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Abstract

This report deals with summability methods for Fourier-Jacobi
series. When a function f is expanded in terms of Jacobi polynomials,
every summability method for this Jacobi series may be looked upon as
an approximation process for the function f. The main object of this
report is to investigate the order of approximation of these approxima-
tion processes and to characterize the functions which allow a certain
order of approximation. Many of these approximation processes exhibit
the phenomenon of saturation, which is equivalent to the existence of
an optimal order of approximation (the saturation order). For the sum=
mability methods treated in this paper the saturation order and the
saturation class, that is the class of functions which can be approxi-
mated with the optimal order, are derived. The characterization of the
classes of functions is accomplished by means of the theory of inter-
mediate spaces due to Peetre [20]. Another basic tool in this work is
the convolution structure for Jacobi series introduced by Askey and

Wainger [31].



1. Introduction

1.1. In this paper we are concerned with approximation theorems in
some Banach spaces of complex-valued functions on the interval [0,7].
By C we denote the space of continuous functions, 1" is written for the
essentially bounded functions and the ? spaces are introduced with

respect to the weight function

(038) (9) = (sin 2)2%*1 (cos £)2B*1

(1.1) P 5 5

In this paper we shall always assume that a > B > -3, We call M the
space of all regular finite Borel measures on [0,m]. The spaces C,

? (1p<=) and M are Banach spaces if they are endowed with the follow-

ing norms

eIl = sup [£(cos 0)],
0<8=m
™
l|f||p = [f | £(cos 6)|P P(a’B)(G)d6]1/p, 1<p< e,
0
[[fliw = ess sup |f(cos 8)],
0<b<m
m
Hully = | lauteos 1.

0

With elements of these Banach spaces we can associate an expansion

in terms of Jacobi polynomials. If'Pia’B)(x) denotes the Jacobi polyno-

mial of order (a,B) and degree n (see Szegd [25]), the functions

Péa’e)(cos 8)

(a,B)
R */(cos 08) =
n ¢ Plgags)(,l)
satisfy
m
(Q,B) (O.,B) (OL,B) ( ;6) =1
(1.2) fo Rn (cos 8) Rm (cos B) p (6)de = Gn,m[w @R/ .

where



1, n=m
6n o = and
0, n#m
(ayB) _ (2n+o+B+1)T(n+o+B+1) I (n+a+l) _ Do+
€1.3) wn’ T T(n+B+1)T(n+1)F(a+1)T(a+1) = 0(n ).

With f belonging to one.of the spaces C or P (15p<>) we associate the

Fourier-Jacobi expansion
(1.k4) f(cos 8) ~ | fA(n) w(a’B) R(a’s)(cos 8),
=0 n n

where

m
(1.5) £ (n) = f £(cos 6) Réa’e)(cos 6) 0 %) (6)ap, n=0, 1, ....

0

The generalized translation operator T¢, introduced by Askey and

Wainger [3], maps a function f with (1.4) into

T, f(cos 6) ~ ) £(n) @é“’g) Ria’B)(cos 8) Réa’s)(cos 6)
n=0

and is shown to be a positive operator (see Gasper [14]) satisfying

(1.6) [z ell < el in C and LP (1<p<w),

and
(1.7) lim, ||T¢f-f|l =0 in C and LP (1<p<=).
$>0

Following Askey and Wainger [3] we define for £, £, € L' the

convolution f1 * 1, by

" (o,B)
(1.8) (f1*f2)(cos 8) = fo T¢f1(cos B) f2(cos 0) p° % (¢)doe.

This convolution has the following properties:
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1.2, Lemma. Let f1, f2, f3 e L . Then f1 * f2 e L and

(1) £,0% £, = £, % £,
(ii) £, 0% (f2*f3) = (f1*f2) * f3,
(iii)  (£,%£,)"(n) = £](n) £3(n),

(iv) If f e LP (1<p<e), then £, xge¢ 1® and
el 1 < Lyl el

1.3. With a measure ¥ € M we associate the Jacobi-Stieltjes expansion

(o]

(a,B) -(a,B)

(1.9) du(cos 8) ~ Z uv(n) w0, R (cos 8),
n=0
where
T (a,8) ~
(1.10) w(n) = j Rna’B (cos 8)du(cos 8), n=0, Ty vues

0

By F. Riesz' representation theorem the space M is the dual space of C.
We use this fact to give an implicit definition of the convolution of

measures. Suppose U, V € M and £ € C. Then the map

T T
f > f J T f(cos 6)du(cos B)dv(cos ¢)
S )
0“0
defines a bounded linear functional on C and thus there exists a
unique measure M * v such that
[

T T ,
J f(cos 8)d(u*v)(cos 8) = J f T f(cos B)du(cos 8)dv(cos ¢).
0 0lo

The following properties are easily verified:

1.4, Lemma. Let Hys Hps Mg € M. Then u, * € M and

Ho



(1) P

(i) Wy ¥ (“2*“3) = (uy*uy) * ug,
(131) () V(@) = w(m) vl
(iv) | Tupuy [y = Ty Hyy T Hyge

1.5. There is an obvious embedding of L1 into M, namely f - W, where
dmf = f(cos B) p(a’s)(e)de. The space L' consists of all the measures
which are absolutely continuous with respect to D(Q’B)(e)de. The convo-
lution defined for L-l coincides with the convolution defined for M re-

stricted to the absolutely continuous measures. In fact

" (a,8) (a,8)
d(m_ *m_ )(cos 0) = {f T¢f1(cos e)fg(cos 0)o " (9)as} o 2"/ (0)as.
0

If £ e LP (1<p<w) and u € M it follows that £ * u e LP with

il
(1.11) (f*u)(cos 6) = f T¢f(cos 8)du(cos ¢)
0

and
(1.12) Ilf*ull10 < IIfl'lP [ully, -

l;é. The generalized translation and the convolution structure play an
essential role in the approximation theory for the spaces C and LP
(1<p<») treated in this paper. In general the degree of approximation
improves with the increasing smoothness of the function and the well-
known theorems of Jackson and Bernstein relate in fact the smoothness
and the degree of approximation to each other. Theorems of this type
can also be proved, if the smoothness is defined with respect to the
generalized translation., Furthermore, if special summability methods
for the summation of Jacobi series are used, 1t is also possible to
derive theorems of the Jackson and the Bernstein type. For many of these
approximation processes, however, there exists an optimal order of

approximation, which means that we do not get better approximation than



this order, even if we presuppose still greater smoothness of the
function. The saturation problem consists of characterizing the class
of functions,which allow approximation of optimal order. The optimal
and non-optimal approximation in Banach spaces have been considered in
Butzer and Berens [9] for semi-groups of operators and in Berens [6]

for a more general class of operators. Many of the summability methods
for Jacobi series happen to satisfy the conditions mentioned in Berens'
paper, so that the general theory can be applied. In section 2 we shall
give a short survey of the results on approximation processes in Banach
spaces. Section 3 deals with some general results on summability methods
for Fourier-Jacobi expansions. Then, in section 4 we shall prove a
Jackson and a Bernstein type theorem, where the Lipschitz classes are
defined with respect to the generalized translation. The next section

is devoted to the study of a number of more or less classical summabili-
ty methods. In the last section we give a charactérization of the

classes of functions which occur in the preceding sectionms.

1.7. Notation. We shall use the o and O symbol in the usual meaning.

. + . ..
If we write £(6) =~ g(6), 8 - 0 , we mean that there exist two positive

constants C1 and C. such that

2

c, g(6) < £(8) < C, g(8), o > o'.
If we write f(8) =~ g(8), 6 > O+, we mean that

lim, ——F = 1.
00t &(0)

If we write for two Banach spaces X, Y that X ;=Y, we mean that the

spaces are equal and have equivalent norms.



2. Some general results on approximation processes in Banach spaces

In this section we state some of the results on approximation
processes in Banach spaces treated in Berens [6] and Butzer-Scherer [131].
The K-method of interpolation developed by Peetre [20] in the theory of
intermediate spaces plays an important role in this field. Another
fundamental concept is the relative completion introduced by Gagliardo
(see Aronszajn-Gagliardo [1]). In order to keep this section as short
as possible we avoid the J-method of interpolation, which entails that
some of the theorems cannot be stated in their most general form. Also
some of the theo:ems mentioned here are in fact combinations of several

theorem from the book of Butzer-Scherer [13].

2.1. Intermediate spaces of K-interpolation

Let X be a Banach space and let Y be a Banach subspace of X with
the property that for all f € Y,

(2.1) el < Helly.

Then we call Y a normalized Banach subspace of X.

If for 0 < t < « and for every f € X we consider the function norm

(2.2) K(t,f) = K(t,£3X,Y) = inf (|1f1||X¥t||f2||Y), (f,€X, Tye¥),
f=f +f
172
then we denote by (X,Y)e 4K the set of all elements f € X for which
] b
the norm
/
S B, =1 1.1
() [n’K(n ,£)1¢ E) /q, 0 <0 <1, 1<qc<w
n=1
2.3) £ = 4
( elly 4.k

sup (neK(n_1

n=1425...

’f))s 0 <8 <1, qg=w,

\

is finite. The spaces (X,Y) have the following properties:

8,q;K



a) For each pair (6,q9), 0 <6 <1, 1<g<w®and 0<6 <1, q= e,
the space (X,Y)

p ( H] e?q;K . .

the norm (2.3) with the inclusion Y c (X,Y)

is a normalized Banach subspace of X under

c X. The spaces

0,q:K
(X,Y)e LK are called intermediate spaces of X and Y.
9 H
b)  (X,Y) c (X,Y) s, 0<86 <1, T 12aq, 2 2
0,q,3K 0,q53K -1 -T2
C g oo
C) (X’Y)e1’q1 ;K (X’Y)ee’qe;K E] O < 62 < e‘l < 1’ 1 i q‘l’ q-2 i ’

d) Reiteration property. Let the relation

(2.4) (X’Y)e.,1;K ° Xe. ° (X’Y)e.,W;K
i i i
be valid for the spaces X, and X , 0 <8, <06, < 1and for X_ ,
61 62 1 2 92
if 0 < 6, < 1 and X, = X. Then for 0 < ' <1, 1 < q < = and
1
-— 1 1
B = (1-6") 6, + 8 62
(xe1,xeg)e,’q;K ==(X,Y)e,q;K .

2.2. Spaces of best approximation

Let X be a Banach space and let Pn (n=1,2,...) be subspaces such

that

{0} = Py © P1 <P, < ... ¢ Pn c ... cX.

If we define the degree of best approximation of f € X by elements of
Pn by

E(P,f) = inf [[£-p ||y ,
p_€P
n n

then we denote by Xg a the set of all elements f € X for which the norm
3



9

P

el + O EneE(Pn,f)Jq-%}1/q, 8 >0, 1<qc<c
K n=1
. f =
ORI |
||fI,X+ sup n E(Pn,f), 8 > O’ q = o,
n=1,2,...

\

is finite. The spaces Xg a have the following properties:
9

a) For each pair (6,9), 0 <6 <1, 1 <g<woand 0<6<1,q=w,

the space XK is a normalized Banach subspace of X under the norm

6,a
(2.5). The spaces Xg a are called spaces of best approximation.
9

®) Xg,q1 © Xg,q2 ’ (60, 12q<q,<).

c) XK c XK s (8

>0 1< <®).
8.,q, 5.4, o2 24y X

1

2.3. Definition. A space Y, Pn cYcX,n=1,2, ..., belongs to
a) the class Dg(x), 6 >0, if forn =1, 2, ... and for f € Y the
relation

6
n E(P ,f) 5_c||f!|Y

holds;

b)  the class Dg(X), 6 > 0, if for P, €P>n=1,2, ..., the relation

0
o)1y < o1,y

holds;

c¢) the class D, (X) if it belongs to the classes Dg(X) and DJ

6 5 (%)

2.4, Lemma. For 6 > 0 the space Y, P cYcX,n=1,2, ..., belongs
to
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a) the class D§(X) if and only if

YCXK H

0,»

b)  the class Dg(X) if and only if

XK‘ c Y,

8,1
c) the class DG(X) if and only if
X§,1 cte ngw :
2.5. Theorem. Let X, be spaces of the classes Dy (X), i =1, 2, and
i
62 > 61 > 0. Then for 0 < 6' < 1 and 1 < g < =
(X1’X2)6',q;K:= Xg,q ?

where

= ~a! !
6= (1-6")o, + 6'0, .

2.6, Spaces of S-approximation

A family S = {Sp;rp>0} of commutative operators mapping a Banach

space X into itself and satisfying the properties

(1) [ls lly < ul[£l]y, uniformly in e > 0, £ € X,
(2.6) < (ii) 1lim l{spf-fllx = 0, fe X,
p>®
(iii) s 8 =838 , p» T > 0,

is called an approximation process for the identity operator:I as p - .

The expression



11

(2.7) wg(p,f) = zgg ||50f‘f‘lx

is called the modulus of S-approximation of f.
The space of S-approximation Xy 135 consists of all the elements
L]
f € X, for which the norm

1, + €I tatugln,0)12 179, o0, 1<qem,;

n=1 S
2.8 f = U -
o) el
A

Hfi |X + sup n ws(nsf): A>0, q==,

L n=1,25...
is finite. The spaces XA 08 have the following properties:

9 b
a) For each pair (A,q), A > 0 and 1 < g < =, the space X, 18 is a

9 b

normalized Banach subspace of X under the norm (2.8).

b) X ; (30, 12q,2q,2).

c X
Asqq38  TA,0535

C) X - ()\1>>\2>O3 Tiq'l’ q2i°°)'

c X
AysQ438 Kg,qg;s

2.7. Saturation. Let ¢(u) be a positive non-increasing function on

0 <u < owith 1im ¢(u) =.0. Let S = {Sp; p>0} be an approximation pro-
ue _

cess for the identity operator such that ws(p,f) = o(¢(p)}t, (p»=),

implies that f belongs to a certain 'trivial' subspace of X and such

that w,(p,f) ~ ¢(p), (p>°), for at least one 'non-trivial' element of X.

S
If F(X,S) is the collection of elements f € X satisfying:

a) ws(p,f) = 0(¢(p)) implies f € F(X,S);

b) f e F(X,S) implies ws(p,f) = 0(¢(p));

then the approximation process is said to be saturated with the order

¢(p) and with the saturation class (Favard class) F(X,S).
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2.8. The relative completion of a Banach subspace

Let X be a Banach space and let Y be a normalized Banach subspace.
The relative completion of Y with respect to X, written ?X, is the
space of all elements f € X for which there exists a sequence

© 3 < . . . - =
{fn}n=1 c Y with ||fn||Y < R uniformly in n and lim ||fn f||X 0.

n—>o
Equivalently, if we write AX for the closure of the set A in the space

X, then

= u S (Rix, where S

v (R) = {£ e ¥: [£]]y
R>0

Y
The space ¥X is a normalized Banach subspace of X under the norm
. — =X
[|£]] . =inf {R : £ € S,(R) }.
YX Y

From the definition of ?X and the norm || || the following may be

X

Y
concluded. If f € YX, then there exists a sequence {f } =0 c Y with
’|fn|| ||f||~X for all n=1,2, ..., and fn converges to f in the

Y
X norm for n > «,

We list some of the properties of the relative completion:

a) (The relative completion of ?X with respect to X) = ?X.
~X
b) Y (X,Y)-I’OO;K‘

¢) If Y is reflective, then Y = §X.

Let B be a closed linear operator mapping the Banach space X into

itself with the domain D(B) which is dense in X. Under the norm
(2.9)  Ilellyg = lelly + 22l

D(B) is a normalized Banach subspace of X.

We now state the following saturation theorem.
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2.9. Theorem. We assume the approximation process S on X satisfies

(2.6) and is connected with a closed linear operator B in such a way,
that the range Sp[X] of Sp in X belongs to D(B) for all p > 0 and that
there exists a number Yo > 0 such that for all f ¢ D(B)

¥
(2.10)  1im ||p © {8 £-£} - B[, = o.
p->o P
Then the process S on X is saturated with the order p and the
-y
saturation class F(X,S) = {f € X: ws(p,f) = 0(p O), p > ®} is equal to

—~
D(B)X. The 'trivial' subspace mentioned in section 2.7 is the null

space N(B) of the operator B. i.e. N(B) = {f € D(B): Bf = 0}.

In the case of non-optimal approximation we have

2.10. Theorem. Let the process S satisfy the conditions of theorem

2.9 and in addition let the following relation be valid
YO :
(2.11)  |[Bs gy < Mo "|l£]lys (p>0; fex),

where N is a constant > 1. Then the spaces of S-approximation X, q;8°
LR ]

0 <A<yg 12asw, coincide with the intermediate spaces

(x,D(B)) with equivalent norms.

A/YOsQ;K
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3. Summability methods for Fourier-Jacobi expansions

The purpose of this section is to introduce summability methods
for the Fourier-Jacobi expansion of a function and to show that they
are approximation processes for the identity operator satisfying (2.6).
The main tool we use is the convolution defined by (1.8).

In the rest of this paper X will always denote one of the spaces C

or LP (1<p<w),

3.1. A first question that arises is whether the partial sums SNf of

the Fourier-Jacobi expansion (1.4) of a function f € X,

N
y f’\(n) u)(oz,B) R(OL,B)(

N cos 0),

SNf(cos B) =
n=0
supply an approximation process for the identity operator (section 2.6).
It is well-known that the answer is 'no' for X = C, a consequence of

the Banach-Steinhaus theorem and the fact that lim ||SN|| = =, see Rau
N
[23], and is 'yes' for X = L2 by the Riesz-Fischer theorem. The norm

convergence.of S_f in the LP spaces has been treated by Pollard [21].

N
He showed that there is norm convergence if

L(B+1) L(B+1)

PM( <—M and ——te —r
2at3 P T Toa 2g+3 P ° Tog+q

and there is no norm convergence, if p is outside one of these ranges.
In order to introduce summability methods we give the following

definition,

3.2. Definition. Let Kx(cos 8) € L1 (A>0) satisfy the properties

TT N

(a) f K, (cos 6) o(%:B) (5)ap = 1;
0

(b) Kx(cos 6) > 0, 0 <6 < m;

(e) 1lim Kﬁ(n) =1, n=0, 1, ... .

A—>co
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Then we call Kx(cos 8) a positive summability kernel or positive kernel.

If instead of b. we merely have

u
(b") f |KA(COS 0)]| D(a’e)(e)de <N, uniformly in A,
0

with a constant N > 1, we call KA(cos 8) a quasi-positive summability

kernel or simply a kernel.

Every positive kernel is quasi-positive with N = 1, as follows
from a. The convolution of f € X with a kernel has the following pro-

perties.

3.3. Theorem. If f e X and K, (A>0) is a kernel satisfying a, b' and

A
c, then
(3.1) ||KA * f||X j_N||f||X, uniformly in A,
(3.2) lim ||, * £ - fHX = 0.

>0

Proof. Relation (3.1) is a direct consequence of condition b' and
lemma 1.2 (iv). Relation (3.2) follows by application of Helly's theo-
rem (see Szegd [25], theorem 1.6), using (3.1) and the fact that (3.2)

holds for a dense set, the polynomials, as follows from c.

Theorem 3.3 justifies the name summability kernel. Moreover, it
implies that the family of convolution operators K, (A>0), satisfying
a, b' and ¢ supplies an approximation process for the identity operator
I as A > » (section 2.6).

The condition ¢ can be replaced by

™
(c") lim J |KA(cos 8)| p(a’B)(B)dG = 0, for each h, 0 <h < .
A>® ‘h

In this case we have
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3.4. Theorem. If f € X and K, satisfies the conditions a, b' and c',

then (3.1) and (3.2) are valid.

Proof. Relation (3.1) is a direct consequence of condition b' and lem-

ma 1.2 (iv). In order to derive (3.2) we consider

m
||K>\*f—f||X = ||fo K, (cos ¢)(T¢f(cos 6)-f(cos 9))D(a’8)(¢)d¢||x

G,B)(

i
< f |Kk(cos ¢) | ||T¢f(cos 8)-f(cos 9)||X D( b)dd,

o
where we have used the H6lder-Minkowski inequality (see [11] prop. 0.1.7.). We
break up the range of integration into the parts [0,h] and [h,7m]. If
we choose h < §, it follows from (1.7) and b' that

- (a,8)
[" 1y eon 11 T emelly o™ (010 < e,
0

On the other hand, using (1.6) and c', we obtain

% 8)(

m
f [, (cos )| [Imezl], 00%®) (9)as

h

(a’8>(¢)d¢ < g, if A > x](e).

m
<2llelly | Ix(eos 01 o
h
This proves relation (3.2).

Remark. Relation (3.2) implies ¢, which shows that a, b' and c¢' imply

a, b' and c.

In section 5 we shall investigate the optimal and non-optimal
approximation of a number of approximation processes, most of which can

be interpreted as the convolution of f € X with a kernel K,. In these

cases we verify the conditions a, b (or b') and ¢ (or c').xMoreover, in
order to apply the general theory of section 2, we must show that rela-
tions of the form (2.10) and (2.11) hold. For all the convolution opera-
tors we investigate, the operator B that occurs in (2.10) is of the

factor sequence type as is defined in 3.5.
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3.5. Definition. Let ¥(x) be an arbitrary real or complex-valued

s which maps f € X with the

function defined in [0,*). The operator B

v

Fourier-Jacobi expansion (1.4) into g € X, where

cos 6),

(3.3) g(cos 6) = Bwf(cos 8) ~ ) fA(n)w(n)w
n=0

is called an operator of the factor sequence type with factors ¥(n),

n=0, Ty +0.

3.6. Theorem.- Let B, be an operator of the factor sequence type with

v

factors ¥(n), n =0, 1, ... . Then Bw is a closed, linear operator with

domain

A
LI}

D(B

v {fex : Jgex, glcos 6) ~ | fA(n)w(n)w(a’B)R(a’B)(cos 9)}
n=0 n n

and range in X. The domain D(B¢> is a normalized Banach subspace of X

under the norm

Proof. The proof is the same as the proof for Fourier series (Butzer-

)

Scherer [13], lemma L4.1.1). We assume {fi}:= is a sequence in D(B

0 [
with 1lim f. = f and lim B,f. = g in X. It follows that
. i . Yol
1> l—)oo
. . A A . . .
lim fg(n) = f (n) (n=0,1,...) and lim ¥(n) fi(n) = g (n), which implies
1> >
A A
that ¥(n) £ (n) = g (n) (n=0,1,...). This means that f € D(Bw) and
Bwf = g or Bw is closed. The linearity of the operator Bw is obvious.

The last assertion of the theorem is a consequence of section 2.8,

For operators of the factor sequence type B, it is possible to

v

give a characterization of the relative completion of D(Bw) with respect

to X (see section 2.8) in terms of the Fourier-Jacobi coefficients.

3.7. Theorem. If Bw is an operator of the factor sequence type with

factors ¥(n), n =0, 1, ..., then the following statements are equiva-

lent:
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i) f e 5?5;)X,
p
fecC :dg e Lm, w(n)fA(n) = gA(n),
ii) £ e H(X,¥(n)) =4 £ € L' cAW e M, ¥(n)f'(n) = ¥ (n),
£ e 1P (1<p<@): g e 1P, v(n)f"(n) = g"(n)

\

1

Proof. We prove the theorem in the case X = L . The other cases are

similar.
. .. - X . o
i~>ii. If f e D(B¢) there exists a sequence {fi}i=1 € D(Bw)
with
. . . 1
2. ]] = ||f|]| ~ . for all i =1, 2, ... and lim £, = £ in L.

b . . . *
Then the sequence {Bwfi}i= 1s uniformly bounded 1n L1. By the weak -

1
compactness of a closed sphere in M we may conclude that there exists

a subsequence ij of the positive integers and a measure M € M such that
for each continuous function g

m

m
lim J g(cos 6) B fi.(cos 9) p(a’B)(O)dB = J g(cos 8) p(a’B)(e)du(cos ).

j 70 v J 0

(a,8)
n (

If for g we take the Jacobi polynomials R cos ) we obtain

lim ¥(n) fg (n) = 1(n)
e J
or by the fact that lim fj =f

J—)-OO

v(n) £(n) = u’'(n).

ii > 1. If we assume that there exists a measure U € M with

v .
v(n) fA(n) = u (n), then we consider the seguence
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Here the functions Vj (cos 8) (N=0,1,...) are polynomials of degree

< 2N, which form a positive summability kernel. Such kernels exist
(e.g. the de la Vallée-Poussin kernel, see section 5.20).

By lemma 1.2 (iii) it follows that beis a polynomial of degree < 2N

oo

and thus {f.} e D(B

5 N=0 ). Moreover,

v

1B, [y = gl ly < 1wl uniformly in W,
prnt N HIT M

~/
On the other hand fi > f as N > «, which shows that f € D(Bw)X.

3.8. Lemma. There exists a measure u € M with

n _ 4
(;:a:g;;) = u (n),

when A is an arbitrary real number.

Proof. For n= 1, 2, ... we have
(2t = ()
n+a+p+1 T M+(a+B+1)/n
t,(A)  t,(R) P
_ 1 2 (p) (o+B+1) L a¥BH1
= 1 + " + 5 + ... + fA (gn)-———T—E——, (o<gﬁ<-——_—-),

n p!n

because the function fk(t) = (1+t)—x has an arbitrary number if deriva-
tives for t > -1. At the right-hand side, the first term 1 forms the
Jacobi-Stieltjes coefficients of a finite measure, the Dirac measure.

In [5], section 2 we have shown that the terms 0"k (k>0) are the Fourier-
Jacobl coefficients of an L1 function. If we choose p > 20+2, the last
expression forms the coefficients of an absolutely convergent series.

Thus, together they form the coefficients of a measure U € M.

3.9. Corollary. The operators of the factor sequence type B

‘ A
and B (X real) have the same domain. [n(n+a+B+1)]
n

Proof. This is an immediate consequence of lemma 3.8 and (1.12).
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4, Best approximation by polynomials

In this section we deal with the connection between the modulus of
continuity of a function f, defined with respect to the generalized
translation, and the degree of approximation of f by polynomials in

cos 0. We obtain theorems of the Jackson and the Bernstein type.

4,1, Definition. We define the modulus of continuity of f € X by

(k1) w(¢,f) = sup ||T

£l |, .
0<y<¢ X

b

Here T is written for the generalized translation operator, introduced

1]

in section 1.1.

The modulus of continuity w(¢,f) is a positive, increasing function,

which by (1.7) has the property w(¢,f) > 0 if ¢ ~ 0 .

4,2, In order to derive another important of w(¢,f), we need more
knowledge of the generalized translation. It is a well-known fact

(Szegd [25]) that the Jacobi polynomials‘Réa’B)(cos 6) satisfy the dif-

ferential equation

)Rr(la’e)(cos 6) ='_ {p(asB)(e)}-1 i_{p(aﬁs)(e) _g_ Rr(lass)

(h.2) ®( ae a6

.%6 (cos 8)}

((X,B)

n(n+a+B+1) Rn (cos 0).

We shall write A for the operator of the factor sequence type (defini-
tion 3.5) with factors ¢(n) = n(n+a+p+1), n =0, 1, ... . For each

f € D(A) the following equation is satisfied

d
4,3 P(=—) T £ =T Af.
(h.3) (@) Tt = T
The differential equation will play an essential role in deriving the
approximation properties of the process T¢ (¢>0). Generalized transla-

tions connected with an equation of the form (L4.3) are investigated
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by LOfstrdm and Peetre [17]. Following them we introduce the function

( ¢
_ J {p(a,B)()\)}—1 d)\, 0 <1 < ¢,

T
(L.4) h(¢,7) =4

0, otherwise.

\

a,B) L0+
S

As p( (1) =~ T > O+, it follows that
p(a’s)(r) h(¢,t) > 0, O

Thus by (L4.3) we have for f € D(A)

¢
f n(6,0) P& 1 £ 0l®8) (1)ar

)
f n(¢,7) T AF ol%B) (1)aq 4
0

0

¢

(k.5) =.[—o(a’6)(T)h(¢,T) %; TTf]g + fo %? T T dt

T f - f.
0]

The integration is meant in the sense of Bochner[8] (see Hille-Phillips

[15]). It is easy to verify that

o
(h.6) (o) = f n(e,7) 0% (r)ar = 0(6?), ¢ > 0",
0

Recalling definition 4.1, we obtain for f € D(A)

w(¢,f£) = sup ||T £-7]]
o<y<p VX
(4.7)
< co® []agll,, 0< <2,

m . .. .
In the case > < ¢ < T we use a computation similar to that in the

paper of Butzer-Johnen [10] and attributed there to Chernoff-Ragozin.
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¢ (a,8)

h(¢,t) T_Af o (t)ar

¢ T
= [ {p(a,s)(T)}-1 f T Af p(a’B)(o)dc ar
0

{p(a,B)(T)}-1 J T Af p(a’s)(o)dc art +

¢ T
J {p(OL’B)(r)}'1 J T AT p(a’B)(c)do dr = I, + I,.
T/2 0

The Fourier-Jacobi expansion of Af shows that
m
J T Af p(a’B)(c)do = 0.
o ©

Hence,

which leads to

m/2 T

{p(ase)(,r)}"1 [ p<a’6)(0)d0 dt

|7 £-£]], < 6° “sup w‘z(J
oIy .

U

v
m/2

0

p(a’B)(c)

m

do dr) []Afl'x,
T

for 7 < ¢ < m, and thus (h.7) is valid for 0 < ¢ < m.

We want to express the modulus of continuity w(¢,f) in terms of

the K function norm (2.2) with the spaces X and D(A).
4L.3. Lemma. For f e Xand 0 < ¢ <

(L.8) K(62,£3%,D(A)) = min(1,e°) [12]] + w(o,1).
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Proof. Let f = f +f with f. e X, £, € D(A). By (1.6) and (L4.7) we

0 "1 0 1
have
w(6,£.) < ¢ ¢° ||ar ||
O 1"'X
Thus,
w(¢,f) _<_w(¢,fo) + w(¢,f1)
<cllle |1, + o[ laz.|].)
- 0''X 11X
Since

min(1,62) |2l < el + 112,11,
we obtain

min(1,6%) |12l |, + w(e,2) < c(llg |1y + 67|11

o||x D(A

Taking the minimum of the right-hand side over all the representations

f= fo+f1, we deduce by the definition of the K funtion norm (section
2.1)

min(1,$° llfll < CK(¢2,f;X,(D(A)).

To prove the converse of this inequality we use

¢
ey 77" [ nie,) (m) o8 ()ar,
0

(4.9) f

Ty

n
H
I
H

(h.10) £y 1,6



2k

Then, by (4.5) and the closeness of the operator A (theorem 3.6), it

follows that f1 s € D(A) and
9

(ko11) T¢f - = C1(¢) Af1’¢.

Hence,

-1
(4.12) | |Af ||X_<_(01(¢)) ||T¢f—f||x.

T5¢

By (1.6) and (4.9) it follows that

(13) ey Gy < Tl

On the other hand we have

¢
£o. = = (C1())7 JO n(e,t) (r_2-£) p{%B) (r)ar,

which leads to

(L.1k) w(o,f).

[l£g 4llx <

Using (4.6), (4.12) and (4.13) we conclude

| A

el + 067 u(e,£), 0 < ¢ <

IME]

Hence, by (4.14)
2
< 15, oIl + 6511l + ¢ w(e,1)
- 0,9 'X X ?

< %11zl 1, + ¢ u(s,0).



25
Noticing that K(¢2,f;X,D(A)) §_|]f||x, we derive

(h.15)  K(47,£5%,D(4)) < Clmin(1,0°) |2 ], + w(8,2)), 0 < ¢ <

SIE]

If % < ¢ < 7, we observe that

)2’f5X9D(A))

e

K(6°,3X,D(4)) < b K((

and we apply (L4.15) to the right-hand side of this inequality, noticing
the monotonicity of w(¢,f). Thus we conclude that (4.15) holds for
0 < ¢ < m. This completes the proof of lemma L4.3.

From (4.8) and the corresponding property for the K function norm

we obtain

4.4, Corollary. For f € X, 0 < ¢ <mand X >0

(4.16)  w(r¢,£) < C max(1,2°) [oZ]| ] |, + w(4,0)7.

If one defines the best approximation of f € X by elements of Pn,

the (n+1) dimensional subspace of polynomials of degree < n in cos6 ,

by
E(p ) = inf |[f-p [l ,
pnePn

we prove the following theorem of the Jackson type.

4,5, Theorem. There exists a constant C such that for each f € X

(B17) E(L1) < cla™d |l2]]y + waT,2) 0,

Proof. We use the kernel
. 2r
L (8) = A“T (s1n n 6/2)

n,r ~ "n,r ' sin 8/2 s
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where r is a positive integer and

m . 2r
_ sin n 8/2 (0,B)
Mar T JO ( sin 6/2 ) e (6)as
< ¢ poT-ee-2 if 2r > 20 + 2,

As this kernel clearly satisfies the conditions a, b and ¢' with A = n

(sections 3.2 and 3.3), the convolution with the kernel Ln r leads to
H]

an approximation process by theorem 3.4. Moreover, this kernel has the

useful property (Lorentz [18], p. 57)

T
f oL () o ®B)(e)as < cnY, iror> 20+ oy + 2.
0 n,r —
_ S C . L. .
The kernel Kn’r(e) Ln',r(e)’ n [r] 1 is a positive polynomial

in cos 0 of degree n with
. 4

(4.18) f Kn r(e) p(“’B)(e)de =1, 2r > 20 + 2,
O 9

and for vy > O

m
(4.19) f oY Kk (9) (%8 (5)a0 <cn’’, or > 20 + y + 2.

We shall now prove theorem 4.5. By the H8lder-Minkowski inequality

we have
E(Pn,f) < H |Kn,r*f_fl !X
™
_ (OL’B)
= ||J0 K, L(o)(T 2-1) o (9)as] |
m
= j( K, (8) u(6,9) (@38) (4)as.

By (4.16) we obtain

E(Pn,f) <C max[1,n2 J K _(9) ¢29(a’8)(¢)d¢][n_2|‘f||x + w(n—1,f)],
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which, by (4.19) with 2r > 20 + L4, leads to

1

E(P_,T) 5_c[n'2||f||X + w(n™ ,f)].

4,6, Theorem. If f € D(Ak)

of f such that

, there exists a constant c(k) independent

(4.20) E(P,,T) 5_Cn'2k[n'2(llfl|X + ||Akf||X) + w(n-1,Akf)].

Proof. If we write

J f(cos 6) = K _*f) (cos 6),
n,r n,r

Clearly Ti e is a polynomial of degree n and by (L4.17)
o

)k

|21 £|], = || (1-3

k
- J -
n,r X n,r £ n,r(I Jn,r) flIX

k
3r)

A

c[|l(I-Jn,.r)kaXn“2 + w(n_1,(I-Jn £)1.

From the Fourier-Jacobi expansion it follows that

so that by (4.17) we obtain

5_c[n'2||(I-Jn r)kfll
3

X

k
JEX] )

+ n-2l|(I-Jn’r)kAf||X].

Continuing this process we obtain

k .
B(P_,1) < e(k)n o tn o(] ]2l + T |latsl]) + w(a”',a%0)7,
i=1



28

. 2
Since Af = g *A f, where

2
gg(cos 9) = wéa,B) + n§1 [n(n+oL+B+1):|_2 wiu,ﬁ) Réa’s)(cos ),
and g, € L! (see [5], section 4), we have by lemma 1.2 (iv)
[lag] |, < clla’¢l .
Hence,

£ X
i; [1a*e[ ]y < el la™]]

and (4.20) is proved.

For the operator A, Stein [24] has derived an inequality of the

Bernstein type. There exists a constant C such that for each p € Pn
(%.21)  |lap_||_ < co®l|p || | 1<p<w

n''p — n''p’ -5 =7
and therefore for each pesitive integer k

k k 2k
(h22)  [1a¥% |1 < 0|l |

) Tip<~.

b

From definition 2.3 and the formulas (4.20) and (4.22) we conclude that
the Banach space D(Ak) belongs to the class ng(x).
Application of theorem 2.5 yields

4.7. Theorem. For O <y < 1 and 1 < q <

Y,q3K 2k+2y,q

,D(A =

L.8., Definition. The Lipschitz space Lip(y,X), O < y < 2, is the set
of all elements f € X such that
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sup oY w(p,f) < o,
o<¢iﬁ
It is an immediate consequence of (L4.8), that the spaces Lip(y,X),
0 <y < 2, coicide with the intermediate spaces (X’D(A))Y/Q oK (section
9 b

2.1) with equivalent norms. Moreover, the theorems L4.6 and 4.7 lead to

4,9. Corollary. Let f e€ X. Then a necessary and sufficient condition
for f to belong to D(Ak) with AFf ¢ Lip(y,X), k natural number,
0 <y <2, is E(Pn,f) i_Cn-gk_Y.

To a certain extend we have followed in this section the paper of
Butzer-Johnen [10], who obtain similar theorem for spherical harmonic
expansions. Ragozin [22] derives Jackson estimates for polynomial

approximation of continuous functions on projective spaces.



30

5. Saturation and non-optimal approximation for some summability

methods

5.1. Generalized translation

The first approximation process we consider is the family of opera-
tors {T¢,¢>O}, which by (1.6) and (1.7) satisfies the conditions (2.6)
with A = ¢

coincides with the modulus of continuity w(¢,f). It has to be noted,

. In this case the modulus of T approximation wT(¢,f)

that this approximation process cannot be ontained by the convolution
of f with a kernel € L1 (see section 3), but it is generated by the
convolution of f with a family of singular measures € M, We prove the

following saturation theorem.

5.2. Theorem
a) If f e X satisfies the relation w(¢,f) = 0(¢°), ¢ + 07, then

T £f=f, that is, f is a constant.

¢

b) For f € X the following statements are equivalent:
: 2 +
i) w(¢,f) =0(97), ¢ >0,

™~

ii) f e D(A)X, (section 2.8).

Proof

a) Let us assume w(¢,f) =.o(¢2), ¢ > 0. If we define f by (4.9) and
f by (4.10), it follows from (4.14) that f. . > 0 and
0,9 ' 0,9

£ e f, if ¢ > ot. Moreover, by (L4.12) and the closeness of the
9

operator A we conclude that

lim, Af = Af = 0.
Thus, by (4.5), T¢f = f or f is a constant.
.. . X . ©
b) ii > i. If f e D(A)”, then there exists a sequence {fn}n=1 e D(A)

with llfn!ID(A) = |]f|16rzjx,'such that fn + f in X. For each
£ e D(A) we have by (L.7)

-2
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Thus
ety + ¢ 2 Hre-elly < cllel] oy s
D(A)
. 2 +
showing that w(¢,f) = 0(¢"), ¢ > 0 .
i > ii. Let f satisfy w(¢,f) = O(¢2), ¢ - 0%. Then the functions

£ 6 defined by (L4.9) have the following properties:
3

. . +
1) +fin X, if ¢ > 0 .
159

2) f1’¢ e D(A), ¢ > O.

3)  Application of (4.12) and (L4.13) yields

_ -2
= [[r + Haey e < Hlelly + co™ |z e-2]], < w.

AESUNEINDS 16l lx 1,0

. . : X

These three properties imply that f e D(A)".
In the case of non-optimal approximation we compare the spaces of
T-approximation Xy (see section 2.6) with the intermediate spaces

(x,D(4))

+Q3T

(see section 2.1). We obtain
0,q:K

5.3. Theorem. The following statements are equivalent for 0 < 6 < 1,

1<qg<«and 8 =1, q= >

i) £e (XD(A))g

ii) f e X28,q;T .

Proof. The theorem is an immediate consequence of (4.8).

5.4, The symmetric moving average operator

We now study the approximation process {M¢,¢>O}. This is a gene-
ralization of the symmetric moving average operator, which has been
used by Lebesgue for the summation of Fourier series (Zygmund [271],
p. T1, p. 321). We define for f € X



¢
(5.1) . M¢f(cos 9) = 5%57 J wa(cos 9) p(a’B)(w)dw, (¢>0),
0
where
* (a,8)
(5.2) 9(¢)=[ p P (p)ay.
0

This average operator can be represented as the convolution of f with a
positive summability kernel. The positivity (definition 3.2.b) is an
immediate consequence of (5.1) and the positivity of the generalized
translation operator T¢. The conditions 3.2.a and 3.2.c (with ¢ = A-1)
are also satisfied, as follows from the Fourier-Jacobi coefficients of

the kernel M¢(cos 9)

¢
ANy oo (a,B)

(%8) (yap, n=o0, 1, ... .

(cos ¥) p
By theorem 3.3 we may conclude, that the family of operators {M¢,¢>O}
is an approximation process for the identity I as defined in section
2.6.

It is not hard to verify that for f € D(A) the function M¢f(cos )

is a solution of the equation

d -
(5.4) QQEE) M¢f = M¢Af,.
where
d | -1 d d
Q(EE) = - {o(¢)} T {o(¢) ETy
with

a(9) = a(e)®
D(Q'B)(¢)

The differential equation (4.3) for T¢f(cos 6) is of the same form as
equation (5.4). Therefore, all the results obtained in section U4 for
T, can be carried over to the operator M

¢ ¢

theorems concerning saturation and non-optimal approximation of the

. Also, we state the following
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process {M¢,¢>O}. The proofs are similar to the proofs of the theorems
5.2 and 5.3.

5.5. Theorem

a) If f € X satisfies wM(¢,f) = o(¢

2y, ¢ > 0%, then ME = £,

b) For f € X the following statements are equivalent:
. 2 +
i) w,(¢,£) = 0(e), ¢ > 0",
~ X
ii) f e D(A)".

5.6. Theorem. The following statements are equivalent for 0 < 6 < 1,

1 <g<®and 6 =1, g= =

i) £ e (X,D(A)), GK *

ii) f e X26,q;M
The theorems 5.2 and 5.5 state that the approximation processes

{T¢,¢>O} and {M¢,¢>O} are saturated with the order ¢2. The saturation

class is the relative completion of the domain of the operator A, which

by theorem 3.7 leads to

5.7. Corollary. The processes {T¢,¢>O} and {M¢,¢>O} are saturated

with the order ¢2. The saturation class is

fecC :dg € L7, n(n+o+B+1) £"(n) = gA(n),
H(X,n(n+o+B+1)) = Af € L' :du e M, n(n+o+B+1) fA(n) = uv(n),
£ e ILP (1<p<w): g € LP, n(n+a+B+1) fA(n) = gA(n)-

5.8. The Weierstrass approximation process

The Weierstrass kernel is defined by

(5.5) W, (cos 6) =

. cos 8), (t>0).

Il o~ 8

e—n(n+OL+B+‘I )t w(a,B) Rfla,B)(

n=0 n
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It satisfies the generalized heat equation

(5.6) 2 W (cos 6) = AW

5t 4 cos 9).

N
We verify the conditions for a summability kernel (definition 3.2). The
conditions a and ¢ with t = A_1 are obviously satisfied. The positivity
(5.5), condition b, is a consequence of the positivity of the generalized
translation by the following argument due to Bochner [8].

If an operator of the factor sequence type with factors
cn(n=0,1,...) is pgiitive, then the operator of the factor seqﬁence type
with the factors e » (t>0, n=0,1,...) is also positive. Taking
with the factors

cos ¢) and multiplying by e_t we obtain, that the operator

—t(1-R(a’B)(cos ¢))
n ‘
u =e ’ n=20, 1, ...,

is positive. If we now replace t by t(20+2) (1-cos d))_1 and we let
¢ > 0, we conclude that (5.5) is poéitive.

By theorem 3.3 it follows, that the sequencev{Wt,t>O} is an approx-
imation process for the identity I. Since Wtf(cos 8) = (Wt*f) (cos 6) is
a solution of equation (5.6) for all f € X we have

JZ Wit ar = fz WS AT s -1
where we used integration in the sense of Bochner (see Hille-Phillips
[15]1). Hence, since AW £ = thf for f ¢ D(A),

t
t

(5.7) HW —

t
= |14
- Af”X = ||t Jo AV £ at - Af||X

< sup ||W_Af - Af||, = o(1).
O<t<t ! X

Thus, by (5.7) and the fact that for every f € X we have W, T e D(4),
t > 0, we may apply theorem 2.9 to conclude that the process {Wt,t>0}
o . . ° : ’V
is saturated with order t and the saturation c¢lass is equal to D(A)X or by

corollary 5.7 to the set H(X,n(n+a+B+1)).
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To deal with the non-optimal approximation, we use the estimate
K(t,f3X,D(A)) ®min(1,t) ||f|iX + u (t,£)  (£>0, feX)
due to Peetre [20]. In fact this approximation process is generated by
a semi-group of operators with the operator A being the infinitesimal
generator. For an extensive treatment of the theory of semi-groups of

operators we refer to Butzer-Berens [9]. Summarizing the results we have

5.9. Theorem. The process {Wt,t>0} is saturated with the order t. The

saturation class is H(X,n(n+a+B+1)). Moreover, the following statements are

equivalent for 0 < 8 < 1, 1 < g <®or 6 =1, q=

l) fe (X3D(A))e K s

ii feX
) B,q:W

5.10. The generalized Weierstrass approximation process

The generalized Weierstrass kernel has been introduced by Bochner

[8] for ultraspherical expansions. It is defined by

—[n(n+a+s+1)]°/2t

REND R(a,B)(COS 8)
n n

(5.8) Wz(cos 8) = ) .e
n=0

(0<o<2, t>0).

The conditions a and c¢ of definition 3.2 are clearly satisfied. The
positivity of (5.8) can be deduced from the positivity of (5.5) by
Bochner's method of subordinators (see Bochner [8], p. 46). From theorem
3.3 it follows, that the sequence {Wg, t>0} is an approximation process

for the identity I. The function Wg(cos 6) satisfies the equation

awg(cos 8)

t _ a
(5.9) T = - DGWt(cos 6),

where Do denotes the fractional differential operator, defined in [5].
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Since this approximation process is generated by a semi-group of opera-
tors, an argument similar to section 5.8 leads to the following theorem.

5.11. Theorem. The process {Wg, t>0} is saturated with the order t.

1°/2)

The saturation class is H(X,[n(n+a+B+1) . Moreover, the following

statements are equivalent for 0 < 6 < 1, 1 <gqg<oor =1, q= =

i) f e (X,D(Dc))e’q;K s

ii) feX g
B,a3W

Later on we shall be able to characterize the spaces (X’D(Do))e 4K
9 9

0 <8 <1, 1<q < ~»as intermediate spaces of X and D(A) (see theorem

6.6).

5.12. The Abel-Poisson approximation process

The Abel-Poisson kernel is defined by

(5.10) Ar(cos B) =
n

cos 6)  (0<r<1),

o~ 8

(o,B) R(a,B)(
n

r? 0
0]
We check the conditions for a summability kernel (definition 3.2). The
conditions a and c with A =.(1-r)—1 are obviously satisfied. The posi-
tivity of (5.10) has been shown by Bailey [4], p. 102 by explicit calcu-
lation. Therefore, by theorem 3.3 the sequence {Ar, 0<r<1} is an approx-
imation process for the identity I.

We denote by B-n the operator of the factor sequence type with

factors Y(n) = -n. If we write Arf(cos B) = (Ar*f)(ces 6), then for
each £ ¢ D(B n) the following integral

! 4
U (cos 8) = f A B £
r , P p

exists in the sense of Bochner (see Hille-Phillips [15]). Taking the

Fourier-Jacobi coefficients we obtain



U:\,(n)

I}
i
P

(Arf-f)A(n).

By the unicity of Fourier-Jacobi expansions we have for each f ¢ D(B n)

the relation

(5.11) A f-f = J A B f =&
r T P =-n p

and therefore

Arf—f 1 ! d log r
-B f=——| [AB B 138 _ (1+=28L)3p r,
1=-r -n =1 r p -n -n p 1-r -n

Thus, for r - 17,

-B T
-n

<

A f-f
Is

- log r -
sup ||ApB_nf B_nf||X + |1+ r | ||B_nf|| o(1),

' 1
1=-r X r r<p<1

which implies for f € D(B_n)
A f-f

lim —= =B f in X.
- r-1 -n
r~1

Since A f (0<r<1) belongs to D(B_n) for all f ¢ X, we may conclude
by theorem 2.9, that the process {Ar, ij<1} is saturated with the order
—~—
1-r and that the saturation class is equal to D(B n)X or by theorem 3.7
to the set H(X,-n). Furthermore, by corollary 3.9, the set H(X,-n)
. . —~ X 1/2
coincides with the set D(D1) = H(X,[n(n+a+B+1)] ' 7).
With the substitution r = e-t, the approximation process Ar can be
interpreted as a semi-group of operators. The non-optimal approximation

can be treated using the estimate

K(t,3X,D(B_)) = min(1,t) ||f||X +w,(t,£), (>0, feX),
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due to Peetre [20]. Thus we have

5.13. Theorem. The process {At, t>0, t= lbg-%} is saturated with the
]1/2)

order t. The saturation class is ~H(X,[n(n+a+B+1) . Moreover, the

following statements are equivalent for 0 < 6 < 1, 1 < g <®or 6 =1,

q = =
i) £ e (XDD))g s
ii) feX

0,q3A )

In theorem 6.6 we shall give a characterization of the spaces
of X and D(A), which coincides with the Lipschitz spaces (definition 4.8)

0 <86 <1, 1<qg=<=in terms of the intermediate spaces

for q = «.

5.14. The generalized Abel-Poisson approximation process

The generalized Abel-Poisson kernel, a special case of some general

investigations by Bochner [8], is defined by

ag
-t (as8) Ria’s)(cos 8) (t>0, 0<o<1).

(5.12)  A2(cos 8) = | e N
n=0

t
In the case o = 1, this kernel reduces to the Abel-Poisson kernel (with
the substitution r = e_t), which we have treated in section 5.12. The
conditions for a summability kernel are satisfied. Conditions a and c
are obvious, condition b, the positivity of (5.12), can be proved from
the positivity in the case 0 = 1 by a method due to Bochner [8], p. L3-
4T7. The sequence {A:, t>0, 0<0<1} is an approximation process for the
identity I by theorem 3.3. By B—n° we denote the operator of factor
sequence type with factors y(n) = -n°%. If we put Agf(cos 8) = (Ag*f)(cos ),
then for each f € D(B_ng) the following integral

t

o
U (cos 8) = fo A B_ g far
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exists in the Bochner sense. As in section 5.12 we conclude that for

f e D(B_ng)

t
(5.13) Ar - £ = j A: B __f 4t

t 0 =nod
and
y AJE-f i
ti2+ T = B_ng f.

Using the same method as in section 5.12 we finally obtain

o . .
5.15. Theorem. The process {At’ t>0, 0<0<1} is saturated with the
30/2)

order t. The saturation class is H(X,[n(n+o+B8+1) . Moreover, the

following statements are equivalent for 0 < 6 < 1, 1 < g <~ or 6 =1,

q = =
i) £ (XD(0))g s
ii) feX G -
0,q;A
A further characterization of the space (X,D(D_)) shall be

g’’0,q3K
given in theorem 6.6.

5.16. A Bernstein-type inequality for fractional derivatives

In the next sections we shall need a generalization of the inequality
(L.21) to fractional powers of the operator A. These fractional derivatives
DO have been introduced in Bavinck [5], section 5. We shall use the func-
tion

[=<]

g (cos 8) ~ ) [n(n+a+p+

5 (cos 0)
n=1

)]"‘0/2 w(a’B)R(a’B)
n n

and some estimates derived in [5], section 5.

5.17. Lemma. There exists a constant C(o), such that for each D, € Pn



Lo

(5.18)  llogp [l < ¢(o)n’ e, 1 (0<o<2, 1<p<=).
Proof.
" (a,B) (a,B) 1/
RN {fo lJo Tohp, (cos 8)g, g(eos B)p" *7(9)as|® o7 To" (0)a0} /P
e[
= + C =1 +1I,.
0 p 1/n P 1 2
If we put p' = p/(p-1) and notice that o (4B (4) = (62, o » o7,
then
T 1/n
I? = J |J T¢Apn(cos e)gz_g(COS ¢)p(a’s)(¢)d¢lp p(a’B)(e)de
0 ‘o

1/n -1+ii2:llil ,
< (I (¢ 1Y )P d¢)P/P
0

m (1/n '
JO(J |1 ,ap,(cos ©)|Plg,_y(cos ¢)|Pal2r2IP=Ap=1)"1a4)5(%:B) (g) g
70

r/

~<_-Cn_)\(P—U J )Ip ¢(2a+2)p_x(p_1)_1d¢.

n
1P ,

. ||T¢Apn||p |g2_c(cos ¢

Now using (1.6), (Lk.21) and [5], formula (5.2), we have

1/n
g4 < ca M=) e ||pn!|§ J 6(2-0)p-Alp-1)-14,
0

f__Cnop ||pn||§ s if we choose 0 < A < (2-0)p'.
On the other hand, using (1.6) and [5] formula (5.7), we have

® 1 (oy8) p (a,B)
2 T Jo |f1/n Typy(cos 8) Agy (cos 0) o227 (9)do[" o727 (0)ag



b1

- - M(p-1)-1
gc(f ¢ P oq9)P/P

™ ™
[ | 17goy(cos 0)[F g, (cos )7 o2 2Iprulp=1)=144)5(8) (5)qq
0 “1/n

m

. Cnu(p—1) { | |T

P ¢—0p+u(p—1)—1d¢
1/n p

¢*n

| A

gt (e-1) ||pn||p f 5mOPH(R=1)=1,
P 1/n

A

O .
cn P |lpn|'£ > if we choose 0 < u < op',
Combination of the estimates proves the inequality (5.1L).

5.18. The Cesdro summability process

The Nth Cesdro mean (C,A) of the Fourier-Jacobi expansion of a
function f € X is defined by the convolution of f with the polynomial

kernel

N
DT ues) ples),

o %n cos 0),

(5.15)  on(cos 8) = (an)”
n=0
(N integer > 0, A>0),

where

A _ T(n+r+1)

& = T (r>0).

A e s . e e
The kernel 0 clearly satisfies the conditions a and ¢ of definition 3.2.

N

. A
Szegd [25], theorem 9.41 has shown, that o

(condition b') if A > o + 3 and that condition b' is not satisfied if

is a quasi-positive kernel

A < a+ 3. In the rest of this paper we shall always assume A > o + 3,
. A L
It has been conjectured by Askey, that the kernel ON 1s positive for

A > a+ B + 2, but this is still unproven.
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We now derive a limit relation of the form (2.8) for the Cesdro

summability process. We use the notation cx f(cos 8) = (Gx*f)(cose ).

N N
We apply the identity (cf. Zygmund [27], p. 269)
A+1 A+1 _
On f(cos 8) - UN_lf(cos 8) =
_ M1 Ay g A an(n)w(a,B)R(a,B)( 8)
N(N+A+1) ‘2N ne0 &N-n n n cos B/

If we write B = B-An for the operator of the factor sequence type with

the factors y¥(n) = -in (n=0,1,...), then

A1 A1 A1 1 A _
o = %4 " T oy Bf (N=1,2,...).

Thus , ®

A+1 Z A+1 A+1

(5.16) f~-ag. f= oo f -0, . f
. 1=N+1 1 -1
M1 1 A
=-5>—' ) ———— 0.Bf.
A 141 1(1+A+1) 1

The following identity (Zygmund [27], p. 269) enables us to go over
from A+1 to A:
A+1 1 A

ON f - KTEIX:TT ONBf (N=0,1,...).

H
]

A
(5.17) N

From (5.16) and (5.17) we deduce

NT T OA(WEA+T) N T 1=pieq L(TFAFT) 1T
P B
If we put Cy = z e then for f € D(B)

1=N+1
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_1, A CM1 -1 b A 1
Cy (oyf-f) - Bf = =— C| 1=%+1 (o Bf-Bf) T

1 1 -1 A
- 7 o7 Oy oy Bf-Bf).

Therefore, for N » =,

-1

-1, A A+ A N A
IlcN (cNf-f)—Bf||X < 15;31 Ilale-BfIIX * TR ||0NBf-Bf||X
1 1
*7'1'CNW+H4H B2l

= o(1), (feD(B))

by (3.2) and the fact that

| .
C o]
: N 1 (J d1
N+1

y) = o(1)  (N>=).

T ON+A+1 T ON+A+T 1(1+A+1

Since lim CNN = 1, we have for £ € D(B)
N-»oo

(5.18) 1lim N(ogf-f) = Bf in X.

N0

AL . cL . . A
As dN 1s a polynomial of degree N, 1t 1s obvious that ONf e D(B)

for all integers N > O and all f € X. Also, by lemma 3.8, we know that

there exists a measure u € M such that Bf = D1(u*f), where D, is the

operator of the factor sequence type with factors yY(n) = [n(n+a+8+1)]1/2.

Application of (5.14) and the quasi-positivity of c§ leads to

(5.19)  |IBogelly < [1Djon(ue) ||, < onllorl ], [ull, |lell, = cllz]|
' N X - [\ X - N'"1 M X 1

X'

Now all the conditions of the theorems 2.9 and 2.10 are satisfied. Hence

we have



A . .
5.19. Theorem. The process icN, N>0, A>o+3} is saturated with the
order*N—1. The saturation class is H(X,[n(n+a+8+1)]1/2). Moreover, the

following statements are equivalent for 0 < 8 < 1, 1 <'g <=wor 6 =1,

q = o
i) f e (X,D(D]))e’q;K s
ii) feX E

8,q50

5.20. The de la Vallée-Poussin summability process

This summability method was introduced by de la Vallée-Pousin [26]
for Fourier series and was generalized to ultraspherical series by
Kogbetliantz [16]. The Nth de la Vallée-Poussin mean of the Fourier-
Jacobi expansion of s function f € X is defined by the convolution of f

with the kernel

wéa’B+N)(cos g)EN _ __ T(a+B+N+2) ( 9>2N

2’ T T(a*1)T(B+N+1) ‘%% 2

V. (cos 6) = 5

N

(N integer > 0).

The kernel VN clearly satisfies the conditions a, b and c¢' and
therefore, by theorem 3.k, the sequence {VN, N>0} is an approximation
process for the identity I. The Fourier-Jacobi coefficients of VN(cos 9)
can be computed by means of Rodrigues' formula (Szegd [25], formula
(4.3.1)). We obtain

N

(5.21) Vi (cos 8) = )
n=0

T(N+1)T (N+a+B+2) (a,B)

(a,B)(
T(N-n+1)T (N+n+o+B8+2) “n

R
n

cos 9).

A direct calculation, based in comparison of the Fourier-Jacobi coeffi-
cients,leads to the following identity, which generalizes an identity
due to Butzer and Pawelke [12].

(cos 8)] = - AV

N(cos 8) (N=1,2,...).

(5.22)  N(N+o+B+1) [V (cos 8) - Vv .
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A here denotes the operator defined in section 4.2. Hence, if we put
V. f(cos 8) = (V_*xf)(cos 6), then

N N
o AV_ T
1
f-Vf=- ) -
N 1=R+1 1(1+a+B+1)
: T 1 .
If we write CN = z T(Trarprl) ° we obtain for f e D(A)

1=N+1

1oV v e-£)-af| |, < sup ||V Af-af||. = o(1)  (N+w).
NN X LN 1 X

Since lim NCN = 1, we have the following limit relation
N->co

(5.23) lim N(VNf—f) = Af in X.
N>

As VNf is a polynomial of degree N, it is obvious that VNf e D(A)

for all integers N > 0. For the de la Vallée-Poussin kernel, we have an

inequality of the Bernstein-type, which is much stronger than (4.21).

(a,B)

m
!lfé T¢f(cos G)AVN(cos d)p

[ hvgel |, (0)as| |,

™

0 e

[
N(N+q+8+1)||f||X J an_1(cos ¢)—VN(cos ¢)|p(a’5)(¢)d¢
0

| A

' (N+a+B+1)
at+1)T(N+B+1)

= N(N+a+s+1)l|fl{X T

(cos 5 (N+8)-(N+a+B+1)cos
0

™
J 2)2n-2 2 8)508) (4)aq

NT (N+a+B+2) llfllx {fﬂ(sin $)2a+3(cos Q)2N+2s-1d

T(N+B)T (a+1) . > > ¢

T
(a+1) . . ¢.20+1 ON+2B+1
[O TE:ET (sin E) (cos g) do}

N(N+a+8+1)||f (VN_1(cos ¢)—VN(cos ¢))T f(cos B)Q(Q’B)(¢)d¢l|

X
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= 2(a+1)N |IfIlX.

Now all the conditions of the theorems 2.9 and 2.10 are satisfied. We

conclude

5.21. Theorem. The process {V , N>0} is saturated with the order v,

The saturation class is H(X,n(n+a+B+1)). Moreover, the following state-

)o
ments are equivalent for 0 < 6 < 1, 1 < q<>®or 8 =1, q= =

i) fe(XDA))g oy >

ii feX .
) 0,q;V

The approximation processes treated in this section have been
studied extensively in the case of Fourier series. An excellent reference
is the book of Butzer-Nessel [11]. For special harmonic expansions, the
saturation behaviour of most of these approximation processes has been

dealt with in Berens-Butzer-Pawelke [T].
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6. Characterization of some classes of functions

This last part-is devoted to the charaterization of some classes
of functions which occur in the preceding sections. In 6.1 we give
necessary and sufficient conditions for a function f on [0,7] to belong
to the domain of the operator A, the operator of the factor sequence
type with factors n(n+o+B+1), n =0, 1, ... . Next we characterize the
domain of the operator D1, the fractional differentiation operator of
order 1, by means of the conjugate function f, which can be introduced
in a way similar to the work of Muckénhoupt and Stein [19] on ultrasphe-
rical expansions. The method to obtain the characterizations for D(A)
and D(D1) is taken from Berens-Butzer-Pawelke [7]. In the last section
we show that the intermediate spaces (X,D(D ))e,q,K’ 0<yc<2,

Y
0 <6 <1, 1< q< =coincide with the intermediate spaces

X,D(A
(x,D( ))ey/2,q;K
We first give a characterization of D(A).

» which in the case q = « are Lipschitz spaces.

6.1. Theorem. For f, g € X the relation

(6.1) n(n+a+B+1) £ (n) = g (n) (n=0,1,...)

is valid, if and only if f(cos 6) is locally absolutely continuous on
(Q’B)(e) %% is absolutely continuous on [0,m] and

vanishes in the points 0 and m, and

(0,m), the function p

(6.2) -5 [p(a’s)(e)tga f(cos 0)] = p(“’B)(e) g(cosie).

Proof. If we presuppose (6.1), then the differential operator P(%@),
defined in (L4.2), works on the Weierstrass approximation process

(section 5.8) in the following way

P(==) wtf(cos ) = th(cos 8).

If we integrate twice, we obtain
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8 n

to{®B) ()T an f o (%) (1) W_g(cos T)ar.

W, f(cos 6) = Wtf(cos €) - f . "

t €

+
From the norm convergence of Wtf to f for t - 0O we conclude, that there
exists a subsequence t., such that Wtf(cos B) converges to f(cos 8) al-

most everywhere, for ti - O+. Hence
% (0B) - (a,8)
f(cos 8) = f(cos €) - J {p* 2" (n)} " an J g(cos t)p' *"/(1)ar,
€ 0

where the right-hand side converges for every € > 0 and for all

® € (0,m). Thus f is absolutely continuous on (0,m) and

[¢]
& f(cos 8) = {p(m’B.)(e)}_1 { g(cos T)o(a’s)(r)dT.
ae Jo
. (a,B) a . .

It follows that the function p (0) el f(cos 0) is absolutely continu-
ous on [0,m], vanishes at 6 = 0 and by the hypothesis gA(O) = ( also 4t
6 = m. Moreover, ;

Pﬂg—) f(cos 6) = g(cos 6)

de

almost everywhere (the assertions are valid everywhere if X = C), which

proves (6.2).

For the converse we presuppose (6.2). Then

, it
g'(n) = - JO B8 (cos 0) & (p0%8)(6) L £(cos 0)} as.

Integration by parts twice yields

éﬁ(n)

m
- J d_r,(,8) ) & Réa’s)(cos 6)1 £(cos 6)d6

0 do

m™
[ n(n+a+B+1) Réa’B)(cos 8) f(cos 0) p(“’B)(e)de
0

n(n+o+B+1) fA(n).

We used the fact that p(a’B)(e) %% vanishes at 8 = 0 and 6 = .
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6.2, The conjugate function

It has been shown by Askey [2], that some parts of the work of
Muckenhoupt and Stein [19] on the conjugate expansions of ultraspherical
expansions can be generalized to Fourier-Jacobi series. If we take f € X

with the expansion

f(cos 8) ~ ) f%(n)wéa’B)Ria’B)(cos 9)
n=0

and the Abel-Poisson sum (section 5.12)

¢
¥

(6.3)  Afleos 8) = [ " tAm)u(FR(%E) (o5 0,

then the conjugate Abel-Poisson sum Arf(cos 8) can be defined by

He~—38

I\ = n_oA (a,B)_(0+1,B+1) ) 8
(6.4) A f(cos 8) = —= 1 r'af (n)w R._ 1 (cos 8)sin 7 cos 5 .

n

a+3+1p(a,B)(

If we put u = Arf(cos f) and v =T 8) Krf(cos 8), then u and v

satisfy the generalized Cauchy-Riemann equations
o+B+1 0,B

(6.5.a) rv. =-r Ugs

(6.5.0) v BT (a,8)

(e)rur.

By the method developed by Askey [2], theorem 1, the generalization

of M. Riesz' theorem can be proved:

6.3. Theorem. If £ e LP, 1 < p < », then we have:

Ar|l <wm|lel] .

9 el <u el

b) There exists a function f € LY such that
lim ||A_f-%]]_=o0

1 r p

and
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M ||f .
'Ifllp = pll ||P

c) lim Krf(cos 8) = %(cos 8), for almost all 6, 0 < 6 < m,
1 ' ’ ' : '

6.4. Theorem. For f, g € X the relation

(6.6) nf (n) = g (n) (n=0,1,...)

is valid if and only of T € X, the function o ®*?)(8) F (cos 0) is
absolutely continuous on [0,7m] and vanishes at O and 7, and the relation

G,S)(

(6.7) '%§ [D(Q’B)(G)f(cos 8)] = p( 8)g(cos 6)

holds.

Proof. We first assume that (6.6) is satisfied for f and g € X. As we

have mentioned in section 6.2, the functions u = Arf(cos 8) and
+B+ ~ X .
v=r B+1 p(a’B)(e) Arf(cos 6) satisfy the equations (6.5). From (6.5.Db)

we deduce, using (6.3) and (6.6),

(6.8) 4 orBr (0B) gy 7 arBt1 (a,8) oy

30 Arf(cos 8)} =r Arg(cos 8).

It follows from (6.6) that f has a representation of the form

A

(6.9) f(cos 6) = £(0) + (g*h) cos 6,

where

) n] wéa’B)Réa’B)(

h(cos 9) cos 8).

n=1

In [5], section 4 we have shown that h is a continuous function in each

compact subinterval of (0,m] and that
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h(cos 8) = 0(72% 1), 8 > 0.
Thus, for 1 < p(a) < 1 + 1/(2a+1) the function h belongs to Lp(a)' By
lemma 1.2.iv we may conclude from (6.9) that f belongs to Lp(a). Hence,

(a)

by theorem 6.3 we have T e 1P and also T € L. Integration of (6.8)

yields

0
(6.10) D(a’s)(e)zrf(cos B) = f A g(cos T)p(a’s)(r)dr.
o T

For r > 1°, the left-hand side converges almost everywhere to

p(a’s)(e)g(cos 6) by theorem 6.3.c. Since

0
|f [Arg(cos 1)-g(cos T)] p(a’B)(T)dTI < ||Arg-g||1 = o(1)
0

(r>17),

the right-hand side of (6.10) converges almost everywhere to

0
J g(cos T)p(a’B)(T)dT, which implies that the following relation holds
0

almost everywhere

(0,8) 0y K
(6.11) 0 **F)(9) F(cos.b) = f g(cos 1)p
0

(28) yar.

At 6 = 0 the right-hand side vanishes and also at 6 = m, since gA(O) =

Moreover, it follows that

d

a, (a,8)
de

{p(a’s)(e);(cos 8)} = glcos 6)p (9),

which establishes the first part of the theorem.

For the proof of the converse we deduce from (6.7)

A

T
n) f g(cos 9) Rid’s)(cos e)p(“’B)(e)de

n
—
i
>y)
B~
R
w
w
~
—
(]
(o]
0
[e>]
~

[0(%8) (8)F(cos 6)las.
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If we take into account that p(a’B)(e)?(cos 8) vanishes at 6 = 0 and
6 = m and that the relation

4 (o B)l _ n(n+a+B+1) _(a+1,B+1) . ;]
(6.12) a6 R, 2”7’ (cos 8) = = — Rn-1 ? (cos 6) sin 5 Cos 3

is valid, we obtain after integration by parts

L 1 1
(6.13) g/'\(n) = El_(_nj_g-"_.stll_)_ ( f(COS 9) R(a+1’8+1)(cos e)p(a+2’6+2)(e)d6.
a+1 Jo n-1
Since p(a’s)(e);(cos 8) is absolutely continuous, relation (6.11) holds.

Thus we may conclude

F(cos 0)] < [lgll, tot*B) (o037,
e > p(a) (.
which implies that f € L for 1 < p(a) < 1 + Sor7 + Hence,
T o~ ~ _(a+1,B+1) (a+3 ,B+3)
[f(cos 8) - Arf(cos 9)] Rn—1 3 (cos 0)p 22772/7(9)a0

0
< A _~ = -
__cnllArf fllp(a) o(1) (r>17).

We now investigate

n(n+o+B+1) (a+1 B+1)

(o+3,6+2)
a+1

(cos 950 6)ae.

m
(6.14) f A f(cos 6) R
0

If we substitute for A f(cos 6) the expansion (6.4) and integrate term

by term, noticing that the polynomials R(a:1 B+1)(cos ®) are orthogonal
+1,B+ .
with respect to p(a 1.8 1)(6), we obtain
n
. +0+B+ ~ +1,B+ 1 1
gM(n) = lim n(ntatp+1) f A f(cos G)R(a 1,8 1)(cos 6)p(a+2’6+2)(6)d6
- o+ 1 r n-1
r>1 0
+ v
= lim_ Eiﬂig_ﬁgll Z ka(k)rkwia’B)
1 (a+1) =1

m
[ R;f?1’8+1)(cos 8)R (a?l B+1)( os B)p(a+1’8+1)(9)d6
0
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) _
n° (n+a+B+1) = fA(n)wéa’B) Ew(a+1,8+1)]-1

= lim
517 (a#1)? n-1
A
=n f (n)g

which completes the proof of theorem 6.k,

As a consequence of corollary 3.9, theorem 6.4 gives a characteri-
zation of D(D1), the domain of the fractional differential operator of

order 1.

6.5. Characterization of the spaces (X,D(D ))
Y 0,9:K

In this section we want to show that the spaces (X’D(Dy))e

s Q3K
(0<y<2, 0<6<1, 1<g<®), occurring in section 5, coincide with the spaces

X,D(A .
(X:D(8)) gy /2,q;x
erty (section 2.1, property d), if we are able to show that

This is a direct consequence of the reiteration prop-

(6.15)  (x,p(4)) D(D,) < (x,D(4))

C
Y/2,13K Y/2,°3K

We first prove the second inclusion. If f € D(DY) there esists a
function g € X, such that f = Iyg, where IY denotes the fractional inte-
gration operator of order Yy, introduced in Bavinck [5], section 5. We
have shown there (theorem 5.2), that f = IYg € Lip(v,X). Hence, by
section 4.8, the second inclusion follows.

For the proof of the first inclusion we need some theorems on
spaces of best approximation quoted in section 2.2. For the subspaces Pn
are chosen the spaces of the polynomials in cos 6 of degree < n. As a
consequence of the inequality (5.14) and definition 2.3, we know that
D(DY) is a space of the class Diéx) and thus, by lemma 2.4, we have for
the space of best approximation X the inclusion

Yol

(6.16) xIY"] < D(D, ).

Furthermore, the space D(A) is a space of the class DZ(X)' The fact
. K ...
that D(A) is a space of the class D_(X) follows from definition 2.3

2
and the formulas (4.7) and (L4.17). The space D(A) belongs to the class
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DZ(X) by the inequality (4.21). We are now in a position to apply theo-

rem 2.5 to conclude that

K
Yl

fl2

(6.17) X (X,D(4))

Y/2,13K °

Combination of (6.16) and (6.17) leads to the first inclusion of (6.15).

We have proved

6.6. Theorem. For O <y <2 and 0 <6 <1, 1 < q <« the following

statements are equivalent for f e X:

i) £e (XD s

ii) f e (X,D(A4))

v8/2;q3K
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