~ (f,x) uniformly in every bounded set.

B. A sequence fn is called a strongly fundamental sequence if for
each strong neighbourhood U of X' there exists a number N such
that £.-f, belongs to U for cach m and nj N, -
The congjugate space X' 1s called strongly complete if every

strongly fundamental sequence thas a 1limit in X',

It is obvious. that the strong ftopology always includes the weak
topology so0 that C,D, a strongly convergcnt'ocquence is always weakly
convergent, Conversely completeness in the weak topology implies

completeness in the strong topology. ‘

Theorem 3.9. If X satisfies the first axiom of countability the
conjugate X' is complete in the stfdng‘sense;
Proof, N
Let fn be a strong fundamental sequence. Then for each x X the
sequence (fnﬂx) defines a limit (f,x) which obviously represents a
linear funct 1onal There ra2mains %o show its continuity. Applylng
theorem 3.7 it is Du”P101cnt to show that (f,x) is bounded on any
bounded set B. But on B the numbes (fhﬁx) are bounded and uniformly 
convergent to 'f£,:). Hence the. linit (fgx) is also bounded on B g.e.d.
According to tiie general def nision the s3ubset S of X' is bounded
in the strong sense if for each (strong) zero neighbourhood there is
a constant ™ +0 with 7u8c:U; However, a less Zormal definition may be
~given in the following wav, e : ' -
The subset S of X' is said to ke itouanded on the -ubset A of X if -the

£ e ’n sl

numbers |(f.x)| are bhoundad fo 58, X&h l.e, if

(3.5) sup [(f,x)] < 20.
Zah,fe S

We shall show that 3 1 sftrongly bounded 17 and only if S is bounded

on every bounded gubset A of 7,




Proof'.

10, Let S be strongly bounded.

If A is a bounded subset of X a strong neighbourhood of zero U(A,1)
exists consisting of those f for which
sup | (£,x)] < 1.
. Xeh
The boundedness of S means that aSe<U for some A . Hence it follows
that . -
%(f,x)} < 1/~

for all feS and x €A,

2° Let S be bounded on an arbitrary bounded set A. Let U(A,¢) be a
strong neighbourhood of zero, i.e. a set for which

Csup | (£.x)|< e,

X &
Since we know that S is bounded on A we have l(f,x)l < C for feS and

x ¢ A, But this means AScU for a= £/C,

We may prove that, at least for spaces satisfying the first
axiom of countability, a strongly bounded set S is not onl, bounded
on all bounded subsets A cX but that S is also bounded on some neigh-
bourhood of zero. We note that a neighbourhood of zero is not neces-

sarily a bounded set.

Theorem_Bfﬂo. If X satisfies the first axiom of countability then
any strongly bounded subset S ¢ X' is bounded on Some zero neighbour-
hood of X,. | ' |
Proof.

Let an'U2:>,.. be a base of shrinking zero neighbourhoods. vathe
lemma is not true then for each n (n=1,2,...) we may take an element
x & U and a functional f e 5 such that }(fnjxn)\> n. Then the
sequence X, converges to zero in ¥ and is therefore bounded. Because

S 1s strongly bounded it is bounded on the set z and there 1sa constant

C with [(f,x )] < C for feS and all n. Hence a contradiction is ob-

tained.

Obviously the converse of this lemma is true irrespective of

countability.

.
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4, Linear metric spaces

A set X of eleﬁents X,¥sZ2,... 18 said to be a metric space

if to each pair of elements x,y there is associated a nonnegative
real number d(x,y) called the distance and: which satisfies the

following conditions.

1% da(x,y)=0  if and only if x=y
2% a(x,y)=d(y,x), (symmetry)
jf_ d(x,y) + d(y,z) z d(x,z), (triangle inequality).

A metric space is a particular case of a topological space.

The open nelghbourhoods at x_ are defined as the sets U(Xo,e) of

those points for which ’
d(x,xo)< 3 (e >0). |

The neighbourhood U(xo,é) may be called an open sphere with the

radius &¢. At any point the neighbourhoods are determined by a

countable base of nesting spheres (e.g. €= 1, 5, %3.,.¢).

Convergence X X in a metric space means that d(xn,x)~a0.

The following example shows that a metric space may not be
separable, ' ' |
Example
Consider the set of all bounded seguences x=(x13 xgg.,.) of real
numbers.It 1s easily seen that a metric space is defined by

d(x,y)= sup | xJ.—yJ.; (j=1,2,...).

The subset of all sequences x with X either zero or one is
certainly not countable (real numbers in (0,71)). The distance
between any two elements of the subset is 1, If to each element
of the subset we associate spheres of radius 4 a not countable
system of disjunct (spherical) neighbourhoods is obtained which
excludes the possibility of a countable dense set: any dense set
must have at least one member in each sphere, '

A sequence x_ (n=1,2,...) of points of a metric space is

said to be a fundamental sequence or. a Cauchy sequence 1f for each

¢ > O there is a number N(&) such that

d(x sX ) < e for all m,n > N(¢g),

m

- It follows directly from the triangle axiom that every con-
vergent sequence 1s fundamental.
If every fundamental seguence in X converges to an element

of X the space 1s said to be complete,.




Example

The space of all continuous functions f(x), Ogx <1 with the

metric. _
“(¢;ﬁ)‘f ' a(f,g) = max | f(x) - g(x)‘
is a complete metric_spacefj'

A complete metric space Xk-is said to be the completion,
of the (not necessarilycomplete) metric space X if X is a subspace
of X which is dense in X

Every metric space can be embedded in a complete’Space by
a procesé of completion which is analogous to the extension of
the class of the rational numbers to that of the real numbers,

Theorem 4.1 (Baire)

If a complete metric space»X is the countable sum of sets

Sn (n=1,2,...) then at least one of these sets is dense in some

sphere,

Proof o

y S : s < S3 C L.
were not true a contradiction would be obtained in t'e following

We may assume that Sﬂ < S If the proposition

way. Take an arbitrary sphere R in it there exists another

sphere Rq which contains no poigts of 81 ; in Rq there exists
a sphere Ry which contains no points of Sg etc.

We obtain a sequence of nesting spheres Rn the radius of which
may be chosen < 1/2n say. It 1s easily seen that the centres
form a fundamental sequence which has a limit xeX in view of the
completeness of X,

However, by the construction x belongs to no Sn' Since X is the

union of all Sn a contradiction is obtained.

The latter theorem may also be put in the eguivalent forms

Theorem 4, 1%
If a completevmetric space X is the countable sum of closed sets

Sn then at least one of these sets contains an open set,

Theorem 4.1b ‘
It is impossible to obtain a complete metric space as the countable

sum of nowhere dense gets,

By a nowhere dense set is obviously meant a set S in X such that

T
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the closure S does not contain an open set,
Baire's .theorem may be considered as an existence theorémlgf_the
same kihd_as e.g. the principle of Bolzano-Weilerstfass. Many .
importaﬁt theorems such as Banach's theorem of the inverse
operator and the Banach-Steinhaus theorem on the principle of
uniform boundedness depend ultimately upon Baire's theorem.

'Thé following;related existence theorem demonétrates the

applicability of Baire's principle.

Theorem 4.2

Let 'S be a convex central;symmetfic closed absorbing set in a

complete linear metric space X,then S contains a neighbourhood
of zero, '

Proof

The union of all sets nS (n=1,2,...) gives all elements of X.
Hence according to Baire's theorem in the verdion of theorem 4‘1a
some-set mS contains a sphefe. Then the same must be true for S,
The remainder of the proof follows geometrical intuition.

For let S contain the sphere (xo; P) then S also contains the
opposite sphere (-xo, p), Since S is also convex 1t contains the
cylindrical region determined by these spheres, i.e., the convex
hull. Then S finally contains the sphere (0,p).

We recall the definition of compactness. A set S in a metric
space X 1s compact 1f every sequence in S contains a subsequence
which converges to some element of X. The concept of compactness
is closely related to that of total boundedness which will be
introduced now. ' ]

The set R 1s said to be an &-net with respect to the set
S in a metric space X if for any point xe&S there is at least
one point a& R such that ' ’

d(a,x) < €,

The set S is saild to bz fotally bounded if X contains a

finite ¢&- pet with resp=ct to S for every positive &.

It is obvious that a totally bounded set is bounded 1.e. 1s
contained in some sphere, However, the converse need not be true.
Further, if S is totally bounded then also its closure S is
totally bounded,

In particular S may be the whole space X. If X is totally bounded

it 1s separable. In féct, construct a sequence of (&€ = 1/n) nets.

The union is obviously dense in X.



Theorem 4.3 (Hausdorff)

In a metric space X any compact set is totally bounded., If, more-
over, X 1is complete any totally bounded set 1s compact,

Proof

1. Let S be a compact set.

If X contains no € -net for S it 1s possible to construct a
sequence x_¢& S (n=1,2,...) such that d(xi,xj)g 3 for any
pair 1i,j.

However, this means that xn.does not converge and does not contain
a converging subsequence, This contradicts the assumption of
compactness, |

2. Let S be a totally bounded set in a complete metric space.

We consider a sequence R, of & -nets with € = 1/n (n=1,2,...).
If 8 is a given infinite sequence of points X of S then R,I con-

tains a point r such that a sphere of radius 1 about T4 contains

/IJ
an infinite subsequence S 4 of s, Next R2 contains a point rs
such that a sphere of radius 1/2 about rs contains an infinite
subsequence 85 of PP Continuing this process a sequence of

sequences 8, o B85 D 3, ™ .... 1s obtained, say

3
o 19 12 Fq3
o - F*oq Foo Fp3z e
3] X
3 31 ¥32 F33
The diagonal subsequence X4qs Xoos x33 is fundamental since

all Xn for n2 N belong to a sphere of radius 1/N,and converges
to a 1limit in S in view of the completeness of S.

Therefore S 1is (sequentially) compact.

In analysis one of the more important metric spaces 1s the
space C(0,1) of all continuous functions f(x), 0sx ¢71. The metric
of that space has been given above by (4.1). There is an important
theorem concerning the compactness of a subset in this space whichis
due to Arzela and Ascoli, First we need a definition.

A set of functions is said to be eguicontinuous for every

¢>0 there is a J > 0 such that for all funections f(x) of this

set
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whenever . - {xq—x2¢'< a“(a) -

Theorem 4.4 (Arzelad) , ,
A set of continuous functions in C(0,1) is compact if and only

if it is equicontinuous and uniformly bounded.
Proof o ‘72 ,
1, Let S be a compact subset,
We know already that S is bounded i.e. uniformly bounded, The
preceding theorem says that there existsa finite 1/3 &£-net
consisting of Bqs BoseesB -
Each function gk(x) (k=1,2,...,m) is uniformly continuous so
that there is a Jk such that

igk(x’) - gk(x“ )l < %-& for ix'—x“} < J&.
Put J = min I then for ix‘mX'”) < J we have

if(x’) - f(x" )%é ff(x‘)—gk(xf)* + ff(x”) —gk(x”)) +

He(x1) g (x") | < ¢ .

(with a suitable auxiliary gk).
2. Let S be equicontinuous and uniformly bounded.
The rectangle Ogx ¢71 , —NIgy’;WI; where M is the upper bound
of Jf(x)|, is subdivided into cellé with horiz@nﬁal sides of
length < ¢ where J1is such that | £(x')-f(x")| < %e if
{x'—x“|<&'simu1tanecus1y for all f e &, To every function
f(x) & C (0,1) we assign a polygonal arc ‘p(x)-With vertices at

the mesh points?and'such that

| £(x,) - plx )] <

RS2 BN

Therefore

| el )-plx )] 8 | elx)-2) |+ 1ol - 205, )]

L0yt ) < 2

Since p(x) is linear between x, and x4,

[pplx )L« B¢ o nesx aagn

we have

Let x be an arbitrary point andﬁxk‘be~the subdivision point which

is closest to x from the left., Then

etx)-p(] s | 2x)-200] = | 2lx)-pix,)] F o) -p(x)] < & .
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Hence the finitely manypolygonal arcs p(x) constructed above

form an é-net, Hence S is totally bounded. v

Remark. The second part of this theorem is sometimes stated as

follows: an infinite set of eguicontinuous and uniformly bounded

functions on [0,1] containg a uniformly convergent subsequence.
A linear space X where a distance d(x,y) is defined which

satisfies the three axioms of a 'metfic space 1s said to be a

linear metric space if also the following axioms are sabisfied:

ﬂo d(x,y)= d(x-y,0), (invariance of the metric),

0

o

Ao+ 0 implies d(mnx,o)—e’o for arbitrary x.

QP d(xn,o)~§0 implies d(mxn,O)—+O for arbitrary ».
The fourth axiom says that d(x+z,y+z) does not depend upon

z, A simple consequence is

(k.2) 0 a(-x,0) = da(x,0)

Another corollary is i

(4.3) - a(x+y,0) s d(x,0) + d(vy,0) .

A linear metric space is a particular case of a linear topo-
logical space with the usuazl topology of a metric space. The
verification df the groups 1 and II of axioms of a l1.t.s.1s8
obvious, The verification of the continuity axioms III is not
much more complicated. o
The continuity of the addition xo+bgézo follows from

d(x+y,z < d(x+y,x+yo) +7d(x+y0, Xo+yo)=

o)
= Ad(y,y,) + alx,x).
The continuity of the multiplication A X =Y follows from

d(rx,y,) ¢ d(ﬁX,%XO> + d(xxg,moxo):

= d(a (x-x,), 0) + aA((r-2_)x_, 0).

o7
and the axioms 5° and 6° |
A set S in a linear metric space 1s bounded 1f for each
sphere d(x,0) < & there exists a positive real n for which =aS
is contained in the sphere,
Since a linear metric space satisfies the first axiom of"
countability the theorems 3.3, and B,ﬁfmay be cdmbined into the




following.

Theorem 4.5
A linear operator which transformsa linear metric space into a

linear metric space is continuous if and only 1f it transforms
- bounded sets into bounded sets,

In n linear metric space for each element x a number }X[
can be introduced by means of

(4.4) |x | %€ a(x,0).
It is easily seen that this number satisfies the following condi -
tieng '
- 19 | x| =0 if and only if x=0.
2% x| =lx].
o) :
3° s x| o+ ol

In case l%x]=}lllx} for eachiand x, | x| is called the norm of x
and the linear metric space is called = normed upuce.
Such spaces will be studied in the following section,

The proof of the following important theorem due to Banach
(1929) involves some subtle reasoning,

Theorem 4,6 A continuous linear operator which transforms a

complete linear metric space into a similar space and for which
there exists an inverse has a continuous inverse,

Before proving‘the theorem the fol]ow1ng remarks will be
made, Continuity of the operator T which maps the linear metric
space X into the linear metric space Y means that for every sphere
S(lyl < P) in Y there exists a sphere U(|x}| < &) in X such that
TU ¢ S, The continuity of the inverse T_q means that for every
sphere U(] x| < ¢) in X the image TU contains a sphere S(ly| < p) in
Y.

The proof of the theorem will consist of two parts. In the
first part it will be shown “hat for any U(lx|<g the image TU is
dense in some sphere S(|y| < ) i.e. that TU o S. The proof of this

-

part uses Baire's theorem 4.1, In the second part it will be shown
by some 1limit process that TU contains a sphere S,

Proof.

If U is a given (spherical) neighbourhood of zero in X the conti-

nuity of subtraction secures the existence of a zero neighbourhood

G
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V for which V-V < U. The union of the sets nV (n=1,2,...) gives
all elements of X. Hence, according to theorem 4.1 there is an
index m for which TmV is dense in some sphere of Y, Thén the
same must be true for TV, Let IV contain the sphere W then

T(V-V) contains the open set W-W. The latter set evidently contains
zero and therefore it contains a (spherical) neighbourhood S.
Then S is also contained in Eﬁ,

| Consider next a sejuence of spheres U (|x}-= 27 M) |
(n=1,2,...) in X and assume that TU, contains a sphere Sn(]y}< ﬂq)
(n=1,2,...) in Y, where ﬂﬁfﬁO, We choo.e an arbitrary element vy,
of Sq and construct a seguence I (n=1,2,...) of elements by
taking y, from TU, and requiring that }yo—y1[<f2 s }yO-yq—y2,< P39
ete, ' .
The possibility of the construction is implied in the fact that
TUn is dense in Sn“ In this way the element Y, is expressed by a
converging series

5= y1+y2+y3+
Ir Xgs¥p... are the originals in X of the elements yq,yg,,o.of
Y it can easily be shown that there is an element X ¢ X for

which

L =X FX X+ Y .
X =X K, 3t -

Since X 1is complete 1t 1is sufficient to prove the Cauchy criterion.
In fact

pMyg 4 oM

oA

| x e + ... 420 Lo o,

nfk an+1+ cee Xﬁr+p‘
Further it follows that |x,(< ¢ . The continuity of the operator
T tells us that yO:TXO, . Since Yo Was an arbitrary element of»the
sphere’sq({y{¢(w)it has beeir shown that the sphere U(|x] < &) has

an image which contains the sphere Sq(iy}<}%),which proves the

theorem,




5. Normed linear spaces

A linear space X of elements x,y,z,... with (real) scalars

X, B)5 .. 1s:sald to  be a normed space or, more completely, a

normed linear space 1f to each element x there is associated a

nonnegative real number;]{x{& called the norm of x which satis-

‘fies the conditions.

19 'nxﬂ. :O,. if and only if x=0.

2% fux| =]a] |x]-
3 P ] S =+ vl

It is easy to see that the norm is continuous since condition 30

yielas | =l - lvlls lxyl.
These properties show that the distance function
def

a(x,y)

is an invariant metric of X. It camn be verified without difficulty

[| - |

that this distance satisfies the six conditions of a linear metric
space. The number }x} which was introduced for a linear metric space
in (4.4) clearly coincides with that or the normed space.
A normed space 1s distinguished by the fact that its norm satis-
fies the multiplicative property | ax] = |« [}lxﬂ , a property
which is not enjoyed by other linear metric spaces.

The topology of a normed space 1s that of a linear metric
space 1.e. the neighbourhoods of zero are determined by spheres
U(e) with ||x]l<&. This topology satisfies the first axiom of
countability. It is sometimes called norm topology or strong .

topology. A complete normed space is said to be a Banach space.

Example The space C(0,1) of continuous functions f(x) with the
usual operations of addition and multiplication by a scalar with

the norm , , :
| f(x)} = max | £(x) ]

is a normed linear space. Convergence with respect to this norm

is the usual uniform convergence, Hence the space is a Banach space.

‘The second axiom of the norm, a propérty which is not satis—
fied by the norm of a linear metric space, makes it possible to
state the boundedness of a set in a very simple way and it has -

further a number of important consequences e.g. in connection




‘A linear operator A(X—X

o8 -

with the properties of the conjugate space,
A set S in a normed linear space 1s bounded if and only if -
there exists a constant C such that |{x}] <C for all x ¢ S.

- In a normed linear space a continuous linear operator A

which fransforms the n.l.s, X into a n.l.s. X1 is characterized

by the following conditions which can easily be derived from the

corresponding conditions in a linear topological space:

jo CA(xx + fy) = o Ax +B Ay

O

2 X~ 0O implies Axn~+0

n

for any sequence x_ (n=1,2,...) of X.

The theorem 3.3 and 3.4 can be put in the following simpli-

fied form,

Theorem 5.1a _

A continuous linear operator A(X~¢X1) transforms the unlt sphere
of X into a bounded set of X
b

/lo
Theorem 5.1

1) which transforms the unit sphere of

X into a bounded set of Xﬂ

These theorems may be put in a still simpler form if the

is continuous,

following definition 1s introduced.
An operator A(X~+X1) is said to be bounded if there is a

constant M such that

5.7 haxl ¢ M x| for all x e X.
. c

Then the two theoremzsmay be combined into

Theorem 5,
For a linear operator boundedness and continuity are equivalent,.

The greatest lower bound of the number M which satisfy the
inequality (5.1) of a bounded linear operator A is called the
norm of the operator and is written as || A} . Without difficulty

it can be shown that

| ~ I axi
(5.2) al = ew  Baxl = sue Sy

In section 1 we have seen that the set of all linear pperators

A(X—+X1) is a linear space, The set of all bounded linear operators
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is also a. llnear space, | for the boundedness of A and B 1mp11es

the boundedness of all linear comblnatlons : ' )

Wlth the deflnltlon (5.2) of the norm of an operator the lattér

space becomes i1tself evin a normed space., It is not difficult to

yerify‘that:(5{2) satisfles the three axioms of the norm,
:"‘The following,theorem can now ‘easily be proved,

Theorem 5,2
The space of all bounded linear operators which transform a

normed:space,into_a Banach space is itself a Banach space.
Proof

Let An (n=1,2,...) be a Cauchy sequence of bounded linear opera-
tors which map X into X, ,then for each X € ¥ we hrve

R ETE Y 1PN P P

Therefore A’x 1s a Cauchy sequéhce ith1 and‘ﬁhis has a limit
vy since X1 is complete, o
~-The operator A defined by Ax—y 1s the 1im1t of An; and
}IAX;"“ liml&Anx}l= 1im !lAn] | x| . Thus the operator space is
complete,
We consider a gset S of bounded linear operators A on a
Banach space X, This set is said to be weakly bounded if for

each x ¢ ¥  there is a constant C such that
(5.3) fax) < c for all A e 3.

We have the important result due to’Banagh and'Steinhaus that a
weakly bounded set is also uniformly bounded in the sense of
(5.1). This property 1s known as the principle of uniform

boundedness.

Theorem 5.3  (Banach, Steinhaus)

If the bounded linear operators A on a Banach space are weakly

bounded then their norms are uniformly bounded.

Proof
The boundedness of the uet S of operators A in the weak sense .
means that sup 14Ax1‘< ® for each x & ¥. Let X, (k=1,2,...)

haS . ,
be the subsat of X for which sup || Az ¢ % uniformly in S.

Since all A are continuous the subset X, 1is closed. The union:
of all XV gives X so that we may apply Baire's theorem 4,71, Hence
there exists an index m for which X contains a closed sphere
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G(xo,a). For x e G we haveinA x]lg m, Applying the triangle axiom
we obtain || A x |<2m for ]{x]%:J. This means |JA| £ 2m /&
uniformly in S, ‘ '

f Wé shall also reformulate the important theorem of Banach
4.5 on the inverse operator on a Banach space..

Theorem 5.4 (Banach)

The inverse of a linear continuous cperator which transforms a

Banach space one-to-one onto a Banach space 1s continuous.

A number of properties of linear functionals and the conju-
gate space formed by them have been discussed from a general point
of view in section 3., For linear functionals defined on a normed
space a number of simplifications may be introduced. We shall
briefly repeat the main notions.

A functional (f,x) is continuous if x ~~0 implies (f,xn)~+0.

A functional (f,x) is bounded if there exists a constant M
such that

(5.4) I(f,x)' ¢ M x| for all xeX.

From theorem 5.1 it follows that boundedness and continuity are
equivalent,

The greatest lower bound of M is called the norm of the
functional f and 1s written as }[fu . Since this norm is a
special case of that of a bounded cperator we have the followlng

equivalent of (5.3)

= 3u X = 3u 'fX s
(5.5) ] = uxﬁ 243 (£,x)] oup _%F?WLL

In section 3 we introduced two different topologies in the
space X' of linear continuocus functicnals.,

In the weak topology of X' the neighbourhoods of zero
U(e,xq,xg,.,.,xm) are defined as the sets for which
(5.6) | (rox)]<e, [(rx)]ce, o, [(nx)]<e.
A set S of X' is weakly bounded if for each x € X there is a
constant C such that

| (£,x)]<c for all fe 8

A segquence fﬁ (n=1,2,...) 1s Weakly convergent to the 1limit [



if

(fn,x)—s,-(f,x) for each x e X,

, . The strong topology of x! may be formulated in a much simpler
way than in the general case of a linear topological space. In
the latter case the neighbourhoods of zero had to be defined
with reference to an arbitrary bounded set B<C X,
Here for a normed space X we may restrict ourselves to one
single bounded set viz. the unit sphere }[x“ =1,
_ InftheAstrong topology of X' the neighbourhoods of zero -
U(e) are defined as the spheres

(5.7) hell < e

A set S is strongly bounded if there is é constant C such that
Il £]l<c for all fe S,

A sequence f (n=1,2,...) is strongly convergent to the limit
£ if
| £, - £]=o.
It will be clear that strong convergence implies weak
convergence., o
With respect to the strong topology we have the following
particular case of theorem 5.2, (seealsoc theorem 3.9).

Theorem 5;5
The conjugate of a normed_spage is a Banach space.

Proof
A functional maps a normed space into the Banach space of real
numbers, A

We come now to the discussibn of a very important theorem
due to Hahn and Banach concerning'the extension of a continuous
linear functional. o

Theorem 5.6 (Hahn-Banach)
Every continuous linear functional f which is defined on a linear

subépaée M of a normed_spaée,X_can be extended to the entire
épace wifh préservation of the ncrm. .

Proof | ' - .

The theorem will be explicitiy proved for a separable space only.
For non-separable spaces the proof is essentially the same, but
reduires the soéqalged axiom of cheoice; we do not discuss this,
since'Wé:need the fésult only‘for separable spaces,




First, we shall extend the functional to the linear subspace M1

- obtained by adding to M some element xo¢ M., An arbitrary element

v .of M, is uniquely representable as

1
y = XA;‘tXO s 'Xglw
For the extension_ﬁ of £ upon Mﬁ;we must have
(Fﬁy\) ‘=:-(<f:X) - ct
where ¢ = (F;xo). The problem consists in finding a value of ¢
which keeps the norm intact, h
This means that

l(f,x) -‘ctl'g ﬁfn ‘!x - txgn for all xeM,

We may safely assume that t # 0., Then by putting x=zt the last
inequality can be replaced by

|(£,2) - c|¢lle] Jzx_] for all z e,
or, what amounts to the same thing
(f,z) - ufnilz—xou s c ¢ (f,z) +W{fﬂ “ z-xon

for all z e M,
The possibility of satisfying this inequality for all z in M
follows from the following consideration. For any pair 2425 % M

we have

(f,za-(‘f,zé) sUellag-zoh s hel{ lz i 1+ lzp 0}
so that

llfH [ER= EENCFEOO IR B I A

Ir cq - 1is the least_upper.bound of the left-hand side and o the
greatest lower bound cof the right-hand side then the choice
cqécicy in fact guarantees the preservation of the norm,

The separability of X implies the existence of a countable
danse set xqug... . Then the precéding procedure may be carried
out for each X, (n=1,2,...). Thus we obtain a functional F on a
set which i1s everywhere dense in X, At the remaining points of X

the functional is defined by continuity.

The theorem of Héhn—Banach guarantees for any normed space

the existence of at least one non-trivial continuous linear
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functional. In fact we have the following simple coroliary;
Corollary i |
For every normed space X and any fixed element x_< X there

o
exists a continuous linear functional (f,x) with the properties

a Jel=1 o (e5x) == .

The Banach space X with elements x and its conjugate X'
with elements f define for each palr xeX, feX' a scalar value
(f,x). By this not only a functional f on X is defined but also
a functional, say'%, on X'. The latter functional is linear and
continuous. We may prove that its norm defined as (5.5) coincides
with || x }|. This is expressed by

Theorem 5,7

' ) u L (£,x i =l X .
(5.8) sup, Lk I«

Proof o

It follows from (5.5) that |(£,x)] /el ¢ x| so that

B el . IR
According to the previous corollary a continuous linear functio-
nal f_ can be defined with the properties | f_[| =1 and
‘(ﬂyx)i\= | x| . Taking this special element of X' the equality
sign is obtained,

The'f01iowing two theorems are known under the '"principle
of uniform boundedness'"., The first theorem is just a speclaliza-
tion of theorem 5.3 of Banach—Steinhags for functionals. Theb
second. thecrem is a version in which %he role of X and its conju~-
gate are interchanged., The latter theorem uses thecorem 5,7, so
that it depends on the Hahn-Banach principle.

Theorem 5,8
Each weakly bounded set of continuous linear functionals on a

Banach space 1s also strongly bounded.

Thisutheorem may be stated alsc as

(5;9) Sub 1}(f,x)§ < o implies sup “ f” < 0.
febdS , ;




Corollary a1

Ir f is a weakly convergent sequence of continuous linear functi-
onals on a Banach space then the sequence ]}f 3{ is uniformly
bounded '

The latter corollary leads to the following criterion for

weak convergence of continuous linear functionals:

Corolléfz 2

The sequence f of continuous linear functionals on a Banach
space is weakly convergent to zero if and only if the norms]; ﬂ
(n=1,2,...) are uniformly bounded and (fn’ )~9O at least for those
"x belonging to a set which is dense in X,

Theorem 5.9

If every continuous linear functional on a linear normed space

X 1s bounded on a subset S of X then S is bounded. Symbolically
sup | (f,x) ]< ® implies sup x| ¢ o
XesS

Proof

Follows easily from the theorems 5.7 and 5.8

In the @heofy of distributions we need some knowledge of the
continuous linear functionals on the space of the continuous
functions ¢(x) in a finite interval, say O ¢x g71. We have the
follow1ng important theorem due to F.Riesz (1909) called the

Rlesz Pepresentatlon theorem:

Theorem 5.0 (Rlesz)-

Every continuous linear functional (f,9) on the space C(0,1) of

contlnuous functions 1s of the form

fq) a u(x),
where w(x) is of bounded variation.

Proof” o _ _

The space C(0,1) may be considered as a subspace of the space
D(0,1) of all plecewise continuous functions w(x), 1.e. of functi-
ons (x) which have a finite number of ordlnary jumps. Both spaces

are normed spaces with the usual norm

vl = sup wix).
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The functional f on C can be extended in D by means of the
theorem of Hahn-Banach, If F 1s the extended functional we may
define a function au(t) by means of

(F, e(t-x)) = w(t),

where @ (x) is the unit-step function
6(x)=0 x50 , 6(x)=1 x>0 .

It can easily be shown that m(t) is of bounded variation. In
fact, divide (0,1) in

to=0 <t,l <t2 € oo <tn~/]< tn:/]

Then we have

Jz:_:1 laley) sty = 2 |(F, e (ty-x) - 8(ty_4~x))} =
n
= (2 xfe(tyx) - o(t; 4x)}) <
D]z 2 fotem0 -otey =abls Iel = el <o

Any continuous function ¢(x) may be approximated uniformly by
the sequence

Then
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