stichting
mathematisch
centrum MC

AFDELING TOEGEPASTE WISKUNDE ™ 117 JANUARI

M.P. VAN OUWERKERK-DIJKERS
SQLUTIONS OF THE EQUATION OF HELMHOLTZ IN A
ARTER PLANE WITH AN OBLIQUE BOUNDARY CONDITION

EE ‘W%«.‘é .
Ern e

BRI THEERR




Printed at the Mathematical Centre, 49, 2e Boerhaavestraat, Amsterdam.

The Mathematical Centre, founded the 11-th of February 1946, is a non-
progit institution aiming at the promotion of pure mathematics and its
applLications. 1t is sponsorned by the Netherlands Government through the
Netherlands Onganization forn the Advancement of Pure Research (Z.W.0),
by the Municipality of Amstendam, by the University o4 Amsterdam, by
the Free University at Amsterdam, and by industries.



1. Introduction.

In the hydrodynamical studies of the motion of the North Sea which were
initiated at the Mathematical Centre in 1953 a rectangular model was
chosen to represent the North Sea basin. Neglecting amongst others the
influence of the Channel and the Kattegat this rectangle is bounded on
three sides by coasts and on the fourth side by an infinitely deep
ocean. It can be expected that corners where different types of boundary
conditions meet may cause analytical difficulties in the form of singu-
larities (see LAUWERIER D] and Eﬂ). In the present report a simplified
model is studied in order to obtain further insight in the peculiarities
of such corners. For this purpose the geometry of the problem has been
reduced to a gquarter plane with a boundary condition of the coast type

and one of the ocean type.

The model describing the hydrodynamical motion of a quarterplane sea

with the above-mentioned boundaries is as follows

(1.1) Au = p2u =0, x>0,y >0,
=0, x =0,y >0 ("coast" condition),
(1.2) ¢
I du S

= ylx) , x>0,y =0 ("ocean" condition),
where u = u(x,y) is the stream function,

v = Y(x) is a given real function which satisfies
a uniform HSlder contion for 0 < x < =,

k = tgum (|Re u| j;%) is a known constant

and p is a known real constant.
The constant k depends upon the value of the forece of Coriolis and the

bottom friction.

Solutions of (1.1) can be represented by the integral

u = J o £(a) sin ax e °W qu ,

0



where f(o) is an unknown real function and y = y(a) = [H + (p/a)2]1/2,
Re vy > 0.

The factor a_1 is added to simplify the ensuing relations. The solution
(1.3) satisfies the boundary condition at x = 0 and is bounded at in-
finity. The function f(a) can be determined with the help of the con-

dition at y = 0.

Substituting (1.3) in this condition we obtain an integral equation of

an unusual type viz.

(1.4) j (o) [}(a) sin ax - k cos ai] do = ¥(x), x > 0.

0
In the following we will distinguish the cases p = 0 and p # 0. In the
1

tt

first case equation (1.1) is the potential equation. With y(a)

formula (1.4) simplifies to

(1.5) J f(a) sin(ox = um) do = ¥(x) cos um, x > 0.
0

If p # 0 we substitute p = 1 in all equations concerned. This simply

means that we take p_1 as unit of length, so it causes no loss of

generality. We further take F(a) = f(a) y(a) and obtain

(1.6) J F(a) [éin ax - Y_1(a) k cos ai] do = Y(x), x > 0,
0
where yv(a) = [ﬁ + a_2]1/2.

It is not difficult to find an explicit solution of (1.5) as is shown
in sections 2 and 3 with the aid of respectively the Hilbert problem
technique and the Mellin transform method. The two solutions thus
obtained are equivalent. Equation (1.6) is inverted in section L with
the aid of a combination of the above-mentioned techniques. The last

section is devoted to an example.



2. The potential problem (Hilbert problem technigue).

In this section we consider the inversion of equation (1.5)

J f(a) sin(ox = um) do = P(x) cos ur , x > 0,

0
where W is a known constant (|Re u| < 1/2) and ¢(x) is a given real
H6lder continuous function.

We introduce the analytic function

(2.1) ¥(z) = | £la) &% aa ,

O

where z = x + iy, x > 0, y > O.

This function satisfies the conditions

Im{¥(z)} =0, x=0,y >0,
(2.2) _
In{e "™y (z)} = y(x) cos um , x>0,y =0,

and ¥(z) is uniformly bounded in x > 0, y > O.

By the conformal mapping w = z2 (w = u + iv) the quarter plane x > 0,
¥y > 0 is mapped upon the upper half plane v > 0. Taking ¢(w) = W(w1/2)
and ¢(u) = w(u1/2) we obtain the following relations

Im{¢(u)} =0, u< o0,
(2.3)

=umi

Im{e o(u)} = ¢(u) cos um , u > 0,

while ®(w) is uniformly bounded in the upper half plane v > 0.

The relations (2.3) constitute a Hilbert problem for a half plane and

are equivalent to
(2.h4) o (u) = e2HTL o (u) + 2ie"™ cos um ¢(u), u > 0,

where ®+(u) = lim

40 o(w) and ¢ (u) = m o ¢(w). The corresponding



homogeneous problem (¢(u) = 0) has solutions which are linear combinations
of factors W%-u’ where A is an integer. These functions tend to infinity
either as |w| -+ 0 or as |w| + o, Therefore the homogeneous problem has

no solution which is uniformly bounded for v > 0. The solution of the
inhomogeneous problem must be unique and can be represented by the

following integrals.

(=]
. - u
o(w) = %'e““l cos um W " J tt_é#) dt, if =1/2 < Re n < 0,
(2.5) . 0 e e
or o(w) = % *™ os pm w' P J . t_w(t) dt, if 0 < Re u < 1/2.

0

Writing the HSlder condition for ¢(u) at infinity as |¢(u)-e(=)| < c|u|™",
o > 0, it can be shown that the functions (2.5) have the prescribed
behaviour as |w| -~ 0 and |w| » «, provided that ¢(«) = 0 if o < 1 + Re q

for negative Re p or if a < Re u for positive Re .

In the following we will only state the formulae for negative Re u
explicitly. Those for positive Re u can then be deduced simply. In the

original quarter plane

Z

. . (®  2u+1
(2.6) ¥(z) = f-euﬂl ‘cos um z 2u J E—E;—Jig%l ds.
g2 -
0 )

How the solution of (1.5) can for example be written down with the aid

of

(2.7) Re{W+(x)} = [ f(a) cos ax da ,
0
.+ . ,
where again ¥ (x) = llmy_>+0 v(z).

It then follows that

(2.8) fla) = %-J Re{?+(x)} cos ax dx ,
0

where one can use for instance

_ ©  2u+1
(2.9) Re{W+(x)} = =gin um cos um Y(x) + %cos2 uT X 2“% E—Z?—Jk%%l ds.
s - x
0



T

As a check on the results we consider the limiting case u = -1/2. Provided
that the limit w*xx) = limu_>_1/2 ¥(x) cos um exists, this corresponds to
the boundary condition (Bu//'ax) = - (x) at x > 0, y = 0. Using repre-
sentation (1.3) this yields immediately

i
0

When we let u tend to =1/2 in (2.9) we get

fla) = - 2 J w*Yx) cos ax dx .

+
Re{¥ (x)} = =y (x),
which can be substituted in (2.8) to give the same result.
We can modify (1.3) a little with the aid of (2.8) in order to be able
to substitute (2.9) directly. If all integrals concerned converge

absolutely so that we may change the order of integration we can write

(2.10) u =

ERV]

(e} (e} + - . _

[ J Re{¥ (t)} a 1 sin ox cos at e ¥ dt da
)

0O O

3 o

(e} + o0 - . -

= J Re{y (t)} dt [ o sin ox cos at e ¥ do

)
0 0

= %?J Re(v'(£)} [1n(t%-2%) - 1n(+%-79)] at.
0

In section 5 a potential problem will be solved with the aid of the

above formula.



3. The potential problem (Mellin transform method).

Anew we consider equation (1.5). We multiply both sides of the equation
by sin(Bx = um) and integrate with respect to x from zero to infinity

to obtaln

ERLV]

o
cos um [ v(x) sin(Bx = um) dx.
0

1 (7 £a) . _
(3.1) f£(B) - — sin ourm J e do =
0

We then apply a Mellin transformation with respect to B in the following

way
[ s=1

(3.2) F(s) =J B (B) a8 ,
0

which gives rise to

[1 - sin QUWJ "(s)

(3.3) sin sm

= ; cos um J ¥(x) x ° I'(s) sin(s—-2u) % dx,
0

O <Re s < 1.

From this equation F(s) can be solved as

(3.1) F(s) = © cos yn J p(x) % 1(s) ———s—i-n—?“—wax .
5 cos(s+2u)§

llext we apply an inverse Mellin transformation to (3.4) and again obtain

different solutions for negative and positive values of .

aiy 2 ” .
£(R) = = cos um J wix) UZU_H(ZBX,O) dx, if =1/2 < Re u < 0,
(3.5) 0

and £(8) = -

ERTW)

coSs um J v(x) U2U_1(25x,0) dx, if 0 < Re u < 1/2,
0

where Uv(QBx,O) denotes Lommel's function of two variables.

(- =21
and U, +1(28X,O> = sin(Bx—ym) + % sin 2um J e~ Pxu u2 du,
- 0 u +1
(3.6)

if =1/2 < Re u < O,



T

D raw
-pgxu u~ 2y
u2+1

U

ou du,

_1(2Bx,0) = ~sin(Bx-um) + % sin 2um I e
0
if 0 < Re pn < 1/2.

A notation which might be useful is obtained by introducing the Laplace

transform Y of ¢

(3.7) ¥(Bu) = J ePXY i) ax .
0

Again we only state explicitly the results for negative Re u. Formula
(3.5) takes the form

@ L 5 * el
(3.8) £(B) = %‘cosuﬂ J P(x)sin(Bx=um)dx + Eg sinum cosum j v(Bu) E;wm au.
T u 1
0 0

It is easy to prove that

2 (® * :
= J U2ui1(28x,0) dx J f(a) sin(ax=um) doa = £(B).
0 0

One can also show that the formulae (3.5) and (3.8) are equivalent to
the formulae (2.8).

Taking into consideration the properties of the known function ¥(x) in
any special case it should not be too difficult to choose from (2.8),
(3.5) and (3.8) the representation of the solution which will yield the

quickest results.



4., The Helmholtz problem.

We now proceed to consider equation (1.6)

J F(a) [?in ax - ky-1(a) cos ai] do = Y(x), x > 0,
0

where k = tg um, |Re u| < 1/2, is a known constant,

a-2)1/2

y(a) = (1 + R Re vy > O,

and ¥(x) is a given real uniformly HSlder continuous function.

00

[
If we substitute s(x) = J F(a) sin ax da into the integral equation
0

we get

(bo1)  s(x) -

¥(x), x > 0,

ENNIV]

k J J y-1(a) s(t) sin ot cos ax dt do
0 O

or, after some manipulation,

2

K (% s(t)h1(x,t) K (% s(t)h,(x,t)
(k.2) s(x) - ;'% S at - ;’J — T dt = ¢(x), x > 0,
0 . 0
where h1(x,t) = lt+x1>K1(|t+x|)

(1.3)
ho(x,t) = |t+x] K1(|t+x|)

and K1(x) is the first order modified Bessel function of the third kind.
In order to conform to the notation of MUSKHELISHVILI |5] we introduce

the function
h1(x,t) - h1(x,x) h2(x,t)
(L.h) H(x,t) + 3

t=x T+x

lt=x| K (Jt=x[) =1 |t+x| X ([t+x])
- t=x * tx >




which has no poles in the interval of integration. In this way we obtain
the singular integral equation

©

( (
T s(t) 4y = P(x) + %J s(t) H(x,t) dt, - x> 0.
0 0

(o]

EREy

(b.5) s(x) -

t=x

Following MUSKHELISHVILI we first solve the so-called "dominant equation"

(1.6) s(x) - & % 5(5) 45 = y(x), x>0,
0
by ordinary Hilbert technique.

If we consider the sectionally holomorphic function

(4.7) o(z) = E%E‘J gégl at
0

and we require ¢(z) to be uniformly bounded as |z| > O and as |z| + =,

then equation (L.6) is equivalent to
(1.8) (1-ik) ¢ (x) - (1+ik) ¢ (x) = ¥(x), x > 0,

or else, with k = tg um,

+ i -
(x) = M g (x) + '™ cos um w(x), x >0,

(4.9) o

¢(z) and @ (x) = lim

+ .
where ¢ (x) = lim =0

40 o(z).
This is nearly the same equation as (2.4) and its unique solution can

be written down immediately as

. _(®Lu
o(z) = SN P pr oz ¢ j E—%ézl dt, if -1/2 < Re u < 0,

oni
0
(k.10)
. e L u=
or o(z) = —lf-euﬁl cos um z1 H B ut) dt, if 0 < Re u < 1/2.
2m1 t=z —~
0

We only state the results for -1/2 < Re u < 0 in the following. The
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solution s(x) is obtained when we substitute (L4.10) in

s(x) =0 (x) -6 (x) as

) 1. —u Z £M(t)
cos” um.yP(x) + = sin 2um x T g dt.

(h.11) s(x) o

0

o

Now we replace ¥(x) by v(x) + % s(t) H(x,t) dt. The resulting integral

equation is a simple Fredholm eqﬁation of the second kind which is shown

by MUSKHELISHVILI to be equivalent to equation (4.5). We get

1. ® s(t)
(4.12) o(x) - — sin ym [ e at = o(x), x>0,
0
5 _ .M
where o(x) = x s(x)
© M
and 6(x) = cos® um x" w(x) + %? sin 2um % tt_it) at.

0
Equation (4.12) closely resembies (3.1), so we apply a Mellin transform

with respect to x. Writing

s(A) = J x>\_1 o(x) dx
(4.13) 0
and o(A) = J Xk"1 6(x) dx,
0
we obtain
_ §in um = \
(1 i Mr) S(a) © (A), 0 <Re X < 1.

We apply the inverse transformetion to

@ - sin AT E
(1) sin AT - sin um 0(x)

and we get the result

o u+‘]
u" o 6(u) du

2_.2 ’

(4,14) o(x) = 6(x) + L tg um x " %
T u"-x

0



1

Hence we have found an integral representation of s(x).

Rl

cos2 ur P (x) + %;

oy [C 4H
(k.15)  s(x) sin 2ur x V T Ez%izl at -
0

o

-y [ _ 2u
l—-51n UT X H J t (t) dt + ——-51n 2uT X 2u T I t-it) dt +
0

2m 2m

+

. sin 2urm x —2u teuw(t)
om dt.
0 t+x

We know that

Fla) =

ERN

J s(x) sin ax dx
0
and with the aid of this formula we find

(4.16) 7F(a)

sin2 u [ P(x) sin ax dx -
0

- sin um sin H%

- sin um cos E% P(x) Uu(2ux,0) dx +

oy O3

+

2cos um J v(x) U2u+1(2ax,0) dx,

0
where Uv again denotes Lommel's function of two variables. Depending on
the form of the known function y(x) sometimes a different representation

of the answer is preferable, viz.

2
0 0

mF(a) = 2cosguﬂ { ¥(x)sinaxdx - §-sin2uﬂ J ¥(x)cosoxdx -

o —u [ % 1-U

(
- % sin uﬂ sin L J y(ax) &
0

= = dx +
2 X +1 2

(
ax + %-51n umeos L J
0 x+'l



2 ” X-QU
+ = sin2um cosum J ¥(ax) 5 dx,
x +1
0
® —axt .
where Y(ax) = J e ¢(t) dt is the Laplace transform of y(t).
0

Thus we have found by a fairly simple method a solution in closed form

of the problem posed in section 1.



5. An example.

As an example we shall consider the potential of a point source situated
in the quarter plane x > 0, y > 0. This problem is governed by the

potential equation.

(5.1) My = =27 6(x-xo) é(y-yo), XXy > 0, Ya¥g > 0,

where 8 denotes the Dirac delta function.

We impose the boundary conditions

u =0, x=0,y >0,
(5.2)

u ou

5.3;+k5‘£=0’ x>0,y =0,

where k = tg um, =1/2 < u < 0, is a known real constant.

To solve the problem we write

(5.3) u = —ln|z2-z§| + 1n(z2-E§| + u(1),
then (5.1) and (5.2) aré satisfied when
Au(1) =0, 5 x,y > 0,
u(1)=0, x=0,y >0,
and §%§:2'+ k 3%;11 = =p(x), x>0,y=0,
(5.1) vhere  y(x) = -i (xlzo * xlzo - xlio - xlio)'
Again we substitute
u(1) = J“ a_1 f(a) sin ax e W do,



1h

then Laplace's equation and the first boundary condition are satisfied,
while f(o) can be solved from the second condition which takes the form
(1.5). Using (2.6) we obtain

M 2 j“ ot (1 1 1 1
! 52-22 s—zo s+zo s-zo s+zO

(5.5) w¥(z) = 2

i

We evaluate this integral by integrating along the contour shown in
figure 1. The contribution of the large circle tends to zero as the

radius of the circle tends to infinity.

e
-~ Ims -
/ﬁ/ ~ Complex s=-plane.
s
/ AN
/’ - =i \
X7 e *x g \
0 0 3

Figure 1.

As a consequence of the cut along the positive real axis in the s-plane
we must distinguish between O < arg z < m and m < arg z < 2m.

In the first case

. o 2 +1 . ’
1 buriy [ s . oumi . 2u+1 1 1
—— - = - — +
- (1-e ) J 52_22 v(s)ds hie" “ginurm =z (ZE-ZQ "2_22 )
0 2wt 0 O ot
+ bie" ™ ginum 5 + hieuuﬂlsinuﬁ =5

2 2
A4 Zz =2
0 0
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and in the second case

Z2u+1
_ -umi . 2u+1 1 _ 1 .oumi . 0
hie sinum z (22_ 5 22-22) + bie” “sinpm 2_22 +
%0 0 2 "%
=24+1
+ hie "Mrsinum 2 = -
ZL-ZO

The real axis in the z-plane is a line of discontinuity. The points
i = = -m

Zgs Zg , ZO’ zoe however are no poles as would appear from a
superficial look at the formulae.

m
z = e

We confine ourselves to the area 0 < arg z < 7 where

-2u . -2u
. _ 27 _ 2z _ 2u+l g _ =-2umi =2u+1 =z
(5.6) ¥(z) = 22 22—22 2z ;5:25 2e Zg ;E::E
0 0 %0
and in the limiting case
2u+1
+ _ R
Re{¥ (x)} = =bcos um x 2u Re{e "' g 2}
X =z
0
According to (2.10)
. o + . - 2 -
(5.7) 2l 2 -E?J Re{v"(£)} [1n(t%-2%) - 1n(t -22):] dt.

0

We first consider the following integral

I= Jw ¥(t) [In(t%-2%) - 1n(£2-22)] at

=00

and determine it by integrating along the contour of figure 2. Each of
the logarithms is associated with two branch points in the complex

*and t = Z, ze "', The integral over

t-plane, respectively t = z, ze"
the large half circle tends to zero as the radius of the circle tends

to infinity.
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Complex t-plane

A4

Ret

Figure 2.

Some manipulation shows that

I=2 J Re{¥"(t)} [1n(+%-2%) - 1n(t2-z%)] at,
0

i.e. the integral we need to determine (5.7) and also

°°ei¢ .
I= J ¥(t) [In(t-z) - 1n e ™ (t-z)] at -
Z
wel (T=9) " _
- J . [in(t+z) - 1n e 2™ (t+2)] at
Ze '
oo 1® (mei(ﬂ‘¢{-
= 2ri [J - | | w(t) at.
[T
Z ze

From (5.6) we see that the integrals over the first two terms of ¥(t)
are of the type
i(m=¢)
J I tdt J = - %-ln(zz-gg) + %-ln(;2-£2 .
Ze

Ze -T1 t -&
Z

N

The other integrands are of the type

az“”t'z“:(yt)e”[ LI N
N (I T
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and the best results are obtained by expanding (E/t)zu in terms of the

corresponding denominator, e.g.

(£/6)7% = [(e/e)=1+1)7%" = T (73%) [(s/e)=1]", if |(s/£)-1] < 1,

n=0 n

I3 [/)-1]72""2, ie |(t/6)-1] > 1.

n=0 n

The choice of the point of observation in x > 0, y > 0 determines which

expansions must be used as is shown in figure 3.
yT
X,z=plane

Iv

Figure 3.

If |(t/g)=1] < 1 or |(t/€)=1] > 1 along all of the line parallel to the

. . Tl .
real t—axis connecting t = ze and t = z we close the contour using

this line and thie arc of a circle at infinity.

= 1n(ze 1Ti-E;)-ln(z—i) + ) (‘2U) E [(;e'nl-i)n-(z‘i)n],

in the first case.
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2u+
_211)&1—111

n ) oo [(Ee_ﬂl"é)-gu-n - (Z‘E)-Eu_n],

[}
1
I~ 8

n=0

in the second case.

In all other cases we close the contour using the arc of a circle at
infinity combined with a curve connecting t = Ze-ﬂi and t = z in such
a way that either we can use one type of expansion on all of the curve
or the curve is divided in two parts at a convenient point (t = 0) so
that on each of the parts one type of expansion holds. The resulting
integrals are of the same type as above.

We finally obtain

+z ® VA 7tz
- 0
(5.8) ul") = 1n]—=2] = T () LRe((—2)" = (-1)? (=)} -
7=z n ' n 7, 7
0 n=1 6] ‘0
© 7tz -7, A
= 1Y) Sl Rel(=1)7 ()TN L TR (yTEeny
n=0 ~H O ‘-‘O
(x,y)& T,
(1> (Z+ZO)ZO © —-ouy 1 ' z—zo n n
(5.9) u = lnl—'g——é—"'l + 7 cotg 2um = ) (T=7) = Re {( )= (=1)7) -
- = n’' n z
Z -ZO n=1 0
. z+z
- I3 S rel(-1)® 7B (TR
n=0 0
z+z . E
~2u- —oum ~2u-
+ (_1)1'1 ( 7z O) HTh e H ( 7z O) H n}: (Xay)EIIa
0 0
(1) (z+2)z Coumi . %%
(5.10) u' ‘= ln| 5% | - Re{e 1n( = )} + w(cotg 2um - sin 2um) -
zZ -z 0
0
o z~ . z=z
- 2 ( FU) o Re{ ( - O)n + e 2umL (“%Tg)n - (-1)n(1+cos 2um)} -
n=1 : 0 0
o . z+§
- 1 - -0
_ Z ( iu) S R (=1 e 2umi (— O) 2u-n
n=0 ala 0
+ 1)n Z+ZO -2u=n _.\n
- @j;“‘) - (=1)7}, (x,y)e 111,



(5.11) u

I (X,y)e‘IV.

It can be ascertained that the boundary condition for x = 0, y > 0 is
satisfied by (5.8) and (5.11) while the condition for x > 0, y = 0 is
satisfied by (5.10) and (5.11) (see figure 3).
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6. Appendix.

Another way of solving this problem is by using the general method
deveioped by LAUWERIER Eﬂ, although this implies that we cannot make

an optimal use of the simple geometry of the problem. The solution
obtained in this way shows obvious similarities with the solution of
section 4. However it is difficult to show the equivalence of both forms.
Similar difficulties were encountered by LAUWERIER [}] in the comparison
of his results with those obtained by Peters.

We will just state the different formulae. With a small change in notation

we write (1.3) as

u = J' g(w) sin(x sh w) e_yChW dw
and %-J sin(t sh w) dt,
0

where s(t) is given in (4.15) a

oy (P M
s(t) = cosum.y(t) + %; sin 2ur £tV T E_gé%l s -
0

(e M

© 2'“

1. -u s U(s) 1. ,=2u s” u(s)
o — +  —

5. sin um t J o+t ds on Sin 2um t sy ds +

0 0

+ = in 2um t-zp i EEE&LEl ds

om © H s+t ’

0

With Lauwerier's method we get

_ 1 chw ” .
g(w) = — cos u [Ch(W+uﬂi) + ch(w-uwiij J P(t) sin(tshw) at +
0
1 “9(t) r__cht  _ __ cht at
Yo Kw) % (t) Gl ~ wnle-urD)) Sho-siw °
where v(t) = J ¥(s) sin(ssht) ds,

0



and

__elwtni/z2, (u=1/2)n)
)« frifaleliol

1 ® 1=costw shyt o
e(w,y) = exp f—e-J " . — dt].
shrt sh >

00
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