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1. Introduction

We consider analytic functions g(w) in the complex w-plane
with w=u+iv. If g(w) is holomorphic in the upper halfplane
v >0 this will be 1ndicated by writing g+(w). Similarly g (w)
denotes an analytic function which is holomorphic in the lower
halfplane v« O. Thus g+ and g are sectionally holomorphic
functions. The limits of g+(w) and g (w) on the real axis are
indicated by g+(u) and g (u). Thus we have

g+(u) = lim g+(u+iv)
( 1 ,}) Vosadp +()
g (u) = 1im g (u+iv)

Ve ~ ()

We shall consider the following problem. Let g(u) be some

function of the real variable u then functions g+(w) and g (w)
are sought such that

(1.2) g"(u) + g (u) = glu)

In many problems of mathematical physics (cf. Muskhelishvili 1)
- a slightly more difficult problem occurs viz.

(1.3) gT(u) + k(u) g (u) = g(u)

where k(u) also is a given function on the real axis. The latter
problem 1s usually called the Hilbert problem. An extensilve
treatment of the latter problem i1s given in Muskhelishvili (2)

and Noble (3). IT 1s shown that by factorization of k(u), 1.e.
by writing k(u) as

(1.4) k(u)=k (u) k (u) |,

the problem (1.3) may be reduced to the simpler problem (1.2).
In fact, using (1.4), we may write the relation (1.3) as

(1.5) * E—(—‘-l-)l+ K (u) g (u) = 8lu)
u

“+
k™ ( k" (u)
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which indeed is of the form (1.2). The factorization of k(u)
is also a problem of the form (1.2) since, at least formally,

the relation (1.4) may be written as
(1.6) In k' (u) + 1n kK (u) = 1n k(u).

A rigorous treatment is given in Muskhelishvili (2), but
with the rather drastic restriction to classes of Hvlder
continuous functions. In thls paper we shall consider the
simpler problem (1.2), henceforth referred to as the Hllbert
problem, and, more particularly, we shall consider what happens
if g(u) is a generalized function.

In order to restrict the class of solutions of (1.2) 1t is
usually required that g+(w) and g (w) are of finite degree at
infinity. Then two particular solutions of (1.2) differ in a
polynomial only. Provided g(u) satisfies certain conditions as
regards integrability and behaviour at infinity the solution
of (1.2) may be obtained in the following way

%+(W)= — 7 E-L-lt dt + P(w), Imw » O,

Xl _ 4, t-w
(1.7)
- g €
& (W)m“'ggf'“éf %éﬁl-dt - P(w), Imw<O,

where P(w) 1s an arbitrary polynomial,
A second way of solving (1.2) is as follows.
Let g(u) be the FT (Fourler transform) of f(x)

(1.8) g(u) = 1jp et X U f(x)dx,
-0
then (1.2) 1is solved by
O
(1.9) g+(w)m ? eixwf(x)dx g (w)= é o TEW f(x)dx.
O e

Of course both methods are entirely aequivalent for ordinary

functions. In fact, substitution of
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(1.70) f(x)= “gj"f 7' e 1UX g(u)du
~ Q0
tn (7.9) and 1interchanging of the order of Integrations

tmmediately leads tc (1.7).
Here we may gquote the clasasical result ¢f Titchmarsh (4) who
states that the Hllbert prcblem can be solved 1n elther way 1f
g(u) € Lp( -00,0) with p » 1. In that case the limits (1.1) should
be taken 1In the sense of limits In the mean or limits almost
everywhere,

The followlng example

“
T+u

(1.11)

- L
2 2
can easlily be treated by means of either (1.7) or (1.9) and is
covered by Titchmarsh' theorem.

However, dilifflicultlies arise 1n the following case

. . ] - ]
(1.12) g(u)=sgn u, g (w)= %—-:i--i- Inw , g (w)= 3 + = 1lnw
wlith the usual interpretation of 1lnw at the negative real axis.

Even simpler cases which cannot be derived by the above-gilven
means are

(’1*13) g(u):ln ILII s g—l—(w)m % ilnw , g“(w)z % lnw ,

and
(1.14) g(u) = e |, gT(w) =™ , g7 (w) = O.

In this paper it will be shown that by using the theory of
generallized functlons or distributions the latter results may
be obtained in a fully legitimate way from (1.9). In order to
prepare our way some fundamental notions of the theory of
distributions are briefly discussed in the following section in
which we have chosen the approach as given by Gel!'fand and
Shilov (5) in their most commendable book.

In the fourth sectilion the notions of upper and lower regular
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functions are introduced. The main results, which extend those
of Titchmarsh, are given in the form of two theorems. In sectlion
5 we discuss the so-called bilsection of a distribution 1.e.

1ts separation into a part with a positive carrier and a partc
with a negative carrier. By using the results of sectlons 3

and 4 the generalized Hilbert problem can be easily solved,

and this is 1n fact done in section 5. The technigque 1s
illustrated by a few typilcal examples.

In the last section some remarks are made on related Topics

such as Hilbert transform and Wiener-Hopf factorilization.

2. Theory of distributions in a nutshell

In thils section some topics of the theory of distributions
will be summarized. We shall mainly follow the introduction to
this theory as given by Gel'fand and Shilov (5) in their book,
which is highly recommended. It is sufficient to consider
distributions f(x) for real x only.

A distribution or generalized function f(x) is defined as a
linear continuous functional (f,@) on a class of (real) testing

functions K in which a suitable topology is defined. Thus (f, ¢)
satisfies the following conditions

1. (f,oc,i?,] + ocg«;ag):: “’I(f’ﬁ;) + acg(f,gpe). (linearity).
2. p—p implies (f,p )—(T,p). (continuity).

The class K 1s the collection of all infinitely differentiable
functions vanishing outslide some interval, Convergence to zero
in.Kii?nwwéO means that al%. . vanlsh outslde one and the same
interval and that m;a{.x 'Pr(lJ )(x) l ~—3 O for n— oo and for each
ffixed .

If f(x) is a locally integrable function we simply have

(2.1) (f,y)dgf[*f(x) p(x)dx.
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Distributions which are not of this form are called singular.
A typical example is Dirac's delta-function JTX),
distributionally defined as

(2.2) | (I;pd = @(0).

The dilistrlbutions form tThe linear space K', the conjugate
of K. Convergence 1in K' is defined as follows.

f — f means (fn,?)——; (f,9) for all \re K.

A distribution f has a derivative f' which 1s defined by

(2.3) (f!:?) = "(f:f’z)

The delta-functlon Jxx) is the derivative of tThe unit-step
function ©(x)

O for x <0
(2.4) o(x) =
1 for x £ O

On the other hand f 1s called a primitive of £,

A distribution has a primitive which is unique apart from an
additive constant.

By usling fundamental tTheorems of Riesz and Hahn-Banach 1t can
be shown that every singular distribution can be obtalned from
a locally integrable function by a finite number, say m, of
differentiationsg. The least number for which this 1s true 1is
called the order of the distribution. The example J=0' shows
that J(x) 18 a singular distribution of order one.

We shall now give a few Iimportant examples of regular and
singular distributlions. In general there are two ways of
constructing singular distributions; either by means of repeated
dlfferentiation of a locally integrable function, or by analytic
continuation with respect to some complex parameter.

a The distribution xi is defined as follows. For Re a» -1 it is

ldentified with the function

(2.5) ximxa ffor x »0 , X =0 for x <0,

+
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For other values of the complex parameter A it is defined by
analytic continuation of the functional (xigyﬂ, In this way

a disTrilibution 1s obtained for all complex values of A with
the exception of A= -1,-2,-3,,

' @

Thils distribution satisfies

d A A- "
(2.6) = X, = A X , A#£ O,-1,-2,...
In a similar way x? 1s defined by starting from
A
(2.7) Xz = () ffor X > 0 p }{A = ’X‘ ffor x < 0,

A
b The distributions x| and ;X[zsgn X are deflned Dby

A |
(2.8) | X | th_ + x?_‘ , lxlasgn X = xf_ - x?
¢ The distribution x (m=1,2,3,...) can be derived from the

distributions deflned above. However, an independent definition
1s obtalned from the differentiation rule

~ ] d
(2,9) X = Tx 1ln ,X' ,
and
-m _ =71 4 -m+-1] _ ‘
(2.10) X = —> 3¢ X m=0,1,2,... .
A
d The distributions (x + 10) are defined as
A A
(2.11) (x + 10) = lim (x + iy)
Ve +0

We have for a# -1,-2,-3,...

A A —
(2.12) (x+10)" =x" + e | (x-10) =x? + e 1A® A
and next for m=1,2,73,..

(2.13) (x £10)™ = x4 (-1)" BEo fm Ty

By Fourier transformation of the testing functions €K a
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space Z of testing functions ¢ u) 1s obtained according to

(2.14) o(u) = 7 et Y o(x)ax
-0
The testing functions of Z are entire functions in the complex

w-plane with w=u+liv., They have the characteristic property that
for k=0,1,2,...

I’jr

(2.15) | w® Pp(w) < A e2 V]

where the constants Ak ana the coefficient a only depend on the
testing function ¢ .

The Fourler transform of the distribution f6£K' i1s defined
as a functional g on Z2 with

(2.’16) (g: ¢/) :Ex(f:f’)

For ordinary functions this 1s nothing else than the well-known
Parseval equality. For distributions this is taken as a
definition. The distributions g(u) form the space Z', the
conjugate of Z. Thus by (2.16) the (1-1) correspondence between
K and Z is carried over to K and Z .

If f(x) is a locally integrable function the Fouriler transform

g(u) can also be obtained as the distributional limit of
ordilinary functions

n
(2.17) g(u) = 1lim -/‘ et XU f(x)dx.
n—00  =n

We conclude this section with a condensed table of some
important Fourler transforms.



£(x) g(u)
£'(x) ~iu g(u)
1 x £(x) g (u)
1 2xd(u)
J(x) g
2 sgn X 1/u
(ixx)“q sgn u
o(x) 1/u + ®d(u)
(17%)7 '+ §(x) 2 6(u)
xihq [(a) (u+iO)"1exp 5 AXRL
(xnlo)“’ exp-5 AXL EI;u:“q
(1n x_i_)' sxi + ["(1)-1In(u+i0)
(1n x__)' ixi - (1)+In(u-10)
(sgn x 1n Jth+ rj(ﬂ)JLx) iln |Jul
ln(u+i0) =i+ M (1)
1 din x, nuiié B u+io
In(u-1i0) -3%i+ ' (1)
-loAn X nufié ) u-10
in |x| -X(sgn u 1n lul)i’—i- 27\:r!(’i)

Table of generalized Fouriler transforms
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., Upper and lower regular functions

An analytic function g(w) of the complex varilable w=u+lv 1s
sald to be an upper regular function if it 1is regular 1n the
halfplane v » O and 1f there exists a constant p such that in

any halfplane v = J'J-O the following inequality 1s satisfied

(3.1) g(w)| < ¢ (1= |w) )P

where the constant Cy may depend on J .

A lower regular function is defined in a similar way with
respect to the lower halfplane v <« 0O, The classes of upper and
lower regular functions will be denoted respectlvely Dby G+
and G .

Let g(u+iv) € GT. This function may be interpreted as a
distribution with the parameter v with respect tTo the testing
space Z. 1Tt will be shown that by taking the distributional
limlt v—>+ O a distribution is obtained'which 1s the Fouriler
transform of a distribution from K which vanishes for x < O,

Before proving thilis theorem we flrst give an example.

Let g(w)=1 w“/] € G+, Then for v—+0 we obtalin the distribution
1y~ + xd(u) which is the FT of the ordinary function ©(x)€ K .

The proof of The statement made above is as ffollows., We

first assume that p < -1. Consider the integral [ exp(-iwx)g(w)dw

taken round the rectangle with corners at + a+t+iv

+ 43 + a+lv

z
where QO <v _ <v

d 2°
For a-—»00 the contributions of the vertical sides tend to zero
which shows that the abhsolutely convergent integral

(3.2) e’ * /CD g~IUX g(u+iv)du

-0
doegs not depend on v and represents a function of x, say
2x%f(x). From the 1nequality (3.1) it follows that f£(x)=0(e
so that for x <0 we must have f(x)= 0, The relation (3.2) means
~ that g(u+iv) 1s the Fourier transform in the ordilnary sense of

the function e '* f(x). The function f(x) may not have a

VX)
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Fourier transform in the ordinary sense but i1t does have one
in the distributional sense. The latter digtribution, belonging

to Z', will be called g(u). We shall now show that
g(u+tiv)=—ag(u). In fact using the definition (2.1 ) we have for

any testing function ?(u)€ Z

(glu+iv), ¢(u))=2x(e™ " £(x),p(x))—r2x(£(x), ¢(x))=
= (g(u): ¢(L’l)).

If now p = -1 there is a positive integer n such that the
theorem holds for w g(w). Hence this function has a
distributional 1limit h(u). Then it 1s easily seen that g(w)
tends to the distributional 1imﬁ:g(u)=un h(u). Since

h(u)=FT k(x) implies (-iu)” h(u)=FT k(n)(x), it follows that
the 1limit g(u) 1s the FT of a distribution which vanishes for
X « 0 and which is the n-th derivative of an ordinary function.

Again assuming p< -1 the inverse Fourler transform f(x) of

g(u) is bounded at +wo as

(3.3) f(x) = O(exp € x)

for all €& > 0O,
If on the other hand we start from a function f(x) which

vanishes for x <0 and which is bounded as (3.3) then the FT of
e” ' f£(x) yields an upper regular-function g(w) for which the
Theorem holds.

Simllar arguments apply in the case of a lower regular
function g(w) and a function f(x) which vanishes for x » O,

The results derived above may be stated in the form of tThe
following theorems which we give in the version for upper

regular functions only.

Theorem 13,1
An upper regular function g(u+iv) has for v—»+0 a distributional

1limit g(u)€ Z2' which is the Fourier transform of a distribution
f(x) €K' which vanishes for x < 0. Moreover f(x) has a continuous

primitive of some order which 1s bounded at +oas O(exp € x)
for all € >0,
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Theorem 3,72

Let F(x) be a continuous function which vanishes for x < 0 and
which 1s bounded at +co as O(exp € x) for all €>0, Then the
Fourier transform of any distributional derivative of F(x) may
be obtalined as the distributional 1limit of an upper regular

ffunection.

4. Bisection of a distribution

In general there 1is no unique way of deflining a separation
of a given distribution f(x)éIK’ into a part with a positilve
support (0,00 ) and a part with a negative support (-w,0).
Examples where diffliculties occur are sz) and xﬂq. However, 1if
f(x) is a locally integrable function we have the trivial split

(x) for x>0 { O for x>0

f
(4.1) f+<x>.-={ , (%)=

O for x<«<0O f(x) for x <0

This definition may be carried over wilithout difficulty to a
distribution which 1s regular at x=0 i.e. which 1s aequivalent
to a locally integrable functlion in some neighbourhood of x=0,
We consider next a distribution f(x) which is singular at
x=0, However, this singularity is of finite order and there
exists a primitive F(x) of f(x) such that F(m) (x)=f(x) and
which 1s regular at x=0, Let m be the least number for which

this is true then we define

(h.2)  r(x)= (L) Fx) , r(x)= (L) F_(x)

Since F(x) is not unique this definition is equally not unique.
However gsince two m-th primitives of f(x) differ in at most a
polynomial of degree m-1 the bilsection of f(x) is determined
up to a polynomial in the first m-1 derivatives of JKX). Thus
1 £, and f_ form a particular bisectlon the general bisection
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1s gilven by

f+(x) +oa J(X)—i-a,lé"(x)%— ... ta
(4.3)

f_(K) - a J(X)“aqéﬁ(x)“ c v — 4a J{mrq) (%)

O

where ays8.45...58 4 are arbltrary constants.

We note that although the bisection of f(x) is not unique the

distributions x £ (x) and x" f (x) are uniquely determined.
In section 2 it is shown by (2.8) that ]x[a and |x]”" sgn x

can be bisected in some standard way provided A# -1,-2,...

In the exceptional cases we may apply (4.3). Thus the general

bisection of :xm/l 1s determined by

(4.4) x] == 1nx_+a §(x) ,

:

where a 1s an arbitrary constant.
The singular distribution (1n X+)l can easlly be shown to be
determined by the functional

(4.5) _ / de+7ﬁ}—?—ldx

O ]

. always gilves o(x).

We note that the product x x

5. The generalized Hilbert problem

In thils gection we shall discuss the following generalizatlon
of' the Hililbert problemn.

To split a given distribution g(u)€ Z' into two parts g
and g (u) which are the limits of an upper respectively lower

+.
()
regular function g+(w) and g (w).
We know already that the sclution of this problem is not
unlque and that to any particular solution an arbitrary

polynomial may be added. In this way all solutions are obtalned.
If the problem has a solution we know from theorem (3.1) that
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g(u) may be considered as the derivative of some order of a
continuous function which is bounded at infinity as O(exp §|x|)
for all €&€=>0,

On the other hand theorem (3.2) shows that the generalized
Hilbert transform can be solved for any distribution g(u)e€ Z'
which can be derived from a continuous primitive which is
bounded at infinity in the way indicated above., The more or
less sTandard way of bilsection described in the previous section
leads toa certain class of lowest-order solutlions.

In fact The Hilbert problem may be golved as follows. First
the inverse FT of g(u) 1s determined, This 1s a distribution
f(x)€ K . Bisection of this gives the two parts (4.3) with
arbltrary consgtants.,

Then the FT of these parts yield a class of solutions with m

arbitrary constants

g (w)= [ £ (x)ax +

(.
+
{J
s
T
+
()

(5.1)

- _ 1XW - P -
& (wdﬂ-j'e f (x)dx C =GN . C

To these solutions also higher polynomials may be added but
then the order at infinity of g+(w) and g"(w) wilill necessgarily

be 1ncreased.
In practice it 1s often easler to solve the Hilbert problem

first for some derivative of g(u). Then the solution for g(u)
may be determined by integration.
In order to illustrate the technique a few examples will be

glven,

a g(u) = exp 1lu

This is the FT of d(x-1). Bisection gives f+ﬂx)= d(x-1) and
f (x)=0. This leads at once to the result (1.14).

b g(u) = d(u)

This 1is the FT of (EIQHq. Bisection gives f+(x)=(2x)”1

o(x) and



£_(x)=(2m)”" o(-x).
Hence we obtain

= ] ] 1
g (W)= 2x%1 W ;8 (W)= 2T1 W
Ihe corresponding Hilbert split 1s
{ g - oxi &)
(5.2) 5-1i0 ~ o - oF a(w)
C g{u) = sgn u.

Since g'(u)=2 d(u) this problem may be reduced to the previous

example, In fact, by integration we find

~ ]
g_*_(W):H inw -+ (.1,1 3 £ (W):ﬁ ilnw -+ 02 P

where C 4 and c, are constants., By letting w— +1 we see that

cq+02ﬁ1, Hence a possible solution i1s obtained by taking
c,=¢,=3. In this way the result (1.12) is obtained.

The corresponding Hilbert split may be written as
(5.3) In(u+i0) - 1In(u-10) = 2%xi o(-u)

A direct Treatment of this problem is slightly more
complicated. The inverse FT of sgnu is f(x):(ixx)nq. Bisection
gilves f_{_(:zc):(:‘I.v-u:)m/l (1n X+)%a
Hence g+(w) becomes

w P ixw 1P -t . it
- = { e Tnx dx--_-.%-i- o/( e ln-—-ﬁ-dt,
SO that
g ,
g (w)=57 (F(1)+ 3%l - 1nw) ,

which 1s an aequivalent result,

4 g(u) = 1In |Jul

We first consider the derivative uﬂﬂ. This i1s the T of

-5 1 sgn x, bisection of which gives f+(x): - 1 9(x) and
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f (x)=% 1 ©(-x). The FT is (QW)Mq in both cases. Integration

at once gives the result (1.13). The corresponding Hilbert

split is

(5.4) In(u+i0) + In(u-10) = 2 1n |u]

6. Miscellaneous

In thils section a few related topics are briefly discussed
whilch may be considered for further research.

The Hilbert transform of an ordinary function g(u) is usually
def'ilned by

(6.’1) h(u):HT {g(u)} :% 20 M%ﬂﬁﬂldt.

If g(u) is the FT of the ordinary function f(x) we also have
(6.2) h(u) tFT{j‘_ f(x) sgn x} ,

The latter relation may be taken as the definition of the
Hilbert transform of a distribution g(u) € Z'., According to the

notation of section 4 we may write

(6.3) h(uw)9Er 1 po {f+(x) - f (x)}

The latter definition is unigue apart from a polynomlal the
degree of which i1s determined by the order of the disTtribution
f(x) at x=0.

As a consequence of (6.3) we have the inversion formule

(6.4) h(u)=HT {g(u)} , glu)= *HT{h(u)}
Examples
2 HT (u™ ) = =&(u)

slipuinymi—y

b HT (sgn u) = - 1n Ju| + constant
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The discussion of the Hilbert problem (1.3) needs the
factorization (1.4). This may be carried out by means of (1.6).
In some cases it is possible to extend the meaning of the
latter relation by admitting discontinuities in k(u). This

remark may be l1llustrated by consistering the followilng example
+ | | -
(6.5) g (u) +sgnu g (u) = glu).

The factorization (1.4) 1s formally solved by the Hilbert
problem

(6.6) In kK (u) + 1n k (u) = 17 6(-u).
This has the solution

(6.7) 1n k+(u)m s In(u+i0) , 1In k (u)= -2 In(u-1i0)
In fact we may take

L
2

(6.8) kK (w) = w2 , k(w)=w?Z2 |,

so that (6.5) can be replaced by the simpler problem

(6.9) -ELLWQT- mgmLmlT.

(u+i0)? (u-10) u+10)2

The final remark we wish to make concerns the formal solution
(1.7). It would be worth while to give a direct meaning to the
Cauchy integrals when g(u) is a distribution of some class

without using Fourler transforms.
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