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Introduction .

In this article the nature of an arbitrary distribution £,
homogeneous of degree » for a complex a , is described in
terms of an expansion f=Z:bmn r? Smn in spherical harmonics,
and the Fourier transform is shown to have the form
f“=z:bmn ym(k) r? S+ The form of these expansions is
slightly different for certain integer values of A . The
expansion of singular integral operators in spherical
harmonics as in [2] together with the discussion of
homogeneous distributions in [3] » form the background of
this investigation.

We consider distributions on real p-dimensional space
Ry . Points in Ry are denoted by x=(x1,...,x/), and
|x|2= i_x? . The spherical coordinates (r,w) of x are
determgned by r=|x|, Xx=rw . The unit sphere in Ry is denoted
by LL.

Several spaces of test functions on R, appear, namely
DKc De S, all consisting of iInfinitely differentiable
functions. Those in DK vanish for |x| 2 K; those in S have
p(x)q(a/bx1,...d)a/bxy)¢ bounded for each polynomial p

and q; and D= U Dg. In S (in Dy ) there is a base of
K=1
nelghbourhoods of zero given by U -{7550 in S (in K),

(1+]x) )™ ID @(x) | <1/n for O kk_ n}-, w&ere ¥ runs
over all differentiations @ /ax ces DX, ¥ of order k. D
is usually not given a topology. At time the alternate notations
D([x| < X), D(Ry), and S(R,) are used.
The spaces DK' and S' of distributions are respect%gsly

the continuous linear functionals on D, and S; and D _(ﬂ D

K k=1
Thus S'c.D'c:DK'. Sometimes the notations D'(Ry) and S (Rﬂ)
are used. The value of the distribution f on the test function

¢ is {£,¥).
D(LL) is the space of COo functions on the unit sphere.fl,
with a base of neighbourhoods of zero given by

U -{yv ]D (x/lxl)< 1/n, for 0 £ k £ n and |x| 2 1} . D'(Q)
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is then the space of continuous functionals on D(fl).

For ¢ in S, ¢, is defined by yt(x)= ¢(t x). Since
~for a continuous function f homogeneous of degree a , with
Re(a)> -7, we have [f(x) ¢(x)ax=t"*"[£(x) At x)ax, the
following definition (given in [3]) is natural.

Definition 1. The distribution f in D'(R,) is homogeneous

of degree a if and only if, for each t> 0, {f,¥) =t7‘+y<f‘,99t>.
The steps to the main theorem are as follows:

§ 1 obtains for Re(a) > -7 a representation £=rF, where F

is in D'(Il); § 2 discusses the convergence of the

expansion in spherical harmonics of a distribution F in

D'(Il); 8 2 computes the Fourier transform of the individual

terms in the expansion of f; § 4 combines these into the

theorem, and makes a few applications.

8§ 1 Here we establish Lemma 2, and the following corollary:
if A is any complex nnmber, and f is in D' and homogeneous
of degree a , then T has an extension in S8'; i.e. f is

| continuous on the larger space S.

Definition 2. Let Re(a)> -#, and ¢ be in S. Then P ¢ 1is the
function on () defined by CP ®) (wl—/ P Pt w)dt.

P, is continuous from S to D(Il), 31nce-/ tx+y -1 n¢(tx/lxlxm
o

can be estimated in terms of the supremum of (1+]x|)m’D y(x)l
for k£n and sufficiently large m.

Definition 3. If F is in D'({)L), and Re(a)> - #, then r’F is
the distribution in S'(R,) defined by (r> F,») =(F,P ¢) .
A

Since P, 1is continuous from S to D(fL), the composition
of F and P, is a continuous linear functional on S. Informally

written, (r F,p) = _/ (r* F(w), ¢ (rw)) r ar.

"Definition 4. Let a(t) be a non-negative ¢® function on R1

with support in 1/2 £ t £ 2, Then for y in D(fl), Ay 1is
-J/+1

defined by (A, y) (x)_a(lxl)lx] y/(x/lxl)// a(t)dt.




...3,..
Thus A, depends on the arbitrarily chosen function a(t); //’/
but since we consider a fixed a(t) this dependenceis not e
indicated in the notation. It is clear that Ax is continuous
from D({1) to D(ixl< 2).

Lemma 1. Let Re(a)> -2/, and £ in D' be homogeneous of
degree A . Then {(f,¢) =<{f, Aszp) for each @ invD;

Proof. The basic calculation is

oo , , '”foo .
1) ([) a) <f,A7\PAgﬂ>=<f(x),[xla(]xl“)[O sh+/q«/’(sx)ds>

I

éoo S (e, [p)alixl /s) 1 /s]S Vds

© 5 ‘
[ 87 agpmlalixi/e) x> as

(0.0]
/O {E(x),p(x)alt]x|) x| ) dt

(00
(F@)pix) [ aleixDaleixd)
00
(/0 a) <f:$0>-'v

The interchange ofdf and { , > seems to be difficult to justify
unless ¢ vanishes in a neighbourhood of the origin, so we first
consider a ¢ with ¢ =0 for |x|££ £ 1/2 and |x|Z2 M 2 2. Then the
interchanges can be Jjustified by showing that if y and yﬁ are COO
functions vanishing for |x|£ € and |x|= M, and # is any complex

iy
number then, in the topology of D{|x|< M), Y’(x) /’ s“ (sx)ds —

yq(x)-/' s y{sx)ds and yﬁ(x)(A/N) 2% (An/N) ;{Anx/N)——e

_/ S y(sx)ds. Since the derivatives of each of these expressions
o
are linear combinations of the same type, it suffices to show A

that [ s‘by(sx)ds-——{/oo and (A/N) g (An/N)” y(Anx/N)-—j/
o o o

uniformly in € £|x|£ M, for each « . .
For the first we have in |xJZ€ that ]_/ sy (sx)ds|
A

£ sup (1m0 6)E)ype)] () (e e )™ /7 Rl (45)K g5
t>gx A
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choosing k » Re(w)-1 yields the result. For the convergence
of the Riemann sums, we have

A N
’{) -(A/N) ;, s (AQ/N) max I ds'“’yx(sx)/dsl 3

€E=|x| =M
since y(y) vanishes for |y|%€ , we need only consider
E/M £ s £ 4, andwxpgﬁw lds‘”y(sx)/dsl is finite.
<. <

This Jjustifies ?%;mula (1), and hence completes the lemma,
for functions ¢ vanishing in a neighbourhood of the origin.
Thus if g is defined by <g,¢)=<{f,A P, ¢), then f-g has
support {x = O}, and hence (see [4], p.99) f-g= ;; ang,

where Ln is a homogeneous differential operator of order n
with constant coefficients.

Now the nth term of this sum is homogeneous of degree -V-n,
and g is easily shown to be homogeneous of degree.a . Since
distributions which are homogeneous of different degrees are
linearly independent (see [3], p.86), we are led to f=g, and
Lemma 1 is proved.

Now it is easy to define an F in D'({)) such that f=r? F,
i.e. such that (f,¢) = (F,B,¢¥) : set (F,p) = (f,A¢). Then
(f,f/’> = <f,A7\P7\</?>= <F,P7\(p> as desired. In spite of the
arbitrariness in A, F is unique; for if y is in D)) we
have y=PB,A,y , so that r” G=f implies (G,¢) = {G,B, A f)=
<f,A_Ay/> =<F,y/> for each y .

Thus we have established

Lemma 2. If Re(A)> -7, and f in D'(R.) is homogeneous
of degree a , then there is a unique F in D'({l) such that
A
f=I’ Fo

Corollary. If f is in D'(R.,), homogeneous of any complex

degree A , then f has an extension in S'.

Proof. If Re(r)> -7/, this follows from Lemma 1; for A, P,
is bounded from S to D(|x|¢<2), so <f,¢> = (f,A“PK¢> defines the
extension. If Re(A) £ -7, choose an integer k so that
2k+Re(A)> -# . It is easy to check lx]gk
degree 2k+ 2 , hence continuous on S; and if X(|x|) is a c®

f is homogeneous of
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cut-off function such that X(]x[)=1 for |[x[& 1, X(|x|)=0
for|x|% 2, we have

2) (f.p) = {19 +(1x17F £,1x FE(1-09)

Here ¢—Xy¢ is continuous from S to D(]x|<2), and
p.qjxl'ek(ﬂ-x)w is continuous from S to S, so the right
hand side of (2) is continuous on S.

§ 2 The-spherical harmonic expansion in D'(f1).

Let Sm denote a real-valued normalized spherical harmonic
of degree m; thus Sm is the restriction to 1 of a homogeneous
harmonic polynomia’ of degree m, and ‘fjsnf=1, Let 8 }

o (mn

denote an orthonormai basis for Lg(fl) consisting of such
spherical harmonics, Smn being of degree m and n running from
1 to (2m+7/-2) (m+#/-3)!/mi(#-2)! (see [1],p.237). If we define
an operator L on D({l) by Ly = the restriction to f) of

Ay (x/)x)), we have from [2] that

3) ~m(m+7-2) S v =/ 8 _Ly.
mn A mn

The same reference shows that there are constants Ck m such
5
that

mk—1+;72

2

PN

4) DS (x/1%1) £ C o in |xiz 1,

where Dk is an arbitrary differentiation of order k.

Each y in D({l) has an expansion % =3 2 Smn:kWith
amn=;[ S.n ¥ - The estimate (3) shows that a=0(m ™)
for every k. Taking into account the number of Smn for
each m, estimate (4) then shows that 2 a__ S and all

mn " mn
its derivatives converge uniformly in |x|= 1, so that the
series converges in D({l) to y .
To each F in D'({L.) there corresponds a sequence of

‘ 'y
coefficients bmn='<F’S . If we set Fy = 2 X b S

mn m: M n mn “mn’

then FM converges weakly to F:

(Pyo¥)=2_ Ly s ={F,y »(F,¥) for each y . Since

m=M n mn mn
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lim Y b
Moo m=M n
a_=0(n"¥) for all k, it follows that b =0(m) for some k.

We now have the expansion described in Theorem 1 below
for the case Re(a)> -7/ . Expend the F of Lemma 2 as

A /.
F=Z[bmn Smn’ Then Z}:bmn r Smn converges weakly (in

S'(Ry)) to £, since lim A _
7 ’ M~ 0 mZ—;M Er:i Pin <:L Smnsfp> B

1 (B, Bp) = CF,2) = (£.9)

mn 8mn  exists for each {amn} such that

8 3 Fourier transforms.

For Re(A)> -/, r;\Sm(w) is a locally integrable function
on R with polynomial growth at oo, hence definesa distribution
on S, homogeneous of degree A . Here we compute its Fouriler
transform (r’ Sm)Ag and consider the analytic extension to
Re(A)$ -7/ . The method of calculation is borrowed from [2].

The Fourier transform of ¢ in S is the function ¢~
defined by y“(y):j’eix°y w(x)dx; this is a continuous 1-1
transformation on S, whose inverse is given by
w%x):(Zm)_71[e_ix°ydy(y)dy, (See [5]s p.105). The Fourier
transform of f in S' is the distribution £™in S' given by
<f“,¢>=:<f,y“>. Thus “and “are reciprocal isomorphisms on S'.
One has, immediately, for an arbitrary polynomial P, that

5) [P(x)] "=(2m)” P(-1 8 /0%4s00.,-1 8 /0% )
and
6) [P(a/@xq,.,,saﬁsx¢)§} A=P(~ix,1,,..,,-ix,/)°

It is easy to see that the distribution (rA S_)" corresponds

to the function (r” 8.0 (y)= 1lim jﬁ . IXﬁ e—lx°ysm(x/!x|)dx,
€-0 €2 Ix121k

for all values of a such that this limit exists uniformly in
each ball |y|& K. This turns out to include the strip
-7/<Re(r)< (1- #)/2. The analytic expression obtained in this
strip is then valid for all values of A , by analytic con-
finuation.
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Consider thus -#<Re(r) < (1-2)/2, and set x=rw, y=p7
(wl=1r1=1); then (r” Sm)"(ﬁ )=

lim / it / IPTT® 5 (w)d N dr=
€—0 € 0 m

14 |
lim /0'7"7/ s’\”/-'Y f e~isTw ¢ (w)a £ ds.
€ kel m

Further calculation depends on the formulas

7) et °95F 22 I(a)s™® :io (1) (rva) o, ,(8)CE (cos p)

([1]: p.213),

where Ci(t) is a Gegenbauer polynomial;

8)  [c, s, @)af = & 8 (P4 (2 -2) M(a)
1

([1]:p°247)5
and

9) /OO AHY/2 5

o

m—’l+y/2(t)dt =

P2 P ((meren) /2)/ T((m-2)/2),

for -m-2’<Re(x) < (1-2)/2. ([1], p.49).

Thus setting the letter a in formulas (7) and (8) equal to
(#/2)-1, we obtain

10) ﬂf e 5T 5 (w)af =
szyg(“i)m(s/2)1—¢72 Jm-1+ﬂ72(s) Sm(r):

and

11) (r? Sm)"(/o T )ﬁ-l_ysm(cr’) (-i)"% /227‘+1/P( (m+742)/2)/

r(m-l)/Q):
for -7<Re(a) =(1-7)/2. It follows easily that for the same
values of 2

12) (28 (pr)p N ) (1) 2

2™ T (m+#42) /2) /T ( (m=2)/2
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Then, if r“Sm is defined for all 2 (except possible poles)
as the analytic extension from Re(a)> -2/, we have for alla

13) [1/ T ((m+es2)/2)] (rﬂsm)A=
[(-0)" 272 2™/ P((m-n)/2)] » 27 .

m

Since for any a either Re(p)> - ¢ or Re(-a-¢)> -+, at least
one of r"\Sm and r"“'”'sm is always defined as a regular
distribution. Formula (13) then defines the other of these

as a Fourier transform or inverse Fourier Transform, except
for the values of A which yield a pole of the gamma functions
occurring in (13). In this way r’Sm is defined by formula (13)
as a distribution in S'(R ) except for x==/- m-2k, k=0,1,2,...
The fact that this extension is possible can also be checked

directly by a using a Taylor expansion of the test functions;
this is done for the case m=0 in [3].

Since at least one side ify (13) is always non-zero, the
poles of the gamma function do not correspond to the zero
distribution, but rather to distributions concentrated at the
origin. In fact, if =m+2k then rASm is rngm, where Hm is a

harmonic polynomial. Thus from (5) we have

) (@™ 5 )= (2m)Y (-1)" K ARH (0 oxgs s s 0/ 0%
and
15) (2™ 5 )= ()™ A (0kxg, .., 0%,

where A is the Laplacian, and the § is Dirac's.

Thus v’ Sm’ defined for Re(a)> -+ as a regular distribution,
has an analytic extension to the whole complex =& -plane except for
poles at a=-m-2k. Its Fourier transform is given either by (13)
or by (14), and the inverse transform by (13) or by (15).
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§ 4 The expansion and transform of a homogeneous distribution

Theorem 1. Let f be a distribution in D'(R,), homogeneous
of degree » , and S.n be defined for A -Y=V-1,... DY
analytic continuation from Re(a)> - ¢,

i) If A is not an integer of the form -#-k (k=0,1,...),

then f= % Zn bmn r” S‘n, where bmnso(mk) for some k, and

the series is weakly convergent in S'(Rv).

ii) If = ~-7#-N for some N=0,1,..., then

2 ya
vf=PN(a/ax1,..., e/axd)f + 5% ;; b T Sy’ Where Py is a
homogeneous polynomial of degree N, & is the Dirac & , and ¥
m

is _the sum over all m2 0 such that mZN-2k for a k=0,1,2,... .
The series converges as in (i).
iii) The Fourier transform of f is obtained by term- by-term

application of (13), (14), or (6).

Proof. Part (iii) follows from the fact that the Fourier
transform is continuous in the weak topology of distributions.
~Part (i) follows, for Re(a)> - Z, from Lemma 2 and the last
paragraph of § 2. If Re(a) £ -#, then a trivial check shows
that f£"is homogeneous of degree -A-+/; and Re(-a-») & 0, so £°
may be expanded as in (i). Applying the inverse Fourier transform
term-by-term yields the expansion for f.

An immediate consequence is

Corollarz 1. Any distribution homogeneous of degree A ,
A#£ -v-N, has the form r? F, where F is in D'(Q). If a= -#-N,
then f=PN(a/éx)J + 27N g where F is orthogonal to all =
with m=N, N-2,... .

We say that a distribution F in D'(£L) corresponds to a
distribution £, =r*F in S'(Ry) if and only if, for eag(l)’l;o J
vanishing in a neighbourhood of the origin, {f,¥) = '/ P71
(F, y%} dr. Thus if aA=-#-N, the f above is not uniqlely
determined by F.

Corollary 2, For each F in D'(fl), and for a# -#-N,

there is a corresponding unigque distribution fh =r? P,
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If a=-7-N, there is a corresponding fA if and only if

{F,S n> =0 for m=N,N-2,c.. o

Proof. Let F=Z:bmn Sy 1f A# =7-N, then f, is uniquely

A
determined as f, =y Yb ~r”S_ . If A= -7/-N, and f

corresponds to F, we can expand wawN’

TYe v N i (okx)d .

Applying f wd =N to Al S we find that - bmn for all m,n,

and that bmn vanishes for those m not occuring in Z,. The

-7/=N

polynomial P,. is thus arbitrary, and the rest determined by

F.

N

A
It is easy to show that, when it exists, r © F is the

analytic extension of r* F from Re(n)> - #/.
Applying Corollary 2 to regular (integrable) distributions
in D'(f)), we have

Corollary 3. If f is a function homogeneous of degree A
and locally integrable in |x]|Z 1, and a#£ -#-N, then f
corresponds to a unigue distribution homogeneous of degree 2 .
If a=-7-N, then f corresponds to a distribution homogeneous
of degree a if and only if .[ f(w)S (w)d 0 for all gz riili5
m=N,N-2,... = O.
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