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1. Introduction. 

In the hydrodynamical studies of the motion of the North Sea which were 

initiated at the Mathematical Centre in 1953 a rectangular model was 

chosen to represent the North Sea basin. Neglecting amongst others the 

influence of the Channel and the Kattegat this rectangle is bounded on 

three sides by coasts and on the fourth side by an infinitely deep 

ocean. It can be expected that corners where different types of boundary 

conditions meet may cause analytical difficulties in the form of singu­

larities ( see LAUWERIER [1] and [2]). In the present report a simplified 

model is studied in order to obtain further insight in the peculiarities 

of such corners. For this purpose the geometry of the problem has been 

reduced to a quarter plane with a boundary condition of the coast type 

and one of the ocean type. 

The model describing the hydrodynamical motion of a quarterplane sea 

with the above-mentioned boundaries 1s as follows 

( 1 • 1 ) 
2 

Liu - p u = O , X > 0, y > 0, 

J U a O , 

l au a ; -- + } ;..._°\.!: ::: " · 1/J ( X ) ~ t ay • ax 

x = O, y > 0 ("coast" condition), 

( 1. 2) 

x > 0,-y = 0 ("ocean" condition), 

where u = u(x,y) is the stream function, 

~ = ~(x) is a given real function which satisfies 

a uniform Holder contion for o ~ x ~ 00 , 

k = tgµTI ( !Re µj ~ ½) 1s a known constant 

and pis a known real constant. 

The constant k depends upon the value of the force of Coriolis and the 

bottom friction. 

Solutions of (1.1) can be represented by the integral 

U = foo 

a- 1 f(a) sin ax e-ayy da , 

0 
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where f(a) is an unknown real function and y = y(a) = [-1 + (p/a.}2] 112 , 

Re y ,:_ 0. 
-1 . . . . . . 

The factor a is added to simplJ.fy the ensuing relations. The solution 

( 1. 3) satisfies the boundary condition at x = 0 and is bounded at in­

finity. The function f(a) can be determined with the help of the con­

dition at y = O. 

Substituting (1.3) in this condition we obtain an integral equation of 

an unusual type viz. 

( 1. 4) J00 

f(a) [r(a) sin ax - k cos ax] da = 1/J(x), 

0 

X > 0, 

In the following we will distinguish the cases p = 0 and p ~ O. In the 

first case equation (1.1) is the potential equation. With y(a) = 1 

formula (1.4) simplifies to 

( 1. 5) J00 

f(a) sin(ax - µTI) da = 1/J(x) cos µTI, 

0 

X > 0, 

If p ~ 0 we substitute p = 1 in all equations concerned. This simply 
ak -1 . f . means that wet e p as unit o length, so it causes no loss of 

generality. We further take.F(a) = f(a) y(a) and obtain 

(1.6) J00 

F(a) G,in ax - y-\a) k cos ax] da = 1/J(x), x > O, 

0 

where y ( a ) = [1 + a -2] 1 / 2 • 

It is not difficult to find an explicit solution of (1,5) as is shown 

in sections 2 and 3 with the aid of respectively the Hilbert problem 

technique and the Mellin transform method. The two solutions thus 

obtained are equivalent. Equation (1.6) is inverted in section 4 with 

the aid of a combination of the above-mentioned techniques. The last 

section is devoted to an example. 



2. The potential problem (Hilbert problem technique). 

In this section we consider the inversion of equation (1.5) 

f00 

f(a) sin(ax - µTI) da = ~(x) cos µTI , x > O, 

0 

whereµ is a known constant ( IRe µI.::_ 1/2) and ~(x) is a given real 

Holder continuous function. 

We introduce the analytic function 

(2.1) l(z) = J00 

f(a) 

0 

iaz 
e da , 

where z = x + iy, x .::_ O, y .::_ 0, 

This function satisfies the conditions 

Im{l(z)} = 0 , 

(2.2) 

Im{e-µTiil(z)} = ~(x) cos µTI 

X = 0, y > 0, 

X > 0, y = 0, 

and l(z) is uniformly bounded in x.::., O, y.::., O. 

By the conformal mapping w = z2 (w = u + iv) the quarter plane x .::_ O, 

y > 0 is mapped upon the upper half plane v > O. Taking ~(w) = l(w1/ 2 ) 

and $(u) = ~(u112 ) we obtain the following relations 

Im{~(u)} = 0, u < o, 
(2.3) 

Im{e-µTii~(u)} = ~(u) cos µTI , u > o, 

while ~(w) is uniformly bounded in the upper half plane v > O. 

The relations (2.3) constitute a Hilbert problem for a half plane and 

are equivalent to 

(2.4) 

+ where~ (u) = limv++O ~(w) and lim O ~(w). The corresponding v+-



homogeneous problem (~(u) = 0) has solutions which are linear combinations 
. .)..-µ 

of factors w , where>-. is an integer. These functions tend to infinity 

either as lwl ➔ 0 or as lwl ➔ 00 • Therefore the homogeneous problem has 

no solution which is uniformly bounded for v ~ 0. The solution of the 

inhomogeneous problem must be unique and can be represented by the 

following integrals. 

1-rni Joo µ 
cl>( w) 1 w-µ t p(t) dt if -1/2 < Re ~ o, = - e cos µ1T µ 

1T t-w ' 
(2.5) 0 

cI>(w) 
1 µ,ri cos µ,r w1-µ Joo tµ-1$(t) 

dt, if O <Reµ< 1/2. or =-e 1T t-w 
0 

Writing the Holder condition for ~ ( µ) at infinity as I~ ( u)-~ ( 00 ) I < CIµ I-a, 

a> O, it can be shown that the functions (2.5) have the prescribed 

behaviour as lwl ➔ 0 and lwl ➔ 00 , provided that ~( 00 ) = 0 if a< 1 +Reµ 

for negative Reµ or if a< Reµ for positive Reµ. 

In the following we will only state the formulae for negative Reµ 

explicitly. Those for positive Reµ can then be deduced simply. In the 

original quarter plane 

(2.6) 
2 µ,r i . 2µ roo s2µ +\µ( s) 

'¥ ( z) = - e cos µ,r z - J 2 ds. 
1T 2 

s - z -0 

Now the solution of (1.5) can for example be written down with the aid 

of 

(2.7) Re{'l'+(x)} = f00 

f(a) cos ax da , 

0 

where again 'l'+(x) = limy➔+O 'l'(z). 

It then follows that 

(2.8) f(a) = ¾ f00 

Re{'l'+(x)} cos ax dx, 

0 

where one can use for instance 

(2.9) Re{'l'+(x)} = -sin µ,r cos µ,r *(x) + g_ cos2 µ,r 
1T 

x-2µfoo s2µ+\p( s) 
2 2 

S -· X 0 

ds. 
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As a check on the results we consider the limiting caseµ= -1/2. Provided 

that the limit $*(x) = limµ➔- 1 /2 $(x) cos µTI exists, this corresponds to 

the boundary condition (au/ax)= -$*(x) at x > o, y = O. Using repre­

sentation (1.3) this yields immediately 

f(a) = - ~ J00 

$*(x) cos ax dx. 

0 

When we letµ tend to -1/2 in (2.9) we get 

* -$ (x), 

which can be substituted in (2.8) to give the same result. 

We can modify (1.3) a little with the aid of (2.8) in order to be able 

to substitute (2.9) directly. If all integrals concerned converge 

absolutely so that we may change the order of integration we can write 

(2.10) 2 roo Joo + -1 -ay u = - Re{f (t)} a sin ax cos ate dt da 
TI J 

0 0 

= ~ J00 
Re{f+(t)} dt J00 

a- 1 sin ax cos at e-ay da 

0 0 

= !TI J00 

Re{f+(t)} [1n(t2-z2 ) - ln(t2-z2 )J dt. 

0 

In section 5 a potential problem will be solved with the aid of the 

above formula. 



3. The potential problem (Mellin transform method). 

Anew we consider e4uation (1.5), We multiply both sides of the e4uation 

by sin(Sx - µTI) and integrate with respect to x from zero to infinity 

to obtain 

( 3. 1 ) f( S) -' l sin 2µTI .·J00 

f(a) da = £ cos µTI f"" ip(x) sin( Sx - µTI) dx. TI a+S TI 
0 0 

We then apply a Mellin transformation with respect to Sin the following 

way 

( 3, 2) F(s) = f"" ss-1 f(S) dS , 

0 

which gives rise to 

(3,3) [1 - si:1 2µTIJ F ( s) 2 f"" = - cos µTT 
sin sTI TI 

0 

1/J(x) -s r(s) sin(s-2µ) TT 
X 2 dx, 

0 <Res< 1. 

From this e4uation F(s) can be solved as 

(3.4) F(s) =; cos µTT f"" ip(x) 

0 

-s 
X 

sin s1r r(s) ----dx. 
cos(s+2µ )f 

Next we apply an inverse Mellin transformation to (3.4) and again obtain 

different solutions for negative and positive values ofµ. 

(3,5) 

and 

f(S) 2 =-:; COS µTT f
()O 

ip(x) u2µ+ 1(2Sx,O) dx, if -1/2 <Reµ.::_ o, 
0 

f(S) = - ~ cos µTT f"" ip(x) u2µ_ 1(2Sx,O) dx, if O <Reµ< 1/2, 

0 

where U (2Sx,O) denotes Lommel's function of two variables. 
\) 

("" 

and u2µ+ 1(2Sx,O) = sin(Sx-µTT) +; sin 2µTT j 
(3.6) 0 

-2µ -Sxu u · 
e 2 

u +1 
du, 

if -1/2 <Reµ..::_ O, 



+l foo 2-2µ 
U0 1 (213x,O) = -sin(Sx-µ,r} sin 2µ1T -sxu u du, e 

<-J.J- 1T u2+1 
0 

if 0 < Reµ~ 1/2. 

A notation which might be useful is obtained by introducing the Laplace 

transform 'I' of 1jl 

(3,7) '1'(13u) = foo e-13xu ijl(x) dx. 

0 

Again we only st.ate explicitly the results for negative Re µ. Formula 

(3,5) takes the form 

Joo foo -2µ 
(3,8) f(l3) = ¾ cosµTI ij1(x)sin($x-µ1r)~ + \' sin0rr cos 2µrr; '1'(13u) u,., ·- du. 

0 1T O u~+1 

It is easy to prove that 

¾ f00 u2µ±,1(213x,O) dx J00 

f(a) sin(ax-µ,r) da = f(13), 

0 0 

One can also show that the formulae (3,5) and (3.8) are equivalent to 

the formulae (2.8). 

Taking into consideration the properties of the known function ijl(x) in 

any special case it should not be too difficult to choose from (2.8), 

(3,5) and (3.8) the representation of the solution which will yield the 

quickest results. 
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4. The Helmholtz problem. 

We now proceed to consider equation (1.6) 

f' F(a) [jin ax - ky- 1 (a) cos a~] da = ijJ(x), x > o, 
0 

where k = tg µn, !Re µI.:. 1/2, is a known constant, 

Re y .:::._ O, 

and ijJ(x) is a given real uniformly Holder continuous function. 

(00 

If we substitute s(x) = J F(a) sin ax da into the integral equation 

we get 

( 4. 1 ) 

0 

s ( x) - ~ k J00 f 00 y - 1 (a) s ( t) sin at cos ax dt da = ijJ ( x), x > 0, 

0 0 

or, after some manipulation, 

(4.2) s(x) 
_ t_ f00 s(t)h1(x,t) 

TI t-x 
Joo s(t)h2 (x,t) 

dt - tTI ----- dt = t+x ijJ(x),x>O, 

0 0 

where = lt~xl t 1 ( I t+x I ) 
()L 3) 

and K1(x) is the first order modified Bessel function of the third kind. 

In order to conform to the notation of MUSKHELISHVILI [5] we introduce 

the function 

(4.4) H(x,t) 
h1(x,t) - h 1(x,x) h2(x,t) 

", = + 
' t-x t+x 

It-xi K1(lt-xl) -1 lt+xl K1 ( I t+x I ) 
= + 

t-x t+x ' 
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which has no poles in the interval of integration. In this way we obtain 

the singular integral equation 

(4.5) 
k roo s(t) roo 

s(x) - -:; J t-x dt = 1/i(x) + * j s(t) H(x,t) dt, X > 0, 

0 0 

Following MUSKHELISHVILI we first solve the so-called "dominant equation" 

(4.6) 
(00 

s(x) - 1 * s(t) dt = ijl(x), 
TI) t-x 

0 

by ordinary Hilbert technique. 

If we c~onsider the sectionally holomorphic function 

(4.7) ~(z) = _1 __ foo tl,il dt 
2TIJ. t-z 

0 

X > 0, 

and we require ~(z) to be uniformly bounded as lzl ➔ 0 and as lzl ➔ 00 , 

then equation (4.6) is equivalent to 

(4.8) (1-ik) ~+(x) - (1+ik) ~-(x) = ijJ(x), X > 0, 

or else, with k = tg µTI, 

(4.9) X > 0, 

+ where <I> (x) = lim ~(z) and ~ (x) = lim ~(z). 
y➔+O y➔-0 

This is nearly the same equation as (2.4) and its unique solution can 

be written down innnediately as 

q:,(z) 1 µTii 
:::: --;- e cos 

2TIJ. 
µTI z-µ r00 tµ~(t) d 

j t-z t' if -1/2 <Reµ.:. O, 

(4.10) 
0 

or 
1 µTii 1-µ roo tµ- 1w(t) 

¢(z) = 2Tii e cos µTI z J t-z dt, if O <Reµ< 1/2. 

0 

We only state the results for -1/2 <Reµ< 0 in the following. The 
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solution s(x) is obtained when we substitute (4.10) in 

(4.11) 

as 

(/)0 µ ' 
s(x) = cos2 µ1r,*(x) + 217T sin 2µ7T x-µ * t p(t) dt. 

) t-x 
0 

Now we replace W(x) by ~(x) +*I® s(t) H(x,t) dt, The resulting integral 

equation is a simple Fredholm equation of the second kind which is shown 

by MUSKHELISHVILI to be equivalent to equation (4.5), We get 

(4.12) 1 J00 o(t) dt = e(x) o(x) - - sin µ7T X > 0, 7T t+x · ' 
0 

where o(x) = xµs(x) 

e(x) 2 1 foo tµw(t) 
and = cos µ7T xµ *(x) + - sin 2µ7T dt. 21r t-x 

0 

Equation (4. 12) closely resembles (3.1), so we apply a Mellin transform 

with respect to x. Writing 

S(>,) = Joo x',-1 o(x) dx 

(li.13) 
0 

and 0(\; Joo ,.-1 
e(x) dx, = X 

0 

we obtain 

0 < Re A< 1. 

We apply the inverse transformation to 

sin 
sin A7T 
" . µ,r 0(,.)'. 'IT - SJ.n 

and we get the result 

(4.14) foo µ+1 
o(x) = e(x) + ~ tg µ1r x-µ u 2 °;u) du. 

u -x 
0 



Hence we have found an integral representation of s(x). 

(4.15) ( ) 2 ( ) 1 • 2µ7f X-µ J(OO tµw(t) s x = cos µ,r,tjJ x + 4,r sin dt -t-x 
0 

-µ foo tµp(t) dt 1 . -2µ 
2,r sin µ,r x t+x + 2,r sin 2µ,r x 

0 

+ 2
1,r sin 2µ,r x-2µ J00 

t 2µ~(t) 
t+x dt. 

0 

We know that 

F(a) = ¾ f00 

s(x) sin ax dx 

0 

and with the aid of this formula we find 

(4.16) 1rF(a) = sin2 µ,r f00 

tjJ(x) sin ax dx -

0 

- sin µ,r sin~ f00 

tjJ(x) Uµ+ 1(2ax,O) dx -

0 

- sin µ,r c~s ~ f00

tjJ(x) Uµ(2ax,O) dx + 

0 

+ 2cos µ,r f00 
tjJ(x) u2µ+ 1(2ax,O) dx, 

0 

dt + 

where Uv again denotes Lommel's function of two variables. Depending on 

the form of the known function tjJ(x) sometimes a different representation 

of the answer is preferable, viz. 

,rF(a) = 2cos2µ1r f00 

tjJ(x)sinaxdx - f sin2µ,r f00 

tjJ(x)cosaxdx -

0 0 

µ,r (co X 1-µ 
2 J '¥(ax) - 2- dx + 

X +1 
0 



2 . 2 + - sin µ1r cosµ1r 
1T 

f00 -2µ 
lf(a.x) T a.x, 

X +1 
0 

-- f00 
e-axt ,r,(t) dt is th L 1 ( ) where '¥(ax) o/ e apace transform of ,pt • 

0 

Thus we have found by a fairly simple method a solution in closed form 

of the problem posed in section 1. 



5. An example. 

As an example we shall consider the potential of a point source situated 

in the quarter plane x > O, y > 0. This problem is governed by the 

potential equation. 

( 5. 1) 

where o denotes the Dirac delta function. 

We impose the boundary conditions 

u = o, 

(5.2) 

au+ k au= o, 
ay ax 

X = 0, y > 0, 

X > 0, y = 0, 

where k = tg µTI, -1/2 .::_ µ .::_ O, is a known real constant. 

To solve the problem we write 

(5.3) 

then (5.1) and (5.2) are satisfied when 

~u ( 1) = o, x,y > O, 

( 1 ) 
u = o, X = 0, y > 0, 

and 
au ( 1) 

+ k 
au ( 1) 

-ijJ(x), = ay ax 
X > 0, y = 0, 

(5.4) where ijJ(x) 

Again we substitute 

u(1) = J
oo 

N-1 f(N) -ay .... .... sin axe da, 

0 



then Laplace's equation and the first boundary condition are satisfied, 

while f(a) can be solved from the second condition which takes the form 

(1.5). Using (2.6) we obtain 

(5.5) ljl ( z) 
( 00 2µ+1 

2 µTTi z-2µ j S (-1- + _1_ 
= TTi e cosµTT 2 2 + 

s -z s-zo s zo 
0 

1 -.:-) 
s+zo 

ds. 

We evaluate this integral by integrating along the contour shown in 

figure 1. '.rhe contribution of the large circle tends to zero as the 

radius of the circle tends to infinity. 

I 

I 
I 
I 

/ 

-~-----

\\. * TTi ze 

- -TTl 
-,t z e 

0 

I 
U> 

Figure 1. 

Complex s-plane. 

I 

I 
I 

I ;,. z I 
0 I 

,/ 

As a consequence of the cut along the positive real axis in the s-plane 

we must distinguish between O < arg z < TT and TT< arg z < 2TT. 

In the first case 

( 00 2 +1 
j s2 2 ~(s)ds = 
O s -z 

4. µTTl . z2µ+1( 1 - le sinµTT - 2--2-
z -z 

0 

---) + 
2 -2 

z -zo 
;;-2µ+1 2µ+1 

zo 4 . µTTl . + ie sinµn 0 0 
,:_ ,_ 

) . -1-rni . ~o 
+ Ale sJ.nµn - 2-_-2 

z -zo z -zo 



and in the second case 

. •·µTTi . z2µ+1 ( = 4ie sinµTI 2 2 
z -zo 

. ••µTil . + 4ie sinµTI 

1.5 

1 
2 -2) 

z -z 
0 

2µ+1 
. zo + 4· µTil . ___ + . ie sinµTI 2 2 

z -zo 

The real axis in the z-plane is a line of discontinuity. The points 
Tii - - -Tii z = z0 :, z0e , z0 , z0e however are no poles as would appear from a 

superficial look at the formulae. 

We confine ourselves to the area 0 < arg z < TI where 

2z 2z 2µ+1 -2µ 
2e-2µTii -2µ+1 -2µ 

(5.6) ~, ( z) z z 
= --- - 2z 0 zo 2 2 2 -2 2 2 2 -2 

z -zo z -z 
0 

z -zo z -zo 

and in the limiting case 

2µ+1 
+ -2µ -µTTi 2 0 Re{f (x)} = -4cos µTT x Re{e 2 2} 

X -z0 

According to (2.10) 

( 5. 7) 
( 1 ) i 

u = 
2TI 

Joo . 
+ - 2 2 2 -2 Re{f (t)} [ln(t -z ) - ln(t -z )] dt. 

0 

We fir~it consider the following integral 

-oo 

and determine it by integrating along the contour of figure 2. Each of 

the logarithms is associated with two branch points in the complex 
Tii - -,ri t-plane, respectively t = z, ze and t = z, ze . The integral over 

the large half circle tends to zero as the radius of the circle tends 

to infinity. 
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Complex t-plane 

Ret 
Figure 2. 

Some manipulation shows that 

J
ex, + 1- 2 2 2 -2 J I= 2 Re{, (t)} Jn!t -z ) - ln(t ~z ) dt, 

0 

i.e. the integral we need to determine (5.7) and also 

ooeicl> 
I= J ,(t) [ln(t-z) - ln e-27Ti(t-z)] dt -

z 

i ( 1T-(j>) . 

fcx,e 
- . ,(t) [1n ( t+z) - ln e - 21Ti ( t+z)] dt 

- -7TJ. ze 

,(t) dt. 

From (5.6) we see that the integrals over the first two terms of ,(t) 

are of the type 

iqi i ( 'TT-(j>) rf cx,e - Jcx,e . ] 
- -'TTl z ze 

tdt Jz tdt 1 2 2 1 -2 2 - - -- - - 2 ln( z -E; ) + 2 ln( z -t; ) • 
t2-t;2 - _ -1Ti t2-t;2 -

ze 

The other integrands are of the type 



and the best results are obtained by expanding ( F,,/t )2µ in terms of the 

corresponding denominator, e.g. 

00 

(F,,/t) 2µ = [(t/f,,)-1+1]-2µ = I c2µ) [(t/F,,)-1Jn, if I (t/F,,)-1 J .::. 1, 
n=O n 

00 

= I c2µ) [(t/F,,)-1]-2µ-n, if I (t/F,,)-1 J ?... 1. 
n n=O 

The choice of the point of observation in x > O, y > 0 determines which 

expansions must be used as is shown in figure 3, 

x,z-plane 

IV 

X 

Figure 3, 

If J(t/F,,)-1J .::_ 1 or J(t/F,,)-1J ?._ 1 along all of the line parallel to the 
- -ni 

real t-axis connecting t = ze and t = z we close the contour using 

this line and tr1e arc of a circle at infinity. 

z 

i(n-dl) 

J00e · _ ( Ut )2µ 
- . j t-f,, dt = 

_ -ni 
ze 

- -ni = ln(ze -F,,)-ln(z-f,,) + 
oo -n 
, -2µ ~ -- [ - -ni n n-
l ( n ) ~ (ze -F,,) -(z-F,,) J, 

n=1 
in ·the first case. 
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00 

= - I 
n=O 

in the second case. 

In all other cases we close the contour using the arc of a circle at 

infinity combined with a curve connecting t = ze-TI1 and t = z in such 

a way that either we can use one type of expansion on all of the curve 

or the curve is divided in two parts at a convenient point (t = 0) so 

that on each of the parts one type of expansion holds. The resulting 

integrals are of the same type as above. 

We finally obtain 

-
(5.8) u( 1) 

z+z 00 

= ln J-.-9-1 - l 
z-zo n=1 

z-z z+z 
(-2µ) l Re{ (__Q)n _ (- 1 )n (-=-_Q_)n} 

n n z0 z0 

00 

- I 
n=O 

z+z 2 . z-z0 ~ 
(-2µ) _1_ Re.{(- 1 f1 ( 0)-2µ-n _ e-_µTIJ. (~)-~.µ-n} 

n 2µ+n _z_·_ z ' 
0 0 

(x,y)eI, 

(5.9) U (1) l(z+zo)zol 
= ln 2 -2 

00 

+ TI cotg 2µTI - l 
n=1 z -zo 

-00 

- I 
n=O 

. z+z 
(-2µ) _1_ Re{ (- 1 )n e-2µn (~)-;2µ-n + 

n 2µ+n z0 

(x,y )e II, 

( ) (z+z0 )z0 
(5.10) u 1 = lnl 2 _2 I 

z -zo 

2 . z-zo 
- Re{e- µTii ln(-_-)} + TI(cotg 2µTI - sin 2µn) -

zo 

-
00 

- I 
n=O 

z+z 
(-2µ) _1 _ Re{(- 1 )n -2µTii O -2µ-n 

n 2µ+n e (---) + 
zo 

(x,y )e: III, 



2 2 z -z 
= lnl 2 -~1 -

z -zo 

1) 

00 

I 
n=O 

-z+z 
+ (-1)n e-2µTii (~)-2µ-n + 

zo 

(x,y) e-rv. 

It can be ascertained that the boundary condition for x = o, y > 0 is 

satisfied by (5,8) and (5.11) while the condition for x > O, y = 0 is 

satisfied by (5.10) and (5.11) (see figure 3), 
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6. Appendix,. 

Another way o:f solving this problem is by using the general method 

developed by LAUWERIER [3J, although this implies that we cannot make 

an optimal use of the simple geometry of the problem. The solution 

obtained in this way shows obvious similarities with the solution of 

section 4. However it is difficult to show the equivalence of both forms. 

Similar difficulties were encountered by LAUWERIER [4] in the comparison 

of his results with those obtained by Peters. 

We will just state the different formulae. With a small change 1n notation 

we write (1,3) as 

U __ Joo. -ychw g(w) sin(x sh w) e dw 

0 

and g(w) = f J00 

s(t) sin(t sh w) dt, 

0 

where s ( t) :LS given 1n ( J+. 15) as 

With 

g(w) 

where 

2 1 -µ (co sµtjJ(s) 
s ( t) = cos ]J'Tf. ljJ ( t) +- SJ.n 21-rn t J ds -4n s-t 

0 

]J'IT t-µ 
roo sµ1J;(s) -2µ roo s 2µ1J;(s) SJ.n j ds + SJ.n 2µ1T t t 2TT s+t 21T s-t 
0 0 

2µ1T -2µ Joo s2µw(s) ds. + SJ.n t 21T s+t 
0 

Lauwer:i.er's method we get 

1 =-; COS ]JTT 
r_ chw + chw J Joo 
Lch(w+µ1ri) ch(w-µni)°J ljJ(t) sin(tshw) dt + 

0 

1 ( ) 100 ~ ( t ) r: cht cht l dt 
+ 2 chw Kw J K(t) L:ch(t+µ1ri) - ch(t-µ1ri):J sht-shw ' 

'IT 
-co 

~(t) = J00 

ljJ(s) sin(ssht) ds, 

0 

ds + 



and 

K(w) _ e(w+1ri/2,(µ-1/2);] 
- e [-w+,ri/2 ,-( µ-1 /2 ),r] 

e ( w, Y ) = exp [¾ J"° 1-c~stw shyt 'ift dt] • 
_ 00 sh1Tt sh 2 
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