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Orthogonal polynomials in two variables which are eigenfunctions

of two independent differential operators, II *)

by

T.H. Koornwinder
Abstract

Let the region S = {(x,y) | u(x+iy,x-iy) > 0}
be the interior of Steiner's hypocycloid, where u(z,z) = - 2222 + 423

+ 423 - 182Z +-27. For each real a > - 5/6 an orthogonal system of poly-
nomial p; n ¢(z,z) , m, n 2 0, can be defined on this region S such that
3

- n
pg n_(z,z) - 2"" has degree less than m + n and
9 .

JJ p:l’n(z’-z-) q(Z,z)(u(z,E))adX dy =0
S

- ei(s+t//§)

for each polynomial q of degree less than m + n. If z

i(-s+t/V3) . -2it/V3 . . ) -4
e ( //~)+ e / then, in terms of s and t, the functions pmzn

%
s

1
and u% Pé—l -] 2re the regular eigenfunctions of the operator
b
az/as2 + 32/8t2 which remain invariant or change sign, respectively,

under the reflections in the edges of a certain equilateral triangle.
Two explicit partial differential operators D? and DZ in z and z of
orders two and three, respectively, are obtained such that the polynomi-

als pu are eigenfunctions of D% and DY. The operators D% and D%
m,n 1 2 1 2

commute an& are algebraically independent, and they generate the algebra
of all differential operators for which the polynomials Pg,n are eigen-
functions. If a = 0, 3/2 or 7/2 then the operator D? expressed in terms
of s and t is the radial part of the Laplace-Beltrami operator on cer-

tain compact Riemannian symmetric spaces of rank two.

* . . . . . . . . .
) This paper is not for review; it is meant for publication in a journal.






1. Introduction

This paper deals with orthogonal polynomials in two variables on a
region bounded by a closed three—cusped algebraic curve of fourth degree
which is known as Steiner's hypocycloid. The weight function is some
power of the fourth degree polynomial which vanishes on this curve. The
main result in this paper is the construction of two algebraically inde-
pendent partial differential operators of orders two and three, respec-
tively, for which these orthogonal polynomials are eigenfunctions. Because
of the existence of such operators these polynomials can be considered as
a generalization of the classical orthogonal polynomials in one variable.

Another generalization of this type was studied in the author's
previous paper i6], which dealt with orthogonal polynomials on a region
bounded by two lines and a parabola touching these lines. The main dif-
ference between these two classes of polynomials is the method of orthog-
onalization. In [6] we orthogonalized the sequence un—kvk, n2=k=20,
arranged by the lexicographic ordering of the pairs (n,k). In the present
paper, if z = x+iy,Z = x-iy  then the polynomial pm’n(z,E) is defined
such that pm,n(z,E)-szn has degree less than m + n and pm,n is orthog—
onal to all polynomials of degree less than m + n. Thus the polynomials
Pm,n5 m+ n =N, form a basis for the class of all orthogonal polynomials
of degree N. For the special region and class of weight functions consid-
ered here iﬁ can be proved that this is an orthogonal basis.

A special case of the orthogonal polynomials studied in [6] can be
obtained by considering the functions cos ns cos kt + cos ks cos nt, which
are eigenfunctions of the Laplace operator satisfying certain symmetry
relations. Expressed in the variables u = cos s + cos t, Vv = cos s cost,
these functions are orthogonal polynomials with respect to the weight
function (R-u+v)—%(1+u+v)_%(u2-4v)—%. Similarly, the point of departure
of the present paper are the regular eigenfunctions of 82/352 + 82/8t2
which are invariant under the reflections in the edges of some equilateral
triangle. Let the interior of this triangle be denoted by R. After a
suitable linear transformation (s,t) + (0,T) these eigenfunctions can be

i(ko + 1t)

expressed as sums of at most six distinct terms e » k, 1 integers,

and they constitue a complete orthogonal system on the region R. This is



discussed in §2.
The two non-constant elgenfunctlons correspondlng to the largest

. io -iT 1 -0+T
eigenvalue are the functions z = e + e + ( )

and its complex
conjugate Z. If z = x + iy then the mapping (s,t) - (x,y) is bijective
from R onto a region bounded by Steiner's hypocycloid. This last region
will be denoted by S. In terms of z and z, the eigenfunctions of
32/332 + 32/3t2 satisfying the symmetry relations mentioned above.are
polynomials for which the term of'highest degree takes the form 2"z,
These polynomials are orthogonal on the region S with respect to the
‘'weight function (u(z,E))_%, where u(z,zZ) is a fourth degree polynomial
such that u(z,Z) > 0 on S and u(z,z) = b on 9S. These results are con-
tained in §3. It is also shown there that orthogonal polynomials on S with
respect to the weight function (u(z, z))% are related to the eigenfunctions
of 23 /as + 3 /'c)t2 which change sign under the reflections in the edges of
R.

Because of the previous considerations the region S, the weight
function (u(z,E))a and the method of orthogonalization described earlier
are quite natural for the definition of a class of orthogonal polynomials.

For reasons of convergence let a > - 5/6 Then p (z z) is defined as a

polynomial such that p (z z) - 22" has degree 1ess than m + n and

J{ p; n(z,E) d' (z,Z) (u(z,z))a dx dy = 0 for each polynomial q of degree
2
S

less than m + n. Some simple properties of the polynomials pi o are given
3

in §4. It is also pointed out in this section that the so-called disk po-
lymonials provide a more elementary example of the method of orthogonal-

. . . a
ization used for the polynomials 1
b

By the elementary interpretation of the functions pz n for o =% }
3

. . . . . . o
one easily obtains in this case differential operators D? and D2 of orders

two and three, respectively, for which the functions pz , are eigenfunc-
5

tions. For other values of o these operators can be generalized such that

they are self-adjoint with respect to the weight function (u(z,E))a. In

§5 and §6 such operators D? and D;, respectively, are constructed and it is



o

proved that for all o > - 5/6 the functions pz L are eigenfunctions of D,
. , ,

and Dg. As a corollary it follows that

Pm,n pk,l
S

JJ o ¢ 0% ax dy = 0 if (m,n) # (k,1), m + n=%k + 1. In [6, §5] a

partial differential operator D, of fourth order was obtained as the prod-
+ - - +

uct D D of two second order operators D and D . Although the corre-

sponding operator Dg considered here has lower order, it cannot be fac-

torized. For this reason its construction is more complicated.
o
1
t is the radial part of the Laplace~Beltrami operator on certain compact

For certain values of o the operator D, expressed in terms of s and

Riemannian symmetric spaces of rank two. Hence it is reasonable to expect

- . o . .

that for such o the functions P, , are spherical functions and the
o b

2

the corresponding symmetric space., However, this will not be proved her.

operator D, is the radial part of some invariant differential operator on

This paper concludes in §7 with a discussion of the algebra of all
partial differential operators for which the polynomials pg,n are eigen-—
functions. It is proved that each differential operator of this kind can
be expressed in one and only one way as a polynomial in D? and Dg.

If all calculations in this paper would be done in a straightforward
way then they would be quite long and tedious. In many cases it is indi-
cated how a éonsiderable gain in time and effort can be made by exploiting
the symmetries in the formulas. It should be clear to the reader that due

to the symmetry of the region this is a very charming class of orthog

onal polynomials which can be studied in an elegant way.



symmetry relations

Consider a regular tessellation of the Euclidean plane by equilat-

eral triangles (cf. Fig.l).

a
4
>
¥

Fig. 1

Let G be the group of isometries which is generated by the reflections in
in the edges of these triangles. Let R be a region bounded by one of these

triangles, say, with vertices 0 =(0,0), A] = (m, - w/V3), A2 = (m,m./V3).



Let J., J, and J, denote the reflections in the edges OA], OA_ and A, A

17 72 3 2 172

respectively, of R. Observe that the isometries J2 J3 J2 Jl’ Jl J3 J] J2

and J1 J2 Jﬂ J3 are the translations by the vectors v, = (@, 73,

5 = (m, - 1¥/3) and £
easily that the reflections J], Jz and J3 generate the group G. Alterna-

tively, the translations by v, and v, and the reflections J1 and J2 gen-—

erate G. Let H be the region bounded by the regular hexagon

v = (-2r,0), respectively (cf.Fig. 1). It follows

A1 A2 A3 B1 B2 B3 (cf. Fig. 1). The translations by v, and v, generate
a translation group for which H is a fundamental region. The encircled
points in Fig. | are the midpoints of the hexagons obtained by trans-—
lation of H. The reflections Jl and J2 generate a transformation group of
the region H for which R is a fundamental region. Hence R is a funda-
mental region for the group G. |

In order to facilitate computations we transform the Euclidean co-

ordinates s,t into new coordinates o,T defined by
(2.1) oc=s+ t/V3 , T=s-t//3 .

Note that in terms of these new coordinates v, = (2m,0) and v, = (0,2%).

The reflections JI’J J, can be expressed by

2°73
(2'2) J] (GQT) = (—0+T s T) 3
] J2 (o,1) = (0,0-1) ’

J, (0,7) = (2m1 , 21-0).
L 3

Let the mapping T :?R? +JR2 be a bijection. For each function f on
R? let the function Tf be defined by (Tf) (o,T) = f(T—](O,T)). If X is a
partial differential operator in ¢ and T of order r and if the mapping T
is of class Cr, then let the operator dT(X) be defined such that
(dT(X))f = T(X(T—]f)) for each Cr - function f on]Rz.

In the following definition p(T) denotes the Jacobian determinant of

an isometry T, so p(T) = 1.

DEFINITION 2.1. The function f(o,T) is called invariant (with respect to



the group G) if Tf = f for each T € G. The function £(0,t) is called anti-
invariant (with respect to G) if Tf =p (T)f for each T ¢ G. The partial
differential operator X in o and 1 is called invariant or anti-invariant
(with respect to G) if dT(X) = X or dT(X) = p(T)X, respectively, for each
T e G.

LEMMA 2.2. The function f is invariant if and only if f is 27 - periodic

in o and T and J,f = f= J2f. The function f is anti-invariant if and only

if £ is 27 - periodic in o and T and Jlf =-f = sz.
This lemma is proved by using that the translations by v, and v, and
the reflections I and J, generate the group G.
LEMMA 2.3. Let the operators P" and P~ be defined by
+
(2.3) (P*£)(0,7) = ¢ [£(0,1) * £(0,0-1) + £(-041,=0) * £(-1,=0)

+ f(-1,0-1) t f(-o+1,T1)].

+ - . . .
Then the operators P and P are projections from the class of 2m —peri-
odic functions in ¢ and T onto the class of invariant, respectively anti-

invariant functions.

Proof. By (2.2) and (2.3) we have

te_ 1
(2.4) P7E = g [f £ J,f+ 30 f+JJ0f+J,Jf%Jf£]
The lemma follows from Lemma 2.2 by using that J% = id. = J% and
J J.J, =JJJ,. Q.e.d.

17271 2712

2

Let A = Bz/as2 + 82/8t be the Laplace operator. Clearly this oper-

ator is invariant. In terms of o and T it is expressed by

2 2 2
(2.5) A = % (—27 + —35 + G ).
o0 9T 909T

.- + _
THEOREM 2.4. Let the functions e n> W > 0, and e o Wen > 1, be de-

3 ’

fined by



(

ei (0,7) = el(mofnr) + e1((m+n)o--nr) + e1(-—(m+n)o+mr)

m,n

i e1(—no-m'r) + e1(n0-(m+n)1:) + e1(—mc+(m+n)~c) if m,n > 0,
(2.6) ﬂ e;,o(o"'[) = elmo + e"’lmT + el(-nl0+mT) if m > 0 ,

e+ (0,1) = o"ino . inT | e1(no-nr) ifn>o0,

O,n

+

eO,O(O’T) = 1.

N\

. + - . . . - .
Then the functions e n and e ,are invariant, respectively anti-invari-
b H

+ —_
ant. Both systems {em n} and {e n} are complete orthogonal systems of
b b

eigenfunctions of A on the region R and

__ 4 2 2 +
(2.7) Aem,n =3 (m”~ + n” + mn) em,n

i(mo + nt
L )

Proof. Let for arbitrary integers m,n fm n(o,*r) = . It follows
’

t * . + _ +
by (2.3) and (2.6) that P fm,n =6 em,n if myn >0 , P fm,O =3 em’0
] + _ + . + _ Lt - P _
ifm>0, P fO,n =3 0,0 ifn>0, P f0,0 e0,0’ P fm,n 0ifm=0

. . . + o .
or n = 0. Thus the invariance of the functions e 5 and the anti-invari-
- 2
ance of the functions e n follows from Lemma 2.3. Formula (2.7) is ob-

b

tained from (2.4) by using that Af = - (4/3)(m2 + n2 + mn) £ and
m,n m,n

that dJ](A) = A= dJ2 (A). Next we have to prove the orthogonality and
the completeness of the systems {e; n} and {e; n}. Observe that each func-

H] ’
tion g on R has an invariant extension g and an anti-invariant extension

g_ toiR? and that these extensions are unique except on a set of measure
zero. Let us denote by H the Hilbert space of 27 - periodic functions in
o and T which are square integrable on the hexagonal region H. Then the

mapping g - g+ identifies the Hilbert space LZ(R) with the subspace H+ of
H consisting of the invariant L2 - functions on H. Similarly, the mapping
g > g_ identifies L2(R) with the subspace H of H consisting of the anti-

. . 2 . . .
invariant L° - functions on H. Since for arbitrary f,g ¢ H



_"JJ (PDE do dr = 6'JJ (P'£) (Pg) do dr
H R

= JJ fg;ZES do drt
.H

it follows that the projections P*:H > H' and P :H > H are self-adjoint.
Let for myn 2 0 Hm n be the subspace of H spanned by the functions f 0’
b

5
J2fm s JaJd J,J.J. £ J . J £ Jlfm , i.e., by all func-

,n’ "2 lfm,n > "2"1"2m,n > "1"2m,n ’ ,Il
tions Tfm 0’ T e G. It follows by (2.2) that Hm n is spanned by the func-
b} H

i f £ £ f f
tions myn’ mn, -n’ -m-nm°’ -n, m’ n, -m-mn’
. Hence each function £ ., k,l integers, is contained in one
- m, m+ n . k,1 :

and'only once class H , myn = 0. The functions f k,1 integers, form

m,n k,1’

an orthogonal basis for H. So we have the orthogonal decompositions

H=3% 4w ,w=93%9%u ,u=7%7Pu .
- m,n s m,n _ sl
m,n=0 m,n=0 m,n=0

+ + + .
. is spanned by P £ = const. e witn non-zero constant
By (2.4) P Hm,n P y m,n m,n ’

PH is spanned by P f =6e _ifmmn=>1andPH = {0} if
m,n m,n  m,n m,n

m =0 or n = 0. This proves the orthogonality and the completeness of the

systems'{e+ } and {e_ _}: Q.e.d.
m,n m,n

A function g(o,t) which is a finite linear combination of the func-

i(ko+lT)

tions e , k,1 integers, will be called a trigonometric polynomial

. . + - .
in 0 and 1. The functions e and e’ defined by (2.6), are clearly
’ H -
trigonometric polynomials in ¢ and t. Note that both e’ and e are
i (ko+lr) o0 m,n

k,1 , such that cm,n = 1 and ck,l =0 if

k,1 2 0 and (k,1) # (m,n). This property is applied in the following useful

expressed by a sum Z c

lemma.

i +
LEMMA 2.5 Let g(o,t) = z oo el(mo nt) be a trigonometric polynomial.
9

Then g = Z z cm,n e;’n if g is invariant and g = z . z

(o] e
m=0nz=220 lenz]m’n m,n



if g is anti-invariant.

Proof. Let g be invariant. It follows from the proof of Theorem 2.4 that

+ + + . . .
g=Pg=)c Pf =) ) b e for certain coefficients
m,n mn S g p s M0 WD
| i + + .
b _. Hence ) c e (motnt) _ ) ) b e (o,1).
. m,n m,n m>0n >0 M0 WD
This implies that c =b if m,n 2 0. If g is anti-invariant then a
m,n m,n
similar proof can be given. Q.e.d.

Let the lines A, C, , A, C, and OC, bisect the angles of the trian-

2 71 1 72 3
gle OAIA2 (cf. Fig. 1) and let Il’ 12 and 13 denote the reflections in the
lines A2 C], A1 C2 and OC3, respectively. Then these reflections generate

the group of isometries which map R onto itself. This group is isomorphic
to the permutation group in three letters. It is also generated by the

reflection 13 and by the rotation 12 Il = 13 12 = 1113. Observe that

Il(o,r) = (o=1+21/3,-1+47/3),
(2.8)

12(0,1) (-o+4m/3,-c+T+21/3),
13(0,T) = (T,O)r

It follows by inspection from (2.6) that

+ + I T
(2.9) (I3 em,n) (o,1) = em’n(T,o) = em’n( 0,-T)
N _ o,
= en,m(U’T) =z em’n(o,'r),
+ +
(2.10) (IIIZ em’n) (o,1) = em,n( o+t+27/3,-0+4m/3)

- e1(m‘n)21r/3 ei (5,1).
m,n

Let us introduce the first order differential operators



10

obeddemdetedond,
(2.11) 9 X2=%(%£+§/§£)='}(2§%'+5%) ,
Observe that

(2.12) X1 + X2 + X3 = 0.

It follows from (2.2) and (2.8) that for each permutation (i,j,k) of
(1,2,3) we have

]
»

dJi(Xi) Xi , dJi(Xj)

X, > 43 (X)) 5
- X »dI. (X)) i

(2.13)

]
|
>

dli(xi) —Xi, dIi(xj)

THEQREM 2.6. Let Q be a symmetric polynomial in three variables. Then

H

+ +
(2.14) Q(X]’XZ’X3)em,n = Q(-m--2n,2m+n,—m+n)em n

Proof. By the éymmetry property of Q and by (2.13) the operator

Q(XI’XZ’X3) is invariant. Hence the function Q(XI’XZ’X3)em,n is invariant

and the function Q(X‘,Xz,X3)e; n is anti-invariant. By (2.11) we have

i(ko+lT) i(ko+1l1)

QX ,X,5X,)e = Q(~k-21,2k+1,-k+1)e

The theorem follows by using Lemma 2.5. Q.e.d.

Two particular cases of (2.14) are the differential equationms

2.2 2+ 2 2 +
(2.15) (X1+X2+X3)em,n =6 (m +n +mn)em,n,
+ +
2.16 D, - = - -
( ) (7(1X2X3)em’n (m n)(2m+n)(m+2n)em’n
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Note that A = - (2/9)(Xf+X§+X§}. It follows from the lemma below that

(2.15) and (2.16) generate all differential equations of type (2.14).

LEMMA 2.7 Let D be an invariant differential operator in ¢ and T with

constant coefficients. Then there exists a symmetric polynomial Q in three

variables and a polynomial P in two variables such that D = Q(XI’XZ’XB)
2..2..2

= P(X1+X2+X3, X1X2X3). The polynomial P is uniquely determined by D.

Proof. Clearly there is a unique polynomial F in two variables such that
D
D
(i,j,k) of (1,2,3). Hence there exists a symmetric polynomial Q such that

F(XI’XZ)' By (2.13) and by the invariance of D it follows that

(1/6) z F(Xi’Xj)’ where the summation runs over all permutations

D = Q(XI,XZ,XS).According to van der Waerden [9,533] the symmetric poly-

nomial Q(XI’XZ’XB) can be expressed as a polynomial in the three ele-
mentary symmetric polynomials X1 + X2 + X3, X1X2 + X2X3 + X3X] and

_ 2 2 2 _
XIXZXS' But X] + X2 + X3 = 0 , hence X1 + X2 + X3 = 2(X1X2+X2X3+X3X1),

so there exists a polynomial P in two variables such that

_ 2.2 2 .
D = Q(XI’XZ’X3) = P(XI+X2+X3, XIXZXB)' In order to prove the uniqueness of
P, suppose that P(X?+X§+X§ , X]X2X3) = 0 and that the polynomial P is non-
zero. Substituting X3 = - X] - X2 we obtain that P(2(X?+X§+X1X2),
) :

11—
-X]XZ-Xlxg),=0. The polynomial P(x,y) is a sum of terms Cy 1(%x)2k 1(-y)1,
5

where ik and 1 are integers and ik = 1 = 0. Among the pairs of integers

(k,1) such that c # 0 there is a maximal element (m,n) with respect to

k,1
lexicographic ordering. Then Chin is the coefficient of XT Xg in the
}
operator'P(Z(X?+X§+X]X2) s ~ X:;'X2 - xlxg) expressed as a polynomial
in X, and X,. Hence c = 0. This is a contradiction. ~ Q.e.d.

1 2 m,n
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3. A generalization of the Chebyshev‘polynomlals

The classes of functions cos ns, n = 0,1,2,..., and sin ns, n
= 1,2,..., are both complete orthogonal systems of eigenfunctions of the
operator d2/ds2 on the interval (0,m). These functions satisfy the sym-
metry relations f(-s) = £(s) = £(2n-s) and f(-s) = - f(s) = £(271-s), re-
spectively. Let the functions T and U be defined by the identities
Tn(cos s) = cos ns and Un(cos s) (51n(n+])s)51n s. Then T (x) and U (x)
are both polynomials of degree n, the so-called Chebyshev polynomlals of
the first and of the second kind, respectively. They satisfy the orthog-

onality relations

f T (x)T (x)(l—x ) idx =0, m # n, and
-1

1
iU (x)U (x)(1-x )é =0, m#n.
-1

. . + - .
The functions e n(o,r) and e n(o,'r) can be considered as gener-
5 3
alizations of the functions cos ns and sin ns, respectively. It will be

(UsT)/

. . . . + -
proved in this section that the functions e n(c,r) and e
b

m+l,

e; (0,T). can be expressed as polynomials in eT 0 0,1
b

that both classes of polynomlals obtalned in this way are orthogonal sys-

(0,t) and e (o,t) and
tems on a region bounded by Stelner s hypocyclold These orthogonal sys-—
tems are a natural generalization of the Chebyshev polynomials.
Let us write
+ io -it i(=o+1)
z(o,1) = e O(G,T) =e  + e + e ’
(3.1) i
-io it i(o~1)

z(o,T) = e (0,1) = e +e  +e
0,1

Note that Z(o,T) is the complex conjugate of z(o,T).

LEMMA 3.1. Let Q be a polynomial in two variables such that Q(z(o,T),

Z(o,7)) = 0 for all o,t. Then Q is the zero polynomial.

Proof. Suppose that Q is non—zero and has degree N. Then we can write
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k1 .
Q(u,v) = zck,lli v, where Con #0 for some pair (m,n), m'+ n = N. It

H

i(mo+nt)

follows from (3.1) that cﬁ n is the coefficient of e in the trig-

b

onometric polynomial Q(z(o,t), z(o,T)). Hence Chin = 0. This is a contra-
b

diction, Q.e.d.

Using (2.6) and Lemma 2.5 we derive the recurrence relations

-

+ + + + ]
en+l,n - 2 ®m,n Am em—l,n+1 An €n,n-1 ifm>0o0rmn>1,
+ -+ + + .

(3.2) g em,n+1 =z em,n 0 em+1,n—1 Am em—l,n ifm>1o0rn>0,
+ -
el,] =z z 3,

‘ + +
where A =1 if n#1, A, =2, e =0=ce
n m,

1 =1 -1,n’
From now on'nn(z,i) will denote an arbitrary polynomial in z and Z

of degree < n.

THEOREM 3.2. For each pair (m,n) of nonnegative integers there is a unique
1

polynomial in two variables, denoted by p;in, such that
b

-1 +
H = -
(3.3) Pm,n(Z(U,T), z(0,1)) em,n(o,r).
Then p—% (z,Z) = z2z" + 7 (z,2)
m,n m+n-1"7"7°

Proof. The uniqueness part follows from Lemma 3.1. The existence part and

the last statement of the theorem follow from (3.2) by using complete in-

duction with respect to m + n. Q.e.d.
By (2.9) there is the symmetry relation

(3.4) P;fn(z,'z') = p;fm(z,z).

It can be derived from (3.2) that, for instance,
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1
= RPN -4 o
po, (z,2) 1, pl’o(z,Z) z,

-3 = = .2 _ o= -1 =\ = o5 -
Pz,o(z,z) =z 2z , pl,](z,z) zZz 3,
-1 -
P.% (z,z) = z3 - 32z +3,7P 4 (z,z) = zZE - 222 -z,
(3.‘5) < 3,0 2,]
. -1
P42 (z,Z) = z4 - 4225 + 222 + 4z ,
’0

P_% (z,2) = z7z - 322" - z2 + 5% ,
3,1

—1 _ _ _
szz(z,z) = 22" - 227 - 227 + 4z% - 3 .

e

In a similar way as (3.2) one can derive the recurrence relations

4

e =z e - e - e m,n = 1
m+1,n m,n m—1,n+1 m,n-1 ’> ° ’
(3.6) ﬁ :
e =z e - e - e ,myn =1,
m,n+l1 m,n m+1,n-1 m-1,n
L
where e =01ifm=0o0orn-=20
m,n

3

The following theorem can be proved in a similar way as Theorem 3.2.

THEOREM 3.3. For each pair (m,n) of nonnegative integers there is a unique

1
polynomial in two variables, denoted by pé o’ such that
y

1 e (o,1)
(3.7) P, ,(z(0,7), Z(0,1)) = mtl,otl
’ e] I(G’T)
b
Then p% (2,2) = 27" + (z,z)
m,n > m+n—-1""’7""

Again we have by (2.9) a symmetry relation

(3.8) lzm =pl  Go).

=N

,n
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It can be derived from (3.6) that, for instance,

/
3 =y = 4 = =
PO’O (Z,Z) 1, P],O (Z,Z) Z,
T S S
(3.9) < P30 (z,Z2) = 2" - Z, Pi, (z,z) =12z -1,
p2 (z,2) = z3 - 22z + 1 p% (z,2) = zzi - 22 -z
3,0 *7° > Py > .

)
{

LEMMA 3.4. Let the coordinate transformation (s,t) - (x,y) be defined by
(2.1), (3.1) and

(3.10) x = § (z+2), y = }i (-2+2).

Then the Jacobizn determinant of this transformation equals

(3.11) (X,¥) = - (i//3) e,

3050 1,1 (00

= (8/Y/3) sin s sin (3s+}/3t) sin (}s-4/3t),

and it is non-zero on the region R.

Proof. We have

3(x,y) _ 3(o,1) 3(z,z) 3(x,y) _ 3(z,2)
3(s,t) a(s,t) 3(o,t) 9(z,2) 7‘5‘ 3(o,1)"

The function 9(z,z)/9(0,T) is anti-invariant and

(sF]
Nl

_ 0z 0Z _
T 30 1, 1(° v

3(z, z)
a(o,1)

°’|
QN
(s3]
=

by (3.1) and Lemma 2.5. It follows from the explicit expression (2.6) of
el,l that

e; ](c,t) = - 8i sin(lo+it) sin(o-4t) sin(-}o+1).
b
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This proves (3.11). The zero lines of the function e; , are just the edges
9

of the triangles in the tessellation of Fig. 1. Q.e.d.

By the previous lemma the mapping (s,t) -+ (xX,y) is a diffeomorphism
from R onto a certain region S in the (xX,y) - plane and the boundary 3R of
R is mapped onto the boundary 39S of S. In terms of the coordinates o,t the

edges of the triangle 3R have the parameter representations

4

oA, = {(6,26) | 0 <6 < 2n/3},

ﬁ A, = {(8,21-6) | 2n/3 < 6 < 4m/3},

A,0 = {(4n=26,21-6) | 4n/3 < 6 < 2},

cf. Fig. 1. Hence, by (3.1), 9S has a parameter representation

(3.12) z=x+ 1y = 2 eie + e-2ie, 0 <6 < 2m,

where the images of O,Aland A2 correspond with the values 6 = 0 , 27n/3,
4n/3, respectively. It follows easily from (3.12) that if a circle of
radius 1 rolls on the inside of a fixed circle of radius 3 then 3S is the
orbit of a point on the smaller circle. The resulting curve (cf. Fig.2)
has three cusps and it is known as Steiner's hypocycloid, see for instance

Loria [7, §§ 73, 74] and Hilton [4, Chap. 17, §§ 2,5]. Then S is the re-

gion inside this curve.



- 3, 2/3) vy

(-1,0) (3,0 *
_§ _ 25) Fig. 2
-3 "2

By elimination of 6 in (3.12) it can be shown that Steiner's hy-

pocycloid is an algebraic curve of the fourth degree. This can also be

proved in the following way. The function (e] 1)2 is invariant. It fol-
b
lows from (2.6) and Lemma 2.5 that

,(e; 1)2 = e . -2 -2 + 2er - 6e.
9

Hence, by (3,3), (3.5) and (3.4)

2_2 3 3

(3.13) (e ](o,r))z = 2252 - 423 - 433 ¥ 1823 - 27.

17

By putting e; 1(cr,r) = 0 the equation for Steiner's hypocycloid takes the
9

form
(3.14) (x2+y249)% + 8(-x+3x%y) - 108 = 0.

Instead of x,y we shall often use the coordinates z = x + iy,

Z = x - iy on the region S. Let
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(3.15) w(o,t) = sin(}o+it) sin(o-}t) sin(-}o+1),

(3.16) 1(2,3) = - 2°3% + 4z°

+ 470 - 1823 + 27.

Then w is positive on R, p is positive on S, and by (3.11) and (3.13) we

have
- - 2 2
(3.17) H(z,2) = - (e ,(0,71))" = 64(w(o,1))".
9
THEOREM 3.5. The polynomials p;%n are orthogonal on S with respect to the
b

weight function u-%. The polynomials Pm,n are orthogonal on S with re-

spect to the weight function u?®.

Proof. By (3.11) and (3.17) (u(z,E))_%dx dy = const. do dt. It follows that

+ + )
JJ em’n(o,r) ek’l(c,r) do dt
R .

= const. JJ p;fn(z,i) p;%l(z,i)(u(z,z))—% dx dy
S

and

JJ em+1,n+1(°’T) ek+1,1+1(0’r) de dt
R

L]

i - - - 2
const. JJ p;,n(z,z)pﬁ’l(z,z)(el’l(o,r)) do dt
R

const. JJ pi n(z;E)pi 1(2,2) (u(Z,E))% do drt.
S

The theorem is then proved by using Theorem 2.4. Q.e.d.
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4. Orthogonal polynomials on the interior of Steiner's hypocycloid with re-

spect to a more general weight function

If the weight functions (l—xz)_i and (l—xz)% for Chebyshev poly-
nomials are generalized to (]—x)a(l+x)s, - 1< x< 1, then the corre-
spdnding orthogonal polynomials are the Jacobi polynomials Pi?’e)(x), for
which many properties of the Chebyshev polynomials can be generalized. In
this section the polynomials p;fn(z,i) and pi’n(z,i), introeduced in §3,
will be generalized in a similar way by considering the weight function

(1:(2,%Z))* on the region S.

LEMMA 4.1. Let o be a real number. Then

JJ(U(Z,E))adx dy < « if and only if o > - 5/6.
S

Proof. It is an equivalent problem to find all real values of e for which

JJ(W(O,T))2a+ldc dt < o

R
where w(o,T) is given by (3.15). This integral clearly converges if
a = - 3. If small neighbourhoods of the three vertices of R are excluded
from the region of integration then the integral converges if and only if
a > - 1, due to the singularities on the edges of R. Next consider a small
neighbourhood V of the vertex O of R. Introducing polar coordinates r,b
such that 0 = r cos ¢, T = r sin ¢, we have (W(O,T))za 1 0(r6a+3) if

r 4 0. Hence, /S (w(o,7))2*  do dr < » if and only if fg 09 4y < w5 >0,

\Y
i.e., if and only if a > - 5/6. For the two other vertices of R the same

inequality can be obtained. Q.e.d.

DEFINITION 4.2. For real o > - 5/6 and for integers m,n = 0 the function

pg n(z,E) is a polynomial such that
b .

(1) Py (2,3) =27 +n_ (23,
(ii) ” pf; n(z,Z) a(z,z) (u(z,z))* dx dy = 0

S
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if g is a polynomial of degree less than m+n.

The conditions (i) and (ii) of Definition 4.2 uniquely determine the

polynomial pz ' The polynomials p; n and pi n defined by (3.3) and (3.7)
3 b4 ?

satisfy these conditions for a = - } and a = }, respectively.

It is clear from Definition 4.2 that

(4.1) JJ Pp,n(Z> 2Py 1 (2,0 (u(2,2)" dx dy = 0

S
if m+n # k+1. The proof that (4.1) also holds if m+n = k+1, (m,n) # (k,1),
will be postponed to §5 and §6.

In the author's previous paper [6, (3.14)] certain orthogonal poly-
nomials in two variables u and v were defined by orthogonalization of the
seqﬁence ],u,v,uz,uv,vz,vs,uzv,... . The method of orthogonalization in
Definition 4.2 is quite different. The so—-called disk polynomials are a
more elementary example of this method of orthogonalization. Let for

a > -1 and for m,n 2 0 the polynomial q; n(z,E) be defined by
H

v

n!

Gy BT (22221027 it w2,
n

Y (a,n—m) —_.y=D"Mm . ]
L?;:af?jg Pm (2zz-1)z if m < n,

where Pia’g)(x) denotes a Jacobi polynomial. Then it can easily be proved

that
. o -y _ m.n -
(1) U (22 =22 + (2,2,
.. a . . . .
(ii) J[ qm’n(x+1y,x—1y) qEJ_(x+1y,x—1y)
x2+y2 <1

. (1-x%-y%)%ax dy = 0 if (m,n) # (k,1).
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These polynomials were discussed by Zernike und Brinkman [10], gapiro £8l,
Koornwinder [5, pp. 18, 191, Boyd [2].
As a consequence of the obvious symmetries of the region S and the

weight function (u(z,E))a there are the symmetry relations

-— = o - = (o] -
(4.2) Pm,n(z,Z) Pn’m(z,Z) pn’m(z,Z)

- e(n—m)21r1/3 pa (e2n1/3z

e—2ﬂ1/32)
m,n

b

This is proved by verifying that the last three members of these equal-
ities all satisfy conditions (i) and (ii) of Definition 4.2.
k_1

COROLLARY 4.3. Let pi’n(z,i) = Z Ck, 1% Z . Then Ck,l is real, and Ce1™ 0
' 9

ifk-1#m- n(mod 3).
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5. The .polynomials pg 1 as eigenfunctions of a second order differential
k]

O

operator D]

In this section an explicit second order partial differential oper-

ator D? is introduced for which the polynomials p; , 2re eigenfunctions.

H
First the case that o = * § is obtained by transforming (2.15) in terms of
o

: is constructed as a generaliza-

the coordinates z,Z. Next the operator D

-1
tion of D12 and D% such that it is a self-adjoint operator with respect to

the appropriate weight function. Finally it is proved that D?p; n
H

= const. p;’n-This is done in a similar way as in [6, §4].
Given a partial differential operator D in terms of ¢ and T it is a

tedious job to express D in terms of z and Z by a straightforward trans-

formation of variables. The recurrence relation (5.1) below can be very

helpfﬁl in doing such calculations.

LEMMA 5.1. For fixed o > = 5/6 let D = Je  (2,2)(3/32)"(3/3%)" be a dif-
3

ferential operator of order N such that Dpu = A pa , myn 2 0. Then
m,n m,n ‘m,n
the coefficients Ch.p are uniquely determined by the eigenvalues Ak 1°
9 b

- m_n -
+ 1< = . + .
k 1 £ N, and cm’n(z,z) copst zZ Z nm+n_1(z,z)

Proof. Substituting the explicit expression for D in the differential
. a a .

equation me,n = Am,n pm,n and using that

p. (z,z) = 270 + (z,z) we obtain the recurrence relation

m,n <’ m+n—-1"""

8k+1 o
m,n

sz’ail

(5.1) minlc =) ¢ - Z c

P
m,n Wm0 g o k,1

The lemma follows by complete induction with respect to m + n. Q.e.d.

If D is a differential operator and f is a function then let D o f be
defined as an operator such that (Decf)(g) = D(fg) for each function g,
whenever the differentiations can be performed.

Let us define



-4 1,2 2 2
(5.2) D =X+ X+ X3)5
) 1, - -1,.2 2 2 -
3z _ 1 -
(5.3) D1 6(e1,1) (X] + X2 + X3) ° el,l 3.
. 2 2 .2 - - . ~
Since (X, + X, + X)) e = 18 e by (2.15) and using that w = const.
1 2 3 1,1 1,1
e; ; Ve can rewrite formula (5.3) as
H
i 1,.2 2 2 1 -
2 - 1 =
(5.4) D} = S(X] + X + X3) + 3w ‘[(xlw)x1 + (XX, + (Xn)X,]

1 -2 2 2 2
= v [(X1°W )x] + (X2°w )x2 + (X3°w )x3].

It follows from (2.15), (3.3), (5.2), (3.7) and (5.3) that

(5 5) 0t 57 o (wZenPemn) ot
: 1 "m,n m,n’
o3 Z (2, 2 3
(5.6) D1 Pm,n (m~+n"+mn+3m+3n) pm’n.

- 1
The operators Dli and D; can be expressed in terms of z and z by

using (5.5), (5.6) and (5.1). It already follows from (5.2) and (5.4)
1

-1
that D]2 and Df have the same second order part. Furthermore, since

dIS(D;i) = p;% and dIB(Df) = D% by (2.13), (2.9), (5.2) and (5.3), both

23

- 1
operators D, ? and D? remain invariant if z and Z are interchanged. We ob-

1 1

tain that
2 2 2
(5.7) 7t o (2233 A b (23-9) 4 (323250
1 7 - )
90z 90z9Z 20z
sz 138
Z 5z oz °’
2 2 2
1
(5.8) DZ = (22-33) & + (23-9) 1 — & (3%-32) -
1 7 - -
90z 9293z 02
9 - 0
+425'z_+4z—8_§
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It follows from (5.7), (5.8), (5.2) and (5.4) that

..-] -
(5.9) v WX+ (WX, + (XWX, ] =9‘(z%; + -z-g—.zf).

Next we define as a generalization of (5.2) and (5.4) the operator

(5.10) p* = %(xfafx

2
1 2

2,1 -1
+X3)+g(2a+l Yw [(Xlw)Xl +(X2W)X2+(X3W)X3]

- 1 -20-1 20, 20+1

A )X, 1.

+1
)Xy * (Xgow 3

[(x °w2a+])X] + (X2°w

1

Q.

: is motivated by the following lemma.

This choice of D

LEMMA 5.2. Let oo > — 5/6. Let £ and g be invariant trigonometric polyno-
a

18 and

mials in ¢ and t. Then the same holds for D?f and D

(5.11) ” 0%6) & W ao dr = ” f(D‘;‘g)wz"‘”de dr
R R
Proof. The invariance of D?f follows by (2.13) and the fact that

w = const. e. .. The functions (X2+X2+X2)f and (X, w)(X,£)+(X,w)(X,f)
1,1 17273 1 1 2 2

+ (X3w)(X3f) are clearly trigonometric polynomials. This last function,
which we denote by F, is anti-invariant. Hence, by Lemma 2.5 and Theorem
3.3 the function w_lF is a trigonometric polynomial in ¢ and T, and thus

the same is true for D?f. Next we have to prove (5.11). By (2.11) and

(5.10) we have D? = D% so we may prove as well that

1
(5.12) ” D‘;‘f) g w2 lagdr = ” f(D‘;‘g) w1 do dr

R R
where f and g are trigonometric polynomials in ¢ and t. Both sides of
(5.12) are well-defined and analytic in o if Re a > - 5/6. If o > - i then
WZOL+1 vanishes on 3R and it follows by integration by parts and by appli-

cation of Gauss's theorem that
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JJ(D?f) g wtlyg dr==% JJ[Xlow2a+l)le
R R

2a+]‘ 20+1

+ (Xzow )X2f + (X3°w )X3f] g do dt

2a+1

- é[J[(le)(Xlg) * (XE)(X8) + (X3f)(x3g)]w do drt.

R

By reversing the roles of f and g it is seen that this expression equals

JJ f(Dlag) w2a+ldo.dT.So (5.12) is proved for a > - }. The general case
R

follows by analytic continuation. Q.e.d.

(6

For particular values of o the operator D1

has an interpretation on

o

: can be

certain symmetric spaces. First note that by (2.11) the operator D

expressed in terms of s and t as

3 o 2a+1,9

a _ =20-1-.9 2a+l1,3 d_
v LG Das * G v gg

(5.13) - s

wIis
=)
I

1,

—

where w(o,7) = sin s sin(}s+3/3t) sin(is-1/3t).

Consider a compact Riemannian symmetric space of rank two for which the
restricted root vectors have Dynkin diagram 0 - 0 and multiplicity 2o + 1.
Then it follows from Harish-Chandra [3,p.270, Cor.1] that the operator
-(4/3) D? given by (5.13) denotes the radial part of the Laplace-Beltrami
operator on such a symmetric space. By Araki [1, pp. 32,33] the only
possibilities are the spaces SU(3)/S0(3) (a=0), SU(6)/Sp(3) (a=3/2) and
the exceptional space E IV (a=7/2).

Using (5.2), (5.7), (5.9) and (5.10) we find that D

in terms of z and Z as

o

] can be expressed
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2 2 2

(5.14) p% = (P30 + (229 —+ (z%-32)2—
oz 9z0Z 9z

2

5, .3 -9
" 3 ().

It follows from (5.14) that

(5.15) D% (%) = (mZ+mn+nZ+3(a+}) (m+n))z"E" + 7

1 m+n—l(z’z)'

Since w2a+]d0dr = const. uadx dy we conclude from Lemﬁa 5.2 that

(5.16) JJ(D?p)ﬁ p® dx dy = JJ p(D?q) p% dx dy
S S

for arbitrary polynomials p(z,Z) and q(z,z).

THEOREM 5.3. Let o > - 5/6. Then

(5.17) D, p = (m2+mn+n2+3(a+%)(m+n))p; n’

Proof. 1t follows from (5.15) that

M-

o _a - _ - -
D1 pm’n(z,z) = const. z 2 ﬂm+n_1(z,z).

Let q(z,z) be a polynomial of degree less than m+n. Then the same holds

for D?q and by (5.16) and Definition 4.2 we have

o o a _
JJ Pm’n(qu) pdx dy = 0.

o O = a
”(Dlpm’n) q u dx dy
S

a_o a . .
B const. p s where the constant is
1"m,n m,n

given by (5.15). Q.e.d.

Hence, by Definition 4.2, D
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COROLLARY 5.4. Formula (4.1) holds if m + n = k + 1 and (m,n) # (k,1)
# (n,m).

Proof. Let Az n denote the eigenvalue in (5.17). Then

o _3 2 1Y (m+ Ll 2 o a .
mn = (m+n)” + 3(a+})(m+n) + {(m-n)”, so Am,n # Ak,l under the given

conditions. The result follows by (5.16) and (5.17). Q.e.d.
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6. The polynomials p; i as eigenfunctions.of .a.third .order differential
3

(¢

operator D2

It is clear from (2.16) that there exist third order operators

-1
2
s

- 1
DZ% and Dé for which the polynomials p

. . . . . o .
eigenfunctions. In this section a third order operator D2 will be con-

o
2

. Then it will be proved

1
and p? respectively, are
mon 204 Py s Tesp Y,

-1 1
structed as a generalization of D,? and D2, such that D, is self-adjoint

2 2
. . . 20+1
on R with respect to the weight function w
that the polynomials pi , are eigenfunctions of D;.
9

Let us define

[
|

(6.1) D2 = X1X2X3,
(6.2) pf = (e] 7! x X X 00
: 2 €1,1 1%2%3°%1,1°
Since X,X.X.e. . =0 by (2.16) and using that w = const. e. . we can re-
1727°371,1 1,1

write formula (6.2) as

(6.3) D2 = X.X.X. + w_r[(x]w)x

1%5%s + (XZW)X X, + (X3w)X1X2]

2%3 3%

N rot=

-1
+ w [(XIXZW)X3 + (X2X3w)x1 + (X3X1w)X2].

It follows from (2.16), (2.3), (6.1), (3.7) and (6.2) that

-1 1 -1
3 2 - (e 2
(6.4) Dz pm,n (m—n) (2m+n) (m+2n) Pm,n’
by %
(6.5) D2 pm,n = (m-n) (2m+n+3) (m+2n+3) 2,1’

-1 1
By comparing (6.1) and (6.3) it follows that sz and DE have the
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same third order part. By (2.13), (2.9), (6.1) and (6.2) we have

dI3 (D;) = - D; ,o0 = *}. In terms of z and Z this means that the operator

. . o . - . .
D; ,a == 1 is transformed into -D2 if z and Z are interchanged. Using

these properties and formulas (6.4), (6.5), (5.1) we can express D2 and
1

D;'in terms of z and Z as

3
3—5 + (3225-182%4272)

9z 32232

(6.6) D;% = (223-923+27)

3 3
P+ (-2274927-27) 2
0zdz 9z

+ (-3222+1822—27E)

2 2
+ (622-18%) 3—5 £ (-622+182) 2 m 4 22 & -z 2|
90z 9z 0z 9Z

3 3
3—§-+ (3225-182%4272) 2

dz 9z 3z

1
(6.7) D} = (223-923+27)

3 3
3 -+ (~2334923-27) 3—3
5233 5%

+ (-3222+1822—272)

2
+ (1522-45%) o4 (-15%2+452) 3—§-+ 20z = - 20z - .
9z °Z 9z 9Z

A calculation shows that

- =09, 9 _ g3 9_
(6.8) w ’[(x]xzw)x3 + (XXX + (XX WX, = 92 == = 9% == .

This can be done in the following way. It is clear that the left hand side
of (6.8) takes the form c(z,z)(3/3z) - c(z,2z)(3/9z) for some function
c(z,Z). By using Lemma 2.5 it follows that
+ - + - + -
X =9 .
Y(Xge] o) + (RpXge, 1) (Xyey o) + (XX jey ) (Xpey o) €1

(X Xpey 4

1
Hence c(z,z) = 9 ez’] / el’] =9 PT,O (z,z) =9 z.
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By comparing (6.1), (6.3), (6.6), (6.7) and (6.8) we obtain that

-1
(6.9) W) KX 4 (Kyw) XK+ (Xw) X(X,]
2 2
= 9 (22-33) 9—7 F9(-22432) X 4 97 & _ 9z |
9z oz oz 9z

Consider the differential operator D = Z c, n(c,t)(B/Bo)m(a/ar)n,
b

. + . . e .
where Ch.p 18 2 c™ P-function on R. Then the formal adjoint D* of D is de-
9

fined as the operator

* m+n 3m+n —_—
D = z ("]) :T—H ° Cm,n (O,T).
m,n 60 0T
By using that X, = - X_and X=X (k=1,2,3) it follows from (6.1)
“byx _ bys _ o 20h 2 sine b}
and (6.2) that (D2 ) = D2 and (D2) =w D2 o w . Generalizing D2 and
1
D; we try to find an operator Dz which takes the form
o _ -1
(6.10) D2 = X1X2X3 + Aaw [(XIW)X2X3 + (XZW)XBX] + (XSW)XIXZJ
-1
+ Baw [(XIXZW)X3 + ()(2X3w)x1 + (X3X]w)X2]
for certain constant coefficients Aa and Ba and which satisfies
(6.11) (Dg)* = w2°‘+]DZ o w 271,
LEMMA 6.1. Formula (6.11) holds if Aa =q + 1, Ba = (a+§)2. If a # 0

then Aa and Ba are uniquely determined by (6.10) and (6.11).

Proof. 1t follows from (6.10) that
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-2a—1(Da)*° W20¢+1 - W—Za-l X XX

o W20L+]
2 17273

_a —20-1 o q
AaW [X2X3°(Xlw) + X3X] (sz) + XIXZO(X3W)JOW

20,
+ B w 2y o (X, X.w) + X, o(X. X.w) + X.o(X.X w)]owzu
o R ) 17 V%3 2 3% :

By a straightforward calculation this becomes

=20-1, a\* 2o+l _
(6.12) w (Dz) oW 1X,%5

+

(20+1 Ad)w [(XIW)X2X3 + (XZW)X3X] + (XSW)X1X2]

+

-1
(2a+1 2A0c+Ba)w [(Xlxzw)X3 + (X2X3W)X] + (X3X1W)X2]

+

(2a(2a+1)—4aAa)w_2[(Xlw)(XZW)X3 #(Xy0) (X)X, + (Xg) (X )X, ]

<+

(2a(2a+1)2-6a(2u+])Au+ 4aBa)w_3(X1W)(X2W)(X3w)

Here it is used that XIXZXBW = 0 and that

w'zt(xlw)(xzx3w) (X0 (R W) + (Xgw) (X X,w)]
= 2w_3(Xlw) (sz) (X3W)

This last identity holds since, using Lemma 2.5, we have
(Xjep, ) Xy )+ (Kpey D(EXiey )+ (Ko D(XX
+

= 54 (ef —et ) = - sa(pit —p 2 ) = - 54(23-33) and
3,0 0,3 P3.07Po,3 n

21,1’

- —1 - - —
(e ) Xpey D(Xpey N(Xgey )
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- -1, - _ - _ 53 - 3.3
L) (ey ymey p) = 7 27(pg Ry )= < 27(2 7).

The differential operators given by (6.10) and (6.12) must be equal.

= =27(e

Comparing the second order parts we find that Au==a + 4, and next com-
paring the parts of zero order we obtain that Ba==(a+%)2 if o # 0 and
Ba is arbitrary if o = 0. Q.e.d.

(¢

) as the operator

Because of the previous lemma we define D

Ol,= 1 -1
(6.13) D2 X]X2X3 + (a+i)w [(XIW)X2X3+(X2W)X3X1+(X3W)X]X2]

+ (a+%)2w_l[(X]XZW)X3+(X2X3W)X]+(X3X]w)X2]. '

Formulas (6.1) and (6.3) are special cases of (6.13).

LEMMA 6.2. Let a > — 5/6. Let f and g be invariant trigonometric poly-

nomials in o and 1. Then the same holds for D;f and D;g, and
(6.14) J[(D;f) é w2a+ldc dt = JJ f(D;g) w2a+]do dt
R R

Proof. Similar to the proof of Lemma 5.2 it can be shown that D;f and Dgg

are invariant trigonometric polynomials in ¢ and t. Because of (6.11) we
try to prove (6.14) by repeated integration by parts and by application
of Gauss's theorem. Thus we obtain a string of equalities connecting both
sides of (6.14) with each other. However, this only proves (6.14) if al%
surface integrals occurring in these equalities converge and if all line

integrals occurring in the equalities vanish. It follows from (6.13) that

these integrals take the forms /J/ h w2u—2d0 drand S/ h WZu—l dt),

(cldo+c
R oR

2

where h is some trigonometric polynomial in ¢ and 1, and ¢ and c, are

constants. Thus the result is clear if o > 2/3. The case that

- 5/6 < a £ 2/3 can be proved as follows. By (2.11) and (6.13) we have

Dg = - Dg » so (6.14) is equivalent to
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(6.15) "JJ(D;f)gw2a+ldc dr = 4'{Jf(D3g)w2a+ldc dr,
R R

f,g trigonometric polynomials. Both sides of (6.15) are well-defined and
analytic in o if Re o > - 5/6. Since (6.15) is already proved for a > 2/3,

the general case of (6.15) follows by analytic continuation. Q.e.d.

Using (6.1), (6.6), (6.8), (6.9) and (6.13) we find that D; can be

expressed in terms of z and Zz as

3 3
(6.16) Dy = (227-922+27) £ + (3272-182%+272)
9z 9z 3z
3 3
+ (—3z22+18z2—27z) G 7 * (—223+9z2-27) o
9z93z 9z
2 2
+9(a+%)[(22-32)—§§ + (-2°432)->]
0z 0Z
7 -
+9(a+g)(a+§)(zg—z - zg—z)
It follows from (6.16) that
o, m_n m -n
(6.17) D2(z z ) = (m—n)(2m+n+30+3/2) (m+2n+30+3/2) z =z

Since W2a+1d0-d1=const. pYdx dy we conclude from Lemma 6.2 that

(6.18) ”(D‘;p) g u dx dy=”p(D§q) v dx dy
S S

for arbitrary polynomials p(z,z) and q(z,z). By using (6.17), (6.18) and
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Definition 4.2 the following theorem is proved in the same way as Theorem

5.3.

THEOREM 6.3. Let oo > - 5/6. Then

’ oo _ a
(6.19) D2pm,n = (m—-n) (2m+n+3a+3/2) (m+2n+3a+3/2) pm,n'

COROLLARY 6.4. Formula (4.1) holds if (k,1) = (n,m) and m # n.

Proof. Let 1Y  denote the eigenvalue in (6.19). Then A& = ¢ ,
m,n m,n n,m

a . a o
and Am,n # 0 sincem # n and @ > - 5/6. Hence km,n # Xn,m' The result
follows by (6.18) and (6.19). , Q.e.d.

Thus it is finally proved that the orthogonality relations (4.1)
hold whenever (m,n) # (k,1).
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7. The algebra of differential.operators‘generated.by.D?.and.Dg

In this last section we consider the class, denoted by Aa, of all
partial differential operators in z and z which admit the polynomials
P;,n as eigenfunctions. The methods and results are similar to [6,86].
From now on it is supposed that the parameter o is a fixed real number

larger than - 5/6. We shall write Pm,n’ Dl’ D2, A instead of p;,n’ D?,
D;, A%, respectively.

Clearly, the class A is an algebra of operators and, by Lemma 5.1,
this algebra is commutative. The operators D1 and D2 are elements of A
and they generate a subalgebra AO of A which consists of all polynomials

in D, and D,. It will be proved that AO = A.

LEMMA 7.1. Let D = ) c n(z,z)(a/az)m(a/az)“ be a differential operator of
5

order N, where the coefficients c.p are polynomials in z and Z. In terms
3

of c and T let D = z bk 1(G,T)(3/30)k(3/3T)1, (0,T) € R. Then the func-
b

tions b have unique extensions to one-valued analytic functions, regu-

k,1
lar for all complex values of 0 and T except possibly on the lines
w(o,t) = 0., Furthermore, if the operator D is extended in this way to the

region {(0,1)|w(o,7) # 0O} then D is invariant with respect to G.

Proof., A calculation shows that

-1
0 _ ,3(z,2) 9z 3 _ 9z 3 .
9z (a(o,r)) Gr 3~ 30 37’

- 37 1o, T TRy Ky) + e xx) + T (x )0,

Hence the lemma is true for the operator 3/3z, and similarly for the oper-
ator 9/3z. The lemma clearly holds for the zero operators z and z. Then

the general result follows immediately. Q.e.d.

In the remainder of this section Gn will denote an arbitrary par-

tial differential operator in o and 1t of order < n. It follows from (5.10),
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(6.13) and (2.12) that

W=

(7.1) D (X +X X2+X2) + cS ,

"
1

(7.2) D (xlx X, x2 ) + 6,

2

LEMMA 7.2. Let D € A and write

||MZ

(7.3) D = o T)

k( N-1°

C
0
Then the coefficients Cx are constants.

Proof. Since D € A, D commutes with D1 and D2. Put e = 0 if k < 0 or

k > N. By (7.1) and (7.3) the vanishing of the terms of order N + 1 in the

operator DD, - D D implies that (2X1+X2)ck_1+ (x]+2X2)ck = 0.

1
Similarly, by (7.2) and (7.3) the vanishing of the terms of order N + 2 in

the operator DD2 D2D implies that X x + 2 (X]+X2)ck_] + chk -2 = 0.

Adding and subtracting these two recurrence relations we obtain that

X (ck k=1 -2c k-2) = 0, X2(ZC

follows by complete induction with respect to k that ~X]ck = 0 and

chk = 0. Hence ¢, 18 constant. Q.e.d.

0. Since ¢ , = ¢ , =0, it

K Ck—1"Ck=2) = O~ -1 -2

THEOREM 7.3. Let D € A. Then D can be expressed in one and only one way as

a polynomial in the operators D1 and D2.

Proof. Suppose that there exist elements of A which can not be expressed as
polynomials in D1 and D2 and let D be such an operator of minimal order N.
Then by Lemma 7.2 D = Q(XI’XZ) + GN-I’ where Q is a homogeneous polynomial
of degree N. By Lemma 5.1 and Lemma 7.1 D is invariant with respect to G.

Hence the operator Q(XI’XZ) is invariant, so it follows from Lemma 2.7 and
formulas (7.1), (7.2) that D = P(DI’DZ) + 6N~1
Hence D - P(DI’DZ) € A. Then, by hypothesis, D - P(DlJb) is a polynomial in

for some polynomial P.

Dl and D2, so D is a polynomial in D] and D2. This is a contradiction.
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Next we turn to the uniqueness part of the theorem. Suppose that there ex-—
ists a non-zero polynomial P in two variables such that P(DI’DZ) is the
zero operator. The polynomial P(x,y) can be expressed as a sum of terms

o (3x)k/2—1
k,1

the pairs of integers (k,1) such that .1 # 0 there is a maximal element
b

(-y)l, where k/2 and 1 are integers and k/2 > 1 = 0. Among

(m,n) with respect to lexicographic ordering. Then by (7.1) and (7.2) i
2
is the coefficient of %2 in the operator P(D,,D,). Hence c = 0.
172 1’72 m,n
This is a contradiction. Q.e.d.

It follows from Theorem 7.3 that the operators D1 and D2 are alge-

braically independent, i.e., if P is a polynomial in two variables and if

P(DI’DZ) is the zero operator then P is the zero polynomial.



38

References

[1] S. Araki, On root systems and infinitesimal classification of irreduc-
ible symmetric spaces, J. Math. Osaka City Univ. 13 (1962),
1 - 34.

[2] J.N. Boyd, Orthogonal polynomials on the disc, M.A. Thesis, Universi-
ty of Virginia, 1972.

[3] Harish-Chandra, Spherical functions on a semisimple Lie group, I,

Amer. J. Math. 80 (1958), 241 - 310.

[4] H. Hilton, Plane algebraic curves, Oxford University Press, London,
Second ed., 1932.

[5] T.H. Koornwinder, The addition formula for Jacobi polynomials, II, The
Laplace type integral representatlon and the product formula,
Math. Centrum Amsterdam Afd. Toegepaste Wiskunde Rep. TW 132
(1972).

[6j , Orthogonal polynomials in two variables which are

eigenfunctions of two independent partial differential oper-
ators, I, Math. Centrum Amsterdam Afd. Toegepaste Wiskunde Rep.
TN 76 (1973), also to appear in Indag. Math.

[7] G. Loria, Spezielle algebraische und transzendente ebene Kurven, Erster

Band, Teubner, Leipzig, Zweite Auflage, 1910.
v
[8] R.L. Sapiro, The special functions connected with the representations

of the group SU(n) of class one with respect to SU(n-1)
(n23), Izv. Vyss. Ulebn. Zaved. Matematika 71 (1968), 97 - 107

(Russian).

[9] B.L. van der Waerden, Algebra, Erster Teil, Springer-Verlag, Berlin,
Siebenten Auflage, 1966.

[10JF. Zernike und H.C. Brinkman, Hyperspharische Funktionen und die in
spharischen Bereichen orthogonalen Polynome, Nederl. Akad.
Wetensch. Proc. 38(1935), 161 - 170.



