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Introduction 

The solution of the Dirichlet problem for Laplace's equation leads 

to matrix equations of positive type, which may be solved iteratively 

by Richa.rdson' s method. As was shown in the first_ report on the present 

investigation of Richardson's method (reference 3 ), it is jmportant 

to use a matrix equation with a small condition n11mber. -In this report 

we shall construct matrix equations, for which the condition n11mber is 

smaller than the condition nt)rnber of the schemes usually eir1_ployed in 

practice. Further, some results are given when we apply the elimination 

method 3~ to these equations, in which it appears that there was a 

considerable gaim in the rate o:f convergence. 
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2. The Laplace -~.if_f_eren_ce ,.o:e,erator 

In this section we discuss the discretization of the Laplace -
operator~- We shall investigate a more general difference operator than 

is usually considered. 

On a grid with rectangular meshes of sides~ and n, we define the 

dir~erence operator D by the formula 

( 2. 1 ) D = 
y+ + o. + Y_ 

et + 2 • 

X -+ 
2 + X - X + + 

+ X -------+------s + 2 

Y, 
-t-

• 

- 2 + y 

2 
n 

-
• 

X+ and Y+ represent translations+~ and+ n along the x-axis and the 

y-axis respectively. The parameters a and S are weight para.meters. It 

is obvious from the structure of D, that (2.1) represents a difference 

analogue of the Laplace operator. If~= S = 00 we have the usual five-

J.>Oint Laplace dif'ferencev 012erato,F. 1_ • 

The approximation error 

The approximation error is defined as the difference between the 

analytic operator and the difference operator. We shall compare the 

operators 6 and D. 

We write the operator Din the form 

(2.2) X ) 

where the coefficients Lo are defined by 
l 

1 

(2.3) 

y 

2 
+p -y), 

a 2 S 
= Cl + 2 + p --+-2' 

L2 = t; y -

-2 L· = -2 ~ y 4 

• 
:i (;, Q operators of infinite order: 

X + X 
+ -

= 2 + 
a2 1 

2 + 12 
ax 

-

. b 
ax 

y ) 
-

1 ) ' 

as differential 

a 
8 

dX 
• • • 



3 
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A similar expression holds for Y+ + y • 
-

Substituting these expressions into (2.2) and observing that 

(2.4) 

yields 

(2.5) D 
1 

6. + 12 

1 
+ 20160 

In general we have a second order 

(2.6) D o. 

---+p 

---+ 

-6 

-2 4 

ay 

+ p --
ay 

.. 
i.e. 

+ • • • • 

-2 n , 

-4 + p -· __,.. 
ay 

However, when we restrict the considerations to harmonic functions 

U(LiU = 0), we are able Ci O O 0 to obtain higher approximations. 
a2 a2 

0 = - --2 we find 
a:x 

D I::. + 1 
12 

+ 1) 
J I ax 

1 4 2 2 2 

1 
+ 1 -

•· -If we choose Y 1.ll such a way that 

• 

Putting 

+ • • • • 



(2.8) L = 
1 

2 
p + 1 , 

we obtain a fourth order 
• 

(2.9) D - l:J. + 
' 4 
1-p 
240 

4 

• • • • 

In terms of y and p condition (2.8) assumes the form 

(2.10) 5 2 
y 

If in addition,we choose, p = 1 (~ 

aJ?proxi~~ ti o,D:. is obtained; 

1 

n), so that y = 

(2.11) D = ~ + 3024 --- + •••• 

We find from (2.3) and (2.10) that this special case is known as the 
-

,n~n~-point Laplace difference formula 1 • 

The consideratiorsabove hold for netpoints sufficiently far removed 

from the boundary. For instance, in figure 1 the nine-point formula 
• Q .;; '~ (I 

is only applicable in the netpo1nts denoted by dots. In practice one 
., 

may approximate the boundary rt by the curve r>", sothat the nine-point 

formula is also applicable in the starred netpoints. If the boundary condi-

tions are of the first kind we have for Laplace's 

rate difference scheme valid for all netpoints 

I ' I 

-·-------

• ......,, , >111£111 ~ 

' )( 

r I' • 
' 

fig. 1 • 

I 

The ei~er1:values ,of the Laplace di~'ference operatqr 
I 5 

~ 

equation a very accu-

I l 

~-< 
' n 

1 

We 
r~ ( , see 

consider a discrete Dirichlet problem with a boundary of' type 

figure 1). The difference operator D which is ap~lied at all 
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internal netpoints can be represented as a symmetric matrix. We shall 

also denote this matrix by D. The rows of this matrix.representation 

corresponding to netpoints surrounded by internal netpoints have the 

form 

(2.12) ( ... , 

v O 

where L4 1s the diagonal entry. The other rows have the sarn.e structure, 

but where the difference formula uses boundary values, the coefficients 

Lo are absent. 
i 

O (\ 0 C Q 

One may easily verify that the matrix Dis symmetric. 

Theorem I. 
o a ~ If y and p satisfy the condition 

then the eigenvalues 

y < 1 -
2 + p , 

V O 4 0 cc of D satisfy the inequalities 
i 

(2.14) -2 -4~ y < c.. < 0. 
i 

Further, the largest eigenvalue c1 has multiplicity 1. 

Proof. 

We write the matrix Din the form 

D 

and we make the matrix D - L4 non-negatiye by requiring that the " matrix 
• entries L 1 , 5-. From (2.3) we obtain for 

-· 

y and p the condition (2.12). 
0 Li ~ Q 0 

There exists an extensive theory concerning non-negative matrices 
-5. One or the main results, due to Perron and Frobenius, states that 

an irreducible non-negative matrix has a simple eigenvalue which is equal 

to the spectral norm of the matrix and is smaller than the maximum norm 

of the matrix. Applying this to the matrix D - L4 we find that the 

eigenvalue o(D - and satisfies the inequality 

cr(D -
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Hence 

where the largest eigenvalue o 1 of D corresponds to the J_a.rgest eigen­

value of 

In the following we assl1cne that ( 2. 13) is satisfied (for the 
5 2 operators characterized by y this means that 

1 
---;== .: p ' 

5 
c, 0 • , 

We use Richardson's method for solving the matrix equation 

(2.15) Du + f = O. 

Putting L = -D we get a matrix L with positive eigenvalues A - -6. 
-

We have seen in 3 be as 

small as possible. From (2.14) we have 

(2.16) < 4 

Because A1 has multiplicity 1 it is likely that for every y and p 

A = 
1 

the upperbound (2.16) depends essentially upon y. Theorem I suggests 

for y the value 

2 1 1 -(2.17) y = Max( 1, 
E; n 

which leads to the least upperbound' for· · the condi t :ion number, 

(2.18) 
2 n 

• i.e. 

5). 

D • 

It may be remarked that this value of y leads to a s~v~n-pointp for~ula, 
{ . 

and if p = 1 to an other f~ve-point formufa (we shall add the symbol 

(X) to distinguish it from the ordina.ry five-point :formula). From the 

ntJm.erical point of view the values y = p = 1 are very advantageous. 
, 

arises for y = 1 + condition nt1mber 

satisfies the inequality 



(2. 19) 
o(L) 

A 1 2 
n 

7 

and the very accurate nine-point formula obtained for y = 

satisfies the inequality 

(2.20) 
o(L) 10 --=--

Al 3A 1 

Comparing (2.19) and (2.20) one might think that the nine-point formula 

is preferred over the five-point formula. This is not so for the nine­

point formula is nearly twice as laborious. However in the case of the 

homogeneous Laplace equation the nine-point formula may be superior 

in view of the high accuracy of the approx1mation. 

3. The .. ~odel;, prqb~em I. 
I 

We investigate the Dirichlet problem for the square of side n. This 

problem will be called the model problem I. 

It is well-known that the eigenfunctions of the operator L = -D 

are given by 

( 3. 1 ) 

where n 

e( n.m) = sin nj t; 
.. 

sin mln, 

1 , 
1T TT 

1 and m = 1, 2, ••• , - - 1. 
n 

Substituting (3.1) into the equation Le= Ae gives the eigenvalues 

(3.2) 212 cos n~ - 2L3 cos mn - cos n~ cos mn. 

We are interested in the extreme values of the function A(n.m). Since 

A is a harmonic function of the variables cos n~ and cos mn, wher'e 

(3.3) - cos~< cos n~ <cos,, cos n < cos mn < cos n, 
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cos mn 

B A 
cos n 

I 

-1 
- cos cos 

+1 cos n~ 

- cos n D --------f--------·--,>l!" 11 --·•-IOI ► ? 711ft •=•--.-0 C 

fig. 2. 

The eigenvalue A assumes its extrema at the boundary of the region 

(3.3); and because A is a linear function of cos n, and cos mn along 

the boundary, the extrema are assumed in the corner points A, B, D and C 

(see figure 2). 

From (3.2) and (2.3) we find 

A = 2 -
A 

2 
1+p -y 

2p2 

4 2 -2 
AC= P ~ -

2 
pq~ 

2 
+ 2+p -2y _ 

2 •;;i.._i 

p 

-
2 

-1+p -y 2 
pq~ , 

p 



where 

(3.5) 
~ 

2 , q -

9 

2 1 - cos n 
2 

n 
• 

Clearly the condition nu·mber of the problem is given by 

(3.6) o(L) 

A7 

AC, 
- --.. -,---------

Min AA' \D 

A first approximation to 
o(L) . 

J.S 
A1 

• 

(3.7) 
2 2 

a ( L) ..., 2 _,M_~_( _1 ,_P_,_2y __ -_1_-__ p_) 

"- 1 

where y has to satisfy the inequality AD > 

2 1 2 ( 2 (3.8) 2y 1 - 2 + - p > 2~ 2y - 3p 

as a first approximation. 

2. Hence we 

3y-2p 
2 

2 
p 

have 

From (3.7) and (3.8) it follows that the optimal condition number is 

ass1Jmed for 

(3.9) ~ ( 1 
2 + p ) < y < ~(1 

In :figi.1re 3 the behaviour of' the condition n11cnber as a function of y 

is illustrated 

2 
2Max( 1, p ) ~ 

-- - - •·- - - --- ·- - - -

I 
I 
I 
l 
I 
~~----

~ ( 1 +p ) Max ( 1 , p 

, ,., 

) 

~ - -- ~-- ' -· . ~-....... 

-· • --· ........ 

I 

' I 
I 

• 

fig. 3. 

- - - ( 2) -2 2 2y-1-p ~ 

I _. 

I 
I I 
l I 
I I I I I 

I I 
1 -~- > y 

I 

I 
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In the following table the results 

pared with the results for general 
0 Q preceding section. 

for the model problem I are com­

Dirichlet problems derived in the -

TABLE I Condition numbers for the model problem I 

Type of formula 
approximated condi-- -· 
tion number for mo-

y General upperbound 

del -problem I ----
5 point formula (+) 

7 point formula Max( 1 ,P 
2 ( 2) -2 2Max1,p ~ 

2 -2 -1 

9 • point formula 5 2 -2 -1 ' 

We see that in the case of the model problem 

upperbound is very close to the true value of the condition number. 

In this section n1.1rnerical results will be given for model problem 

I with 

( 4. 1) p = 1; y = 1, 1.5; ~ = TT/20. 

They will be compared with those values, expected in the theory. 

T,heor_et,i~,,al rat.es_ ,,of convergen.ce fo_r, the eliminat,,i,o,!1 meth9d 

-From 3 formula (4.1) we have the following expression for the 

rate of convergence for the elimination method 

* 1) + ln 
• 

+ ln 2 
(4.2) R(K+K➔<) = 

2 
y -0 

1) - -----------------
~ 

K + K 

~ ., 
and K are the numbers of iterates necessary 

O ~ • 0 to perform the reduction phase and the elimination phase respectively, 

and where 

The value of a is 

values of -D, and 

of -D. 

operator. 

chosen as an approximation of one of the first eigen­

b is chosen as an approximation of the spectral norm 



From (3.2) we find 

( 4 ... 3) a= 
2 2 

n + m , 

1 1 

b - 162, 

where (n, m) indicates 

that the relation A(n, 

the eigenvalue A(n, m) of L 
2 

m n + m holds for small 

= -D (we remark 

values of the po-

sitive integers n,m only). The nl1t~nber K*is the s1➔1m of the n11mbers 
* )( c; ~ • " K where K is the n11mber of iterates needed to eliminate the n,m n,m 

eigenfunction e(n, m) (see ~3- section 4). In 3 ' we derived two for-

mulae for K* • The first (formula (5.2)) gives K?\ explicitly in n,m n,m 
terms of' band the eigenvalue A(n, m), i.e. 

(4.4) " ( 1 entier 4 TI 
b 

A .n, m. 
) + 1 , 

the second formula (formula (6.6)) gives * K n,m 
G C ,c. G, 

implicitly, i.e. 

(4.5) 2 

• • ~ 

where (b cos (n/2 K* ) + A(n, m)/(b - A(n, m)). 
n,m 

In this case KY{ 
n,m 

depends on a, b and A ( n , m) • 

The value is defined by (cf. 3 section 4) ... 

n,m 
* (a , b, L)). 
n,m 

(4.6) 
n,m 

We bear in mind that in theory. 
~ . By means of the formulae above and table IV given in 

obtain the following table: 
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TABLE II Lower bounds for the average rate of convergence of the 

elimination problem applied to model problem I satisfying 

(4.1) and (4.3) 

• A ( n ,m) 
a 

- .. 

2 

5 

8 

10 
! 
I 

13 
• 

K>< 
• 
• 

' • 

n,m • 

In the (a, 
• given. The 

table. 

2 5 8 
X 

10 Lower bound for R(K+K) 

• 

l 
' 0.693/K ' 1 1 0.222 -l 
• 

8 0.70 0.70 0.351 - 3.144/(K+8) 

5 7 0.55 0.62 0.444- 5.867/(K+15) o.444 5.543/(K+12) 

4 6 8 o.4o o. 13 o.497 8.226/(K+17) o.497 7.599/(k+18) 

4 4 5 7 0.22 0. 15 o.566-11.065/(K+21) 0.566 10. 142/(K+20) 

8 5 4 4 
' 

A(n, m))-diagram the values 

values defined by (4.4) are 

of' K* satisfying ( 4. 5) are n,m 
listed in the last row of the 

* respond to values of K n,m 
)( 

and R(K+K~) the first values cor­

calculated from (4.4), the second values to 

values of K calculated from (4.5). n,m 

N11·merical values for the rate of convergence of the elimination method 
pr q S I 9 t R 7 an I I -~ I • I I I •• ■ If W illf5 I a 

In our-calculation we have considered the homogeneous case of 

modelproblem I. The startingvector u0 was selected from the :following 

table of functions 

stv startin vector 

1 uo . - read .-
2 uo . - 0 . -
3 • • 

uo . - sin x sin y .-

4 (x-2) (y-2) " 0 

uo . - sin X S l.Il y .-

5 (x 1)(y-1)(x 2)(y-2) • .. 
uo ·- sin x s 1.n y .-

6 uo ·- if' y = 7f then 1 else 0 .-

This table corresponds to the pr,,oce,dlJ!e F ( i) of the ALGOL 60 prograrn 

given at the end of this paper. 

In the following we denote the staringvector, which is used in the 

calculation by its n11mber stv. 



13 

It may be remarked that startingvector 6 yields the boundary value 
--problem considered by Young and Warlick 7. 
-

In table III the results of a sequence of experiments on the X8 

Electrologica computer of the Mathematical Centre are reproduced. We 

have calculated the values of the quantity 

(4.7) * * 1 R (K+K ) = - --- ln 
(K+K*) 

where_ denotes the solution which is actually found. As was shown 

in 4_ section 3, R*(K+K><) is bounded below by R(K+K , whose values 

may be derived from table II. 

TABLE III 

' ' t 
i 
t 
f • 
l , ,. 

l 
J 

' 

I 
' 

Numerical rates of convergence for model problem I 

*· ~ I 

K+K ;K1 K2ia 
• b • 
1 
' l 

• • 
! • • ' " - • 
4 • 

' 
27 0 1 2 162 

1 • 162 27 0 0 r2 1 
: 

27 8 0 162 15 

27 8 5 18 1 162 
• I -

• 
~ ' 81 10 0 12 I 162 

I I I 
' I 

!8 
I 

'8 52 5 ~ 

' I I 

I 

52 8 5 :a 162 
r .. 

52 8 
A 5 tg 

1 
162 

8 !8 162 52 
I • 

52 8 5 8 
• 

162 52 8 5 8 

51 5 7 8 162 

51 5 I: 7 8 162 

51 5 7 8 162 

51 5 7 8 162 

60 8 0 5 162 

60 8 5 8 162 

60 8 5 8 162 

60 8 5 8 162 
• • • 

y stv 

• 
! . 
I 

1 • 5' 4 

1.5 5 

1.5 4 

1, 5 4 
' ' [ ; 

1 • 5 \ 4 I 
I 

' -
l • • ' 4 -1 • 5 1 

, 

I 
l 

4 l 1 
, 
i , 
• • 
t 
J 

5 1 • 5 l ' • 
~ { • • I • 
i 

1 i 5 • 

f : -• 
j 

1 • 5 \ 6 • 

• 6 1 
,, 
II\ 

• l 1 • 5: 
f 

4 
-
t 

# 

1 • 51 
i 5 
t 

l 1 • 5 i 6 
' 
) 

6 1 I 
I 

• 

t 
• 

4 1 • 5; 
' • 

' 4 1 • 5 i 
: 

1 • 5' 5 
.,; 

6 1 • 5: 
' '-

R*(K+K><) 

0.21 

0.23 

0.25 

0.26 

0.21 

0.32 

0.31 

0.35 

0.36 

0.35 

0.35 

0.31 l 
' 

0.36 
1 

0.34 I 
t 

0.34 I 

3 
0.29 ) 

0.30 

0.35 

0.30 ( 
I 
' 
' 

• 

,._ 
R(K+K) 

0.20 

0.20 

0.24 

0.23 

0.21 

0.33 

0.33 

0.33 

0.33 

0.33 

0.33 

0.34 

0.34 

0.34 

0.34 

0.30 

0.35 

0.35 

0.35 

• 

I 
• 

' 

I 

' 

i 
' f -

' • i 
• 

I 
i 
' 

l 

I 
l 
' 
f 
' • 
' '• 

! 
• 

' 
I 
• 

' 

' 
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In the first series of experiments we have chosen a relatively low 

value for K+K*. A rough knowledge of the eigenvalue of e(n, m) was 

sufficient in order to eliminate this eigenfunction:. We used the appro­

ximation ). n, m rv- n + m • 

Table II 

R*(K+K''). 

shows a modest imnrovement of the numerical rate of convergence -
This agrees with the theory. 

)°t 

In a second series of experiments we used larger values for K+K, 

which gave a stronger reduction of the negative term in the expression 

for R(K+K*) (see table II) than the reduction in the first experiments, 

so that a considerable im~rovement is ex~ected. - -
We tested the elimination method applied to the eigenfunction e(1, 1) 

and e(1, 2). The corresponding eigenvalues were calculated from the 

exact formula ( 3. 2) as the approximations A ( 1 , 1 ) ,......, 2 and A ( 1 , 2) ,.....,, 5 
0 

were too rough for this case. 

The results of our experiments justify the expectation above. Even in 

the most unfavourable testcase i.e. stv = 4, we obtained a 50% higher 
. . - . 

rate of convergence than with Richardson's method. Moreover, these high 

rates of convergence were reached after less iterations (about 50) 

than required by Richardson's method (about 81). In fact the number 

of iterates were so chosen that theoretically both Richa.rdson' s method 

and the elimination method gave the same accuracy for the approximation 

+K~· This could be verified by comparing the values of the quantity 

(K+K*) R(K+K*), which is a measure for the accuracy reached after K+K-->< 

iterations. Thus the elimination method gave after approximately 50 

iterations about the sa.m.e result as Richardson method after 81 iterations. 

Finally we did experiments without using 

eigenvalues A(n, m). After the first phase of 

the fact that we knew the 
.. ~ 

our method, in which the 

late eigenfunctions were reduced, the eigenvalue of the dominating 

eigenfunction was calculated by one of the formulae given in 3_ sec­

tion 7. 

The first eigenvalue was known with reasonable accuracy after about 

47 iterates.The elimination of the first eigenfunction immediately 

revealed an estimate of the second eigenvalue, so that we could also 

eliminate the second eigenfunction. 
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5. The model problem II 
II I I 

Model problem II is the Dirichlet problem for the square of side 

TI, where the operator L =-Dis replaced by the operator. 

( 5. 1 ) 

n 1 is defined by 

(5.2) 

L 
1 

+ sL 1X Y, 
+ -

where p, q, rands are real parameters. 

The matrix problem -Du= 

(5.3) 

where g ( 1 -
-1 

(5.4) 

f becomes 

-1 

+1 

iteration scheme becomes 

(1 - D + wD) 
1 

+ wf, 

-
which is an explicit scheme resembling Gauss-Seidel's method 1_ for 

elliptic differential equations. 

The. eigenvalue~ o~ t~~pperator L 

The eigenvalues and eigenfunctions e of L satisfy the relation 

o. 

From (2.2) and (5.2) we obtain the equation 

-
(5.5') 

-

-

-

-
+ y 

+ 

X -

From this equation the eigenvalues A may be derived. We shall employ 

the following theorem. 

Theorem II 

boundary conditions a(O) - a(n) = O, are of the form 

(5.6) 
1 • 1 0 

-2J 2J / P Q sin nj~, n = 1, ••• ,TI~ 1 ' 

and the eigenvaluesµ are given by 
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PQ cos n~, n - 1 , • • • , TI/ t; 1 • 

Proof. 
- ..... 

See Frankel ..... 2_ or van de Vooren and Vliegenthart 6 • 

c.o.r.oll.ary 
I 

If r = s = q then the eigenvalues A(n, m) of Lare defined by equation 

(5.8) R 2 PQ cos n~, n - 1, 2, ••• , n/~ - 1, 

where 

p 

Q 

cos mn 
# . 

/1-qA cos mn __ .,..,, , ... , .. 

R - -L4 - A - 2L3 /1-qA cos mn 

and m - 1, 2, ••• , n/n - 1. 

Proof 

Let us write e = e(n, m) 

that the functions 

= a (jt;) b (ln). 
n m From theorem II it follows 

1 

(5.9) b (ln) 
m 

sin ml n , m = 1 , ••• , ·rr / n - 1 , 

are eigenfunctions of the operator (1-qA)Y_ + Y+ with eigenvalues 
r-·-

(5.10) v = 2 . 1-qA cos mn. m . 

Substituting e - a (j~) 
n 

we have the equation 

(5.11) 

b (ln) into (5.5') 
m 

- n n 

where P, Q and Rare defined above. 

and using (5.9) and (5.10) 

on the other hand we have for the eigenvalues of PX++ QX_ the expres­

sion (5.7). This proves equality (5.8). 

In general, equation (5·.8) leads to a quartic equation in 1-qA. 

In this paper we consider some particular cases in which (5.8) reduces 

to a quadratic equation of the form 
lo I c«:e 

(5.12) 
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where A and Bare certain functions of p, q, n and m. 

It is easily verified that A satisfies the inequality 

(5.13) 0 < A 
1 

< , 
q 

when A and B satisfy the following inequalities for all n and m 

(5.14) 

(a) The five-point formula(+) 
• , .-. a ■ a I as II a 

This formula arises for y 
2 

1+p or L = 
1 

0. 1.:/e obtain 

Putting p = q the eigenvalue equation becomes of type (5.12): 

The inequalities (5.14) lead to 

L4 

Further we have 1) r,....J 4, so that 

(5.16) cr(L) 1 1 ( 2) -2 2 1+p ~ • 

The condition number of the corresponding difference scheme in Jacobi's 

method is four times larger as (5.16). 

b) .Th~ fi ve-;point formula ( x ) 

This second five-point formula is obtained for y 

L = L 
2 3 

(5.17) 

and A1 

(5.18) 

0. In the same manner as above we find th·at 

q 

A ( 1 , 

-1 
L , 

4 

1 -2 
= 2~ • 

2 
- p = 1 or 

Again this condition number is~ the value obtained for the corres­

ponding scheme in Jacobi's method. 
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6. ~he ALGOL program 

In this section we give an ALGOL program for the reduction-elimi-

nation method applied to model problem I and II where~= n. The pro-

gram is intended to be used on the Electrologica X8 computer of the Mathe­

matical Centre .Amsterdam. Hence it uses the MC procedures abs, sqrt, sin, cos, 

ln, exp, read, SPACE, NLCR, NEW PAGE, ABSFIXT, FIXT, FLOT and PRINTTEXT. 
-

For a description of these procedures we refer to reference ~8_. 

For the sake of convenience we represent the program in a more laborious 

form than necessary for practical purposes. 

First we describe the procedures declared in the ~rogram: 

F(i) 

COMPUTE 

INPUT 

JACOBI 

KEL 

SEIDEL 

calculates the begin approximation and inhomogeneous 
• • term of the iteration process. -

represents the complete reduction-elimination method. 

introduces the begin approximation 

term into the procedure COMPUTE. 

.. and inhomogeneous 

introduces and calculates parameters which are necessary 

in the reduction and elimination nhases • 
. '. 

-• • • represents the first order scheme given in 3 by formula 

(1.2) with a = 1. 
k 

-represents the second order scheme given in 3 by formula 

calculates the fundamental • eigenvalues of the operator 
-L by means of formulae given in .... 3_, section 7. 

RESIDUAL 

DIFF sc ....... .L 

.. )le 

calculates the function L~ - f. 

calculates the coefficients of the matrix equations and 

performs one iteration. 

OUTPUT prints the function • 

Next we specify the parameters which form the input for the 

progra,m 

getbnr 

N 

K 
• 
1 

is the n1mber of the input tape. 

specifies the mesh length:~ - n = n/N. 

is the total n11·mber of iterations. 
' 

selects the begin approximation by means of F(i) • 
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• 
J. selects the inhomogeneous term by means of F(i) • 

The following n1.1·mbers have to be repeated for each reduction phase and 

for each eigenfunction of which the elimination is desired. 

K 

n 

A 

B 

C 

.. 
J 

P, q 

w 

is the n11raber of iterations of the reduction phase or elimination -
process. 

selects the procedure by which the reduction or elimination 
0 0 

is achieved: 

if n = 1 then JACOBI is used, 

if n = 2 then FRANKEL is used, 

if n = 3 then SEIDEL is used. 

is the value of a. 

is the value of b. 

is the value of y. 

determines the eigenvalue calculation: 

if j = 0 then 

if j - 1 then 

0 v 

no eigenvalue is calculated. 

procedure EIGENVALUE is activated. Hence one 

has to prescribe the numbers method and norm, which 

indicate the type of formula and norm respectively. 

if j = 2 then the eigenvalue must be given as an additional 

n11mber on the input tape. 

if j 3 

prescribed. 

are arbitrary when n 

- -

1 or n 2. 

equal the numbers p and q introduced 

in the preceding section. 
• a • " specifies in the cases n = 1 and n = 3 which b, \) 

is used in the calculation of the relaxation narameter • . ·• 

The remaining numbers are most easily defined by the statements: 

if read> 0 then iteration process is continued; 

if read> 0 then OUTPUT; 
.. . 

if read> 0 then the whole program is started again. 

Finally, we give the complete ALGOL program. 
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• 

comment rachtnr R1205, codenr vdH 111166 / II. 

BEG IN: P~g~r.-
1 a 

Iteratieve oplossing van de LAPLACE vergelijking m. b. v., 

de Richardson methode toegepast op de schemas van 

Jacobi, Frankel en Seidel; 

~P.~~7~ff}f getbnr; getbnr:= read; 

!>~g~~T ~~t~g~!. i, j, 1, kO, N, K; 

real h; 

!3-!-'t !1Yg UO [O :M ,0 :M ]; 

real P!?
1
c~dure F(i); ~p.~eger, i; 

pee;t!!. if i - 1 then F:= read else 

end; 

if i = 2 then F:= 0 else 

if i = 3 then F:= sin(j x h) x sin(l x h) else 

if i = 4 then F:= sin(j x h) x sin(l x h) x 

(j x h - 2) x (1 x h 2) else 

if i 

if i = 

5 then F:= sin(j x 

(j X h 

(j X h 

• •·-· M 

h) X sin(l X h) X 

2) X (1 X h - 2) X 

1) X (1 X h - 1) else 

6 then F:= if 1 = N then read else 0 

• 

p~g!P-, ~:9-~r~e!, k, n, nl., n2; 

real Ll, L2, L3, IA. J, Fl, F2, F3, Sl, S2, 

S3, S4,.U, R, Rl, R2, E 0 W, Ic-A, B. 

a, b, c, Pt q, h, oml, om2, Vl, V2.; 

f, r, u, v[O:N,O:N], arrayn, arrayW, arrayI, 

arrayA, arrayB[l:K], arrayc[O:K]; 
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P!~9edt1.r~ INPUT; 

NLCR; NLCR; P TTEXT( Aantal netprmten (N+l)x(N+l)= -); 

ABSFIXT(4,0,(N+l)x(N+l)); h:= 3.141592653589793 / N; 

for j:= 0 s~p 1 until N do for I: . 0 

J?,eei!~ v[j .1 ]:= u[j ,1 ]: UO [j ,1 ]; f [j ,I]:= 

k: kO; N:= N - 1; NLCR; NLCR; 

SPACE(43); Vl:= V2:- oml::= om2:=1 

ste;p 1 until N do 

F(i) end; 

proce?,!1r~
1 

INFORMATION; 

AA: 

end; 

K:= read; n:= read; A:= read; B:= read; c:= read; j:- read; 

if k ~ kO then arrayc[kO]:= c; 

if j - 0 then ~ot~. AA; 

if j ~ 1 then E:= EIGENVALUE(arrayn[k],read.read); 

if j = 2 then E := read; 

if j = 3 then 

b~~~:!!-s nl := read; n2 := read; 

E:= -L4 - 2XL2 x (cos(nl x h) + cos(n2 x h)) 

-4 x Ll x cos(nl x h) x cos(n2 x h) 

end; 

A:=(2 x E + B x (cos((N+l)xh/(2XK)) - 1)) / (cos((N+l)xh/(2XK)) + 1); 

p:·= read; q:- read; 

for j := k + 1 ~~~p 1 until k + K do 

arrayn[j]:= n; arrayA[j]:= A; arrayB[j]:= B; arrayc[j]:= c; 

if n = 1 V n = 3 then 

- arrayW[j]:= read; arrayl[j]:·= K end; 

if n = 2 then be~i~ arrayW[j ]:= j - k; arrayI[j]:= 0 end; 

end; 

K:= K + k 
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pr?~~?;ure. JACOBI; 

for j:= 1 ~~21? 1 until N do for I:= 1 ,st.~E, 1 _until N do 

'!JP.S~P.. U: . v[j,l]:= u[j,l]; 

u[j,1]:=U + J x r[j,1] 

. end; 

pro~~?~t~ FRANKEL; 

for_j:= 

P,egtn 

end; 

1 ,st~P. 1 until N do for 1:- 1 s~~ 1 until N do _, ____ 
U:= u[j,l]; 

u[j,1]:= Fl X U + F2 >< r[j,1] + F3 X v[j,1]; 

v[j,1]:= U • 

P!9C~~;ur~. SEIDEL; 

for 1:= 1 ~t~p 1. until N do for j:= 1 s~~Fr 1 until N do 

p,ee;_l~ U:- v[j;l]:= u[j,1]; 

u[j,l]:= U + S2 X (u[j-1 11] - v[j-1,1]) 

+ S4 x (u[j,1-1] - v[j,1-1 ]) 

+ S3 x((u[j-1,1-1]- v[j-1,1-1]) + (u[j+l,1-1]- v[j+l,1-1])) 

end• - . , 

+ S1 X r[j,1] 

int~er s; 

NLCR; NLCR; PRINTTEXT( 

ABSFIXT(3,0,k); PRINTTEXT( 

N:- N + 1; 

lossing na ) ; 

iteraties :}); NLCR; 

if N < 12 then s:- 1 else if N < 24 then s:= 2 else 

if N < 36 then s:= 3 else if N < 48 then s:= 4 else go~~ END; 

for I:= N ~t,~P, -s until O do 

P,~~!P. NLCR; for j:= 0 -~~~p s until N do FLOT(5,2 9u[j,l]) end; 

NEWPAGE; 

END: N:= N - 1 

end• , . _, 

. ' 
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real E_r9~e~ures EIGENVALUE(n, method,norm); value method, norm; 

end· - ' , 

inte er n, method, norm; 

if n = 1 V n = 3 V n 4 then 

if method = 1 then 

end; 

if norm = 
if norm = 

if method = 2 then 

1 then EIG ENV AL UE := l/ om2 

2 then EIGENVALUE:= 1/om2 

- S1/oml; 

S2/oml 

r,egip. if norm = 1 then EIGENVALUE:= 1 / oml - Fl; 

if norm 2 then EIGENVALUE:= 1 / oml - F2 

end 

if n ~ 2 then 

pP-~!n A:- arrayA[k]; B:= arrayB[k]; 

I: sqrt(A) + sqrt(B); I:= I X I; 

end 

W:-- sqrt(A) - sqrt(B); W:= W X W; 

if method = 1 then 

~egi~. if norm = 1 then 

end; 

EIGENVALUE: 4 XF3x(sqrt(AxB) 

if norm= 2 then 

F3)/(I - 4XF3); 

EIGENVALUE:= 4XS3><(sqrt(A><B) - S3)/(I - 4xS3); 

if method = 2 then 

if norm = 1 then 

E IG ENV AL UE :~ (-I><SlXSl +2x(A + B )xSl-W) / ( 4XS1); 

if norm = 2 then 

E IG ENV AL UE := (-IxS2XS2+2X(A+ B)xS2-W) /(4xS2); 

if method = 3 then -

end; 

' 

if_ norm = 1 then 

EIGENVALUE:·= 4XF1X(sqrt(AxB) - Fl)/(W + 4XF1); 

if norm = 2 then 

EIGENVALUE:= 4XF2x(sqrt(AxB) - F2)/(W + 4XF2); 
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p~oc~?t1.re RESIDUAL; 

be ·n F3:= Rl; S3:- R2; Rl:= R2:= U:= W:= I:· Fl:= F2:= O; 

end; 

c := arrayc[k]; 

Ll:- (1 - c/2) / (h X h); L2:-·- L3:= (c - 1) / (h X h); 

L4:= - 2 x c / (h x h); 

for j:= 1 .s~~p 1 until N do for I:= 1 ste 1 until N do 

begin
1 

u • ,I]; 
I 

end; 

R:·= r[j.I]:= Ll X (u[j+lgl+l] + u[j-1,l+l] 

+ u[j+l,1-1] + u[j-11)1-1]) 

+ L2 X (u[j+l,l] + u[j-1,1]) 

+ L3 X (u[j,l+l] + u[j,1-1]) 

+ (L4 + T) X U - f[j,I]; 

... . -- .. 
Rl: - Rl + R x R; R2 := if R2 < abs(R) then abs (R) else R2; 

I := I + U x U; W := if W < abs(U) then abs(U) else W, 
--~··-, 

U:= abs(U - v[j,1]); 

Fl: Fl + U x U; F2:= if F2 < abs(U) then abs(U) else F2; 
- ·- . . 

____ ,,., .. 

j:- (N + 2) x (N + 2); SPACE(2); 

FLOT(2,2,sqrt(Rl)/j); FLOT(2,2,R2); SPACE(2); 

if k - kO then 'µ~~,i-~ a::= Rl; b:= R2 end; 

if k > kO then 

~Feg!p. FLOT(2,2,sqrt(Fl/I)); FLOT(2,2,F2 ); 

Sl~= sqrt(Fl / Vl); S2:- F2 / V2; Vl:= Fl; V2:= F2; 

F3:= sqrt(F3 / Fl); S3:= S3 / F2; 

Fl:= sqrt(Rl / Fl); F2:= R2 / F2; 

FIXT(5,16,EIGENVALUE(nlll,1)); FIXT(5,16,EIGENVALUE(n,1 02)); 

NLCR; SPACE(45); FIXT(2,7 .ln(a/Rl) / (2 x k)); SPACE(8); 

FIXT(2,7 ,ln(b/R2) / k); SPACE(6); 

FIXT(5.16,EIGENVALUE(n,2::>l));FIXT(5.,16 0EIGENVALUE(n,2,2)); 

if n = 2 then 

pep;i.n NLCR; SPACE(83); FIXT(5,16 1EIGENVALUE(n,3,l)); 

FIXT(5,16,EIGENVALUE(n,3,2)) 

end 
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E_r9.c~?U:I'~. DIFF SCHEME; 

end; 

k:= k + 1; n:= arrayn[k]; W:= arrayW[k]; I: .... - a,rrayI[k]; 

A:= arrayA[k]; B:= arrayB[k]; NLCR; ABSFIXT(3,0Jc); 

if n = 1 then 

P TTEXT( ja ); 

W:= .5 x (A + B + (A - B) x cos(l.57079 x (2 x W + 1)/I)); 

I:= A := B:--- O; om2:= oml; oml:= J:- 1 / W; JACOBI 

if n = 2 then 

pe~n. PRINTTEXT( 

end; 

if A> -B then 

be in I:= (A + B) / (A - B); 

Fl:= I + sqrt( I >< I -1); F2:= I - sqrt(I x I - 1); 
' 

W:= -.5 X (A + B) + .5 X (A - B) X 

(Fl (W + 1) + F2 (W + 1)) / (Fl W + F2 W); 

I:= "25 X (A + B); A:= B := 0 

end; 

Fl:= 4 X I / (2 x I + W); 

F2:= 2 / (2 x I + W); 
' 

F3:= (W - 2 x I) / (2 x I + W); FRANKEL 
• ' 

,, 

if n = 3 then 

p~g~p.
1 

PRINTTEXT( se ); 
• 

W:= • 5 x(A + B + (A - B)xcos(l. 57079 x (2 X W + 1)/I)); 
• 

om2:= oml; S1:- oml:= 1 / W; S2:- p X h X h X L2; 

S3 := q X h X h X Ll; S4 := q X h X h X L3; 

W:= (1 - S2 - 2 x S3 - S4) / S1; 

A:= 82 x h / S1; B:= (2 X S3 + S4) X h / S1; 

SEIDEL 

end; 

ABSFIXT(3 12, W); 

PRINTTEXT(.__) ); 

SFIXT(3t2.I); FIXT(2,2,A); FIXT(2,2,B); 
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CALC: INPUT; INFO TION; RESIDUAL; 

ITER: DIFF SCHEME; RESIDUAL; 

if k < K then eiPt9 ITER; 

~!, read > 0 t·hen be in INFO ATION; ~0~9, ITER;end; 

end; 

if read > 0 then OUTPUT; 

N:= N + 1; kO:= k; 

for j:=. 0 ~~,ep. 1 until N do for l:= 

UO[j,1]:= u[j,1]; 

NLCR; PRINTTEXT( resultaten vdh / 111166 / II / R1205. ); 

NLCR; NLCR; PRINTTEXT( getalbandnummer )_; ABSFIXT(3,2s,getbnr); 
• • 

N:= read; K:= read;_h:= 3.141592653589793 / N; 

i:= read; NLCR; PR1NTTEXT( beginapproximatie nr ); ABSFIXT(2,0,i); 

for j:= O ~teJ?_ 1 until N do for 1:= 0 ste 1 until N do UO[j,1]:= F(i); 

i:- read; NLCR; PRI.NTTEXT( inhomogene term nr ); ABSFIXT(2,0,i); 

COMPUTE; 

if read > 0 then ~.e~ip., NEW PAGE; &?~-9 BEGIN end 

end 

end 

end 
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