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Summary

The two-dimensional electromagnetic diffraction by a metallic
half-plane sheet is investigated. Impedance boundary conditions
are used at the sheet. By a method due to LAUWERIER the problem

is reduced to a set of Hilbert problems which are solved.
Special attention is given to a Hertzian dipole source.
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1. Introduction

In the theory of diffracticn exact sclutions

only for a small number of toundary conditior
which the shape of the boundary was especial.
these the two-dimensional half-plane diffraction problem,

pernaps, 1s the best-known. The case of incident ple
and elther Dirichlet or Neumann conditions was solved in s
famous paper by A. SOMMERFELD [ 8].

Subsequently the case of a pocint scurce, alsoc with either
Dirichlet or Neumann boundary conditions, was
H.M. MAC DONALD [ 5].

Since then these solutions have been rederived with the help
of other means by many authors,

For boundary conditions of mixed type, 1l.e. those prescribling
a linear ccmbinatlion of the fleld and its normal derivative
the boundary, T.B.A. SENIOR gave a solution for the case of
incldent plane waves. In the present paper a solution will be
given for a point source., Such a solution, indeed, i1s implicitly
contained 1n a series of papers on the sclutlion of the eguatlion
of Helmholtz in an angle by H.A. LAUWERIER [2], namely in the
fourth., LAUWERIER considers boundary conditlions which prescrlbe
a linear comblnation of the fileld, i1ts normal derivative and

1ts Tangentlal derivatice at the sides of the angle, For an
angle 27, and equating the coefficients of the tangentlal
derivative to zero, the solution of the present problem could

sclved by

be obtalned. However these substitutions turn out to be by no
means trivial because of the appearance of confluences of pocles
in the general formula. We therefore prefer to glve an
independent solution, using the methods which LAUWERIER
to the more general case,

applled
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2., Formulation of the problem

In the Application of electro-magnetic theory to a configuration
consisting of several media i1t will in general be necessary to
set up field equations for every medium and then to couple
these flelds by appropriate conditions at the interfaces of

the medla. Here we conslder a configuration of two medila,
namely a non-conducting medium and a medium with a large
conductivity. In such a case the field in the metal can be
taken account of in good approximation by imposing an impedance
boundary condition- on the fileld 1n the non-conducting medium
at the 1interface, and the set of fleld equations in the

conducting medium can be dispensed with. This boundary
condition reads (cf. e.g. [ 7])

(2.1) nx(nxE - 2 H) = 0,

-

where n 1s a unit vector, normal to the interface, which 1is
directed outwards as regards the non-conducting medium. As
— —p

usual B 1s The electric fleld and H the magnetic fleld. The
constant Zm equals

(2.2) 2= VA /(8 + 10 /w),

m

where a time variation exp(-iwt) of all fields 1s understood.
Here e 18 the permeabllity of the conducting medium, !Em
1ts permittivity and <Tmits conductivity. For a derivation of
the above formulae we refer to [ 7]. In the present context
we prefer a slightly different form, which 1is obtained by

applying a Laplace transformation with respect to time. Then
-~ —
(2.1) agaln holds if E and H are interpreted as the Laplace

transforms of the electric and magnetic flelds respectively,
but instead of (2.2) we have

(2.3) z, =V / (E +07 /D) ,

where p 1s the Laplace variable. Formally (2.2) can be obtained



from (2.3) by replacing p by -iw,
- ~3
The Laplace transforms E and H satlisfy the transformed Maxwell

equatlons

e

VxH = (pe/c)
4

UxE =-(pa/c)

In a reglon without free electric charges. Here £ 1s the
permittivity of the non-conducting medium, & 1ts permeablllity
and ¢ the veloclty of llight 1n vacuum. Introduction of
dimensionless variables (x',y‘,z’)m(p\ﬁ527c) (x,y,2),

V=(p \/-E/-I/c) V' glves the alternative form

asll AcoR )

$ V* WO,
vV.E = O,

m] d

2

o | o e
(2*“‘) V' x H = (T/Z)E ’ (2'5) v'.H = O,
. o i A
(2.6) vixE = -Z H , (2.7) < .E = O,

where Z= V,u-7 € . In the sequel we will drop the primes in the
above equations.

Substitution of (2.6) in (2.1) gives the alternative form of
the boundary condition

(2.8) nx[ nxE + (2 §2)vxE] = 0.

Furthermore it follows from (2.4), (2.6) and (2.7) that

o B 4 o

(2.9) Y- E - E = 0,

By takling the vector product with T we derive from (2.1)

or, substituting (2.4)
—} - - —
(2.11) nx[ nxH + (zfz )vxE] = 0.

From (2.4), (2.5) and (2.6) it follows that

—_ -

(2.12) V°H-H = 0.

| _ — —

1T 1s seen that both E and H satisfy a modified Helmholtz
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equation and have the same type of boundary condition.

The above formulae remaln valid if, dinstead of a non-conducting
medium, we have a slightly conducting medium with conductivity
o provided we replace € by €& + @ /p.

Still other forms of the boundary conditions are found by
taking the divergence of (2.8) and (2.10). This is allowed
because these equations essentlally contain only vectors in a
plane tangential to the interface. We find

(2.13) ‘ [?i). vV + (3fn/Z:)]—ﬁ,f:oj
(2.14) ['E’. v + (ZZZm)]ﬁ,ﬁz 0.

These general formulae will be applied to the case that the
conducting medium 1s a metallic sheet, which covers the half-
plane y=0, X < O, Then T has the direction of the negative
Y-axls for y=+0 and that of the poslitive Y-axis for y= -0, We
restrict the discussion to essentiallyztwo-dimensional fields,
1.e, we only congider fields which are independent of z. The
boundary conditions (2.8), (2.10), (2.13) and (2.14) then

reduce tO

B Zm BEX 2k B ﬂ
Ex“—tz_(“é“f”max)’ Sy - Bx )
v= LZ ay ’ Hy:: ’
m
4 2K
EZ= T 'zl;n— = s HZ: 9

for y= + 0, x <O,

IT is seen, that Ey, E
of the type

H Hz satlisfy boundary conditions

Z.’ y.’

(§%~1fchtx);¢ = O,

For real values of p, « 1s elther real or purely lmagilnary.

Moreover, in the applications considered here O< Imx< 57« .
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They also satisfy the modifled Helmholtz equation

o >

2 ¥ 2 ¢ _
5 T %5 - ¢ = O.

2% oy

The more I1ntricate character of the boundary conditions for
Ex and HX is of no Importance since Ex can be calculated from
Hy and HZ and HX f'rom Ey and Ez‘

It might be expected thatl the gpproximate boundary condition
(2.71) will fail at the sharp edge in the origin.
Actually, of course, the metallic sheet will have a small but

finite thickness. If such a sheet has g rounded edge, 1T can
be shown that no difficulties will arigse. For = detailed

discussion of this question we refer to [ 6].

The diffraction fleld, oOr to use a modern term, the scattered
field, of course depends on the incident field. The

diffraction fleld can be evaluated for an arbitrary incident
fleld 1f the appropriate Green's function is known. It hence
suffices to determine the Green's function which satisfies

the inhomogeneous modlfied Helmholtz eguation

2 2

(2.15) (Z% + =5 - 16 = 27 8(x-x_)3(y-v,),
dX 3%

and the boundary conditions

(2,16) (%ichm)emo for x <0, y= + 0

However, the special case that the incident field is generated
by a Hertzian dipocle merits a sgspecial consideration.
In such a case the magnetic field 1is the curl of a vector

~—
potential A . In ordinary variables we have
~—3 — — 23
= g ¢ 2 1T @ K

or taking the Laplace transforms and using non-dimensional
varliables,
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— " — —>
E = (°§2)vxt, E =2°9x(VxRK), v°% -7 =0,

where 722 = Eﬂapg/cg,

For a two-dimensional Hertzian dipole in (XO,yO) we have in

absence of the metalllc sheet

— —
R =4 KO(B) a

2

where R™=( X=X )2+(y—-yo )2 .

This potentlal satisfies the inhomogeneous equation

2 & % = -2nz §(x-x_)8(y-y_ )3

1+
}
-
P
|

(2.17)

In the presence of the metallic sheet the dipole of course shows
the same singularity at (Xo,yo) and hence the potential
satisfies (2.17) in that case too. We consider separately the

cases that-g has the direction of the positive X-, Y- and

Z-axls:
1) Iﬂ = 4 ?H(X:y) T,
Then
92 82
( 5 T T - 1) Cq = -2% X(X"XO)J(Y“YO)-
X DY
Moreover
— 2 ¥ -
4 "% 3y
Hence we have the boundary condition
2;2 m-ana)
( + =—sx=)p_, =0 for y= + O, x <O,
ay2 Z oy/7T 7]



- wanred
2) ?’3 = 4 972(}{,37) J s

then
82 2 . ¢

(B + B - 1) po= 2w E(x-x) 8(y-v,)
@x? ayE z C
Moreover

—) 39‘92 s

H2 = 7 e kK .

Hence we have the poundary condilitlion

2 F L 2 _ ~
(axﬁy T 5 ox) $o=0 for y= + 0, x<0,

which after integration with respect to x ylelds

(;%T" T ""2“-') ?92*-"':0 f'or y= T Q, x < O,
w—ly
3) RB = 4 9’3(}(:37) K

then
o°_ . 2" S(x-x ) &(y-y )

(== + —= ~1) .= -2%x ¢(x-x -y
aX2 ey2 3 °

Moreover

T - g B

E3 = =4 $g K-

Hence we have the boundary condition

(%¢QZ~)¢3mO for y= + 0, x<O0,
m

*
The same type of problem also arises 1in the theory of sound ).
Consider a two-dimensional impulsive source. The transmitted

sound 1s reflected by a semi-soft screen y=0, x < 0, The

velocity potential ¢ then satlsfies

(2 BT 2y omE(xex )S(yoy )(t)
2x° ayz 02 ot ° " | 7 7

%) Cf. a forthcoming publication by H.A. Lauweriler.
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and The boundary conditions are

The boundary condltions follow from the more general conditioh
for a reflecting medium which reads

9 2 —

(en T 9 at)y’" o

~3
where n 1s normal to the boundary and points into the

reflecting medium (cf [1] pP.9). Here ¢ is the veloclty of
sound, ¢, the density of the undisturbed medium and a the

rate between the normal velocity of an element of the reflector
and the excess pressure on that element. This condition
includes the rigild screen (A=0) and the completely soft screen
(A—00) .

Application of a Laplace transformation and introduction or
dimensionless variables(x‘,y',z')m(p/b) (x,y,z) agalin ylelds
the equations (2.15) and (2.16) if ch «= ¢ %

Reduction to the Hilbert problem

For easy reference we repeat the basic equations

. 2 2
(3.1) (B + 25 -1)6 = -2x &(x-x_)d(y-v,),
X 2y
' 2 T _ _
(3.2) (ay+cho<)eo for y = + 0, x< 0,

The function G will be composed of the Green's funct%on for ghe
' 2
region without screen, which equals KO(R), R n(x~xo) +Qy~yo)

2

and a regular function ¢ . These might be called the 1ncident
field and the scattered field respectively. We hence put

(3.3) G = K (R) + ¢ .

For ¢ the following representation will Dbe used
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00
i f exp( -ixshw—-ychw)gq(w)dw for y > O,
; _ - Q0
(3.4) P =
D

5 ij; exp( "iKShW+ychW)g2(w)dw for v <0,

which representation ensures that G satisfies (3.71).
An analogous representation exists for the modifled Bessel

function KO(R), It reads

o0
(3.5) KO(R):-.. = / exp [wi(xnxo)shwﬂ ly—yo|chw]dw.
e

Substitution of (3.3), (3.4) and (3.5) in the boundary

conditions (3.2) gives

7 [ (chw+ch « )gq*(chw-—ch X )expl( ixoshw-—yoch w)] emi}{s’l’l Vo= 0,

- 00
X <0, ¥y = +0,

00 :
/ [(chw+oh o«)gz-t-( ch w+chcx)exp(ixosh w -y ch W) ]e“lXSh e}

- OO0
x <0, y = -0,

from which we obtain by subtraction and addition

(3.6) Z ¢+(w) e"1XSD W p w o dw =0 for x <0,
e +- ~-ixsh w
(3.7) / y/'(w) e S ch w dw =0 for x < O,
| -Q0
where

(3.8) ch w 5?5+(w)=--( ch w+ch«) (y,l—yz)chh W exp(ixoshw—-yoch W),
(3.9) ch w y+(w)m(ch w+ch ) (yq+y2)+2ch X exp(ixosh w-y_ch W) .

In the following we mostly use polar coordinates T, ¥ , given
by x=r cosd, y=r sin g, instead of Carteslan coordinates (x,¥).

Tt follows from (3.6) and (3.7) that, because of the restrictlon
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x € O, both 5Z5+ and y/+ are holomorphic in the strip O<E¥mw<n.
Furthermore they are symmetric with respect to z®1i,

SO for we have taken account of the Jjump in ® when passing the
screen y=0, x <0, This jump was implicitly taken care of by
the introduction of two functions viz .gq(w) valid in the upper
half of the x-y plane, and gz(w) valid in the lower half.
However ¢ and @@/® y should be continuous over the ray y=0,

x » O, From the continuity of @ we derive
0

(3.10) / g (w)ech w eTlXSh W 4 o for x » 0,
-0

where

(3¢/l/l) ﬂﬂ(w) = (gq“ge)/zh W,

and from the continuity of ow/2 7y

' e - -ilxsh w

(3.12) _/ )’/‘(w) ch w e > dw =0 for x> 0,
~Q0

where .

(3.13) y (w) = g.te,

It follows from (3,10) and (3.12) that, because of the
condition x » O, both @§ and Y are holomorphic in the strip
~x<¥m w < O, They also are symmetric with respect tTO --—23-'-7c 1.

Elimination of g, and g, from (3.8), (3.9), (3.11) and (3.13)
and replacement of the Cartesian coordinates by polar ones,

X =r rcos J =1 sin ~3’ 1elds
O OCS o’ yo O o’y

(3.74) 37 (w) =(ch w+cha) g (w)-2 exp [ -roch(w-&-i\fo--%-i?\:)]
(3.75) y_’_(x}r)m (ch w+cho) gk'“(w)+2 cha exp [-—roch(w+i\°fo-%i7t)],

The original problem of finding a solution of the inhomogeneous

modified Heimhoifz equation (3,1) with boundary conditions
(3.2) has now been reduced to solving the two Hilbert problems

. (3.14) and (3.15). To this end we have to factorize ch w and
ch w +ch« . The former factorization can be carried out by

BloLiOTHEEK MATHEMATISCH CENTRUM

;A * g T - &’1
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inspection. Indeed
(3.16) ch w = [ V2 ch &(w-31 x)]x[ V2 ch é—(w—i-i?t)] ,

where the first factor in the right-hand member clearly 1s
holomorphic in the strip 0<Im w<x and the second factor in
the strip -X<Im w< O. Formally the latter factorization is

given by
K (w) K (w)

|

(3.17) ch w + ch

where K+(w) 18 holomorphilic in the strip Odim w<?X and
symmetric with respect to X1 and K (w) 1s holomorphic in
the strip -x<Im w <O and symmetric wilth respect to -3wil.
The derivation of expliclt expressions for K+ and K will be

deferred till the next section.
In the sequel we will also use the functions

(3.18) L—t(w) = K- (w)/[\/_é-ch L(w+ii X ):] ,

which correspond to a factorization of 1+ch «/ch w.
By aid of (3.16), (3.17) and (3.18) we can write (3.14) and
(3.15) in the form

(3.19) gT /KT -g7 K =-2 exp [ -r ch(w+i¥_-31x)] [ KT,
® ®
+ o+ = - .. +
(3.20) ¥ /L =¥y L =2 chu« exp[-roch(w-l-iwfo-%—l?t)]/(ch w L ).
The solution of these Hilbert problems are gilven by
- : -

(3.24) Qj+(w)m “ K+:w: e exp[ | oh(wo+1~d’o 217!:)] ch W cilwO

) iz + sh w_~-shw’

-0 K (w,) O

OcIm wer

gt —"'l"*
(3.22) ¢ (w)= - 1 }D e}cp[ roch(wc—i-ido 217[')] ch w, dw
"' - K (w ) sh w_-sh w’
17X K W) -0 O O

- <Fmw < O,
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- s —k
(3.23) +(w)—- ch o L+§w: o exp[ Po“h(wo+i 1'}‘0 2..{.:%‘)] dwo
y ¥ - i% é + sh w_-sh w’
~ L (wo) O
O0< Im w<m
(3.20) ()= . Q0 exp[:-r*oeh(woﬂ-lﬂ’owglx‘)] dwo
' ]{f’ s - Oé + sh w_-sh w'’
iTL (w) - L (wo) O

~xelm w <O,

Elimination of g, from (3.11) and (3.,12) and substitution of
(3.22) and (3.24) gives

! ’ 00 H(wo,w) . .
(3.25) g,(w)= 5 J e 7 —Shw exp[-r_ch(w_+i¥ -3i7) | dw_,

-7 < Imw < O,

where

2 ch ,é—(wo+-§-i7c)ch L(w=-31%)+ch
W)= m—m—— e -

3,26 H -
( ) L L7 (w_) L7 (w)

O.‘.’

which formulae are valid in the lower half-plane y < O.

However, for gg(w)we need a formula which 1s also valid on the
line Im w=0., This is easily obtained by analytical continuation
of (3.25) if the path of integration for W ig shifted into

the strip O« Im W< X .
Substitution of (3.25) in (3.4) gives, using polar coordinates,

]
F=mx J /. . Fw-hw

exp[-—-roch(wo-kido-%ix)—-rch(w+i g +31 71:)] dwo dw, -7t=< & <0,

In this integral shift both paths of integratlon over &

distance +1¢€,.
No poles will be passed and we find the equivalent expresslon
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oo ~-1€ oo H(w _,w)
_ _ 0’
(3.27) ¥ = Tix ./f /[ sh wo~sh W

-0 ~1€ -0

eXp[erch(wo+i«‘fo--%-i7c)-—-rch(w+i'\J' +-é-i7t)] dw _ dw.

Other representations for ¢ can be obtained by expressing 8
in Terms of ¢+ and }V+ or by using 2 either in terms of @

~ +- +
and ¥ or @ and Y .
The continuity of ¢ and e¢/@y on y=0, x >0 ensures that all
these expressions represent the same function p for -7« J< /C.
The extension of (3.27) to the range O<a) <X can alsoc be carriled
out by a sulitable continuation. This will be done in section 5.

4., The factorization

In this section we explicitly carry out the factorization
(4.1) ch w +-choc=K+(w) K (w),

which was formally introduced in the preceding section, The
factor K+ is required to be holomorphic in the strip O0<Imw<%x
and to be symmetrlc with respect to 3i%®. and K to be

holomorphic in the strip -®< Im w <O and symmetric with
respect to -3iz . The same factorization has been carried out,

by different means, by SENIOR [6 ] and by HEINS and FESHBACH[ 3].

By logarithmic derivation we obtailn

d + d - d
(4.2) a*ﬁ'an(w) + — 1n K (W) ma-‘;ln (Ch W+Ch0(),

which equation, again, is a Hilbert problem on w=0. 1tTs

solution 1s

d s chw 7 _d e
G B EO0)= 2 S5gy ) g In (e woteh o )grroane

which can be brought 1n the form
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N ] m_s.__lf}__ﬁ____, th 3(w_+w)dw _+ __shw__ 7 th 2w_-w)d
— Liz | ch w-ch ;ﬂ_é 2\ W T8, chw—i-cha_é(" 2 W ™WIHW g |4

Divergent integrals are rendered meaningful by defining

o0 9
f(w )dw_ = 1im f(w_)dw
L tlig)awg = 1im [ £l )

After evaluation of the integrals we arrive (under the

condition -A¢ Imo<x)

(4.2) Ki(w):‘\/t ch w+cha exp [ + 22?‘: {/\(w-i-cx)—i— /\(w-oc)}] ,

where.

(4.3) * Ao = [ —

This function is related to Legendre's Chi-function by
ANw) =22 (th 3 w),

(of.[lB]), but this notation might be migsleading because 1T
suggests the functional relation NA(w+2i®)= N w), which does

not hold,
An alternative form of (4.2) is

L T s

which shows clearly the zero's at w= +a +2kix .
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>. Some alternative representations

In this sectlon a few alternative expressions for the regular

part ¢ of the Green's function will be derived. It follows
from (3.27) that

’ co-1E C@H(W w)exp[-—-r ch(w +1id Wlﬁ)*ﬂf‘m fr+1U+ 217‘:)]
___w_le =00 =) Wo W C > WO""W l E O

This integral has been derived for -x«J<0. However, by shifting

the paths of integration its validity can be extended to the
full range -m<J¥<x, Putting w=v-iv-iixand W =V
shifting the paths of integration to the real v and V. axes,
we obtaln

. @ @ H(v Owiﬂo—{—% i?c,vniﬂu%in‘)e}gp(-roch VO-rchv)

(5. 2)?::“@7_\:- _é / ch v T -«3’-i_ ch % 7y Vo AV

—Q0 O

and

provided no poles are passed., This will not occur 1if

K<Y + v’ouc angd --7(4-3—- '\{Olc?t

Since the source wasgs taken in the upper half of the X-Y plane,
or,O<th4z:, the above inequalities may be replaced by the

single iInequalities

~ K <nN-d + K,
O o

The Green's function, hence, equals

(5*3) * G(r,d,ro,do,o()::
00 Qo H(v -id +3ix,v-1id-% :LJ!:)exp( -r _chv, ~rchv)
=K (R)- i ff - ; - dv dv,
O ﬁ_m“w ch Vo”l - +ch(v-1+ o
\ 3 - -8 + %,
N O O
N olr ,«
éif ’ ( © O) Borrowing from the terminology
\ /!
\ S of geometrical optics, one can
say that (5.2) 1s valld in the

directly illuminated reglon

(comp, fig. 1).

ffig.
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Expressions valid in the other regions can be found in the

followlng way. Again consider (5.1) and shift the path of
Integration of w from the strip < Im w< O into the strip

O< Im w<zx. Then a pole at W=W wlll be passed and the residue
atl thils pole adds an extra term. At the pole we have

H(Wo’wo) = ch w_,

and the residue hence equals

o0
1 | . ..
> ,._é EXp[ “I‘Och(woﬂ«‘fom%i?c)-rch(woﬂ«g—k—%ix)]dwom}{o(R),
which term has to be substracted. The main term of ¢ , again,
has the form (5.2) with -x< € <0, Putting w=v-i« -3ix

w=v_-1 '\To-i—-%—-i?t as before and shifting the paths of integration,

we obtain

3

(5'“') G(I‘_,‘d_,]?o_, do) =

cw oo H( v,-1 do-t-%i?c, v-id-51x)expl -r_ch v -rch V)

7 _ _ __ — 2 dv_ dv
LIx _é “é ch vo~in9’o +ch(v-1w O ?

~x< IV - =&,
O

where the region of validity -x<J < «o’o-w —the shadow region
(comp.fig.2)—1s determined by requiring that during the shifting
of the paths of integration for V and v no poles will be passed.

Finally shift the path of integration of w from the sTrilp
X< Im we O into the strip -2x2<¢«<Ilm we¢x . Then a pole at

mewo-ﬂix will be prassed.

At this pole we have

H(wo-’ ”Wo”lx) - T ¢ch =Wo+ch o< o)d

. . 1 =
....%. / ._....._.._.___.Q______.......; exXp [n—roch(wo-i-j_ JO—-%J_'?U) -:‘."d'l(W‘i“l‘J"l-"glE)] dWO,



the residue can be written in the form

KO(R' ) + Res(x) + Res (-«),

> 2. 0 2 >
where R' “=r tro-2rr _ cos(v +d0)=(x--xo) +Hy+y,)~ and
(5.5) Res(ex ) =
oo

Y 1 : ,
5 cth o “4 th 5(wo-—-m)exp[wroch(wo-i-lﬂo-—%ix)-rch(wo-i'd-i-%i?t)]dwg.

The main term of ¢ again has the form (5.2). Putting
wo—'-:vo-iw?’o-i—%i?\: and snifting the paths of integration, we
obtaln

(5.6) G(r,d,r_, J_) = '
00 H(v _-1id +3ix,v-i¥-3i®)exp(-r _chv_-rchv)
ch(v _-i4d )+ch(v-1 O
O O
+K(R)+K(R' )+Res(« )+Res(-a), -V +T<d<x.

The region of wvalidity of (5.5) - the region where direct
reflection occurs (comp. fig.1) - again is determined by the
requlirement that during the shifting of the paths of integration

cf v and v, no poles will be passed.

6. Special cases

1) The case o =3im® .
For o =ik the boundary conditions (1.2) simply become

9G/?.Vmo for x < 0, y=0, This corresponds to the well-known
diffraction problem for a half-ray with vanishing of the normal
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derivative of the field at the screen x«< 0O, y=0. In thls case
4+ -
L, =L =1 and from (2.24)

H(w,,w)=-2ch 3(w_+3i&)ch 3(w-31x)= -ch (w_+w)+ch }(w_-w-1%).
Hence
i aliw o4 _Lls ) )
4 f f H v +7E, _ 1 :Lz:)ep( roh r v ) o e
8x A A ch = vo+v-—i O-—-i lchs vo-vmi o+i O

00
“] , _
8% ; ) ! [sech é——(vo+v—-ido-—i0)msech%-(vowv--ido—i-id)] exp(—r*ocl’lvo—nrchv)dvo av.

Furthermore

@ @ exp(-r_ch v_-rch V) - 6(r,r_, @ -2%) , R <P 3K,
dv _dv=

= J [ —wIiteTe

9(1?,1"0, O ) y ~“KLE<AX.

70 o~ C ch w 3

where G(P,ro,@) = W,
S
®
2 2. 2 P+ro
and ¢ =r +ro-2rro cos@ , ch w_= —3 (cf. the Appendix of

[2], part III).
It follows that
~30(r,r 0 - 21 Or,r I ~NK (R )TK R, I I,

G(I’,I‘O,d, do,‘%‘iﬁ): -%@(I’,I’O,'30+‘\3)—%9(I’,I’O,'\70“J)'i‘Kg(R) ,I\YO--I<\°}’<--’3'O+’E,

W
«70+q7)+-%9(r,ro,0’0—«7“27\7) ,nx'cmc«‘fgwx,

2) The case Xx—C0.

For x—00 the boundary conditions (1 .2) become G=0 for x < O,
v=0, This corresponds to the well-known diffraction problem for

a half-ray with vahishing field at the screen x <0, y=0.

ITn this case

H(wo,w)'—-% -2ch 3( O-—%—-ix)ch i(w+iim)=-ch 5(w_+w)-ch -é-(wo-w-iW) :



Hence

-rch & )

v -19_+3ir,v-1d-3i%)exp(-r_ch v, _%
— dvo AV wemy

4 oo 09 H(
ﬁ __é mé ch VO+V-1“\TO“i“3 ch = VO"V*iI\?'O‘i"i-‘U

O OO |
1 . . y g
T _:/ 4 [ sech %(VD-!'V" 1‘\70 ~-iJ)+sech %‘( Vo~V *l'\?é}“l”l‘\})] eXfp('f;‘ﬁ?OCh Vo~ U ch V)dvo AV «
Furthermore

. ij R e — 2 Ko(R')-
IT follows that
$0(rr ,J_+V-2r)-36(r_,d -9+K (R)-K (R1), - ¥ _+A<T<x |
®)=1-36(r, I‘O,ﬂ70+d)~%9(r, T s do--ﬂ) +KO( R),do--xc Je-d _+7,

'\70':*17-276) ,w?Cda?'(«Jo-?t,

“%Q(I’,I’O, ﬂ70+‘\5)“‘“23"'@(r’,1"‘o,

in accordance with the known soluticn.

It might be surmised that in the case «=0 TOO considerable

simplifications would occur. This, however, proves to be false.

3) The case r —>®.

The functions, cemmpring in (5.3), (5.4) and (5.5 ) are all of

the form
O -r cht

3 [ f(t) e ° dt,
- Q0
which asymptotically equals
-

£(0) VvV=/(2 ro) e °

We apply this formula to (5.3), (5.4) and (5.5).
Furthermore we put G= V T2 ro)exp(wro)G*‘.'We then obtaln
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H( -1 «?’O+-§:‘L7c, v-id-siT)exp(~-r chv)

(6.1) G (rjwﬂ‘,«ﬁo,m)y S5 A vy ﬂo+h o - dv,

-—71;‘-:77<170m7c' ,

~ H( --ido-%-%i?c, v~id-5i%)exp(~r chv)

#* g
(64:2) G (f,"j,do,m)ﬁ“ "é“"?'E mé ' CD Joh e - - dv+

+ exp [r cos(V-4_) ] ,

® O

For the asymptotic form of (5.6) we consider Res(a) separately.

Putting in (5.5) womvowiﬂoﬂ——%-i?c we find

Res(«)=2cthux / ~th %—(voﬂi% +%i}fwm)exp[—roch v_tr ch(vo--iﬁ- 10, )] dv_ .

Since 0O« «3'0<7c the path of integration may be shifted to the
real v_-axis provided -3%¢ Imx < 3%. In the case of
electromagnetic radiation, and also in the case of diffraction
of sound, this inequality indeed holds. If choa >1 then

Imoa =0, and if chwa <1 then 0< Im«x < 37x.

We hence have, with Res(x )= Res® () Vx/(2 ro)exp(-ro):

Res™(«) = cthx th 3(-1v +3im-x)exp[ r ch s(¥+V))] ,

and

Res” (x )+Res” (-x)= - m EXP [ r cos(«‘)'-f—'do)]
O

Applying these results we find for the asymptotic form of
(5.6)

co HEY +31%, v-id-3ir)exp(-r chv)

X000 * d I . S
(6.3) ¢ (.9 9,x)% -~ ¢ [ ——Gos @ ten(v-iw V1

ch —-sin«?o 5 ]
- —~ e — —~ A
+exp[ r cog(V 'L?O)] o —t-sinﬁo @Xp[ r cos(v+ o) :

- %ﬁ&dTmMJ!%ﬂ. -~ a) +RN<CK



-0

L) The case e

Inis case 1s analogous to the former. We confine ourselves to
glving the pertinent formulae,

(6.4) G(r,v,r 1oV s X e Eﬁﬁimwl. 2?

H V ~14) +217E iR i?t)

chf v --iaﬁ“ )+ CcOS ¢ dvo’

~% < «ftdom‘lc )

OO0 H o ;l ‘ o
6.5) Glr. ., r . o EAP\ D / T
(6.5) (r, 9, ok O’“)"" A deo+

o E"'I": ooH(v -1y +5i7m, -1v-5in)

A) Ay ~
(6.6)  Glr,o,r v ,u)w - == /[ mdv +

Vg exp(-r)[ exp {r c0s(9-9,)- GREEy Pln cosori )l

-5T I < 3, ~F W<V ez,

7. A related boundary value problem

In the discussion on the Hertzian dipole in section 2 we

encountered the boundary condition.

52

(..........é.. : CNox """"“‘"") G --O chx = fm/*'z,y= j__ O_, X 40_,
2y

where G*’again satisfies the modified inhomogeneous Helmholtz

equation

(2 s 2 4y g% = om 8 (x-x )8 (3-v,).
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This problem can be golved by the method given in the
preceding sections. We will give the salient points of tThe
analysis only.

We put

G = KO(R) + 90*:
0

£ /f exp (-ixsh w-ych W)%:TW)dW:
~00

= “26 exp (-ixsh w+ych w)ggxw)dw.

This leads to

701’1 w[ (ch w+ch )g,’?—t-( ch w-ch « )exp( ixosh wnyoch w)]eﬂms’hw =0

-0

0 .
i/hch w(ch w+chau)[g§'+=exp(ixosh w~yoch w)]'e“lxsh'w - 0.
~ Q0

Then
¢ *(w)=(ch w+eha)(g§“gg)”2 chx exp(ix sh w-y.,ch w),

and
jyﬁ?w) =(ch w+cha0(g:+g§)+2 ch w exp (ixosh w-y ch W),

are holomorphic in the strip‘04~§m*wcx:.
From the continulty of ¢ and a@/®y for y=0, x>0 we derive
Tthat

g™ (w)

I

e N
(gq"%g) /Ch W,

and

|

- %
v (w) = gitel

are holomorphic in the strip -%x < ¥

+ % ~

14 =(ch wt+cho ) Y

”+20h W exp (ixosh w"yoch W),
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or, aiter factorization of ch w+chx and 1+chx /ch w,

§+*
""'"’* e +M
- L = -2¢ 1-v oh

- 7 2cha exp (ixoah w-y_ ch w)/L°

+
Z Y | +

— — s R, \T &
F ¥ & K =2 chw exp (1x_sh w-y_ch w)/K",

, - -
Solving @ and yf * from these problems leads to the following
expression for ¢*

' cO-1¢ H* /o~ 3 P - _Ci iqf A0 -r e w
(7.1) g% “8275 7 ? _ Wo w)exp[ r_chiw_+ -—%j_z) roh(

_B-ie -& ch wotw)ch s(w_-w-1%

where

2 | |
(7.2) B ()= chwgt2ehw eh 2(w +3iM)ch H(w-317)

K(O) K (w)

In the same way as before expressions for G¥ can be obtained
from (7.1) and (7.2).

@. Conclusion

In the preceding section we have derived Green's functions for
the modifled Helmholtz equatlon

( N +--2--2-—- 1)G = ~28 §(x-x_)&(y-
- - a’ yyg)y

ax2 aye

wlth either the boundary conditions

(f%-?fchot) G = O,

SN
(;—;—2— -+ Chm ";’fi) G = Oa

These equations were obtalned from Maxwell's equatlions by
introduction of non-dimensional variables and application of
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w K

a Laplace transformation. Returning to

1t rfollows from the rrecedlng sections that the larla-e
transform of a Hertzian dirole is glven by
1) 1f 1t has the direction of the positive X~axls,

—

(8.1)

, » . | - _—
Ay =2 GlerVEw/c, d,0r VEp/ ,d ,«) L

L

W Vp/(t+a/v); 2

-

2) if it has the direction of the positive Y-axls

(8.2) A= 2 clprVig/e,, er VERT 9 )

O g9

3) if 1t has the direction of the positive Z-axis
-

(8:3) =2 6(or Veu/e,v,or VEae,d_,x)

Q

—
K,

with cho = Z/Zm.

For large values of nrm and small valuesg ¢of o we ffInd In the
fformer two cases ch« >, hence Imx =0C. In the latter case,
however, chx <« 1, hence 0< Imx< %1%,

The formulae in thls paper have been derived for real values
of p. However all functions are analytlic 1In p and hence can

be continued to complex values. This property is important if
all fields are harmonic in time. Taking a timefactor exp(-iwt),
the amplitude functions can be obtained by replacing p by -1lw,

If this is done in particular in the sgpreclal ragse I _ —®

O
(section €) the formulae describe the diffraction of a plane
monochromatic wave. This is the problem Investigated by

SENIOR [ 6]. His solution agrees with curs iIf in (€.1), (6.2)
and (6.3) G* 1s replaced by 3", r and r
-iw VEu/c and if we take Z_=Vau /(€ +1¢ /w

It would be of interest to perform the Inverse lLaplace

are multiplled by

-

rl}r‘

transformation. In this way transient phenomena could be
investigated. The inverse transformation, however, proves to



- D5 -

ve practicable only approximately. This is due to the
dependence of Zm and hence of ch&|, on p.

In the case of sound waves (cf., section 2) ch« is independent
of p,and 1t turns out that the inverse transformation can be
performed in closed form., This willl be shown in the forthcoming
raper by H.A, LAUWERIER already referred to.
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