STICHTING

MATHEMATISCH CENTRUM

2e BOERHAAVESTRAAT 49
AMSTERDAM

AFDELING TOEGEPASTE WISKUNDE

Report TW 94

On the Numerical Calculation of Elliptic Integrals of the

first and second kind and the Elliptic Functions of Jacobi

by

D.J. Hofsommer and R.P. van de Riet

November 1962



The Mathematical Centre at Amsterdam, founded the 11th of February 1946,
1s a2 non-profit institution aiming at the promotion of pure mathematics
and its applications, and is sponsored by the Netherlands Government
through the Netherlands Organization for Pure Research (Z.W.0.) and the
Central National Council for Applied Scientific Research in the Nether-
lands (T.N.O.),by the Municipality of Amsterdam and by several industries.



Introduction

In this paper formulae will be giver, which can be used for
accurate and fast computation of Elliptic Integrals and
Jacobian Elliptie Functions.

ExTenslve theory can be found in a monograph by A,V, King [‘?]

All formulae are based upon Gauss theory of the arithmetico-

seometrical means [ 21, and Legendre's method of computaticn.

U

Programs to obtaln 12 significant figures were set up in
ALGOL-60, and run on the X1 computer of the Mathematical Centre.
Recently a series expansion method has been proposed by

DiDonati and Hershey [3] , which they c¢laim to be supericr to
Legendre's method. Their ALGOL program [4] was also run cn the
X1,

A judicious application of Gauss' theory, however resulted in

a more compact and faster program than the serlies expansion

program.

We have the usual definitions for the Incomplete Elliptic

integrals
_1
(1.1) F(k,gﬁ)m /?’ (’lﬂkgsing fﬂ) = d @ we assume 02k & 1,
®
¥ > 2+
(1.2) E(k,y)= [O (1-k"sin® @) 2 dg .

A
Moreover we consider the function J

¥ 2 L2 .2 -3 . :
(’L,B) B(k,gﬁ): / COSs 30(’1-—*1{ Sin 5;:?) dy, which 18
O
related to F and E Dby
d :2 2\ b =( 7 k2 %
(1.4) B(k,p)= — [E(k,9) - k F(k,9)] , k'=(1-k")
K

For small values of k both numerator and denominator or (1.4)

become small, which regults in a 1loOsSs of significant flgures

if B 18 calculated from tables of E and H.

*) In the Technical note TN 28, Mathematical Centre, November 1962,

o teble in 11 decimals is given of B(k,¥) with ¢ =1 (1 )90 ,

k = sin [1°017)Ls5 1.
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Ihe Complete Elliptic Integrals are defined by

(155) K(k) :F(K3 %) 3
(1.6) €(k) = E(k, &) ,
(1.7) B(k) = B(k, &)

Iff F(k,¢)=u, the inverse function is called the amplitude
function @=am(u,k).

The Jacoblan Elliptic functions are defined by

(1.8) sn(u,k) = sin am(u,k) ,
(1.9) cn(u,k) = cos am(u,k) ,
(1.10) dn(u,k) = (’l~k2 sne(u,k))%,

Arithmetioowgeometrical means

LetT a and bo be two posltive numbers. We then define the
following sequences: fa_§ , {b } as follows

1
a, = —————= s b = (an bn)gg n=0,1,2,...

It can easily be shown that these seqguencesg converge
guadratically to the same limit, which is denoted by ag M(aa’bo)‘

In the following the letters 8. and bn will be used exclusively

if they occur in the Just mentloned sequences.

The Incomplete Elliptic Integrals

Let us define the following functlons
- 2 3 ¢ o2 o 2 2 72
(2.1) F*(a,bggo)m-;?((’lw -p--é-) @)= J; (a“cos®¢ +b7sin” ) de,
a



or if we write k’=bo/ao, O¢<a £1, 0£b £, by

(296) tan ?1 e ﬂmnﬁgum—hm““ém
aombo tan~ @

Substitution in (2.1) and (2.2) gives

a +b 1
e i O O 5
(2.7) F'(a_,b_;¢)= 5 F (a,5b,5¢,) where a_ = ——&— ; qu(ag b )2,
D _a a _-D
#t T O O & ) O © _.
(2.8) E(a_ ;b s¢)= E > P‘(aw,bw,qw)+ s— sin g,.

1t we tTransform in The opposite direction writing

!
(’l+k,{)tan 2

t 2 “ g
ﬂwkq tan ?H

tanfw =

we get with k=bo/aO

o o > o 2 .7
(2.9) a, cot ¢ .= 3 {ao cot @ + (ao cotTe + a’ bo)
Substitution in (2.3) and (2.4) gives
‘ a ,th =
{ 1 & Py w— o . o—— e —
(2.10) F (ao,oo,?ﬂmF (aq,bq,?w) where a 5 ; b, (aobo) ,

(2.11) E’(ao,bo;?ng EI(aq,b4;;4)+(aowbo)aqF’(angq;ﬁﬂ)“bosin?”




I

Gauss'! transformation [ 2] is given by

[ T+k ) 8in .
which

Sin.guﬁ: becomes 1f we substitute

. 2
1+k sin™ ¢ T
¥ kwbo/ “o
(a +D )Sil’l %ﬁ’
(2.12) cin 2, = o 0!ZRE
- a _+b sin2 :
o 0o ¥
Substitution in (2.3) and (2.4) gives
! 1 ! . . aO+bO . %
(2.13) F (a_,bs¢)= 3 F (a,,b5¢.) with a = ——; b,=(a, b,)%,
a2 b2

H 2\ _ . Om O o . ~ e -, ‘
(2.14) E'(a_,b_;¢)=E'(a,b 3¢, )+ —p— F'(a,,b ;p,)-b sinywcos @, .

An iterative program based on (2.14) may lead to the loss of
signifiicant figures, as COS fq must be calculated from sin ¢

Reversion of this transformation results 1n

( 14k, )sin @

sin = ——————— with k= —=—— , or if we write
7 1+k sin2 Tk -
d Y1 k'=b /a
ole
o 2ao sin W 4
Sin ¢ = S
(a,tb )+(a ~b )sin™ @,

(2.15) F¥(a,,0,5¢)

(2.16) E (a_ ,b :9)=2 E (a b ;¢ (81505940

1t leads however to the same difficulty.
We therefore based our programs on iterative use of formulae

(2.7), (2.8), (2.10) and (2.11).
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One can easlly verify that the calculation of ag M (1,b),
where 12b » 0,3 nee?g at most three cycles, and for
b » 00,9539 =(1-0. 32 )5 only two cycles, to cbtain 12 significant

ffigures.

Thus when k £ 0.9539 we choose aom”l, bozk‘ and base our program
on formulae (2.7) and (2.8).

(a_+b_)tan & b, a
¢ sy — & O 73 m-.;.-.. % P mmmo O
With tan @, = ——————5— Or a, cot o, mg(aovotff - cotey)

-D O
a.,~b, tany

and aom’l, bomk' , we get, after rearranging terms, 8o that loss

of significant figures can not occur,

¥

| ) =
(2.17) F(k,¥)= F (q:kt;fﬂﬂﬁ §2a3+b35 ?

(2.18) E(k,p)= E (1,k';p)=

i-1 "1-7

where Py = T(a. Fo. o) P, . 5, P =71
i a‘j_"’]+bi“’] 1- O

‘?ﬁ is calculated with the formula

i & k-3
?nm arc tan (W)+ {jzo 2

When k 3 0.9539 we choose a_=1, b_=k and base our program on
formulae (2.10) and (2.11).
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A fast and compact ALGOL-€0 program was easily obtained, and
run on the X1. Comparing tested values with a 12 decimal table
of' Legendre - Emde [6], we found a relative error of the order
10712,

The ALGOL program of the series expansion method by DiDonatil
and Hershey ([ 3],
It turned out that our program is about four times faster.
Further on we observed that for ° and k=sin 89°, the series
expansion program did not give an answer wilithln an acceptable
time, in fact the calculation needed more then 10 minutes.

(4]) was also run on the X1,

ihe Complete Elliptic Integrals

We only write down the formulae, which can be easlly derived

from the foregoing formulae,
We mention here that Morgan Ward [ 7] derived similar formulae
for the Complete Elliptic Integral of the third kind.

When k < 0,9539 we get



Results were checked with a 15 decimal tableq[BJQ

The relative errors were all of the order ﬂO“ﬂet

Ihe Ellliptic Functlons of Jacobi

Inverting formula (2.15) by which we can obtain F(k,e), we get
with known F(k,#).

w) we find sin Y5 by sin ¢, =

with a_=1, b =k’ for k< 0.9539,
(the same is done by Salzer [971)



= k' sin @f'
e et gn I}E_U- lkc: ~ } 2 QO 1 where K=K(u),
Il u; (/]__k! Sj_n ’ %O*);_J

and sin cpo* 1s obftained from ?imau(Kwu)m % - a)u.

For dn(u,k) we use similar formulae

dn(u,k) (1 Kk sin” )%
’ S S1n 990

_ k ~ 7
(3.2) an(wk) =mmrco ey ® T2 .3 af for 4y > T -

When k = 0.9539 we invert formula (2.10) and obtailn
tan @ 3= sinh(a3 u), then tan ¢ . can be calculated with

a tan @4 ]
Then  sn(u,k)= sin @ = ————7—1 , cn(u,k)s —————
(1+tan® ¢ )2 (1+tan” ¢ )3

When % > £ a numerically better formula can be obtalned 1f we

use (3,1); then

and we get

cn(u,k) =

In the same way we get



N
ﬁjér—-ﬁ

Test valueg could be checked with a 12 decimal table [8

Again The relative error was of the order 1Of12,

e o
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The ALGCL-50 procedures will now be described.

comuent procedure for the Complete Elliptic Integral of the Tirst kind

(formula (1,5)), A = arcsin (k), 0 < A <% /2;

reel procedure K (A); value Aj real A -

begin real al, 82, b, kK13 integer n; b:= abs (sin (A)); if b > .2539

then begin al:= (1+b)/2; bi= sqrt(b); a2:= (al+u)/2;
bi=sqrt (alxb); K:= 1n (128x(a2+b)xa2xalfz/

KIAL) /(a2+b) /2 '

end t
else begin b= abs (cos (A)); al:=1; for n:=1, 2, 3 do
begin a2:= (al+b)/2; b:= sqrt (alxb); al:= a2
ends; K:= 3.141 5926‘5:5{59/(5,1 +b )

end
end K

comment procedure for the Complete Elliptic Integral of the second kind

(formula (1,6)), A = aresin (k), 0 < A <X /2;

regl procedure L (A); value A} real Aj

begin real al, 82, b, s, k13 integer n; b:= abs (sin (A));

k1:= abs (cos (A)); if D > .9539

then begin al:= (1+b)/2; s:= klxkl/2+alxal-b; b:= sqrt (b);

‘ a2:= (al+b)/2; A:= alxb; s:= s/2+a2xal-A;

b:= sqrt (A); E:= (a2+b)/2+(s/(a2+b))x 1In (128X
(a2+b)xa2xalxal/(k14k))

end
else ‘t';éwgin b= k13 al:=13 s:=1 + b X b;
for n:= 1, 2, 3 do
begin a2:= (al +b772; A:= alXb; al:= a2;
s:= s/2-alxal+A; b:= sqrt (A)
.= 12,56637061L44 x s /(al+b)

end; E

end
end E;

comment procedure for the Complete Elliptic Integral (formula (1,7)),
A = arcsin (k), 0 < A <K/2;

real procedure B {a); value A; real Aj

begin real al, a2, b, bl, s, kl1; integer n; b:i= abs (sin (A));
k1:= abs (cos (A)); br:=Db; if D> .9539

then begin al = (1+'b)/2; Si=

= alxal - kixkl /2 -b;

sqrt (b); a2:= (al+b)/2; A:= alXb;

sqrt (A); s:= s/2+a2xa2=~A;
((a2+b)/2+(s/(a2+b) )x In (128x(a2+b)xa2<alX

al+b)/2; A:= alxb; al:= a2;

o -« k13 b:= sqrt (&)

4159265359 X (.5 + s X 4)/(al + b)
end

end B;
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coment procedure for the Incomplete Elliptic Integral of the first kind

(formula, (1,1)): A = agresin (k): P=¢, O<A, P <7€/2;

real procedure F (A, P); value A, Ps real A, P;“

begin real a, al, b, bl, si; integer n, m; b:= abs (cos (A));

bl:= abs (sin (A)); if b1 < 9539

then begin a:= 1; si:= cos (P)/sin (P); n:=0; A:= b;

s 2 do

begin si:= ( si:x/;%i)/z; ni= 2xa + (1 - sign (si))
/23 at= (a+h)/2; bi= sart (A); A:= axb

end; si:= (si - A/si)/23 n:= 2xn + 1 - sign (si);

a:= (a+b)/2; F:= ({2 X arctan ( a/si) + n X

3.14159265359) /a) /32

end
else begin at= 13 bi= bl; si:= cos (P)/sin (P); al:= bxb;
for m:= 1, 2 do
begin A:= axXb; si:= axsi + sqrt (axex(sixsi + 1)
- 31); g = (a%b)/Z; 8it= si/(axz);
b:= sqrt (A); al:= A
end; si:= axsi + sqrt (axax(sixsi + 1) - A);
a:= (a+b)/2; si:= si/(ax2); F:= 1In ((1 + sqrt
(1 + sixsi))/si)/a

end.

end F;

comment procedure for the Incomplete Elliptic Integral of the second
kind (formula (1,2)), A = arcsin (k), P =¢, 0 <A, P <A/2;
real procedure E (A, P); value A, P; real A, P;
begin real U, V3
procedure EA;
begin real a, al, b, S1, S2, si, co; integer n, mj;
b= U; a:= 1; co:= cos(P)/sin (P); S1:= S2:= 0; al:= bxb;
n:= 03 for m:=1, 2, 3, 4 do
begin A:= axb; co:= (co ~ A/co)/2; n:= 2xn + (1 - sign
(co))/2; P:= axa; a:= (a+b)/2; P:=P - al;
S2:= S2 + P X sign (1.5 - n + (n:k)xh)/sqrt
axa +coxco); Sl:= S1/2 + P; al:= A; b:= sqrt (A)
end; BE:= (((2 x arctan (a/co) + (n +(1 - sign (co0))/2) X
3.14159265359) x (.250 - S1)/a)/2 + S2)/k

end;

Procedure EB; |

beginn real a, Sl, co, si; real array b [0:3], SIN [0:%];
integer m; &ail= 13 S12= U X U; b [0]:= V; si:= sin (P);
co:= cos (P)/si; SIN [O):=s1; b [3]:=1 + V;
cos= (co + sqrt (cox co + 1 =V x V))/b [3]; si:z= coxco;

for m:= 0, 1, 2 do

begin  SIN [m+1]:= 1/sqrt (1 + si); A:= & X blm];
a:=b [3]/2; b [m+1]:= sart (A); P:= a X a;
Si:=81/2 +P - A3 b [3]:=a + b [m+1]
cot= (a X co + sqrt (P x (si + 1) - A)

end; si:= sqrt (1 + s1); P:= 1/si; U= 0; b [3]:= a;
for m:= 3, 2, 1, 0 do U:t=2 x U + Db [m] X (P -~ SIN [m]);

= b4 x ST x In ((1 + si)/co)/a + P + U

end;
U:= abs (cos (A)); Vi:= abs (sin (A)); if V < .9539 then EA else EB

end B3}
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comuent procedure for the Incomplete Elliptic Integral (formuls (1 »3)),

A = arcsin (k), P =@, 0< A, P <%x/2;

real procedure B (A, P);mvalue A, P; real A, P

begin real U, V;
Procedure BA;

begin real a,b, S1, S2, co; integer n, m; array p [O:l4];
bi= U3 at= 1; co:= cos(P)/sin (P); S2t= Sl:= 03 n:= oF

p [0):= 13 for m:=1, 2, 3, 4 do
begin A:= axb; co:= (co - A/E“S){Q; ni= 2xn + (1 - gign
(c0))/2; p [ml:= .25 x plm - 1] x (& - ©)/(a + b);
at= (a+b)/2;S1:= S1/2 + p [m]; S2:= S2 + pIm-1]
X sign (1.5 = n + (il )xh) /sqrt (axa +coxeo)

P05 smreten (a/c0) + (n + (c0))/2)
end; Bi= (2 X arctan (a/co) + (n +(1 - sign (co0))/2) X
3,147 59265359) x { .01 5625 - 81/14)/& + S2/’+ /

end;

Procedure BB;

begin real a, S1, co, si; real array b [0:3], SIN [0:3];
integer m; at= 1; Sl:= - U X U; b [0):= V; si:= sin (P);
co:= cos (P)/si; SIN [0]:= si; b [3]:=1 + V; Vi= V x V;
co:= (co + sqrt (cox co + 1 - V) )/ [3]; si:= co X co;

for m:= 0, 1, 2 do

begin  SIN [m+1]:= 1/sqrt (1 + si); A:= a x b[m];
a:=b [3]/2; b %m—r‘l J:= sqrt (A); P:= a X a3
S1:=S1/2 + P ~ A; b [3]:=a + b [m+1]; co:= (a X co
+ 3sqQrt (P X (si + 1) - A) )/b [5]; Si:= co X co

end; si:= sqrt (1 + si); P:= 1/31; U:=0; b [3]:= a;

for m:= 3, 2, 1, 0 do Us=2 x U+ b [m] x (P - SIN [m]);
:= (b x 81 X In ((1 + si)/co)/a + P + U)/V
end; .
U:= abs (cos (A)); V:= abs (sin (A)); if V < .9539 then BA else BB
end Bj; —

comment procedure for the Jacobian Elliptic Function (formula (1,8)),
A = arcsin (k), 0 <A <%x/2, 0 <u<K (k);
real procedure sn (ut, A)i value A,.j u; real A, u;i .
begin real array a [0:5], b [0:3]; real al, t; integer 1i;

- a [0]:=1; b [0]):= abs (sin (ASS;_:}_.f_b [Ol?_.9559
then begin for i:= 1, 2 do
begin al:= (a [1-1] + b [i-1])/2;

b [1]:= sqrt (a [1i-1] x b [1-1]); a [i]:= a1

end; al:= exp ((a [2] + b [2]) X u); ti= (a1 - 1)/
(2 X sqrt (al1)); for i:=2, 1, 0 do t:=2 X a [1] X
t/(a [1] + b [1] = (a [1] - b [1]) X t x t);
sn:= t/sqrt (1 + t X t)

end

Sl

else begin Db [0]:= abs (cos (A)); for 1:=1, 2, 3 do

begin al:= (a [i-1] + b [1-1])/2; b [1i]):= sqrt (
a [i-1) x b [i~1]); a [1]:= al

end; al:= (a [3] + b [3]) X u/2; t:= sin (a1);

for i:= 3%, 2, 1, 0 do t:=2 x a [1] x t/(a [1i] +

bT1i] + (a [1] - b [i]) x t x t); sn:=t

i end
end snj
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comment procedure for the Jacobian Elliptic Function (formula (1,9)),
A = arcsin (k), 0 < A<x/2, 0<u <K (k);
real Pprocedure

begin

end cn;

begin

cn ('ll, A): value A, 'U., real A, 13 +
a [0:3], b 10 :3]; resl al, bl, t,k1; integer is
1 s bl:=1b [0):= gabs (sin (A)), ki:= abs {cos "(A)),
> 49559 then
for i:= 1, 2 do

begin al = (a [1-1] +b [1-1]) /2, b [i]*m sqrt
(a [1-1] x b [1-1]); a [1]:=
end; al:= (In ((=a [2] +b [2]) X a (2] xal[1]lxall1])/2
T 542601 513194 -« 2 x 1In (k1 ))/(a [2] + b [2])
if u/aJ > «5 then

&

begin al:=exp ((a [2] + b [2]) x (a1 - u));
t:= (al ~1)/(2)<s> rt (al)); for i:= 2, 1, O do
t:m2><a[i]><t/( [i]+bmw(a[i]-brf])
X t X t); eni= k1 X t /sqrt (1 + (k1 X t)A2)

end else

begin al:= exp ((a [2] +  [2]) X u); t:= (a1 - 1)/(2 X
sqrt (al)); for i:= 2, 1, 0 do
ti=2xal[i]xt /(ali] +Db [1] - (a [1] - D [1])
X t X t); cni= 1/sqrt (1 + t X t)

end
end else
begin b [0):= k13 for 1i:=1, 2, 3 do
begin al:= (a [1-1] + b [1-1])/2; b [1]:= sqrt
(a [i-1] x Db [i-1]); & [i]:= al
end; al:= (a [3] + b [3]) x u/2; if al < .78539816340 then
f;emgin t:= sin (al1); for i:= 3, 2, 1, 0 do
gi=2xa [1]1 X t/(a [1] + b [1] ¥ (a [1] - b [1])
X t X t); en:=sqrt (1 -t X t)
end else
begin  t:= sin (1.57079632679 - al); _
for i:= 3, 2, 1, 0 do t:=2 x a [1] x t/(a [1i] +
b 1i] + (a [1] - b [1]) x t x t);
cen:=b [0] x t /sart (1 - (b1 X t)A2)
end
end
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commernit procedure for the Jacobian Elliptic Function (formula (1,10)),
A = arcsin (k), 0 <A <x/2, 0 <u<K (k);
real procedure dn (u, A); value A, u; real A, u;
begin real array a [0:3], b 1025]; real al, bl, t, k1 integer 13
a 10]:= 13 b [0]:= bl:= zbs (sin (A)): k1:= abs (cos {A));
if b [0] > .9539 then
begin for i:=1, 2 do
begin al:= (a [1-1] + b [1-11)/2; b [i]:= sqrt
(a [1i~1] X b [1i-1]); a [1]:= al
end; al:= (In ((a [2] + b [2]) xa [2] xa [1] xa [1])/2
+ 2.42601513194 - 2 x 1In (k1})/(a [2] + Db [2]);
if u/al > .5 then

begin al:= exp ((a [2] + b [2]) X (a1 - w));

t:= (al = 1)/(2 X sqrt (al)); for i:= 2, 1, O do
te=2xal[ilxt /(al1] +b 1] - (a [11 - b [1])
X t X t); dn:= k1 X sqrt ((1 + t x t)/
(1 + (k1 x t)A2))

end else

begin al:= exp ((a [2] + b [2]) X u); t:= (a1l ~ 1)/
(2 x sqrt (al)); for i:=2, 1, O do *
t:=2xa [1] xt /(a [1] +b [1i] - (2 [1] - b [1])
X t X t)3 dn:= sqrt ((1 + (k1 x t)A2)/(1 + t X t))

end

end elsew
begin b [0]:= k1; g_?r_%:a- 1], 2, ?9_9])/ ”

begin al:= (a [1~1] + i-1]))/23 b Li]:= sqrt
(a [1-1] x Db [1=1]); a [1]:= al

end; al:= (a [3] + b [3]) x u/2;

if a1 < .78539816340 then

begin t:= sin (al); for i:= 3, 2, 1, 0 do
t:=2xa [1] X t/(a [1]1 + b [1] + (a [1] - D [1])
x t X t); dn:= sqrt (1 - (b1 X t)A2)

end else

begin _ t:= sin (1.57079632679 - al); for 1i:= 3, 2, 1, 0 do
ti=2xa [1] x t/(a [1] +b [I] + (a [1] - b [1])
X t X t)s dn:=b [0]/sqrt (1 - (b1 X t)A2)

end

end
end dnjs
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