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Introduction

After a sequence of articles ([1] - [f]) concerning the analytic
computation of the water elevation at the North Sea due to a windfield,
it appeared desirable to employ numerical methods to treat more
realistic models. The method of nets turns out to be very suitable for
the problem, since an arbitrary coast and bottom profile is easily’
introduced. We are only interested in explicit two-level difference
schemes, because of the very long computation time expected with the
Electrologice X1 computer of the Mathematical Centre. In Bﬂ a stable
difference scheme was constructed with forward time differences for the
streamvector as well as for the elevation. This scheme, however, is
subject to very stringent stability conditions. To get a more practical
scheme, we add a viscosity term, which results in a less stringent
stability condition. For stability in the sense of Rjabenki and

Filippow we find:

0x = Ay,

while for stability in the sense of O'Brien-Hyman-Kaplan we find:

2,2
2 + ATATx _ Adx ).

Ax (
\/g-h' bgn  2\/gh

For small values of A these conditions are almost the same.

At <

1. The partial differential equations

We define:
W = (:) total stream
4 elevation of the water-surface. The undisturbed level

is given by ¢ = 0.



u
+
s = (v) state vector
C
A a coefficient of friction
Q the coefficient of Coriolis
g constant of gravity
h depthfunction
- U . .
F = (v) the surface stress due to the windfield
<3
k = (s) unitvector tangential to the coast in positive sense

_>
The components of the vectors w, F and E are taken in a Carthesian
coordinate-system (x,y); the unknown w and ¢ are functions of the
time t and the space coordinates x and y.

g satisfies the following equation and boundary conditions:

Y ) - gh s U
(o) FE= | ce -a meni | s | V],
w(x,¥,0) = 0, t(x,¥,0) =0,
(1.2) v is tangential to the coast part of the boundary,

¢ = 0 at the ocean part of the boundary.

We shall construct the equations describing the coast conditidns. »

From (1.1), we have

5 > - S T2
e Y= S+‘F
9t 3

=0 - A - gh ==
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w - ghVg + ¥,

L}

Forming the inner product between %E-; and k we obtain

-+

(1.3) %;=(k°3) = “A(WoK) + ke S)Q + gh(keVg) + koF.

0
=
The coast condition is
(1.4) - cu - sv = 0,

hence, equation (1.3) simplifies to

(1.3") .g.%. (Bew) = “A(kew) + gh(kev) + BT

From (1.4) we heve

+ + s +c 1
KW = 8U 4. CV = st ] = == Uy S # 0’
S 8
2 2
> > s +c 1
kow=su+cv=-_-——-_-v=_av9c#oc

c c

Substitution in (1.3') and combining this with (1.4) we obtain the

following equations at the coast

- 9
fut--ku-sghakc+si'f'
(1.5) s #0 < v = g-u
L= Vw
Lt
s
u ==v
c
] -+
:‘,.A - i o
(1.6) c#0 A v -cghgr i ot+ock F
-3
L, = =Vw



The equations at the ocean offer no difficulties.

After the formulation of the problem, we investigate the operator

- A - e
& gh ox
= - - - oh &
A Q A gh 3y
9 J
T 9x T ay 0

and the behaviour of r as a function of the time.
Suppose that the vector b is formed from & by application of the

operator A:

We eliminate u and v, obtaining (see [1])
az = £(b),

where f is a known function of b. A behaves as an elliptic operator
with respect to %,

The behaviour of ¢ as a function of t follows from the characteristic
equation for (1.1) [i0 g 384

0 0 gh 0 0 0
(1.7) det | p+q | O 0 o) +r|oO 0 gh = 0,
1 0 0 0 ~1 0

P, q and r are the directioncosines of the line-elements (dt,dx,dy)
perpendicular to the characteristic-directions.

Equation (1.7) is equivalent to

2 2 2
(1.7%) p(p° - gh ¢ - gh r°) = 0.

This equation is satisfied by line-elements parallel to the (x,y)plane

and line elements parallel to the rulers of the cone

t2 - gh x2 - gh y2 = 0,



The characteristics are given by the directions

(a) parallel to the t-axis

(b) parallel to the rulers of t2 -l 212

et “@m Y =0

From (b) it follows that a characteristic line element (dt,dx,dy)

satisfies the relation

(1.8) Vi + &) .\,

dt

Vgh can be considered as a disturbance velocity.
From the fact that the characteristic equation has 3 independent

solutions

(1, 0, 1/Ven), (0, 1, 0), (0, 0, 1)

we conclude that equation (1.1) is total hyperbolic [10] o

2. The difference equations

In the (x,y) plane we take a rectangular net with spatial steps Ax

and 8y,
In a netpoint (x,y) we replace the differential operators %’5{ and %—yj

by difference operators Dx and Dy, defined by

1
D, f(x,y) = m{a(f(x +Ax, y +8y) - f(x = Ax, y +4y))
+ b(f(x +8x, y) = f(x =Ax, y))

+ a(f(x +8x, y ~Ady) - f(x =A%, ¥ —Ay))}

and an analogous expression for Dy f(x,y); a and b are parameters at
choice, however, not zero at the same time,

In a more compact form we write:



-8 0 a
_ 1
Dx f= 5(o158) f «b 0 b f.
=8, 0 a
(2.1)
‘a b a
_ 1
Dy = 5(b+2a) by 0 0 0 f.
-8, -b -8,

The cases a = 0 and b = 0 will be called respectively the central

and the averaged central difference form.

In the boundary points (we assume that the boundary points are all
netpoints) these difference operators are not defined. We postpone
the discussion of this problem. The differential and difference

operators are related by the following formulae

3 _ 2

ax - Dy *Olex)
(2.2)

3 2

s~ =D_+ 0(aA

5y = Oy (ay")

On the t-axis we consider the points t = kAt, k = 0, 1, 2, ... and
we write
-3
s

-
K = s(x, y, kat)o

The difference operator Dt is defined by the formula

(203) D E =1—-(-§ -‘g )u

3 . .
For 3% and Dt the following relation holds:

lQJ

=D, + 0(at).

(2.4) T A

Q

Let us consider the difference scheme:

> > >
(2.5) Spe] = (I +at D)sk +At fk,



- A Q - gh Dx U
where D= -0 - - gh D , T = ' .
-D, =D 0 0

From (2.2) and (2.4) we see that the error of approximation by
replacing (1.1) by (2.5) is

o(sz) + O(Ayz) + 0(At).

Difference scheme (2.5) is consistent with (1.1), which means

that stability of (2.5) guarantees the convergence of the difference
solution to the snalytic solution.

In [61 a stability analysis is given for (2.5). The following
criteria for stability in the sense of O'Brien-Hyman-Kaplan [1ﬂ

are established for the averaged central difference form.

2% 42y

A
A €  smom= ©
t 2h

(2.6) (%% + 2%y)

2 2
bt < Gy 5 )
°%A° +Q° min

In practice the first condition represents an unacceptable restriction

for the time step At, because of the following reasons:
(a) Ot depends quadratically on Ax and Ay.

(b) the smallness of the valuve of A occurring in the first

condition.

(¢) the factor 1/h prevents an economical choice for At (h is a

rapid fluctuating function of x and y).

We try to construct an explicit two-level scheme with less stringent

conditions for stability.



The inequalities (2.6) show, that an increase of the friction enables
us to take a larger time step At. That means, a decrease of the
internal energy of the watermotion softens the stability conditions
for the numerical scheme. This suggests the introduction of an
additive viscosity term to simulate an increase of internal energy.

In (2.5) therefore, we add the following term

2’6 D_QD 3
t Dy Q@ Dy Syo
where
0 0  -ghD q, 9, 9
Do = 0 0 = gh Qy s Q= r, r, r3 o
- Dx - Dy 0 s1 32 s3

Q is a matrix of real numbers.

We obtain the following explicit two-level scheme:

(2.7) 2 = (I +atD, +a°

k+1 0

D )5 + At(D-D_)s. + At F
t Dy Q Dylsy =Do/ 5k K°

It is clear that this scheme is still consistent with (1.1) for every Q.

3. Theory of stability

In this section we give some results from the theory of stability. We
consider stability in the sense of Rjabenki and Filippow [12] and
stability in the sense of O'Brien-Hyman-Kaplan [1f[°

Definition 1. Over the interval O < t < T scheme (2.7) is called stable

in the sense of Rjabenki and Filippow if
(3.1) ||T + ot D + A% D, Q DO|| < 1+ 0(at)

uniformly on 0 < At < At y.



Definition 2. For a certain timestep At scheme (2.7) is called stable

in the sense of O'Brien~ Hyman-Kaplan if

2

(3.2) ||T + ot D + A% D, @ DO|| <1

uniformly on 0 < T < o,

The second definition is used if calculations over very long time
intervals [0,T] are performed.
Following Lax and Richtmyer [33] we construct for scheme (2.7) the

so-called amplification matrix; this is done by forming the expression:

(3.3) A(Y) exp i woX = (I + at + 4%t D, Q D) exp i WX,

where w is a vector in the (x,y)plane.

The amplification matrix A(W) is an ordinary matrix-operator depending
on . |

We have the following theorems for difference schemes with constant
coefficients [13].

Theorem 1. If the coefficients in difference scheme (2.7) are constant

and
(3.1) [1aGD) ]| < 1+ o(at)

uniformly in W and At, then the scheme is stable in the

sense of Rjabenki and Filippow.

Theorem 2. If the coefficients in difference scheme (2.7) are constant

and
(3.2') [AG)|] < 1

uniformly in W and T, then the scheme is stable in the

sense of O'Brien-Hyman-Kaplan.

In practice the coefficients of the difference scheme are not constant:
the coefficient of friction A and the depth h are functions of x and
y, and in the boundary points the difference operator is of a complete
different form. This means that we have in every netpoint an other

difference operator.
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Assumption. If each of these operators applied in all netpoints is
stable, then we assume that the difference operator

with variable coefficients itself is stable [12].

In the following sections we study the stability of the difference

operators applied at the internal points (internal stability).

4, Internal stability in the sense of Rjabenki and Filippow

Let us consider the difference operator, locally valid at the

internal netpoint (x ), applied in all netpoints.

0*Y0
We choose a new unit of time with g(xo,yo)eh(xo,yo) = 1 and we

construct the amplification matrix A(W) for the difference operator.
The effect of the operators Dx and Dy on the functions exp i WoX

is given by:

> 1

-3
i wex = i - i (= +
D, exp i WeX = gy {alexp 1(w1Ax + weAy) exp i( v, A% W2AY))

Ax - exp-i w, Ay)

+ b(exp i w 5

1

+ a(exp 1(w1Ax - W Ay) = exp 1(~w1Ax - szy))}

2

2Ay)51n W, A%

2(b+2a)Ax

2i(b + 2a cos w

. > >
exp 1 W Xo

i

o o - a o PR i
A similar expression is obtained for Dy exp 1 We Xo

We define

2Ay)51n w1Ax At

1 (b+2a) Ax

(b + 2a cos w

-
]
o
|

(ko1)

(b + 2a cos W1Ax)(51n W2Ay) At

Yo © To+2a) Ay

[}

S I
Substitution in the formulae for Dx exp 1 wex and Dy exp i wex gives
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v
(i 3%0 exp 1 ;°;

+ >
Dx exp i w°x
(L.2)

b, exp L E = (1 40) exp i i
v xp 1 wex = (i £=) exp 1 wexXo

For the amplification-matrix we find after substitution of (L.1)

into (303)

2 . 2
-5 Y2AL - eiy, =8 yom
1-83Y =10t B3V Y HIAt Y178qY17S2Y Y2
-+
h‘o A = - —QA - 2.- =3 - - 2
(4.3) Alw) s3Y1Y2 t 1 5372 AAt 1Y ,5=8,Y4Yo"S5Y 5
. 2 . 2 2 2 |
=Y =gV trgY Yy =1V omagy v omTay, =gy yerov (it dy gy

We now investigate the norm of the metrix A(;), in which we assume that
Ax and Ay are both of the same magnitude as At.

The terms 94t and A0t may be omitted,since these terms have an O(At)
effect on the norm of A(;)o To calculate explicitly the eigenvalues of

the reduced matrix, we set 83 = 0. For the eigenvalue equation we find:

(4. 1) (1 -0a)@® -8 +P) =0
where
_ 2 2
8=2-ayy-(r +aky, -1y,
P = S=1=(iv. +q Y2+r Y.Y,) iy +s 72+s Y.Ys)
17AgY TRV Y o IRV TSV FS5Y 1Y o

. 2. .. 2
~(3Y ra r v otr v ) (v p¥s vy oSy 5 )

If it can be proved that this equation has three different roots less
than, or equal to one, we have ||A(§)|| < 1 + 0(at).

We use the following criterium
Criterium. The eigenvalues of the equation

12 - S\ +P =0, S, P real,



12

are less than, or equal to one in absolute value if and

only if
P<1,1-8+P>0 1+ 8+ P >0.

To ensure that P and S are real we set q3 = r3 =8, = 8, = 0 and we

consider only real values for Qys G Ty and rye Applying the

criterium we obtain:

o 2
+ >
Vit 20

2 o 2 ., 2 2
+ < +(r + + +3
Y Ty £ a Y *(r, qg)Y1Y2 r,Y, <2 2(Y1+Y2)n

We find immediately a necessary criterium:

2

(4.5) Y]

+ yg < b,

This criterium is also sufficient if

2. 2 2 >
Y Yo = a4yt (rrap)v v, Ty,

That 1is q, =1, = 1 and r, o= =g the viscosity matrix Q is of the
form

1 4 0
(L.6) Q = -a, i 0 » 4, any real number .

0 0 0

With this choice of Q the eigenvalues are

, 2, 2 2, 2. 2,2
1, 1-30202) £ 6321 (PeE).

They lie all on the unit circle (P = 1) and are different from each

other if Y? + yg # 0., If Y? + YS = 0 we have
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10 o 2 Q@ 0
AGd= | o 1 o | +m | 2 a o],
o o 1 \ 0 o 0

so we have proved that (4.6) makes difference scheme (2.7) stable if
(4.5) is satisfied.

We consider criterium (hos):
We set

£ = sin2 w1Ax sy N = sin® WéAYn

Substitution in (4.1) and (L4.5) results in:

(4.7) 3%t < 4/( Max 8°)

0<Ex1
0<n<1

where

2 _ A2y £ (b+2a \/1-n)2 + 0P n(b+23\/1~€)2

(v+28)2 8%x 2%y

B

We distinguish the cases a = 0 and b = 0.

2 2

: A2xA
8 =0 0%t < Min Wb28%xa%y/(£0%yb2en®xp2) < b ~ES X
Een A™x+A7y

b o< 2 —2X

which means in the original unit of time:
s < -2 bx by
Veh  \/p24a%y

This is the same condition as Fisher [9] gives for the central

(4.8)

difference form.
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b=0 4% < Min 40%xa%5/(£(1-n)2% + n(1-£)2%).
E°n

The denominator is & harmonic function in £ and n, so it takes his
maximum on the boundary of the region 0 < £ < 1, 0 < n < 1. The
meximum value equals Agx or A2y° We find with the original time scale

(4.9) At < min (Ax, Ay).

\/eh
Comparing (4.8) with. (4.9) we see that the averaged central difference-
form for the operators %; and-%; is preferred to the central difference=

form. From now on we take b = 0O,

Remark 1) Criterium (L4.9) is a little more stringent than the

necessary characteristic criterium:

(4.10) M o< =2— (8% + 2%y,
\/gh
Remark 2) If Q = O we have
1=AA0t QAL niy1
-, . .
Alw) = QAL 1=AAt -iv, o
-171 -1Y2 1

When we assume At = O(Azx) = O(Azy), vhich means v, and v, are
0(VAt), we obtain for the eigenvalues of the matrix

1 0 -171
N = 0 1 -172

-iy1 -iyz 1

a(N) = 1, 1 ii\/yf + yz
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la(m)] = 1, V1 + o(a),

Now N is a normal matrix, so
[wl| < Max [A(N)] <1 + o(at).

Hence we obtain

1A ] < [Inl] + o(at) < 1 + o(at).

This implies the stability of scheme (2.5) in the sense of Rjabenki
and Filippow when At/Azx and At/Azy remains constant for vanishing
Ax, Ay and At, The only condition for the size of At is the
characteristic-criterium (%.70). We recall that stability in the
sense of O'Brien-Hyman-Kaplan for scheme (2.5) requires the very

restrictive conditions (2.6).

Remark 3) In actual computation we add to (2.7) the following terms:

0 0 0 0
2 -+ > -3 2
A == =) o
t 0 0 0 sk-!-At(ka fk) At 0
AD #D D +#D 0 DU+D V
x 'y x 'y x 'y

The order of approximation and the stability analysis are not altered,

the difference scheme, however, can be written in a very simple way

> 1=AAt QAt <At D
X -+ "f.
Wk+1 = sk + At Xk
Q4 1
(b.11) t 1A0t -4t D
= -
Cpar =0 =20 wy, +DovL,)

The difference with scheme (2.5) consists in the use of backward time

differences when we calculate the elevation.
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Remark 4) One may think that it is trivial to compute the elevation
with the new values for the stream, however, it appears
that first computing the elevation and with these elevation
values the stream components, gives rise to an unstable

. A A .
difference scheme for K&” K%' constant if At ,Ax,Ay > O.

The viscosity-matrix Q is now of the form

0 0 ©
G = o o0 ©O
0 © 1

The eigenvalue equation of the reduced amplification matrix is
(@ = )F - 2x w14 (vT D) - iv))) =0

For Y1 = 0 the product of two eigenvalues is 1+Yg, so one of them

lies beyond the unit circle.

5. Internal stability in the sense of O'Brien-Hyman-Kaplan

Again we choose gh = 1 in the point at consideration.

+
We construct the amplification=matrix B(w) corresponding with scheme
(4.11) without omitting O(At)terms. We obtain

1-A0t Q¢ -1y

-+
(5:1) B(w) L4t 1AMt _miy2

g . . 2 2
i (ADt- A 1)y -
iP8e-1)y +Bty,  1(At-l)y -BAty, Ty ey,

-3

The eigenvalue equation for B(w) is

3 2 B
(5.2) @7 + a,0" + 8,0 + 8y = 0
where
= 2 . 2
a, = =3+ 20t + v+ Y,
&, = 3 - LAt + (A2+92)A2t - (1-1At)(7?+Y2)
a, = =1 + 2A8t = (A240%)a%



1

T

We must find conditions to ensure that ||B(W)|| < 1. This is certainly

the case if all the eigenvalues of B(w) are within the unit circle, for

then we have ||B(W)|| < 1. Analogous to [8] we apply the Hurwitz-

criterium to force the roots of (3.16) within the unit circle.

We must have:

1 2 3
1 = a1 + a2 = a3 > Q
3+ a1 = a2 - 3a3 > 0
i =a, +a.a, = a2 > 0
2 173 3

We obtain the following inequalities:

(a)

(v)

(c)

(d)

(a)

2 2
(Y1 + YZ)A > 0

b - hadt + (A° + 0°)8%

2 2
vy +vp) <2 5= bt

024 A -
A= (xe + Qa)At

(5 + v3) > 8207 4 )

A

P

At <

2
At <'T

2 9

We assume A > 0; the first inequality can not be satisfied if
Yy F Y F 0. In this case however, the eigenvalue equation ig

much simpler:

T=Ait Q4L 0
s
B(w = =4t T=A0¢ 0
(BN . .
12
0 0 1

(a = 1)(a2 = 2(2A0t = 1)a + (1 = wc)2 + S‘Z2A2t) = 0,
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We see that this equation has three different roots and if they

lie all within or on the unit circle, we are sure that

||B(w)|| < 1. We now use the criterium for quadratic equations
obtaining:

Atf_"?gi—é"o
AT+ Q
This condition is less stringent than inequality (d), so

inequality (a) gives no conditions for At.

(b) The second inequality is certainly satisfied if we take 2 = 0:

2p2,
2 2 b < hadg + A°A .
Yy, <2 5 TiT =2 ° (2 = AAt),

We have seen that (compare with (4.7))

2 2 2. ,2
= A
Y,,z + Y2 tB

where 82 is independent of At

Hence we obtain the following inequality

82 A% 4+ 2MAt - L < O,
max

This is satisfied if

2\ + L/hxz + 1685
. maex
2 o

28
max

At <

With the original unit of time we can write

+

. ) ),
o 2
Bmax gh b Bmaxgh 28 V/gh

max

Because of the smallness of A we may consider A/(2B

\/gh) as a small

quantity. We develop the squareroot in a Taylor series of A /(hB gh),
obtaining:
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e, g L
{1 _ A + A A

2 - L 22 aocke
Bax /5 8 . VT 128 gh whsmaxg h

At <
(c) The third inequality is always satisfied if (d) is satisfied.

(d) These inequalities need no further reduction.

The conditions for the time step At are

2 {1 A

Bnax \/Eﬁ 2B nax \/Eff

2 A
N T

(5.3) At <

The first condition is very little more restrictive than condition
(4.7), which we found for stability in the sense of Rjabenki and
Filippow; the second condition is of the same type as the second

condition of (2.6) which was found for Q = 0.

We recall that in the cases a = 0 and b = 0 we must substitute

respectively
Y ,
- Va<x + A y - .
B ax AxAy s Bmax 1/min(Ax,8y).

6. The stability of the coast conditions

Before we formulate the_difference formulae for the boundary values,
we make some remarks concerning the calculation of u, v and % in the
internal points. As in Bﬂ the stream and the elevation are calculated
at different points which form two interlacing nets as shown in

figure 1, where the crosses denote points where the components of the
stream are éalculated and the dots points where the elevation is

calculated,
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. . : ) ’ In the internal points the
7 . " . . . ) ) . T difference formulae (L.11) with
. % X X % X * b = 0 can be applied. The boundary
° ° ° : presenting the coasts is taken
] o o X T thrpugh the netpoints of the
L ) % ’ " ) « X c X ' & stream-net, The boundary presenting
. . . - . o the oéean is teken through the
A * = 7 netpoints of the elevation-net,
! ) . ) ’ ) ) ) In éorner points, as Cys Cy and Cq
X in figure 1, we take u = v = 0,
x x In the other boundary points we
: : derive from (1.5) and (1.6) the
B * % following difference formulae
* A X (in aécordance with (L,11))
X ,
C,i B Ax C‘2
figure 1,

. 5
uk+1-(1kat)ukmsghAt(sBx+cBy)ck+At(s Uk+scvk)

= £
(6,1) s £ 0 V1™ o Y

=] = A | -
Cat™0p 7 BEB g - BBV,

.5,
[ Near™ T Ve

(6.2) ¢ # 0 { vk*1=(1mAAt)vkmcghAt(sBX+cBy)§k+Atc(sUk+ch)

[ 1ok T OBy < BB

where the difference approximations 0f<%§ and=%§ , denoted by Bx and
By, are nov weighted averaged central differences; for exemple in the
points B and E we have for Bx respectively By in compact notation the

following expressions
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; +1 -1 ) : +3 =1
(6.3) B == (-3 % 43| ,B =z o o0

We see that the difference operators Bx and By are defined in every
boundary point (excluding the corner points) of figure 1, if we take
for X in the points V and H the averaged direétion of the boundary
segments., We do not éénsider other situations for boundary points

as is shown in figure 1.

Now we investigate the stability of the boundary formulae in the same
manner as we have done for the internal stability. In the stability
analysis of the internal points we supposed that the difference
operator defined in an arbitrary point was applied in every point

of the net extended over the whole (x,y)plane. In the same way we
suppose that the boundary operators are applied in every net point

of the (x,y)plane.

We write for (6.1) and (6.2) the equivalent formulae

1=AAt 0 -sghAt(sB_ + ¢B )
> X y -+
W, = S
k+1 0 1=A0t =cghAt(sB_ + cB ) k
(6.4) x y
S+l by ” Athuk+1 = AtByvk+1

where we omit the windfield.

For the amplification matrix of (6.4) we find, taking gh = 1
- - +
1=AAt 0 is(sy, cY2)
0 1=\At =1c(sy1 + cva)

i(AAt-1)Y1 i(lAt-i)Yz 1-(sy1 + cY2)2
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where

At . .
Y, =35 sin ijx(3 exp i w,Ay - exp 3i waAy),

T . .
Yp = 3y sin wéAy(3 exp i w X - exp 31 w bx).

1

We consider the stability in the sense of Rjabenki and Filippow,
Omitting the terms of the order At we find for the eigenvalue

equation of the reduced matrix
(@ - (- (2 - (sy, + cve)z)a+ 1) =

There are three different roots which are within or on the unit circle

if for all real (syl + cyz)z 1)

\2
2 - (sY1 + cyz) + 1

iv

and =2 + (sy1 + cy2)2 + 12> =1,

We obtain
2
(6.5) (sy, +cev,)” < ke

We have to consider the real values of (sY1 + cY2)2 only, so it is
clearly sufficient if

(6.6) , At < T;,-—-

max

s iszy 3iwéqy c iw1Ax 3iw1Ax
vhere B8 = == sin wle(3e -e ) + 5 sin w2AY(3e -e )o

1) For complex values of (sy1 + cY2) this follows from the fact that the

product of the roots is 1, for real values of (sy1 + ey, ) this follows

from the criterium for quadratic equations already mentlonedq



23

The following inequality certainly holds:

181 g < 30 32L 2l

max Ax

Hence we obtain, with the original unit of time:

' 1 AxAy
(6.7) At < . .
=2 \ah [s|Ady + |cjbdx
This criterium is far more restrictive than the internal stability-
criterium, therefore this criterium prescribes the time step At, if
we assume that local stability in every netpoint implies the overall
stability.

T. Non uniform nets

From the coast stability criterium (6.7) we see that with a variable
depth function h(x,y) and a uniform net we cannot choose At in an
economical way. A rough look at the function h(x,y) for the Northsea
(tabel I) reveals that in the Northern part the depth is 200-100 m
and then suddenly decreases to 60-20 m in the Southern part. This
suggests the transition from a coarse to a refined net. Since we are
mainly interested in the Southern part of the Northsea, we approximate
the northern coasts by lines parallel to the y-axis, that is

k = (0,+ 1) in the northern boundary points. Therefore in these points

we have the condition:

(5.1) o< S
2 \/sgh

It is sufficient to increase only Ay in the northern part (figure 2).

% ¥ X X X % In actual computation we took
° c © e ° Ax = 29‘]01} m
T T T T T
TR B k8 4 4
X X - 5. _ .
X (Ay)south 2210 m, (Ay)north L-10
L] o c o © 2
X X X X X X g = 9.81 m/sec”.
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s l c |n in m| At in sec
a) 0 1 200 | = 450 (according to (5.1))
b) 3 \ﬁ? 3 \G? 20 | = 500 (according to (6.7))

Case a) is typical for a northern boundary point.

Case b) is typical for a southern boundary point.

In our calculations for the K.N.M.I. we obtained satisfactory results
with  the given values for Ax and Ay and with At = 450 sec.

Remark 1) In the transition points Ty» Tys ++. We calculate the
values for L and Cy from the four neighbouring elevation
points with weight-factors according to the geometric

configuration.

8. The effect of the Channel

According to Weenink Eﬁﬁ] we take into account the Channel-leak-

stream by the condition

T=f ¢

ch
where T = the quantity of water which leaves the North Sea through
the Channel
f = a parameter depending upon the net width

¢ . = elevation in the Channel (figure 3).

According to the equation of continuity

s

5128 (v (8)+v, (£) )20y (u, () +ug (8))]

= f-z;ch(t)At+hAxAy(cch(t)—cch(tAt))

we obtain
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(8.1) 4 . {cch(t-At)—Athu(t) - AtDyv(t)}.

The effect of the Channel on the original difference formula in Ch

is a multiplication with

fAt
1/1 +1I-_A-_XE<1'

If Ax = Ay = 2-10h m we take £ = 1-0k 106 m2/sec.

9. The windfield

., e . . >
In practice it is the wind velocity v, at the seasurface we know;

0
from Eﬂ we have

=y

(9.1)

oaus -6 > s
= 3°70 !|VS[| Vg

We shall consider windfields without sources or sinks, that is
. ->
div v_ = 0.
s

Thus there exists a streamfunction y¥(x,y) with

Tz 9 3
(9.2) v, = a(- 5y 9% LV

where o is a constant.
We relate the constant o with the maximum wind velocity v from
(9.1) we obtain:
2 2
+ U7)

X v ‘max”’

I
<
~
<

(9.3) a

In actual computation we used the following streamfunction:

2

= )

. . 2m
(9.4) Y = sin (X—C1t+XO) sin = (y-C,t+Y,

where K, L, C,, C., X, and Y. are given constants, which represents

12 722 70 0
the wavelength, the disturbance velocity and the phase in the x and y

direction respectively.
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We calculate the value of a for the streamfunction (9.L4). We write

_ e_qsem ; 21T ‘
A=sin(E= (x - Ct + X)) -7 (y - Cjt +Y)))
_ ._gem S am -
B = 31n(K (x - C.t +_XO) * T (y c2t + YO)).

For Vi we obtain in terms of A and B

o _ T o,
b, =-% (A-B)
R VTN
@y =T (A + B)
2 . 2
wi + wg = n2( (A—g) + (A+g)
¥ K L

al, |B] < 1.

We consider A and B as independent of each other:

K =1L) ||Vw||2 takes its maximum value in the points (A,B) = (+1,%1)

K < L) We write

2( 1

K2

2
o[ = =

BA—B)Q + (A+B)2:[ -

(A + B)2).

-

(L
K 1?

||V¢||2 is maximal in the points (A,B) = (1,1), (=1,+1).

K > L) In the same way we can show that the maximal value is reached

in the points (1,1) and (=1,-1).

In all the cases we have considered, (A,B) indeed equals(+1,+1) for

some point (x,y,t) in the (x,y,t)space, so we have

L v
2m

(9.5)

K> L

=~
| A
=



10.'Thé ALGOL program

]
The program is mainly used for calculations with the following

model (figure 4)

%’2 x 7 % X X X X ;Eh=(m9n+1+N) A

coarse net
* X X X X X X X N
% X X x X X x X A v

ﬁAy)north

oo X / T 200 )goutn 1
L X x x (DH1,DH2) (DB,DH2) Eq=(m-n)

refined net
p 3 X X k

. Ch

- . i v
W = (0,0)

figure 4 Net of the streampoints

For the streampoints and the elevation points we use an integer
coordinate system (j,k) with W, = (0,0) and Ch = (1,1) respectively
(fig. 4). The program also applies to cther configurations of the

coast segments W1W2 and E1Eh'

Before we deal with the structure of the program we give a list of
the parameters which must be specified as input on a paper tape for

the program:

N number of elementary meshes (2Ax, Q(Ay)north) along E3Eh

)alongFHea.ndEE

number of elementary meshes (24x, 2(Ay)s 1Es

outh

m number of elementary meshes (2Ax, Q(Ay)north

) along W,E)
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i counts the number of elementary timesteps At
dt At
J quotient of the frequencies of the output procedures

COASTINF and SEAINFORM

(DHj’DHg) coordinates of Den Helder in the model (figure 3)

DB see figure L

P m » dt/(4 » a), where a is the distance between the left
and the right coast in the northern part (for the length
of the left coast we take 2a)

P 2 * P

Q (n+1+2N) » dt/(4 » a)

q 2> Q

d Q> dt

f 1 + £ 2 dt/(dx *—(dy)south), where f is a given constant
considered in section T

r friction parameter which we took 0.0024 m/sec R

g constant of gravity

al 2 > a > n/(n*K)

a2 b > g s m/((n+142N) % L) if k < n+1 else 8 » g » 7/((n+1+2N) » L)

b1 2 % dt = m(C1/K - C2/L)

b2 2 »* dt = m(C1/K + C2/L)

a1 2 % 1 s (=X0/K + YO/L) if k < n+1 else 2 » 7 » (=X0/K + YO/L)
_(o#1) > a2

2

a2 2 s 7 % (~X0/K - YO/L) if k < n+1 else 2 » 7 % (-X0/K - YO/L)
+ (n+2) » a2/2

w maximum value of the windvelocity

fw 1/2 if K < L else L/2K

gw K/2L if K < L else 1/2

1)

For the friction-coefficient A we used the expression

A= Q/h



i [x]

o[x]
(swlk],cwlx])
(so[x],colk])
nlj,x]

abcis of the streampoint lying on F He or E.E

->
vector k
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abcis of the streampoint lying on W.W, with ordinate k

172

174
(s,c) in the streampoint (W[k],k)

vector k = (s,c) in the streampoint U)Dﬂ,k)
depth in the streampoint (j,k) (Tabel I)

We now describe the functions of the procedures declared in the

program

COEFFICIENT

coefficient

ELINFORM

INFORMATION

INPUT

COASTINF

SEAINF .
ZUIDKUST
NOORDZEE

calculates the coefficients A[jk], B[jk] and ¢[jk]

of the difference scheme from the parameters given
above

reads from the input paper tape or punches on the
output paper tape the coefficients of the difference
scheme

sets equal to zero, reads or punches the elevation
z[ﬁkﬂ

reads or punches the input parameters, sets equal to
zero, reads or punches the streamcomponents u[j@] and
vf}kl, activates the procedures ELINFORM, COEFFICIENT
or coefficient

activates the procedure INFORMATION; if 1 = 1 the
initial state is set equal to zero and the coefficients
of the difference scheme are calculated, if i > 1 the
initial state and the coefficients are read
punches the values of the elevation along W
He E, and E1E2

1
punches the whole elevation field

,F» F He,

calculates the stream along W1F and He E1

calculates the elevation and the stream in the refined
or in the coarse net; z[;jk:l and (uBk], ijk]) are
computed at the same time, so it is impossible to find

zEjkj correctly in the elevation points along F He
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CORRECTIEMODEL  corrects the elevation values along F He
WEENINK

wind calculates the components of the windvelocity
ROOSTEROVERGANG calculates the stream and the elevation in the net
points (j,n+1), j = 0,...,m

OUTPUT activates the procedure INFORMATION

We conclude this section with the complete version of the program.

begin comment Noordzee-probleem, Model Weenink.
Opdracht TW 133/R1158, code-nr vdH 171164/1955253
integer N, n, m;
N:= read; n:= read3 m:= read;
begin integer i, dt, J, DH1, DH2, DB, j, k3
real P,p,Q q, d, f, 7,
al, a2, bl, b2, di, d2, w, fw, gw, Cw, wx, wy;

integer array W, O[0:N + n + 1];

real array A, B, C, u, v, z[0:m+1,0:N + n + 2],
SW, CW, SO, CO[0:N + n + 1]3

procedure COEFFICIENT (proc); procedure proc;
begin real h;
proc(h); Aljkl:=1 - r X dt / hs B[j,k]l== 2 X h X Cw X p;3
:=if k > n then h X Cw else 2 x h x Cw; C[jkl:== h X g

ends

procedure coefficient(proc); procedure procs
begin  proc(Alj,k]); proc(B[jk]); proc(C[j k] end;

procedure ELINFORM(nl1,n2,00st,PROC); value nl, n2, oosts

integer nl, n2, oost; procedure PROC;
begin integer j, ks

for k:= nl step -1 until n2 do

for j:= 1 step 1 until oost do PROC(z[jk])

end;



procedure INFORMATION(COEFFICIENT, PROC, proc);
procedure COEFFICIENT, PROC, proc;
begin  integer west, cost;
proc(dt)s proc(J); proc(DH1); proc(DH2)s proc(DB); proc{P);
proc(p); proc(Q).; proc(q)s proc(d); proé(f); proc(r); proc(CW);
proc(ai); proc(é.z); proc(bl); proé(bz); pfoc(dl); proc(d2);
proc(w);' proc(fw); proc(gw)k; - |
west:= N + n + 13 O[DH2]:= DB;
for k:= west step -1 until 0 do
begin  proc(W[k]); proc(SWk]); proc(CW[k]); proc(Ok];
proc(SO[kj); proc(CO[k.]“); oost:= O[kj; »
for j:= W[k] step 1 until oost do COEFFICIENT (proc)
end; O[DH2]:= DH1;
for k:= 0 step 1 until west do

for j:= 0 step 1 until m do PROC(u[jk]);
for ki= 0 step 1 until west do |
for j= 0 step 1 until m do PROC(v[j,k]);s
ELINFORM(N + n + 2,1,m,PROC); ‘

ends

procedure INPUT;
begin  procedure READ(a); real aj a:= read;

procedure ZERO(a); real a; a:= 03
RUNOUT; PUNLCR; PUTEXT( Resultaten vdH 171164 / 19525.3);
PUNLCR;
i:= reads
‘i_i_i =1 EIEE. INFORMATION(COEFFICIENT, ZERO, READ);
if 1 > 1 then INFORMATION(coefficient, READ, READ);
ji= N + n +2; : , -
for k:= 0 step 1 until j do z[0,kl:= z[m+1k]:= 03
end;



32

Erocedure COASTINF;

ABSFIXP(2,2,i X dt / 3600); PUSPACE(2);

for j= 1 step 1 until s do FIXP(1,3,z[j,1]);

for k:= 1 step 1 until DH2 do FIXP(1,3,z[s + kk]);

for j:= DH1 + 1 step 1 until DB do FIXP(1,3,z[j,DH2 + 1]);
s:= 20 + DH1 - s - DB; |
si=if s<N+n+1thenselse N+ n+1;3

for k:= DH2 + 1 step 1 until s do FIXP(1,3,z[O[k]k])

begin  integer s;
s:= O[0];
end;

Rrocedure SEAINF;

begj n

end;

integer s;

procedure PUNCH(a); real a; begin FIXP(2,3,a); PUSPACE(s) end;
RUNOUT; PUNLCR; PUTEXT{Waterstanden Noordzee na});
ABSFIXP(2,2,i x dt / 3600); PUTEXT(duur}); PUNLCR; PUNLCR;
s:= entier((150 - 8 X m) / m + .1); PUNLCR;

ELINFORM(N +n +2,1,m,PUNCH); PUNLCR;

RUNOUT; NLCR; print(i); print(z[DH1,DH2+1])

procedure ZUIDKUST;

begl’ n

integer j, jpl, oost;
oost:= O[0];
for j== 1 step 1 until oost do
begin  wind(j,0)5 jpl:= j + 1;
ulj,0]:= A[j,0] x ulj,0]
- B[j,0] x (3 x(z[jp1,1] - z[j,1] - (z[jp1,2] - z[j,2])
+ dt X wx X Cw |
end;
for j:= DH1 + 1 step 1 until DB do
begin  wind(j,DH2); jpl:= j + 13
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ulj,DH2]:= A[j,DH2] x u[j,DH2]
- B[j,DH2] x (3 x (z[jp1,DH2+1] - z[j,DH2+1])
- (z[jp1,DH2+2] - z[j,DH2+2])) + dt X wx X Cw
end

ends

procedure NOORDZEE(p,q,n1,n2); value nl, n2sinteger n1,n2; real p, qs
begin integer jml, j, ipl, kml, k, kpl,
west, wpl, oml, oost, opl, zuid;
real a, swW, so, CW, CO, .
U1, U2, U3, V1, V2, V3, 71, Z2, dZ1, dZ2;
for ki= nl step 1 until n2 do
begin  west:= W[k]; sw:= SW[kl; cw:= CW([k];
oost:= O[kl; so:= SO[k]; co:= CO[kls
wind(west,k); wpl:= west + 13 opl:= oost + 13
oml:= oost - 1; kpl:= k + 13 kml:= k - 13 zuid:= W[km1];
Vi:= Alwest,k] x vlwest,k]
- cw X cw X (Clwest,k] x (3 x (z[wpl,kpl] - z[wplk])
- (zlwest+2,kpl] - zlwest+2,k]) - dt X wy X Cw);
if zuid < west then
begin  Z1:= z[westkl;
V2:= v[west,k]:= V1 - sw X cw X
(Blwest,k] x 2 X (z[wpl,k] - Z1) - dt x wx X Cw);
U2:= u[west,kl:= sw X V2 / cw; |
zlwest,k]:= Z1 - p X 2 X (u[west,kml] - u[west - 1,km1])
- g X 2 x (V2 - v[west,km1]) |
ends
if zuid > west then
begin  V2:= v[west,kl:= V1 - sw X cw X (Blwestk] x 2 x
(z[wpl,kpl] - z[west,kpl]) - dt x wx X Cw);
U2:= u[west,k]:= sw X V2 / cwW
end;

g_ zuid > west then
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begin  U2:= U2 + ulwpl,kml] - u[westkmlls
V2:= v[west,kmi]
ends
for j:== wpl step 1 until oml do
begin  wind(j,k); jpl:= j + 15 jmls= j - 13
a:= Aljkls Ul:= uljkls Uss= U2; Vi:= vlikls
V3:= V23 Z1:= z[jkl; dZ1:= z[jpl.kpl] - Z1;
dz2:= z[jplk] - z[jkpll;
U2:= ufjk]i=a x Ul + d x V1
- Bljk] x (dZ1 + dZ2) + dt X wx X Cwg
V2:= v[j,kl:= a x V1 - d x Ul
- Cljk] x (dZ1 - dZ2) + dt X wy x Cw;
z[j,kl:= Z1 - p x (U2 - U3 + ulj,km1] — uljml,km1])
- gq x (V2 - v[j,kmi1] + V3 - v[jml,kmi])
end; |
if zuid > west then
z[wpl,kl:= z[wplk] - p x (ulwpl,k] - ulwest,k])
- q X (vlwplk] - v[wpl,kmil);
wind(oost,k); zuid:= O[km1l; Z2:= z[oost kl;
V1= A[oost,k] X vloost,k] - co x co x (Cloost,k] X
(8 x (z[oost,kpl] - Z2) -(z[oml,kpl] - Z1))
~dt X wy X Cw)s
V3:= V23 U3:= U2
if zuid > oost then
begin  V2:= vl[oostkl:= V1 - so X co x (Bloostk] X 2 x
(zlopl,k] - Z2) - dt X wx x Cw)s
U2:= uloostk]:= so X V2 / cos ‘
zloost,kl:= Z2 - p X (U2 - U3 + uloost,km1]
- uloml,kml]) - q X (V2 - vl[oost,km1] + V3
- v[oml,kml]?

ends
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if zuid > oost then
zlopl,kl:= z[opl,k] - p x 2 X (ulopl,km1] - u[oost,km1])
- g x (3 x (V2 - v[oost,km1]) - (V3 - v[om1,km1]));
if zuid < oost then
begin  V2:= v[oost,k]:= V1 - so X co x(Bloostk] x (3 X
(z[opl,kpl] - z[oostkpl])
- (z[opl,k+2] - z[oost,ka—é])) - dt x wx X Cw);
U2:= ufoost,kl:= so x V2 / 0.6;
z[oost,kl:= Z2 - p x 2 x (U2 - U3) - q x (3 X
(V3 - vloml,kmil]) - (v[oost-2,k] - v[oost-2,km1]))
end

procedure CORRECTIE MODEL WEENINK;

begin

integer oost;

end;

for ki= 1 step 1 until DH2 do
begin  oost:= O[k];
z[oost kl:= z[oost,k] - p X (u[oost,k] - uloost-1,k]
- uloostk+1] + uloost-1,k+1])

end

procedure wind(j,k); integer jk;

begin

real Aw, Bw;

if XEEN(511) > 256 A k < n + 1 then wx:= wy:= Cw:= 0 else

begin  Aw:= sin(jxal - kxa2 - d1);Bw:= sin(jxal + kxa2 - d2);
wx:= —gwWXwX(Aw+Bw); wy:=—fwxwx(Aw-Bw); |
Cw:= 3,-6 X sqrtwxxwx + wyxwy)

end .
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procedure ROOSTEROVERGANG(n); value n; integer n;

integer west, wpl, wp2, oost, oml, npl, np2, j, jpl, jml;

real  a, U, Ul, U2, U3, V, V1, V2, V3, Z1, Z2, Z3, Z4;
npl:= n + 13 np2:= n + 23 west:= W[npl]s wpl:= west + 1;
wp2:= west + 23 oost:= O[nplls oml:= oost - 13
wind(west,npl); Z1:= z[wpl,np2]l; Z2:= z[wpl,npll; U2:= 0
V2:= vlwest,npl]:= A[West,npl] x vlwest,npl] - (4/3) x Clwest,npl] X
(3 x (21 - 22) - (z[wp2,np2] - z[wp2,np1l) + dt X wy x Cw;
for ji= 1 step 1 until oml do )
begin  jpl:= j + 13 jml:= j - 13 wind(j,npl); a:= A[j,npll;
Ul:= ulj,npll; U3:= U2; V1:= vlj,npll; V3:= V23
Z3:= Z13 Z4:= 723 Z1:= z[jpl,np2]; Z2:= z[jpl,nplls
U2:= ulj,npll:= a x Ul + d x V1 - B[jnpl] X
((2/3) x (Z1 - Z3) + (4/3) x (Z2 - Z4)) + dt X wx x Cwg
V2:= v[j,nplli= a x V1 = d x UL - Clj,np1] x
((4/3) x (21 - Z2) + (4/3) x (Z3 - Z4)) + dt x wy x Cw;
z[j,npll:i= Z4 - p x (U2 - U3 + ulj,n] - ﬁ[jml,n])
- qgx (V2 = v[jn] + V3 - v[jml,n]}

wind(oost,npl); V3:= V23

V2= v[oost,nbl]:= Aloost,npl] X v[oost,npl] - (4/3) x Cloost,np1l] X
(3 x (21 - Z2) - (Z3 - Z4)) + dt x wy X Cw3

z[oost,nplli= Z2 - p x(-U2 + ‘ﬁ[oost,n] - ufom1,n])
- g x (V2 - v[oost,n] + vioml,np1] - v[om1,n])

begin
end;
ends

procedure OUTPUT;

begin

procedure PROC(a)s real a3 FLOP(12,1,a);

ends

RUNOUT} PUNLCR3; PUTEXT

(*The foilowing papertape can be used as inputtapei);

PUNLCR; FIXP(2,0,N); ABSFIXP(2,0,n); ABSFIXP(2,0,m);
ABSFIXP(3,0,1); INFORMATION(coefficient, PROC, PROC); TAPEND
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end
end
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INPUT; r:= (n + 1) x a2 / 23

a2:= 0.5 x a2; dl:= dl + r; d2:= d2 - r; ZUIDKUST;

NOORDZEE(p,q,1,n);

if N> 1 then ROOSTEROVERGANG(n);

a2:= 2.0 X a2 di:= dl - T3 d2:= d2 + r§ NOORDZEE(p,Q,n+2,N+n+1);

CORRECTIE MODEL WEENINK; ‘

is=1 + 13 dl:= d1 + bl; d2:= d2 + b2; z[1,1] := z[1,1] / £

if XEEN(15) GCD(i,XEEN(15)) then COASTINF}

if XEEN(15) X J = GCD(i,XEEN(15) X J) then SEAINF;

if XEEN(63) X J = GCD(i,XEEN(31) x J) then

begin NLCR; PRINTTEXT - .
(<I:BVA is followed by an inputtape for continuing the program:});
stop; OUTPUT; RUNOUT; stop |

1]

:
2

if XEEN(127) > 63 then goto SEA;
j_f_XEEN(255) > 127 then OUTPUT
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TABEL 1: h(x,y) in meters in the streampoints of the Weenink-model

with grid-transition and (N,n,m) = (5,9,10)

200 200 200 200 200 200 200 200 200 200 200
150 175 175 175 175 175 175 200 200 200 200
100 150 150 150 150 150 150 175 200 200 200
60 100 100 100 100 100 125 150 175 200 200
Lo 60 100 100 100 100 100 125 150 175 200

Lo 60 100 100 100 100 100 60 60 60 40
4o 60 60 60 60 60 60 60 60 Lo Lo
Lo 60 60 4o 40 Lo Lo Lo 4o Lo 20
Lo 60 Lo 4o Lo 4o Lo Lo Lo 20 20
20 4o Lo 4o Lo Lo Lo Lo Lo 20 20
20 20 40 Lo Lo 4o 40 Lo 4o 20 120
20 20 Lo Iy 40 40 Lo 4o Lo 20 20
20 20 40 20 20 20 20 20 20 20 20
20 20 Lo 20 20

20 Lo 20 20

40 20 20
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In the second tabel we have tabulated the elevation ¢(j,1), computed

in a rectangular model with uniform depth of 65 m, a step-windfield

(u,v) = (0, —h12.3.106)m2/sec2 and a Coriolis-parameter Q = 1,22°10_h/sec.
We give in each point two values. The first value is obtained in a net
(N,n,m) = (-1, 16, 8), the second value is obtained in a net (N,n,m) =

= (4, 7, 8).

TABEL II | z(j,1) in meters in a rectangular model with and without

£ in hr a uniform net,
3 2,09 1,96 1,81 1,66 1,53 1,hb2 1,34 1,29
2,09 1,96 1,81 1,66 1,53 1,hk2 1,34 1,29
6 b,11 3,89 3,62 3,31 2,98 2,69 2,43 2,25
hL,11 3,90 3,63 3,32 2,99 2,70 2,4k 2,25
9 5,30 5,16 5,0 4,96 4,88 4,79 k4,69 L,65
5,47 5,32 5,20 5,11 5,03 4,94 4,85 4,80
1o 6,36 6,22 6,09 5,95 5,84 5,75 5,69 5,67
6,71 6,54 6,37 6,20 6,06 5,95 5,87 5,82
15 6,14 6,08 6,06 6,05 6,05 6,03 5,99 5,97
6,52 6,43 6,39 6,40 6,44 6,45 6,44 6,41
18 6,53 6,44 6,36 6,32 6,31 6,32 6,34 6,36
6,82 6,71 6,64 6,63 6,65 6,65 6,62 6,59
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