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EHRENPREIS' FUNDAMENTAL PRINCIPLE FOR NON-ENTIRE FUNCTIONS

by

J.W. de Roever

ABSTRACT

Ehrenpreis' fundamental principle deals with spaces of entire functions
and it can be applied to derive the Ehrenpreis-Martineau theorem which,
by means of Fourier transformation, establishes the isomorphism between
analytic functionals carried by bounded convex sets and entire functions
of exponential type. In this paper the fundamental principle is derived for
AU-spaces being the dual of spaces whose elements are the Fourier transforms
of non-entire functions, and it is applied to derive extensions of the
Ehrenpreis-Martineau theorem to analytic functionals carried by unbounded

convex sets, the Fourier transforms of which are non-entire functionms.

KEY WORDS & PHRASES: Fourier transformation; analytic functionals carried by
unbounded convex sets; holomorphic functions of several
complex variables; Ehrenpreis-Martineau theorem;
distributions, ultradistributions and Fourier hyper-—

functions; cohomology with bounds.






1. INTRODUCTION

For some reasons a theorem is needed that characterizes the space of
Fourier transforms of objects, such as distributions or analytic functionals,
concentrated in a given unbounded convex set Q in c" ]). When Q is bounded
and real, the Paley-Wiener-Schwartz theorem characterizes the space of
Fourier transforms of distributions with compact support as a space of
entire functions. When Q is unbounded and real, this theorem can be extend-
ed (see VLADIMIROV [14]) so that it gives the space of Fourier transforms
of tempered distributions with support in Q as a space of functions holo-
morphic in the tubular radial domain R" + i C, where the open, convex cone
C in R™ is determined by 2. When Q is bounded and complex, there is a
theorem of Pdlya for one variable and the extension to several variables
of EHRENPREIS [2] and MARTINEAU [11] which characterizes the space of
Fourier transforms of analytic functionals with carrier in @ as a space of
entire functions of exponential type. In this paper the last theorem is
extended to the case of unbounded, convex, complex sets Q. It turns out
that, here too, the space of Fourier transforms of analytic functionals
with unbounded carrier in Q consists of functions of exponential type
holomorphic in a tubular radial domain.

As in EHRENPREIS [3] the theorem for entire functions can be derived
from Ehrenpreis' fundamental principle applied to the Cauchy-Riemann
equations. These equations give rise to a multiplicity variety W of a very
simple nature and, therefore, the local and semilocal theory is much
easier than in the general case. For example, a semilocal extension of a
function on W can be obtained by a similar process as in theorem 4.4.3 of

HORMANDER [6]. In this paper the collection of semilocally defined func-

tions is extended to a non-entire global function by theorem 5.1 and together

1)

For example, writing formally the Newton interpolation series for func-
tions in several variables and taking the Fourier transform of this
series one comes to a domain of convergence which is an unbounded convex
set in C". Hence the series is valid for functions being the Fourier
transform of objects concentrated in this set, see DE ROEVER [12].



with theorem 5.2 this yields the above mentioned generalization of the
Ehrenpreis-Martineau theorem. However, for the proof of the general fun-
damental principle for non—entire functions no further work has to be done.
For, the local and semilocal theory of EHRENPREIS [3] remains unchanged,
while the extension to global results is obtained from theorems 5.1 and
5.2, which are the main theorems of this paper.

Examples of localizable spaces, i.e. spaces the fundamental principle
is valid in, are obtained as spaces of objects, such as distributions,
ultradistributions or Fourier hyperfunctions, which are the Fourier trans-
forms of analytic functionals in . These objects are given as boundary
values of certain functions f holomorphic in tubular radial domains R +1icC.
The analytic functionals are carried by  with respect to some class of
weight functions determined by the behaviour of f near the vertex of C and
with respect to some class of neighborhoods of Q. In the case of distribu-
tions or Fourier hyperfunctions these neighborhoods can be obtained to be
e-neighborhoods and in the last case this extends a result in KAWAI [7],
where a class of larger neighborhoods is considered.

As a particular case of the fundamental principle for non-entire
functions one obtaines the fundamental principle for entire functions, now
in the sense of theorem 3.1 of this paper, which is a weaker version than
the one in EHRENPREIS [3]. On the other hand less restrictive conditions
on the growth conditions are required, so that here the space E(0) with O
convex is localizable (examples 8.1 and 8.2), where in EHRENPREIS [3] it is
not; cf. remark 4.5 of [3]. The difference is that in [3] one globally
defined function is obtained that satisfies all the bounds, while here for
every bound a different global function is constructed with the aid of
Lz—estimates for 3 of HORMANDER [6]. However, the representation of a
solution in a localizable AU-space of a homogeneous system of differential
equations with constant coefficients as Fourier transforms of measures
concentrated on the zero set of the Fourier transform of the differential
operator remains valid.

Besides in the application made here theorem 5.2, which is a general-
ization of theorem 7.6.11 of HORMANDER [6], is of interest by itself.
Similarly to KOMATSU [9] this theorem together with the Ehrenpreis-

Martineau theorems for non-entire functions (theorems 7.1, 7.2, 7.3 and 7.4)



can be used to obtain resolutions of sheaves of solutions of systems of
partial differential equations with constant coefficients in the spaces of
objects being boundary values of functions of exponential type, holo-

morphic in tubular radial domains.

2. EHRENPREIS' FUNDAMENTAL PRINCIPLE

For a vector P of complex analytic polynomials EHRENPREIS [3] has
defined a multiplicity variety W (W is defined in the set where all the
components of P vanish). Let H be a space of entire functions satisfying
certain growth conditions, then Ehrenpreis' fundamental principle says
that H modulo P-ﬁ is isomorphic to the space H(W) of restrictions of entire
functions to W satisfying the same growth conditions on (Y as restrictions
to W of functions in H, provided that certain properties for the growth
conditions hold. This is also true if P is a matrix of polynomials and if
W is an associated vector multiplicity variety, but then the restriction of
an entire function to W is defined only semilocally, i.e. in a priori given
bounded sets covering ¢". When the fundamental principle is valid, the
space W of the Fourier transforms of the elements of the dual H' of H is
called localizable; here, the Fourier transformation F is an isomorphism,
thus W = FH' or, equivalently; when W is the dual of some space W',

we= . D
In some applications one rather starts with the space H(W) than with

H and the problem is to extend functions in H(WW) to functions in H. For

example, in the Ehrenpreis-Martineau theorem (see §7) W is very simple,

1) The following definition is used: when F is an isomorphism between the
spaces B and FB = A, the Fourier transform of an element f in the dual
A" of A is the element Ff of B' defined by

<Ff’1p>B = <f,F¢>A, Y € B.

By use of this definition the ambiguity mentioned on p.l14 in EHRENPREIS
[3] is avoided. Of course, as in [3] this definition corresponds to the
following action of a function f, regarded as distribution in D', to
testfunctions ¢ in D

<f,¢> = J £(x) ¢(x)dx.



but the extensions do not always agree with the formulation of the funda-
mental principle, as the following 'example shows:

let H(W) be the space of entire functions f in ¢ satisfying for every € > 0
[£(z)]| < M_ exp elz]

and let H be the space of entire functions F in 02 satisfying for every

e >0

IF(e)] < M_(1+lol Y® exp ellIm ol

where m depends on F; clearly the restriction to W = {(81,62) | = ie]} of

6
2

the growth conditions of H yield the growth conditions of H(W); however,

although W = FH' is localizable, it is not true that any function in H(W)

can be extended to a function in H; for example, the function
f(z) = é exp(izz+1/z) dz e H(W)

cannot be written as f(z) = F(z,iz) with F ¢ H, since all functions in H
are polynomials (see VLADIMIROV [14]), while f is not.

Therefore, we analyse the formulation of the fundamental principle
more precisely. An analytically uniform structure K for the space W = FH'
is a collection of continuous positive functions k on m“, such that for

each F € H and each k € K

IF(z)I// —> 0 as lzl » =

k(z)

and such that the sets

{FeH | |F(2)] <k(z), z e}
form a fundamental system of neighborhoods of zero in H. The space W is
called an analytically uniform space (AU-space), see EHRENPREIS [3] p.9
(a)&(b) or BERENSTEIN & DOSTAL [1] p.7 (1)(iii). In order that W is

localizable it is sufficient that besides the conditions [3] p.96 (a) & (b)

or [1] p.8 (iv) H satisfies the following conditions ([3] p.96 (c) or



[1] p.8 (v)): there is a family M (BAU-structure) of continuous positive
functions m on C" with for every m ¢ M and k ¢ K m(z) = 0(k(z)), such that

the bounded sets
{FeHI IF(2)] <a m(z), zeC}, a >0, me M,

define a fundamental system of bounded sets in H; moreover, the functions
k € K and m € M can be written as a product of functions ki and m, ,
respectively, in the variable zs5 i=1,...,n and these functions must
satisfy certain conditions ([3] (4.3) & (4.4) or [1] p.21 (vii) & (viii))

among others ([1] (viii)): for every € > 0 and every m = m ceem € M,

1

. * * * .
there exists m = m ...m € M, such that for each i € {1,...,n} and any

zg = x0+iy0 € C, there is an entire function ¢(z) in € for which
m, (z3) 16(2) ]

min lo(z) |
lg-z4l <e

(2.1)

< mi(z), z e C.

In this case W is called product localizable, PLAU.

In the above example there are several possible AU-structures K on H,
namely K1 consisting of all functions k(0) = k](Re 61)k2(Inx6])kl(Re 62)k2(1n162),
where k, dominates all polynomials and where kz(y) = exp elyl, € > 0, and

1

K2 consisting of all functions k(6) = kl(Re el)kl(InLel)kl(Re 92)k1(In192).

Possible BAU-structures M] belonging to Kl and M2 belonging to both K] or

K2 are: M] consisting of all functions m(6) =1n](Re 6])m2(1u19])m1(Re 62)m2(1n102),

where ml(x) = a(]+|x|)g, a >0, 2 > 0 and where mz(y) is a continuous
positive function which is dominated by every function exp el|y|, € > 0, and

M2 consisting of all functions m(0) = m](lell)m](lezl).

M] does not satisfy condition (2.1), because m, is allowed to be a

function that dominates all polynomials. Hence, if the AU-structure is

defined by K] the BAU-structure has to be M2 in order to let W be PLAU.

However, if the topology of H(W) is defined by restrictions to W of func-

1 M2 does not induce a BAU-structure on H(WW). A BAU-structure

on H(W) would be the one induced by M

tions in K

e
The fact that M is a BAU-structure on H(W) and condition (2.1) are

needed to extend a collection of semilocally defined functions satisfying



the bounds on W to a globally defined function in c” satisfying the right
bounds. Hence, if H(W) is provided with the topology induced by one of the
AU-structures K on H, one moreover has to require that the BAU-structure M
on H belonging to K and satisfying the above conditions (among others
condition (2.1)) is also a BAU-structure on H(W). This assumption is omitted
in BERENSTEIN & DOSTAL [1]. In EHRENPREIS [3] the topology of H(WW) is defined
as the one induced by all the possible AU-structures on H. The special con-
dition is satisfied then, but one has to know all the AU-structures on H.

In this paper we present the fundamental principle in a different way
using Lz—estimates for 3 of HORMANDER [6]. Then the above mentioned problems
are avoided and less restrictive conditions are required on the growth
conditions for the functions in H. Another advantage of this approach is
that it enables us to derive the principle for the space E(0), where O is
convex in Ifx while the above method only yields that E(0O) is PLAU when O
is a cube or that E(0) is LAU when O is a convex polyhedron (see [3]). As
far as the Ehrenpreis—-Martineau theorem is concerned the fact that O should
be a polyhedron is not serious, since an open convex set in R" can be
approximated arbitrarily close from the inside by polyhedra P and the
theorem follows by application of the fundamental principle to the space
E(P). However, we will derive a similar theorem for analytic functionals
carried by unbounded convex sets with respect to e-neighborhoods and such
sets cannot be approximated by polyhedra. The Fourier transforms of these
analytic functionals are no longer entire and we need the fundamental
principle for spaces H consisting of functions holomorphic in some open

pseudoconvex set  and satisfying certain growth conditions there.

3. THE FUNDAMENTAL PRINCIPLE FOR NON-ENTIRE FUNCTIONS

We assume that the growth conditions on the functions of H can be
expressed by LP-norms with respect to weight functions of the form
exp-—¢a, where'{¢a}a€A are plurisubharmonic functions in . It is stated
that the generalization to arbitrary pseudoconvex open sets  does not
consist of merely replacing c” by Q. Actually there are several possible

ways for the behaviour of a function f on Q:



Let {Qk}:=l be an increasing sequence of relatively closed subsets of

Q with union Q and letv{¢a}a€ be a decreasing net of plurisubharmonic

A
functions in Q. Denote for p = 1,2,...

(3.1) Hf"épi = [ I |f(z)|P exp—p¢a(z) dA(z)]l/p,

N

with A(z) the Lebesgue measure in ¢n, and for p = =

161 $%) = sup 1£(2)| exp-6*(2);
a,k
zefd
k
we will write "-Ha K instead of Hoﬂizi when p = 2. Then there are the
E b

following possibilities for the behaviour of f:

(1) for some o and every k = 1,2,... "f"a,k < Kk

(ii) for each o fixed and every k = 1,2,... "f"a K S K](a,k)
9

(iii) for each k fixed and every a ¢ A "fﬂa . Kz(a,k)
E

where the constants K satisfy for every k and a
K <K s K(o,k) <K (o k+1), %(mk)sgﬂaukh(fza, j=1,2

and for every k and a there is an’ak > o with

Kz(a,k) < Kz(ak,k+l).

When A is a countable set (ii) and (iii) are equal. If f is bounded with

respect to the norm

Hfﬂip) - [ j 1£(2) 1P exp-ps®(z) dr(z)7'/P
Q

for p=1,2,... or

15187 = sup 1£(2) | exp=0®(2)
zefd
for p = », we express this by saying that the sequence {Kk}:=1 in (i) or
for each a € A the sequence'{Kl(a,k)};;l in (ii) is bounded, i.e. Kk <K

for every k and a certain constant K or Kl(a,k) < K(o) for every k and



certain K(o) depending on a.

Ehrenpreis' fundamental principle deals with spaces of type (ii) where
Qk = ¢" and Kl(a,k) < K(a). However, when Q is mnot ¢” we cannot work with
spaces of functions of type (iii) and beginning with a space of functions of
type (ii) we will always end with a space of functions of type (i). There-
fore, although we are concerned with spaces of type (ii), we will change
the formulation of the fundamental principle so that our calculations are
performed in spaces of functions of type (i).

When all sets Qk are different we require that

(3.2) Vk,32 >k : Vz € Q : z' € B(z3i,1) = 2z' € @

k L?

where for 0 < § <1 and K >0

B(236,K) S5L {2' | l2'-2l <min(K,8d(z,2%)1};

here d(z,QC) denotes the distance from z to the complement of Q, i.e.
d(z,2) $8L ine Nz-z'i,
z'eQC

Moreover, there is a continuous plurisubharmonic function ¢ in © with

(3.3) 9 =z | zeq, o(z) <kl.

When the sets Qk are compact (3.3) is not a special condition on Q

(HSRMANDER [6] theorem 2.6.7.11), but we have in mind unbounded sets Qk.

For p = 1,2,...,~ let
a
H(954%)

be the Banach space of functions holomorphic in intSH( and in case

p = «® also continuous on Qk’ such that the norm (3.1) is finite and let

H [Q;¢7] = i H (2360
P ¢ Plffog p(kcb)



When p = 2 we just write H[Q;¢a].
Finally we have to make one more assumption on the space H. Since it

is not true that the neighborhood
{B(z";¢e,L) | z' e B(2;8,K)}

of z ¢ Q again is contained in a neighborhood B(z;n,M) of z for some n
and M, we consider neighborhoods of z of the form

D(z368,K) S8 (21 | 2' c 0, d(z',0°) 2 6d(2,05), lz-z'l <K},

0 <686 <1, K=0. Then

(3.4) B(z3;1-8,K) < D(z;68,K)
and

{D(z"';e,L) | 2' eD(2;8,K)} < D(z;e8,K+L).

So, if for K = 0 we write

def

S(z;K) == D(z;e”K

’K)’
then

{S(z";K) | z' € S(z3L)} < S(z;K+L).
For a plurisubharmonic function ¢ in Q and for N,M,K = 0 let

(3.5) () 2L nax(o(2') + N Tog(1+12'12) + Tog(1+d (2,25 ™ |

YN, M, K
z' € S(z;K)}.

When 9 = mn’ S(z;K) = {z' | lz-z'l <K} and $N,M,K (which does not depend

on M) again is plurisubharmonic. Like the third term in the sum occurring
in (3.5) we will meet plurisubharmonic functions { (bounded far from 32 and
tending to infinity near 3Q) that are convex functions of d(z,Qc). Then if

in (3.5) S(z;K) is replaced by {z' I z'eQ, d(z',Qc)zze—K d(z,Qc)}

wN M.K again is plurisubharmonic. Therefore, in (3.6) we will change the
3 3
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function (3.5) slightly in order to get a plurisubharmonic function.

Now we require that the net‘{¢a}a€ is such that for every N,M,K > 0

A
and every o ¢ A there is an o' 2 a, a constant A = A(a,N,M,K) and a pluri-
a

N,M,K with

subharmonic function ¢

(3.6) (z)+A, z e Q

a a -0
(z) < (z) <
Iy (B) = oy k(2 < Oy vk

and such that for every N = 0

def . o . o
o7 H =—= H[Q; = H [Q;
3.7) Proj p[ 361 = proj pE 391
a not o .
where ¢N ====¢N N.N° Remark that for the above mentioned iy we may take
34y

o in (3.6) such that for

a' = a in (3.6). Furthermore, we may choose ¢
N,M,K

every N > 0 and M 2 0

(3.8) (43, < A

< %+
N'M N+M
for some constant A depending on a, N and M.
Conditions (3.2) and (3.7) imply that H is independent of
pe {1,2,...0} (see WLOKA [16]) and that moreover, when p = », for f ¢ H,

o € A and every k

(3.9) |£(z) lexp=¢"(2) >0 as z >3 or Izl > =ingQ.
When 2 = ¢ condition (3.7) is just condition (b) p.196 in EHRENPREIS [3]
or (iv) p.8 in BERENSTEIN & DOSTAL [1].

Let P be a pxq-matrix with polynomial entries and let W be an
associated vector multiplicity. The fundamental principle for non—entire

functions proved in this paper says that the map p

P
HLQ;9"]
.1—9—+ pr%é H[an;¢a]

(3.10) pro'{ P
a€£ l_ H[Q;¢a] n P-H[Q;d’a]qj (613

is an isomorphism. Here p is defined only semilocally if p > 1.
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Less conditions are required, if we deal with the spaces

L72=1
sequence of open pseudoconvex sets w1th intersection @ and where {¢ }

H = prag H Qe * or H = 1nd prag H (QQ,¢ ), where {Q 1 is a decreasing

oechA

are plurisubharmonic functions in In fact, in the first case we only

z
require that

(3.11) H EEE prﬂe H (Q:¢ ) = pr%e H (s ¢N)

for every N = 0 and in the second case we require that

(3.12) H d; ind pré H (antb ) = ind proj H (Qz,¢>;),
f>o e >0 €A

where ¢; is defined by (3.5) and (3.6) with Q replaced by Q], and that

(3.13) V2,3k>2,36>0 : Vz e @ : lz'-zl < min[l,éd(z,Q(;)] =z' Q.
Also here the spaces (3.11) and (3.12) are independent of p € {1,2,...,%}.

Now the fundamental principle says that p is an isomorphism between

H(Q ¢ ) 1
(3.14) pPIr I-———+ prOJ H(an ) )
et H@s ™' n 2-H(@2;0%)

and

H(Q 3¢ )
q}__p_) ind pr A1 H(SZ nw ) )
H(R,3¢ “ 0 H(23¢") e e

(3.15) 1nd prag
That p in (3.15) is an isomorphism follows from (3.12) and (3.13) and the
fact that p in (3.14) is an isomorphism. So we will prove that (3.10) and

(3.14) are isomorphisms and we obtain the following theorem.

THEOREM 3.1 (Fundamental principle). Let W be a locally convex space which
18 the strong dual of some locally convex space W' such that H = FW' <s
a locally convex space of holomorphic functions in some open pseudoconver

set Q whose growth is determined by exp 0", where {¢Q}QEA are plurisub-
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harmonic functions in Q. Here the Fourier transformation F is an isomor—
phism. If H satisfies (3.11), then W is localizable, Z.e. the map p in
(3.14) Zs an Zsomorphism or, if Q satisfies (3.2) and (3.3) and Zf H
satisfies (3.7), then the map p in (3.10) Zs an isomorphism. When H consists
of holomorphic functions in open pseudoconvex neighborhoods Q, of the open
or closed set @ satisfying (3.13), then the map p in (3.15) <8 an isomor—
phism, if H satisfies (3.12).

We remark that (3.10), (3.14) and (3.15) is a weaker version of the
fundamental principle than in EHRENPREIS [3], where p acts on a space of

the form

, p
Pro] H(C";0%) .
ae p 'Praé H(mn;¢a)
o€

However, the representation (theorem 7.1 [3] or (9) p.93 [1]) of a solution
T in W of a system of homogeneous differential equations f(D)T =0,
P = (Pl""’Pq)’ Pi polynomials, remains valid; namely, T can be written

symbolically as

(3.16) T(x) =

I ~1R

J [Bj exp iz-x]exp-¢a(z) duj(z),
1

1
anQk

when H is given by (3.7), for some ¢a’ some k and some totally bounded
n Vi@ n {z | P](z)=...=Pq(z)=0},
= Q in (3.16). Similarly, when H is

measures uj on the algebraic variety Qk

or when H is given by (3.11) we set Q
given by (3.12), (3.16) becomes

k

o~

T(x) = J [Bj exp iz-x]exp-¢a(z) duﬁ(z)
=y he
] 2

for every ¢ = 1,2,... . Here Vj and the differential operators aj in z
are determined by B. Indeed (cf. BERENSTEIN & DOSTAL [1]), let T € W be a
solution of f(D)T = 0 and let f € H be such that for all a € A

(3.17) £(z) = B(z) « g2(2)
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q q
for some ga e H[Q; ¢a] R Ea e H(Q; ¢a) or E € H(SZ2 ,¢ ) , for some 20
respectlvely. Then F_ T belongs to some space H[Q; ¢N 0, 0]' H(Q; ¢N 0, 0) or

every H(Q ’¢N 0, 0), =1,2,..., where N is suff1c1ent1y large. If in the
last case ay denotes alO’ then
a a
Fl1,8(2)> = <Fl1,3(2) -8 Q(2)> = <1,B(-D)-F 13 O =
- Son,F'3 % - 0.

Conversely, any T ¢ W with <F_1T,f(z)> = 0 for f satisfying (3.17) satisfies
By, F g = 0

for all functions E belonging to a certain H[Q;¢a0]q, H(Q;¢ao)q or

H(QQO;¢ao)q, hence ?(D)T = 0 in W. The representation (3.16) follows from

the isomorphism (3.10) and property (3.9), while the isomorphisms (3.14)

and (3.15) yield the other cases. A similar representation holds for a

vector solution T when P is a pxq-matrix (see EHRENPREIS [3] theorem 7.3).
The space H[Q;¢a]' arising here can be represented as follows:

as a projective limit of Hilbert spaces H[Q;¢a] is an FS*-space (see

KOMATSU [8]), therefore, it is reflexive and its strong dual equals

ind H(2, 36",

koo
where ﬁ(nk;¢a) is the closure of H[Q;¢a] in the norm (3.1) for p = 2; hence
bounded sets in H[Q;¢a]' are contained in some ﬁ(Qk;¢a)'.

In the above we assumed that the Fourier transformation F is an
isomorphism between H' and W. So, at least the set of functions in z
{eiz.C}Ceo, where 7 ranges in some set O ¢ Cn, must be contained in H and,
moreover, since F is injective from H' onto W this set should be dense
in H. The space W then consists of objects (such as functions or distri-
butions) in O. The set O is convex, since exp iz-c1 € Hw[9;¢a] or
L, € Hm[9;¢a] or Hm(9;¢a) imply exp iz-(tg +(I-t)z,)
€ Hm[Q;¢a] or Hm(Q;¢a), respectively, 0 < t < 1. On the other hand, if

Hm(Q;¢a) and exp iz

one starts with an AU-space W, which is the dual of W' of objects on O,



14

then the set {elz.c} of functions in g should be dense in W, since also

zefl
F is an isomorphism between W' and H. From this it follows that in such

cases  1is convex too. However, nor this condition, nor the the fact that
{elz.C}C€o is dense in H are used to derive the fundamental principle, as

they are only needed when Fourier transformation comes in.

4, SEMILOCAL THEORY
P . . (1)
Let U = {Ui}i=l be a special open covering of Q and let U be a
special open shrinking of U. Then the proof in EHRENPREIS [3] shows that
any function f in prgé H[an,¢a] or praé H(an,¢a) can be extended to a
ae ae
collection of functions ¢y holomorphic in Ui and satisfying good bounds.
Let Cp[U,F,¢a] be the set of all alternating p-cochains c of the
covering U with values in the sheaf F that satisfy for every k
1
f 2 a 2
J "cs(z)" exp — 2¢ (z) dr(z) < o,

ank

(4.1) tel | = [|S|= .
PPy

where 1£(z)12 = Ifl(z)12+...+|fq(z)|2 if £= (£,

A(Q) denotes the set of holomorphic functions in Q. The coverings U and

4D

..,fq) € A(USan)q; here

have to satisfy certain properties listed in §6 in order that the
estimates for cochains can be carried over to globally defined functions
and conversely.

Let A be the sheaf in Q of germs of holomorphic functions and let
F be the image under P of the sheaf AY: F = p-AY, a subsheaf of AP. Let
CS[U,AP,¢;P] be the set of cochains c € CS[U,AP,¢] with

sc e ¢S, .

In EHRENPREIS [3] it is shown that the restriction map 5L is an

isomorphism onto:
0 o 5L
proj CLU,A”,¢";P] N
ae
proj Co[U,Ap,¢a;P] n Peproj CO[U(I),Aq,¢a]
aeA aeA
ﬁL . > a
—~——> proj H[QnW;¢ 1.
acA
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Indeed, a function f in praé H[an;¢a] is extended to a collection of func—
Qe

tions {ci}:= with s holomorphic in Ui' Firstly, for each i f is extended

to a finite éollection of functions holomorphic in finitely many very small
sets covering Uss whose difference on the overlaps are sections in F. Then
one has to apply a piecing together process of this collection of functions
to one function cs in Ui' As is remarked in EHRENPREIS [3], this process
follows the same lines as the proof of the similar statements for the map A
we will define and even it is more simple, because Ui is a bounded set, so
that no convergence factors such as ¢ arising in condition (2.1) are needed.
We have not assumed this condition, so that the proof of EHRENPREIS [3] is
valid here too. Of course, one can also follow the piecing together process
we perform in section 6.

In fact, each set Ui is covered in such a way that the bounds for c;
depend on the bounds for f on Vi n w, where Vi is the enlargement by a
factor 2 of Ui the center zs kept fixed. Then the minimal size of the sets
that cover U is proportional to a power of (1+Ilzil|)_1 and to a power of
the size Si of Ui' Also the maximal number of sets covering Ui is propor-
tional to a power of 1+HziH and of B;l. However, these powers do not
depend on i, see EHRENPREIS [3] chapter III. It follows from our piecing

together process that c; satisfies for some N and K independent of i

N

, e’ 4

[ J le. ()1 dA(z)] < K(————i——> sup  If(2)l.
i B. o>
4. 1 zeVinw

i
Furthermore, the sets Ui will be such that they have a fixed size if they
are far enough from 32 or that the size is proportional to di’ where di is

the distance from Ui to 3Q. Therefore, for every a ¢ A and some N

1
2 ]
[ J Ilci(z)ll2 exp-2¢§(z) dA(z)] < K sup IE(2)I exp-—¢a (z),
zeV,. nlY
U. 1
i

where o' is determined by (3.6). Since the sets Ui can be chosen so that
every z € Q is contained in not more than L different sets Vi and since Vi
is contained in QZ if Ui n Qk # @ for some £ > k, in virtue of (3.7) for

every k and o € A we get
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< LK supa_"f(z)" exp-¢a'(z).

(4.2) el
o zeﬂznw

>k

U(I), shows that

5L is injective, see EHRENPREIS [3]. Finally (4.2) implies that (5L)—] is

A similar procedure, now with respect to the covering

continuous.
However, if we use the following isomorphism, the proofs in the sequel

will be considerably facilitated, while the final statements do not change:

proj ¢ LU,AP,¢%P] -
A
e proj cOrU,AP,s%;P] N Ppro] Oru(h) |49, 4%
oeA (13

_— Pr?{co[u(l),Ap’¢a;P] } °
e OruD, AP 4%;p7a e, A%

This map is surjective and has continuous inverse (here each U. ¢ U is
covered by finitely many sets from U(l), the number and size dzpending only
on the size of Ui) and that it is injective can be seen as follows: any

c € praé CO[U,AP,¢Q;P] that can be written as ¢ = Peg with g ¢ CO(U(I),Aq)

vanishes on @ n W, because also U

~

is a covering of Q, so that, since
is injective, it can be written as ¢ = P-°g with g ¢ gﬁgg Co[U(]),Aq,¢a].
Similarly, it follows that Co[U(]),Ap,¢a;P] n P-CO(U(1>,Aq) is a closed
subspace of Co[U(l),Ap,¢a;P].

. . . L
As above, there 1s an isomorphism p

L
pr33{00<U“),AP,¢“;i;/// Jo proj neanllse®,
o
o W, AP, 6%p) ne-cPu,A%) €

where CO(U(I),AP,¢a;P) is the space of those ¢ € Co[U(l),Ap,¢a;P] with the
norms (4.1) bounded by a constant independent of k, i.e. instead of (4.1)

we have
1

"c"a = [g J ﬂcs(z)ll2 exp-—2¢a(z) d)\(z).|2 < o,

U
s
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5. PASSAGE FROM SEMILOCAL TO GLOBAL RESULTS

The main problem of this paper is to extend the semilocally defined
functions to a globally defined function, i.e. to show that there is an

isomorphism A:

(5.1) proj{H[Q;¢a]p 1 A
oA ap o qf
H[Q3¢ 15 nP-H[Q;¢ ]

._)\_> pro'{Co[U(]),Ap,dSa;P] 1
ae
CO[U(]),AP,¢Q;P]fﬁP-CO(U(l),Aq)

when H satisfies (3.7) and  (3.2) and (3.3). A similar isomorphism A
exists for arbitrary pseudoconvex open sets 2 and for H given by (3.11).

We decompose the map A into continuous restriction maps Aa and we will show
that for each o there is an a' > o and a kind of continuous inverse Hy ot

3
such that the following diagram is commutative:

‘ 1
H[Q;¢a']p a,a’ H[QWGJV
| urase® 1P 0 poHCR; 0% H(R;6% 1P 0 PeHIR;6" 1%

)\0.'
/ a,a
> I ' /
%, CO[UO),AP, (bu; P] /

0-,M 4p ,a'
cLU“,A% ¢ ;P]
A[U(]),Ap,tba';ﬂ ne-cou®, A% /Ou®, 4%, %p7 0 poctu 0,9

where the maps I and I' are the identity maps. The map My o is defined
9

with the aid of the following theorem.

THEOREM 5.1. Let the pseudoconvex open set Q@ satisfy (3.2) and (3.3), let

the covering U(]) be given as in section 6.1 and let ¢* be a plurisubharmonic
function on Q. Then there is a K > 0 and positive constants N and M depend-
ing on the matrix P with polynomial entries, such that for each sequence
{Kk};=l there 1s a sequence {Mk}:=l so that for every h ¢ CO[U(]{AR¢Q;P]
with "h"a,k < K there is a function v e AP and a g € CO(U(I),Aq) with
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OO
S

and with

1
2

[ j llv(z)ﬂ2 exp-—2¢; M K(z) dA(z)] < Mk’ k=1,2,.000 ,

"

where the plurisubharmonic function ¢; M.K 18 determined by (3.5) and (3.6).
when b e <UD AP 0%P), die. (R}, is bounded, (3.2) and (3.3) need not
be satisfied and {Mk}:=l 18 bounded too.

Choose N, M and K larger than the constants N, M and K of theorem 5.1

and also larger than N, M and K of the next theorem. With these N, M and K

U.'

o
let for each @ ¢ A o' > o be such that ¢ < ¢ +A% for some constant A%

' N,M,K ~
then for h € Co[U(l),AP,¢a ;P] define
(5.2) ua’a.(h) =v

by theorem 5.1 with a replaced by a'. It follows that My o is continuous,
]

because the space between the braces on the right hand side of (5.1) is

bornologic. That (5.2) is a good definition follows from the following

theoren.

THEOREM 5.2. Let the pseudoconvex open set Q satisfy (3.2) and (3.3) and let
0% be a plurisubharmonic function on Q. There are positive N and M (depend-
ing on the matrix P with polynomial entries) and K, such that for each

© . o .G.p :
sequence {Kk}k=l there is a sequence {Mk}k=1 so that every f e H[Q;¢ 1 with

£l K, which can locally be written as f = Pog, g € A(w)q, w cc Q,

<
o,k

Q = Uw, can be written as £ = P-v for some v ¢ H[Q,¢B]q, where ¢S = ¢; M. K
3 9
with
N,M,K def - .
“V"a,k —_— "V"B,k < Mk R k=1,2,... 3
here the plurisubharmonic function ¢; MK 18 determined by (3.5) and (3.6).
s++s

Moreover, when h ¢ H(Q;¢a)p, {Kk}:=1 18 bounded, (3.2) and (3.3) need not
be satisfied and M}, is bounded, i.e. v ¢ H(2;6™).
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Furthermore, that I s S U s © X 4, follows from theorem 5.1 and
a,Q a,0 a

theorem 5.2 and that I&,a' = Aa Oua,a' follows from theorem 5.1. Hence,
the diagram is commutative, so that the maps {Aa}aeA define the map A and
the maps My, Ja define the inverse A_l.

In the next section we will give the covering U( ) and we will prove
theorems 5.1 and 5.2.

In Ehrenpreis' formulation a function on W satisfying all the bounds
is extended to one global function satisfying all the bounds at the same
time. Here, there is no problem in the semilocal extension, but the passage
from semilocally defined functions satisfying all the bounds to globally
defined functions yields different global functions for the different bounds.
Ehrenpreis requires more conditions and in fact, his result is too strong,

as the weaker fundamental principle, formulated here, satisfies quite as

well.

6. PROOFS OF THEOREMS 5.1 and 5.2.

6.1. Covernings

u® = wMs,

We construct open coverings A=0,1,2,... of the

ieIy?
pseudoconvex open set Q@ that satisfy the follow1ng properties:
6.1) (i) every uM )

(i1) there is a positive integer L such that more than L distinct

is pseudoconvex and U cc Q3

. A . .
sets in U( ) have empty intersection;

)

(1ii) the size of U satisfies

diam U( ) < min[b4_)‘di,B4_>\],

where di is the distance from ng) to 9, and ng) contains

ey

a cube whose side for any z € Ui satisfies

side > min[a4 d(z,0%), A4 1,

for some constants a < b and A < B;

(iv) for each u U(U+]) is a refinement of U(U) and, moreover,

(u) (u)

=X, . .
each U1 enlarged 2" "times with respect to some
(u)

(D

center in U is contained in some U for every
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A=0,1,...,u~1; denote the map p between Iu and IA with
p(i) = j; by oy,

(v) there are positive integers L y depending on A and p (u>2)

A,

such that for each j € IA there are at most LA I indices
3

ik € Iu with pk,u(ik) =3, kﬁ=l,2,...,LA’u.

(o]

When Q = kg Qk satisfies (3.2) it follows from property

(ii1i) that
S

(vi) every set in

where 2 = 2(k) > k depends on k.

that intersects Qk is contained in some QQ,

The essential idea for the construction of U(O) has already been used
by WHITNEY in [15], which can be found in HORMANDER [5] too.

Divide €" into a collection of closed cubes with side 1 (such that
the vertices form a rectangular lattice), select those cubes in Q whose
distances to 2° are larger than the length v2n of their diagonal and call
this collection UO. Divide the remaining cubes into a collection of cubes
of side }, select those cubes in Q whose distances to Q€ are larger than

1V/2n and call this collection Ul. Generally, when the collections

UO’UI""’uk-l have been defined let Uk consist of those closed cubes with
side i that are not contained in the union of the cubes of Egéuz, but that

are contained in ? and whose distances to Q¢ are larger than v2n/2 . Then
' = 1] ~ s . .
UO kQO Uk covers  and a cube in Uk can intersect cubes of Ug only if

2 = k-1, k or k+1, Hence Ué satisfies property (ii) (with L = 22n) and

property (iii) (with A = 0, A= 1, B = V2n, a = 1/(4/2n) and b = 1).
]
0
interior of Ui with a factor 3/2, the center kept fixed. Finally, define

Define a map a on Ué by mapping Ui € U! to the enlargement of the

i =an, Ui e U'l.

0

It is still true that Uio) n U§O) # @ if and only if a_lUio) n a-lUgo) # 0.
Hence, the open covering U(O) of Q satisfies properties (i), (ii) (with
L= 22“) and (iii) (with A = 3/2, B = V/2n3/2, a = 1/(3/2n) and b = 2)
for » = 0.

Now let U(O)

UP™D) be defined with the properties (i), (ii), (iii),

u(u) (w)

i

g oo oy

(iv) and (v) satisfied and let each consist of open cubes U , such
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()

i

Define Ui as the collection of all the closed cubes obtained by dividing
¥

each cube in U)\_l into 42n closed cubes. Then define

that the collection UL of the closed cubes a—]U covers Q, u=0,1,...,A-1,

M) oy () RNN— '
u = {u; | U;" = aly, Ul e UA}'

Tt is clear that U satisfies properties (i), (ii) and (iii) and it
satisfies (iv), since 2 times a cube ng) € U(A)
U§A_l) € U(A_]), when a_lng) is one of the 42n cubes u_lng—l) had been

divided in. Hence (v) is satisfied with LA = 42n’ so that L =

_ 42myumh sA-1 Xsu

is contained in the cube

6.2. Some Lemmas
The following lemma is an extension of theorem 4.4.2 in HORMANDER [6].

LEMMA 6.1, Let Q be an open pseudoconvex set, Llet {Qk};=l be an increasing
sequence of subsets of Q satisfying (3.3) and let ¢ be a plurisubharmonic
function on Q. For any sequence {Kk}k=1 there 1s a sequence {Mk}k=] such
that for every (0,q+1)=form g with locally square integrable coefficients
and with 3g = 0 there is a (0,q)—form u in Q with locally square integrable

coefficients, so that du = g and for every k = 1,2,...

J lu(z)12 &2 =20(2) 4y )y o M,

g (141 21%)2
K

provided that for each k

J llg(z)ll2 exp - 2¢(z) dr(z) < Kﬁ.

"

In the above formulation theorem 4.4.2 in HORMANDER [6] says that
{Mk}k=1 is bounded when {Kk}k=] is bounded, while (3.3) need not be
satisfied (in fact, if Kk = K, then Mk =K for k = 1,2,...).
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PROOF. Let x be a convex majorant of the nonnegative function ¥

0 for t < 1
x(t) = {

max[0, 10g(2k+] K§+1)] for k < t < k+l, k=1,2,...
Then {(z) ggi x(0o(z)) =2 0 is plurisubharmonic in 2, so that we may apply
theorem 4.4.2 in HORMANDER [6] in the domain © with the plurisubharmonic

function 2¢+2y. This yields a (0,q)-form u in Q with du = g and with for
each k

J lu(z)l 2 X2 =20(2) 45,y <

3.2
i (1+1z1%)
< G2x() [ lu(z)l 2 exp(=2¢(z)=2y(z)) dr(z) <
(1+1 2122
L
< 2x() f lu(z)l? ExR2002)=20(2)) 4 () <
(1+1z1%)?
Q
< e2x(k) <

f lg(z)1? exp(-26(2)-20(z)) dr(z)
Q

8

< 2x(K) { J . J } lg(z)12 exp(~26(2)-20(z)) dh(z) <
gm0\
m
< o2x(K) {Ki . 1/2“*’} - o 2x(K) {Ki N ]/Zm}
2=m

for arbitrary m ¢ {1,2,...}. So we may take Mk = eX(k) K?+1/2. O

It also follows that, if { }w_ is a sequence converging in every
&n'n=1 ging

o . .
norm Il .l. to zero, {un}n_ converges in every norm to zero. This follows

k 1
from the continuity of a bounded map from a bornological space (here a
Fréchet space) into another locally convex space, too.
The following lemma is an extension of proposition 7.6.1 in HORMANDER

[6]. The proof follows the same lines, only here one has to look more



23

carefully to the estimates near the boundary of Q.

LEMMA 6.2. For each sequence {Kk}z_] there 1s a sequence {Mk}:_ such that
— oo (V) , a X KT . =1
every cocykel c e CFLU7,A,¢ 71, p = 1, with "C"a < can be written as

k ~ Kk
= 8ot ' p=1-,(}) By .. vy not y.vyN,M,0
c = 8c' for some c' € C° [UV7,A, 0" ] with lc “B,k — I "a:k’ <M for
every k, when

65(2) = oy y o(®) = 6%(2) +N Tog(1+121%) + log(1+d (2,09 ™),

where N = M = min[p,n] and when the pseudoconvex open set Q = k§15%£satis—
fies (3.2) and (3.3). Moreover, when'{Kk}:=] is bounded, (3.2) and (3.3)

need not be satisfied and {Mk}:=l 18 bounded.

PROOF. Let Lq be the sheaf of germs of (0,q)-forms with locally square
integrable coefficients and let Zq be the subsheaf of 3-closed forms of
type (0,q). A section c ¢ F(Q,ZO) is a holomorphic function c¢ € A(Q). For
c e Cp[U(x),Z ,¢a] with 8c = 0 and Hc“a . Kk we want to find a

c' € Cp_l[U(A),Zq,¢6] such that Sc' = c’and "c'llB K S Mk’ when q = 0.
Assume that this has already been proved for smalier values of p and all gq,
when p > 1, N =M = p and when {Mk}:=] depends moreover on p.

We construct a partition {¢i} of unity subordinate to the covering

ieIA

U(A) of @ satisfying for some constant C
- 2 C2
(6.2) H3V¢i(z)ﬂ < ~5 >
min[1,d(z,0 )]
where

130 (z)12 =
]

ho~—pB

12702, o(2)]%.
| j

For example, let x be a nonnegative ¢ -function on €" :m?“' equal to | in

the closed cube with center O and sides 1 and with its support contained in
the open concentric cube with sides 3/2. Let the length of the side of

UEA) € U(A) be 3/28i and let the center of Uix) be Z:s then define

Z_Zi
xi(Z) = x( 7 )

1

and let
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2
xi(Z)

x-(Z)2
A

d)i(z) =

jel
By property (6.1)(ii) for each z not more than L terms in the denominator
differ from zero and since Ui covers § at least one term equals 1. Hence,
(6.2) follows from this and from property (6.1)(iii). Furthermore, ¢i has

)

its support contained in U

i'
For s ¢ Ii we set
gm0 e
iel

A

when ¢ € Cp[U(A),Zq,¢a]. Using zi.¢i= 1, by computing we find 8g = c,
if 8¢ = 0. Furthermore, writing ¢i = V¢i /E; and again using zi ¢i =1

for any function ¢ we find

"gs(z)llz exp - 20(z) di(z) 22t ||gs||$ i

\)
US an

¢i(z) "cis(z)"2 exp - 2y (z) dr(z) <

IN
:.
— [
—_—

Us an
2
< 7 N, 1%,
ieIA s 4,k

By summing up for each k we get

6.3 Igl < lel

.3 Bl = "k

for ¥ such that the right hand side is finite, hence g ¢ Cp~1[U(A),Lq,w].
Let dg = f be defined by

=— = 5 =2 5 %
£ ags 13; a¢i N Cis 13; /EEYBVEEU\Cis)’ s € IA :
A A
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This yields

ieIA o,k

1
2 2
g 19:1,0 2{ ) (ua/_'Ac 191 0)}
S a,k

and by summing up, in virtue of (6.2) for every k we find

1en 0150  ocnel

a,k a,k s 2€ Kk’

p-1p,(0)
so that f ¢ C [u Zq+l’¢0 1 0]

Now5f=§sg 3c = 0. pr>1

by the inductive hypothesis (note,
that ¢

N,M,0 is plurisubharmonic because 2 is pseudoconvex) there is a
cochain f' e cP7 2[U(A) Z ]’¢a

P 0] with 8f' = f and with for every k
5

"f|"P ]sps

<Moo

1 (e o)
where the sequence {Mk}k i depends on {2C Kk}k .2 hence on {Kk}k=l' By

lemma 6.1 second part (theorem 4.4.2 of HORMANDER [6]) and by property
(6.1)(1) for every s € Ip—l

there is a (g') € F(U(A),L ) so that
_ (x) A s s q
a(g')S = (f') in Ug

,0 ' -1,p,0
I(g") IP°P27 < e P70

a a

By summing up and by property (6.1)(vi) we get

1 PsP50 | % 1,p,0 v
g “a,k < gl o, 2. (k) < Ml(k) s
p-2-,(})
so that ct LU,z 1.
8" « q’¢p,p,0
Finally, set c' = g-8g', then for every k = 1,2,... (6.3), property
(6.1)(i1) and the above estimate yield
1 PsP>0 I "P,P’O T=or1 |l vuP:P,O
e "a,k < e ok + p/L-p+l g Tk <

s&+pm?rw def

p(k) — My

BIBLIOTHEEK MATHEMATISCH CEnreos s

CARARTERD AN e -
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Furthermore, Sc' = 8g = c and 3c' = £f-83g' = £-8f' = f-f = 0, hence
p=1.,(})
c' C u=’,2 1.
< [ q’¢’p,p,0
It remains to consider the case p = 1. The fact that 8f = 0 then
means that f defines uniquely a (0,q+1)-form f in Q with 3f = O. By lemma
6.1 there is a § € T'(Q,L ) with ag f and a sequence {Mk} depending on

{2¢C Kk}k i with

k=1

J Iz (z)1 2 5P 2¢(2) — d\(2) < M;(z, K= 1,2,.0. .
g (1412l 5) " (1+d(z,27) )
k
Setting (c')i =8 - g|U(A) we obtain a cochain with the required properties
1
(using property (6.1)(ii) in the estimate for the cochain {gl A)}- ).
U£ 1ely

In fact, there are not more than n induction steps, because
all (0,n)-forms g satisfy 3g = 0. Therefore, the estimates hold already
when p is replaced by min[p,n] and the sequence {Mk}:=1 may be taken
independent of p.

The second part follows from the second part of lemma 6.1 in case

The next lemma is Cartan's theorem B with bounds, it is an extension
of theorem 7.6.10 in HORMANDER [6]. Let F be either the sheaf of relations
of P on Q, thus F = Rp or the image under P of the sheaf Aq, thus F = pAY,

LEMMA 6.3. There is a K > 0, for all polynomial matrices P there are
positive N and M, for all nonnegative integers X there is a u > A (depend-
ing moreover on P) and for each sequence {Kk}E=] a sequence {Mk}:=l
(depending moreover on X\ and P), such that every cocykel

f e CPEU(A),F,¢QJ, p =1, with "f" Kk can be written as Sf' =
(Z.e. (8f')g = £ with s' = (s) fbr s € Ip ) for some

£' ¢ cP” l[u(u) F, +83 with Hf'" iy oL g K < M when the pseudoconvex

B, k= o,k

open set Q = kU1 2 satisfies (3.2) and (3.3) and when ¢ = ¢N,M,K

the plurisubharmonic function given by (3.5) and (3.6), where

*
f
29

0% 75 a plurisubharmonic function in Q. Moreover, when {Kk}:;__1 18 bounded,
(3.2) and (3.3) need not be satisfied and {Mk}:=1 s bounded.

PROOF. In HORMANDER [6] proposition 7.6.5 it is shown that for each

pxgq-matrix P with polynomial entries there are a number 0 < § < 1 and
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constants C, N and N' such that, when S denotes the unit cube (actually in

HORMANDER [6] the unit ball is used, but this only changes the constants),

for every 0 < € < 3/2 and for every u ¢ A(S+z/e)q there is a v ¢ A(cSS+z/e)q
with

P(ew)v(w) = P(ew)u(w), w e 85+z/e,

and with N
-N' N
sup lv(w)l < cCe (1+lz/el) sup  IP(ew)u@w)l.

we8S+z/¢e weS+z/¢
Actually this is formula (7.6.5) of HORMANDER [6] and it follows from the
proof given there, that the constants §, C, N' and N can be taken indepen-

N

dent of €, if we write Ce N in the above estimate. Therefore, by shrinking
the variable w with a factor ¢, we find again constants C, t>1, M and N

such that for 0 < n < 3/2t_] and for every u ¢ A(tnS+z)q there is a
v € A(nS+z)q with

Pw)v(w) = P(w)u(w), W e nS+z
and with - -
sup lv(w)l < Cn_M(1+ﬂz||)N sug IP(w)u@w)ll,
wenS+z wetnS+z

c u(U),

Now we change this estimate into one with Lz—norms. Let Vi
choose v > p so that 2 " > t+] and let Uj € U(V) be such that pu’v(j) =1,
We write Uj with center zj and sides nj as U, = an+z.. Since
a']Uj c OL']V:.L we have tUj = tan~Fz. c {z | lz-z"l s%diama-]Vi+diamUj} for
any z' € Uj and by property (6.1)(iii) tUj c {z | lz=z"l <
< (%u+]+£v)min[bd(z',QC),B]}. Therefore, in view of (3.4), b = 2, B = V20 3/2,

u >0 and v > 2 we take K = max[log 8/3, 15/32 v2n] obtaining

tUj c{z | ze S(z';ﬁ)}, z' € Uj'
Also, for z ¢ (t+1)Uj there is a z' ¢ tUj with lz=z'll < diamUj, hence
similarly to above
S(z';ﬁ)

etU.

(t+l)Uj < y J

with K = max[log 8/7, 3/32 V2n']. Now for a plurisubharmonic function ¢B,
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for N1 = N/2 + (n+1) /4, M, = M+n and K] = K+K define the plurisubharmonic

function ¢§1 MK, by (3.5) and (3.6). In virtue of WLOKA [16] conditions
H 2

HS1 and HSZ’ property (6.1)(iii) and (3.8) we get

1
[ f"v(w)"z exp—chfI ) cn(w)]2 <
1Mk

Y
W M+n

n.

J - E o~
= Cl( 2 ) wel, Iv@nl exp = oy/), 0,7k ™) <

(6.4) 5
1+l z .1
< C.( J 1P (w)u(w) -of ) <
< ¢, un sup T ) sup w)u(w)l exp ¢0 0. w) <
wean+z wath.S+zj >ve

IA
Nl

f
C3(u)[J HP(w)u(w)H2 exp-2¢8(w) dA(w)] R
V.
i
where in condition HS2 (see WLOKA [16]) the radius dz of the polydisc

D(z,dz) is taken dz = nj for every z ¢ tan-sz, so that the constant there

depends on n;n and where
w | weD(z,n.), zetn.S+z.} c (t+1)n.S+z. c V..
{ I € D( ,HJ), € nJ i ( )T\J i i

Conversely to the last lemma this lemma is proved by induction for
decreasing p, since the lemma is true for p 2 L (see property (6.1)(ii)),
because there are no non-zero cochains f ¢ CL[U(A),F,¢a]. Thus assume that
the lemma has been proved for all matrices P, when p is replaced by p+l
and when the constants K, M, N, u and {Mk}:=l depend moreover on p.

In case F = RP there is a polynomial matrix Q, such that F = QA" in
virtue of lemma 7.6.3 in HORMANDER [6] and we can write f e Cp[U(U),F,¢B] as

fS = Qgs where g ¢ CP(U(“),Ar). Here ¢B denotes ¢$, n for some m',

13 T
,m" ,m
m" and m'"", In case F = PAY we write Q=Pand r = q, then also f = Qg

with g € Cp(U(p),Ar). Let v > u+210g(t+1)° From (6.4) we obtain a cochain
g e Cp[U(v),Ar,¢SI,M],K1] with Qgs = Qgs, = fs' where s' = pu v(s), hence

* N . ?
pu,vf = Qg and with
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N MI,K
g I

Since (3.2) holds property (6.1)(vi) is satisfied and it follows from this
property and from property (6.1)(v) that for every k there is an 2(k) > k
with

N M. ,K not

. 1’ p+1 )

When 8f = 0, 6QF = Q8§
p+lo (V) B
C [u ’RQ’¢N],M],K]]'
By the inductive hypothesis we can find p' > v, N' > Nl’ M' > MI’
K' > K;, a sequence {Mk} belonging to {(p+2)¢L—p—l Ki}§=l and a cochain

0, whence 8§ = ¢ is a cocykel in

1 ] 7
c' € Cp[l,l(Lj ) RQ’¢S' M, K’] with 8c' = p 11,c and Hc'Hg,EM ,K' < Mﬂ.

We set go = p ,g - ¢ ecPrutu") A ¢N' M, K'] so that 6g0
= p* ® c—p* " = 0 Accordlng to lemma 6.2 there is a sequence {Mk}

’ ’

p+l
belong;n% t?u{gL . ) Kk+Mk}k . and a cochain Nz’Mz X'
1 r "
g' e C° [U ,A ’¢N2 Mo, k'] with &g’ = g, and lg' IB K < M for some
N, > N" and M, > M'.
2 2 p=1p,(u")

Finally define f' = Qg' ¢ C cu »Fs ¢N2+N3 My, x'l, where N3 depends
on Q. Then 6f' = Qég' = ng = v “,Qg = p ,p vf = pu’u,f Furthermore,
for every k ‘

1 1
TIPS S 4
- "B,k = cllghly : M+
Here {Mk}:= depends on Q, p, v, n', p and {Kk}k 1 but v depends on u and
P (since t depends on P) and u' on v; N3 depends on Q; N2 and M2 depend

on p by the inductive hypothesis and on P, since the constants N and M
depend on P; Q depends on P; C' depends on Q; K' depends on the number of
. . . P 1@ m',m",m""
induction steps and finally {Kk}k= depends on P and on {l£l o, 1 (k) }k=]'
However, there are only finitely many induction steps, so that we can take
the largest of all the constants. We start the induction with p = L, u = A,
m' = m" = m'" = 0. Therefore, the lemma is true for all p with constants
{Mk}k=1 depending on P, X and {Kk}
on A and P; and K fixed.

k=1° N and M depending on P; p depending

Moreover, when { }m_ is bounded, i.e. in the above proof we do not
k=1

use (3.2) and'{Kk} is bounded, it follows that‘{Mi}k=] is bounded and by
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lemma 6.2 (3.2) and (3.3) need not be satisfied and'{Mﬁ};=1 is bounded.
Hence (3.2) and (3.3) need not be satisfied and'{Mk};:1 is bounded. O

6.3. Proof of Ltheorem 5.1.

Let F be the sheaf PAY. We can estimate the cocykel £ = 8h in terms
of h, then "f"a K < /f:—'Kk and f ¢ C [U(l) F,e%1. Accordlng to lemma 6.3
there is a coch;1n f' ¢ C [U(U) F, ¢ 1 with §f' =
here MK N,M,K
{Mk}k i with "f'" o Mk for some p, N, M and K.

For every i e I and z ¢ U(U) let

p f and a sequence
1,u

vi(z) = hj(z)-fi(z)

where j = p] (i). Then v = pT Sh-8f' = p1 f- pl f = 0, thus {v | ie I }
determines a functlon v € A(Q)p. Furthermore, using property (6. l)(v) for

every k we obtain

r 2 o :
[J v (z)I exp-—2¢N M K(z) dA(z)] <

N

def
< Va,k sL]’u"hl +Kl'(_L’uKk Mk Mk

Moreover, if {Kk}:=1 is bounded, (3.2) and (3.3) need not be satisfied and
' S8 . oo .
{Mk}k=] is bounded, so that {Mk} is bounded, too.

For s € I let I'(s) < I be the set of those 1 € I with

1’
V EEE U(U) n U(l) # @. For each ie I'(s) and z € V we have

V(z)-hs(z) = hj(z)-fi(z)—hs(z).

(D

This is a holomorphic function in U

and since hj--hS € T(Ugl)(wUél),F)
and also f' € F(U<U) F), we obtain

a (1
v U(l) hs € P(US SF).
s

(1N

Since the sets Vi and US are pseudoconvex (property (6.1)(i)), Cartan's
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theorem B yields

v h e P'T(U(]),Aq),
S S

O
S

that is v hS = P-gs for some g € CO(U(I),Aq). g

ey
S
6.4. Proof of theorem 5.2.

From Cartan's theorem B it follows that for every i ¢ I, f = Pgi in

0

Uio) € U(O) with g € CO(U(O),Aq). Let v = 2log(t+l), then as in lemma 6.3
. L 0-,(vV) 4q ,a . - . V)

(6.4) yields a cochain § ¢ C [U""7,A ’¢N1,M1,K]] with ng = f in Uj for

each j € Iv and with

oMLK

~ I .
gl < C4(0) IE o,

0’\)(J) a

where f is regarded as a cocykel in co[u(o),AP,¢“]. Summing over j and

using properties (6.1)(ii) and (vi) for each k we get an 2(k) > k with

N ’MI’K] not
gl Il - K' .
L < G300 Lo TV, p ey = €30 Loy Ky

Consider the differences c of the functions gj in the overlaps of the
sets U§V) for j IV, i.e. ¢ = §g. Then
N.,M_,K
R R —

"C”a,k < 2VL-1 Kk

and Pc = PS§g = 6f = 0 and also Sc = 0, hence c is a cocykel in

1 o
c EU(\))’RP’d)N] ’M] »Kg 1

According to lemma (6.3) and (3.8) there are u > v, N > Nl’ M> M,
1% : i - 1% .
K > K], a sequence {Mk}k=1 (depending on {2vL-1 Kk}k=]) and a cochain

] O (U) o4 ] | - * .
c' € CLU ’RP’¢N,M,K] with &c o, uc and with

5

N,M,K
e 2™ < M,
¢ a,k Mk

(w)

, where
s

Finally, for every s ¢ Iu we set vS(z) = gs,(z)—cé(z) for z € U

s’ = e, U(S)’ which defines a function v ¢ A(Q)q, because §v =

3



= 0, that satisfies for every k

f 2 o 2
[J v (z)I exp--2¢N M K(Z) dXZﬂ <
Qk

N,M,K M,K
+

N
< lvl < L Igh™> ' <
M a,k Vsl & a,k Mk

def

< L\),Ll Kl'(=}ik.

o . 3 . ' o 3
If {Kk}k=l is bounded, (3.2) need not be satisfied ind {Kk}k=l is
bounded, hence also (3.3) need not be satisfied and {Ml'(}k=1 is bounded,

so that {Mk}:=l is bounded.
()

S

Furthermore, for every s ¢ Iu in U we have

= = o - L
Pv va Pgs, PcS f. 1

7. EXTENSION OF THE EHRENPREIS-MARTINEAU THEOREM TO NON-ENTIRE FUNCTIONS

The theorems of this section establish the isomorphism between the
spaces of analytic functionals carried by closed convex sets Q with respect
to some class of open neighborhoods of Q and to some class of weight
functions on these neighborhoods and the spaces of functions f of exponen-
tial type a(z) holomorphic in open convex cones C in ¢". The class of
weight functions on the neighborhoods of Q determines how f behaves near
the vertex of C and conversely. The convex set Q itself determines the
cone C and the type a(z) and conversely. These theorems extend the
Ehrenpreis—-Martineau theorem (cf. EHRENPREIS [3] and MARTINEAU [11]), where
Q is bounded and C = C".

In particular we may take for the convex open cone the open cone
TC g§£ RMiC c c", where now C is a convex open cone in R". In that case
functions f holomorphic in TC may have bdundary values on R" like
distributions, ultradistributions or hyperfunctions depending on the growth

of f near the vertex of C. We recall these various cases (cf. KOMATSU [10]).
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Let g be a positive convex Cz-function on R’ with g(0) = ~ and
g(») = 0, let {Ck}:=l be an increasing sequence of compact subcones of C
with union C. Then f, holomorphic in TC, has a finite order distributional

boundary value f(x+i0) if and only if for some m and every k f satisfies
(7.1) |£(2)] < Kk exp m g(lyl), Izl <k, ye Ck’ Iyl <1,

when g(p) = 1ogp_1.
When g(p) is an arbitrary convex function steeper than logo—l for p
small a holomorphic function f in R"+i C has a "finite order" ultra-

distributional boundary value of Beurling type if and only if f satisfies
Vk,3m = m(k), V&,3K = K(k,2):

Iyl
(7.2) [f(z)] < K exp g( - y, Ixl < 2, ye Cro Iyl < 13
Wes s " .. 1) .
here '"finite order' means that m is independent of 2 . A function f holo-
morphic in R™i C has an ultradistributional boundary value of Roumieu type
if and only if for every k f satisfies

(7.3) [£(z) | < Kk exp (kllyl), Ixl <k, yecC Iyl < 1.

k’

D

An ultradistribution f on R" of Beurling type is an element of the dual
of a space of C”functions¢ with compact support satisfying for every
h > 0 and every p = 0,1,2,...

(%) sup_ ID%¢(x)| < K(h) hPM_, |a| = P>
xeR P

for a certain sequence {M }w= of positive numbers.
Now f satisfies: for every tompact set K in IR? there is a h = h(K) > 0
such that for all ¢ satisfying (*) with support in K

a
(%%) | <f,¢>|< C(K) sup +D!—¢(i‘ﬂ
a,x pl%y

lo]
Saying that f is of "finite order" means that h in (**) can be taken
independent of K. Here g(p) = log sup oPp! M9/ﬁ , cf. KOMATSU [10]1.

p
p



Finally f determines a hyperfunction if it satisfies no condition at all,
i.e. if an only if for every k f satisfies

(7.4) [£(z) | < Kk’ Il < k, vy e C 1/k < Iyl < 1.

k,
and f determines a Fourier hyperfunction (see KAWAI [7]) if for every k

f satisfies

(7.5) 1£(2)| < K_exp 1/k Ixl, x ¢ R, ye Co» Mksysl.

-1/(s-1)

When g(p) = o » S > 1, the ultradistributional boundary values are
in the Gevrey class of order s and conversely.

We will derive three types of theorems concerning functions f satis-
fying (7.1), (7.2), (7.3) or (7.4), firstly not only for lxl < k, but for
all x ¢ R", secondly for Ixl < k and thirdly concerning functions f
holomorphic in arbitrary convex cones C in c" satisfying the same kind of
growth conditions near the vertex of C as (7.1), (7.2), (7.3) or (7.4). In
the last case one cannot speak of boundary values on the distinguished
boundary. The various cases (7.1), (7.2), (7.3) and (7.4) will be treated
separately.

Now we determine the behaviour of f for Izl large. Regard C" as a
2n-dimensional real spaceim?n by z = x+iy <= (y,x). Let a(z) = a(y,x) be
a convex function in TC = RMicC homogeneous of degree one, i.e. a(z) is

determined by its values on pr ¢ - {z e1° | Izl =1}:
a(z) = lizl a(z/lzl).

Then moreover, f has to satisfy

C
(7.6) [f(z)]| < Kk exp a(z), Izl large, z e T k.

. n . .
A convex open cone C in € and a convex homogeneous function a(z) in
. = . 2n . . . . s .
C determine a closed convex set © in (IR")', which is identified with

(@' by (£,n) <> ¢ = &+in, by
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(7.7) 2 22t 9(a,c) = (¢ | - <(&,n),(y,x)> < a(z), zeC} =

{z | - Im z-z < a(z), zeC}.

If a(z) can be continuously continued to pr E, then C and C determine the
same convex set Q.

Conversely, each closed convex set  in (IRzn)' determines an open
(possibly in some linear subspace of IRzn) convex cone C in IR2n and a
convex function a(z) in C homogeneous of degree one by: let for z ¢ ]Rzn

and for some real number a H(z,a) be the affine half space in (IRzn)'
H(z,a) = {¢ | - <g,2> < a};

then C is the interior (possibly in some linear subspace of IRzn) of the

set of all z ¢ IR2n such that Q c H(z,a) for some real number a depending

on z and

(7.8) a(z) = sug - <g,2>.
Ce

Note that when z = x+iy and ¢ = E&+in

<T,z> Im z-C.

Saying that C is open in c” (hence, that C is not contained in a proper
linear subspace) is equivalent with saying that Q does not contain a
straight line. Furthermore, when C is an open convex cone in R" and when
a(z), defined in TC, can be continued to a continuous function on IRn+iEk,
C, cc C, i.e. a(0,x) exists, then Q(a,TC) is bounded in the imaginary

k
direction, namely

C
Q(a,T7) < {¢ ’ Inl < "r}l;lﬁx a(0,x)}.

The weight functions on the neighbourhoods of Q are determined by the

function g as follows: for o > 0 let
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(7.9) g" (o) = min (g(p)+op),
p>0

then g* is positive, g*(O) =0, g*(W) = o and -g* is a convex function.

For each 1 there is a positive constant CT such that

(7.10) g*(o) < T0+CT, o >0,

since

(7.11) g(1) = max (g" (o)-10).
o>0

Indeed, consider the function

g(t) = max {Eigfg(p)+0(o~r)]}-
The minimum is attained for p satisfying g'(p)+oc = 0 and since -g' is
a positive decreasing function, this determines p as a function of ¢ with
do/do = -1/g"(p). Then the maximum is attained for o satisfying
-g"(p)/g"(p)+p-1=0/g" (p) = 0 and together with o = -g'(p) this yields
p=1and 0 = -g'(1r). Substituting these values in the square brackets of
g(t) one obtains g(t) = g(t) for every Tt > O.

Depending on whether f satisfies (7.3) or (7.2) the function g has

to satisfy:

(7.12) vt > 0, WM >0, 3t'=>t, 3A=AM,t)

or

(7.13) ve'! >0, WYM >0, 3t,0<t<t', JA=AM,t")

so that for every 0 < p <1

(7.14) g(t'p) +Mlogo | < g(tp) +A.

In view of (7.9) and (7.11) these conditions are equivalent to similar
conditions for the function g*, namely when (7.12) or (7.13) is satisfied

such that for every o > 1

(7.15) g*(ti,) +Mlogo < g*(%) +A.
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-1
In case f satisfies (7.1) g(p) = log(l+p ) and g*(o) satisfies
log(1+0) < g*(o) < log(l+0) +A, where A = 1+log2.
Finally, it is possible to change the functicus g and g* harmless in

order to get plurisubharmonic functions. For, there are a vector z, € prC,

0
a vector Co € pr'C*(C* = {¢ l <C,2z>20, zeC}) and a constant 6,0 < § < 1,

such that for every z ¢ C
szl < <Ty»2> <zl

and for every ¢ ¢ Q(a,C)

A

shzll < <C,2(> < izl

Therefore, in the sequel we may take g(t Im z-co) instead of g(tlzll) and
g*(t Im zo-c) instead of g*(tﬂgﬂ), but now g(t Im z'go) and —g*(t Im zo'g)
are plurisubharmonic functions in C and Q(a,C), respectively. Hence,

theorem 3.1 may be applied, because (7.14) or (7.15) yields (3.7) or (3.12).

7.1. Wtrhadistributions of Roumieu ftype

In this section the Ehrenpreis-Martineau theorem is extended to
functions f holomorphic in tubular radial domains satisfying (7.6) and
having ultradistributions of Romieu type as boundary values, i.e. f also
satisfies (7.3). At the same time the theorem is extended to functions
holomorphic in arbitrary convex cones in ¢’ satisfying an estimate like
(7.3) near the vertex and satisfying (7.6) for lzl large.

Let C be an open convex cone in ¢” or when we write TC =iRP+iC,

C denotes an open convex cone in R" and let a(z) be a convex function in C
or TC homogeneous of degree one. Furthermore, let B, be the closed ball

k
in R" with radius k. Then define the space

g(klzl)+a(z)+1/klzl)

(7.16) Expla,C;g] = %523 Hp(Ck;

. . . . . . C .
and in case we consider functions in the tubular radial domain T define

C . ~
, =z ] yecy, Ixl < alyl} and Tk = {B, +iC} uC o and let

C, K
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C . C
(7.17) Expla,T ;8] = proj H (T K;g(klyl)+a(z)+1/klzl).
ko> Pk
If in the last case a{0,x) exists, it will be shown that (7.17) then equals

C . .
(7.18) Expla,T ;g] = qggg Hp(IRn+1Ck;g(k"yn)+a(z)+]/kﬂzﬂ).
When g satisfies (7.14) for (7.12), these spaces are independent of

pe {1,2,...,o} as are the following spaces
(7.19) A(a,C;g”) = ind H_(Q(a+1/k,C, );-g (Izl/K)),
k> P k
C, * . Ck *
(7.20) A(a,T ;g ) = ind Hp(Q(a+l/k,T )s—g (el /x)+klnl)
00

and when a(0,x) exists  is bounded in the imaginary direction and then we

define

C. . Ck *
(7.21) A(a,T ;g ) = ind H_(Q(a+1/k,T ©);-g (Il /k)),
k> P
where Q is defined by (7.7) and a+1/k denotes the function a(z) + 1/klzl.
It follows from (7.11) that o270 belongs to the spaces (7.19), (7.20)
and (7.21) when z ¢ C or TC. Therefore, we can define the Fourier trans-

form F(pu) of an element p in the dual of (7.19), (7.20) or (7.21) by

(7.22)  F)(2) = <u,e ™ %

The spaces (7.19), (7.20) and (7.21) are injective compact sequences,

hence their duals are Fréchet spaces and they consist of analytic function-
als carried by © with respect to the neighborhoods Q(a+1/k,Ck) and with

respect to the weight functions exp g*(HcH/k).

THEOREM 7.1. If g satisfies (7.14) for (7.12) the Fourier transformation
(7.22) 78 an Zsomorphism from the strong duals of (7.19), (7.20) and
(7.21) onto the spaces (7.16), (7.17) and (7.18), respectively.

PROOF. It follows from (7.11) that F is a bounded (hence continuous) map
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from A', the dual of (7.20), into Exp (7.17):
for y ¢ Ck and ¢ € C;+l we have -y°& < —GkHyHHgH for some dk > 0 and
* \C
{(Ck+1) n Re Qp} c {g | lel SAk} for p > k+2 and some Ak > 0, where Qp
denotes Q(a+1/p,T P); hence using (7.8) for each k, each p = k+2 and
z € Bk+iCk we get

iz. [ x/lel
l<u_,e*? C>| < K exp sup [g*<—§—>—pﬂnﬂ—y-g—x-n] <
z P géQp P

(7.23)

IA

[ [ *(M)- Iyl 1 £l =(p=k) I nll | *(ik_> 1
Kp explﬂzﬁgo g 5 Gk yllgl-(p—k)ln J-Fg > +a(z)+~pﬂzﬂf <
Il >0

IN

1
Kp,k exp[g(pdkﬂyll Y+a(z) +;!|zll] ,

where {Kp}:=1 is determined by the bounded set u belongs to. Now choose

P = k/ék, then there is a constant Kﬂ with

l<ug,elz'c>| < Ké explg(kllyl)+a(z)+1/klzlT, z € Bk+i Ck'

For z ¢ Ek . and Ixl > ¢, hence Iyl > 1, we have
9

c p 1C€Qp 3 cet, f

[ [ *("—5l>- bllel | *<ik.) Iyl +a(1- Ly
(7.24) < Kp expluzwgotg . e6k yllg J+g > +€Ak yl+a((1 s)y,x)-n-p z [

where 0 < € < 1 may still be chosen. Since a(y,x) is uniformly continuous

~

on priz | z + iey « Ck Q}, there is an e(k,%2) such that for e < e(k,?)
b

a((l-e)y,x) < a(z) + 3%-"zﬂ, z € Ek,z'

>

Now take ¢ = min[l/(BkAk),E(k,Z)]yand p = 3k, then for z ¢ Ck,%’ Iyl =1

iz
I<U s C>

. | < Kk,fl expla(z) + 1/k lzl].

When p is an element of the dual of (7,21) we proceed as in (7.24).
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In virtue of the open mapping theorem we only have to show that F is
injective and surjective. Using the fundamental principle we will do this
for the map F from the dual of (7.20) into (7.17); the other cases are
similar. Therefore, we show that the space A (7.20) consists just of those
functions in a space S of C -functions that satisfy the Cauchy-Riemann

equations, where S consists of functions in Q, satisfying the same growth

conditions as the functions of A and where thz space H of Fourier trans-
forms of elements in S' is known.

Let H be the space of functions in 2n complex variables
0 = (9],92) e =" holomorphic in T(TC), where T(B) for B < C" denotes

]R2n + i{(y,x) | x + iy € B} c Gzn,

C

H=ind proj Hy(T(Ty ),g(kllIm@lﬂ)+a(Im8)+11(||Im6!|+m10g(1+||el|)).
II[—)OO —»00

' 1 - . . . . . .
When f ¢ Hand Im 6 ¢ C, f(Re 6 +i Im 6) is a tempered distribution in
. . 2
Sé eand f is the Fourier transform of gE . exp (-Im el-g - Im 67 +n), where
b

8 is a distribution in Dé with support in the set (see VLADIMIROV [14])
’ ’

0(a,%) LL (e, | - 6!z -Tm 6%+n < a(Im 68), Im 68 ¢ TC}.

The proofs given in VLADIMIROV [147] 26.th.2 do not depend on IIm 6l for
I'Tm 6l small and combining these proofs with (7.9) and (7.11) yields that

H is the Fourier transform of the space

. . el !
§' = ind prOerm (O(a,TC);—g*<—§—-\,+kllnll—m1og(1+ll;!|)).l :
here Wm(o,g) denotes the space of measurable functions f in the closed

set O for which the weak derivatives D “f exist for lo| < m such that the

norm

< ©

a 1/p
[ ) J D% £(x) exp g(x)|P dx]
la]<m -
O
and when p = «» f must be a C™-function in the closed set O in the sense of
WHITNEY [15] (here O is convex) with a finite sup-norm, where «,0 means

that moreover exp g(x) IDa f(x)]> 0 as x > » in O, |a| <m.
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Actually, let

(7.25) s(m,k) def i

n
—>c0

C
d W?(O(a+l/k,T k);"g*<£§£)+lﬂnN—Inlog(]+H§H))

. . * . . . . ..
which is a DFS -space, so its dual is known as a projective limit (see

KOMATSU [81) and let

(7.26) Hlm,k] g§£ %foj Hm(T(Tgk);g(kHIm elﬂ)+a(Im 8) +
->00

+ 1/klIm 6+ mlog(i+lel)).

Then for every k there is a p > k such that F and F_l are continuous maps

between
(7.27) F: S(m,p)' — H[m+n+1,k] and F_I: Hlm,p] —> S(m+2n+2,k)’'

(after deriving this for S-spaces with sup-norms one has to apply the
embedding maps from spaces with L2—norms into spaces with sup-norms and
conversely, see WLOKA [161]).

Now let

A(m,k) = S(m,k) n A(Qk), Qk = O(a+l/k,TCk),

then A(m,k) is a closed linear subspace of S(m,k) and A(m+1,k) is the kernel

of the continuous map

(7.28) 3t S(mtl,k) % s(m,x)".

In virtue of KOMATSU_[8] theorem 15

(7.29) A(m+1,k)" ~ S(m+1,k)’ ~ S(m+],k1;/// .
Am+1,Kk)° Im 3¢

m

where Im 8; is the closure in S(m+1,k)' of the range of the transposed map
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of (7.28), which equals the weak * closure because S(m+1,k) is reflexive
(cf. TREVES [13] prop. 3.5.4). On the other hand, by inspection one
easily sees that the topology of A(m,k) as a closed linear subspace of

S(m,k) is also given as an inductive limit over £

. def | (el
A(m,k) = Egg A(m,k)2 ___.%Eg W?(Qk, g (j;—

+ 2lnl-mlog(1+lzl)) n A(Qk),

hence A(m,k) is reflexive, it is a DFS*-space. Then the space A (7.20)

can be written as

A = proj ind A(m,k).
m>o k>
Since A' is a Fréchet-Montel space, its topology is determined by

* .
weakly convergilng sequences, denoted by o,s , so that

A" = ind (ind A(m, k))'
m>e ko
Each weakly * converging sequence in (%Eg A(m,k))' converges weakly * in
every A(m,k)', k = 1,2,..., hence in every A(m,k)i, 2,k = 1,2,... and since
the embedding map from A(m,k)2 into A(m,k+1)2+1 is compact, it converges
strongly in qggg A(m,k)'. Furthermore, p{gg A(m,k)' is a Fréchet space
(it is an FS-space), so that its topology is determined by convergent

sequences. Finally, it is clear that the topology of 1nd %(03 A(m,k)' is

also finer than the one of A', so that we have obtalned

(7.30) A' = 1nd %503 A(m,k)’.

Let W = (wl,...,wn), wj = ie;—ei, then any function f ¢ Hlm+l,p] in
the closure of W°ﬁ[m,p] vanishes on the set where W vanishes and in virtue
of theorem 5.2 and (7.14) f can be written as f = w~§ with gesH[m+1+N,k]n
for N sufficiently large and p > k sufficiently large. It follows from
this and from (7.29), (7.30) and (7.27) that the Fourier transformation F
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is an isomorphism between

(7.31) F: A" — ind %fojo[m,k] }.
m>® _>°°1 >
Hlm,k] n W-H[m,k]

It is clear that H = é&d %ggj H(m,k] induces on the set where W vanishes
the topology of the space (7.17). Now the theorem follows from the fun-
damental principle, theorem 3.1, although this is not needed in its full

. 62} is very simple,

generality: since the variety V = {(61,62) | ie
a similar process as in theorem 4.4.3 of HORMANDER [6], now with lemma 6.1
applied instead of HORMANDER [6] theorem 4.4.2, yields the extension of

a function in the space (7.17) to a function in any H[m,k], k=1,2,... with m
sufficiently large, hence the surjectivity of F. The injectivity follows

from theorem 5.2. [J

In case a(0,x) exists, Q(a,TC) is bounded in the imaginary direction,
hence the spaces (7.20) and (7.21) are equal, so that also the spaces
(7.17) and (7.18) are equal.

7.2. Hyperfunctions

In view of (7.10) this section is in fact the limit case of section
7.1. as g becomes larger and larger. Only here we get a stronger result,
namely we obtain analytic functionals with respect to e-neighborhoods.

Let C(k) = Ck n{z | Izl > 1/k} and let

(7.32) Expla,C] = gfoj H (C(k)j;a(z)+1/klzl)
—>-00 P
and when we consider functions in TC, let Ti(k) =T§klw{z lﬂyﬂ >1/k} and let

(7.33) Expla,™7 = proj H (15 sa(z)+1/klzl).
k- P k

If in (7.33) a(0,x) exists, this space reduces to

(7.34) Expla,TC] = proj HpCRn+iC(k);a(z)+1/k"z").

k>

These spaces are independent of p, as are the following spaces:
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(7.35) A(a,C) = ind H (2(a+1/k,0)31/klcl),
(7.36) ACa,TC) = ind Hp(Q(a+1/k,TC);—l/kll £l nll )

and when a(0,x) exists
C . C
(7.37) A(a,T )==tnd Hp(Q(a+l/k,T )s-1/klel).
00

Also here the collection {elz'c}zec, of functions in ¢ belongs to the
spaces (7.35), (7.36) and (7.37), where C' is C or TC, and the Fourier

transformation F can be defined by (7.22).

THEOREM 7.2. The Fourier transformation (7.22) is an isomorphism from the
strong duals of (7.35), (7.36) and (7.37) onto the spaces (7.32), (7.33)
and (7.34), respectively

PROOF. The proof is similar to that of theorem 7.1. The estimates (7.23) and
(7.24) are valid for z ¢ Bk+iC(k) or z € Ek .2 Iyl > 1, when Qp = Q(a+l/p,TC),
. b

g*(p) is replaced by p and the function g is omitted. Instead of (7.25)

and (7.26) we define the spaces

S(m,k)

ind WI;(o(aH/k,TC);—l/JLIlgII+SLIInlI—m log (1+ I zI))
—>-00 :

and

proj H_(T(1C ™)) 5a(Im 0)+1/k Inlel+m log(1+161)).
Q0o *®

Hlm,k]

Due to the fact that the weight function exp 1/2I£Il only influences the
domain C(%) and not any weight function in the space H, while the function
g*(HgH/k) in (7.25) influences both Ck and g(klIm 6]") in (7.26), we can
restrict ourselves to e-neighborhoods of the set @, i.e. the neighborhoods
{Q(a+l/k,TC)}:=] and, therefore, we get instead of (7.27)

-1

F: S(m,k+1)'—— H[m+n+1,k] and F : H[m,k+!1]—— S(m+2n+2,k)".

Also here (7.30) and (7.31) hold and the theorem follows from the fundamental
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.. C(k), @ .
principle, because the sets {Qk dI‘(Tk )}k=1 are equivalent to a system
1 ® . . . 1 1 \
{Qk}k=1 (i.e. for every k there is an 2 with Qk c Qz and 92 c Qk/ that
satisfies (3.3). For example the sets Qé may be chosen convex such that
o is a convex function. Here the extension of a function in (7.33) to
a collection of semilocally defined functions satisfying good bounds may

also be obtained by a similar process as in HORMANDER [6], theorem 4.4.3. [

REMARK. The second isomorphism in theorem 7.2 equals the first ome, if in
(7.32) and (7.35) C stands for the cone TC. Indeed, the sets {Ti(k)}:_l are

equivalent to {z | y € C(k), Ixll < k"y“}:=1. Hence (7.33) equals (7.32) and

as reflexive spaces (7.36) and (7.35) are equal, too.

7.3. Ulthadistributions of Bewling Zype

An ultradistribution which is the boundary value of a holomorphic
function f in 7© that satisfies (7.2) and (7.6) is the Fourier transform
of an analytic functional carried by Q(a,TC) with respect to the neighbor-
hoods {Q(a+]/k,TCk}:=]. However, we will not give this isomorphism, but we
treat spaces of a more simple structure, namely we consider Fourier
transforms of analytic functionals such that sufficiently small neighbor-
hoods of their carrier are contained in a given open set int Q(a,TC).

m, . . .
Let {C }m_ be a decreasing sequence of convex cones with inter-

1

. . m o0 . .
section C and with C cc C and let {am}m_ be an increasing sequence

1
. . m m
convex functions, homogeneous of degree one, each a_ defined on C or € ,
. m+ 1 m+ 1
with am(z)+em < am+](z), z ¢ pr C or pr TC , for some € > 0, converg-
. . . C .
ing in any point of C or T to the convex homogeneous function a on C or

TC. Furthermore, let

(7.38)  Exp(a,Cig) = ind Hp(Cm;g<£E£>+am(z)),

> L

and when we consider functions in T , let

C : . c™ (”y"
(7.39) Exp(a,T 3g) = ind proj H (T, ;gi—=j+ta _(z)).
mre kse P K T\ M m

If in (7.39) am(O,x) exists for every m, this space reduces to

m
(7.40)  Exp(a,TC;g) = ind H_(T° ;g lﬂ)+a (2)).
m>° P \ I m
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If g satisfies (7.14) for (7.13) these spaces are independent of p as

are the following spaces:

(7.41) Ala,C;g*1 = proj H_(2(a_,C™);-g (mlzl)),
m>e P m
C m *
(7.42) Ara,T ;g*] = proj ind H (Q(a T );—g (mllgl)+klnl)
| me ko P

and when am(O,x) exists

m
(7.43) Ala,T%;8"] = proj H_(2(a_,TC );-g*(mlel)).
m>~ P m

It follows from an_ estimate like (7.23) or (7.24) that the collection
{elz ¢ l zZ € C or TC } of functions in ¢ belongs to one of the spaces in
the projective sequence (7.41), (7.42) or (7.43) for some m and every
m' > m and moreover, this collection is dense there (which follows from
the injectivity of the map F defined by (7.22)), hence the projective
limits (7.41) and (7.43) are strict (see FLORET & WLOKA [4]). Therefore,
since (7.41) and (7.43) are FS-spaces, their duals are the injective limits
of the duals of the spaces in the projective sequences (7.41) and (7.43),
respectively, see FLORET & WLOKA [4], §26,2.5. Also we will show that

(7.42) is a strict projective limit, that moreover (7.42) is dense in each

space
o
(7.44) ind H (Q(a ,T )i-g (mHgH)+anH),
k> P
m= 1,2,... and that its dual equals
C =x c™ *
(7.45) Ala,T ;g 1" ====1nd %503 [H (Q(a ,T )s—g (mlgl)+klnl)J".

THEOREM 7.3. When g satisfies (7.14) for (7.13), the Fourier transformation
(7.22) is an isomorphism from the strong duals of the strict FS-spaces
(7.41) and (7.43) and from the strong dual (7.45) of (7.42) onto the spaces
(7.38), (7.40) and (7.39), respectively.

PROOF. First we show that F is an isomorphism between (7.45) and (7.39);

the proof of the other cases is similar and is finished then. The proof
follows the same lines as the one of theorem 7.1. Instead of (7.25) and

(7.26) we define
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m
S(m) = igd wg(o(am,TC Y;—g " (ml gl )+klnll- m log (1+1l))
and
H{m] = %503 H (T(T ), (EEEEQ—ﬂx (Im 8)+m log(l+lel)).

Then for every m there is an m' > m with
(7.46)  F: S(m)'— HIm'] and F ': Hlml—> S(m')'.

Like in the proof of theorem 7.1 it can be shown that F is an isomorphism

from (7.45) onto
ind{H[m] / N } .
m>e Hlm] n WeH[m]

Now the theorem follows from the fundamental principle; similarly to the
remark made at the end of the proof of theorem 7.1, here the extension of
a function in (7.39) to a function in some H[m] can be obtained by
HORMANDER [6], theorem 4.4.3 and lemma 6.1, too.

Secondly we show that (7.42) is dense in (7.44). We proceed as in the
case of finite order distributions, cf. BERENSTEIN & DOSTAL [1]. Let

Ay def roj ind H_(€%;-g* (mll £l)+klnl)
m> k>eo P
and
def
A == ind proj H (G 3-g (mﬂ&")+k"nﬂ)

koo mpo

- o 3 .
The Fourier transforms of elements in AF and A are C —-functions with support

in Bk’ hence the inductive limits over k are strict. Furthermore, also by
means of Fourier transformation it follows that the bounded sets of AF and A
are the same. Clearly the injection from A onto AF is continuous, so that

therefore A% is a dense linear subspace of A%. Now A' equals

(7.47) qfog ind [H (C 3-8 (mﬂg")+k"nﬂ)]'
500 >
\
Since the transposed map, from ind qfoj [H (Gn;—g*(mﬂgﬂ)+kﬂnﬂ)] into A%,
> >0 p
of the identity map is continuous and since by inspection of the neighbor-
hoods of zero of this space and of the image of A% in the space (7.47) one

sees that the topology of 1nd %fOJ[H (c*;-g (mHgH)+anﬂ)] is also less fine
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than the topology of A%, it follows that
(7.48) ' = ind proj [H (€%;—¢™ (mlel)+klinl)]".
Ap = ind proj [H) g (mlg uLy;

Furthermore, the space (7.39) is a space of "finite order" ultra-
distributions of Beurling type, which can be injectively embedded into the
space F(Aﬁ) of all ultradistributions of "finite order" (this follows from
a hyperfunction representation, see KOMATSU [10], and the "edge of the wedge
theorem" for hyperfunctions). Therefore, the space

m
. C * .
(7.49) %ggg [Hp(Q(am,T Y=g (mllgl)+klnl) ],

being injectively embedded in (7.45), can be injectively embedded into
A%ﬂ Hence AF is dense in (7.44), which follows if we take p # =, so that
(7.49) is the dual of (7.44). Since clearly AF is contained in (7.42),
the space (7.42) is dense in the space (7.44). Therefore, there is a
continuous bijection from (7.45) onto the dual of (7.42) and the dual of
(7.42) can be injectively embedded into Al.

Finally, we show that the topology of (7.45) is also less fine than
the topology of the strong dual of (7.42). Let V be an open convex set in
the space (7.45); we may take V = mglvm, where Vm is an open convex set in
the space (7.49) and where Vm c Vm+1, see FLORET & WLOKA [4]. If p# =
(7.49) is the dual of the regular space (7.44), hence for every m we may
take
\Y ===={U | I<u,¢>] < {.§ H¢H§’k'}l/p, ¢ € (7.44), where

1=l J 1/p
de! [ 6 1P exp plg" (G1ED) -k, Inl) dm)] }

]
J Q(aj,TC )

for some positive numbers kj, j=1,2,... . Now let the functions Mém on

9. = aa. ,7C™ b
2m aZm’ ) be

M' (7) = min - Cmlel)+k. Inl ], zeq..\Q
om"" 2j-1<i<2m+1 & . B S

25-2? j=1,...,m

1"
and M2m on sz+] be
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*
M" = mi - oml g1 +k.Inll ] Q.. Q,.
j=0,...,m
and let M, be a continuous function on 9, with
2m 2m
1"
MZm(c) s M, (@) <M, (2), Z ey
Then V2m contains a neighborhood of the form
|
V2m 1“ | I<u,¢>| < amﬂ¢ﬂm, ¢ € (7.42), where
1/p
def P _
i, G [ @1 e w0 @]
Q2m

for some constant a s because (7.42) is dense in (7.44). The set V' =

.o . - . . * . . .
mgl V2m is a neighborhood of zero in the DFS -space ;Bg[Hp(sz,Mzm(c))] .

Hence V' contains a neighborhood of the form

W'o= {u | I<u,0>] < 1, H¢Hm < K&, m=1,2,..., ¢ € (7.42)}

and this set contains a set of the form

1]

W= {u [ [<u,6>| < 1, "¢"mk < Km’m 152,000, ¢ € (7.42)},

>“m

which is a neighborhood of zero in the strong dual of (7.42) contained

in V. [

Note that the duals of (7.42) and (7.43) are subsets of A%, which carry
a finer topology than the one induced by A% (7-48).

7.4. Distributions

The function g in (7.1) does not satisfy condition (7.14), but it
satisfies: Vm > 0, VWM > 0, 3m'> m, JA = A(M,m) so that for every 0 < p < 1

(7.50) mg(o) + M log o | < m'g(p) +A.
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This condition restricts the growth of g(p) as p - 0, but a still more
restrictive condition enables us to get analytic functionals carried by
closed convex sets with respect to e-neighborhoods, namely Vm, IM,

JA = A(M,m) such that
(7.51) mg (p/M) < mg(p) +A.

The function g(p) = 1og(1+p_l) satisfies (7.50) and (7.51) and this yields
the case of finite order distributional boundary values. As in §7.3 we
consider Fourier transforms of analytic functionals, such that sufficiently
small e-neighborhoods of their carrier are contained in a given open set
int Q(a,C).

Let'{am(z)};=1 be an increasing sequence of convex homogeneous
functions on C or T converging in any point of C or TC to a convex
homogeneous function a(z) on C or TC, respectively, such that am(z)+am <

(z), z € pr C or pr TC for some e, > 0. Define

m+1
(7.52) Expla,C;gl = ind %503 H (Ck,mg(“z")+a (z))
and when we consider functions on TC, define
(7.53) Expla, T ;g] = ind proj H (T k,mg(”y")+a (z)).
mre koo m-
If in (7.53) am(O,x) exists for every m, this space reduces to

(7.54) Expla, Tc,g] = 1nd %(03 H (R +1Ck,mg("y")+a (2)).

These spaces are independent of p as are the following spaces

(7.55) Ala,C;g"] = proj H_(2(a_,C);-mg" (Izl)),
>0 o) m

(7.56) Ala,1%g" 1= proj ind B_(2(a_,1%);-mg"(I£l)+kinl)
mre ko P

and when am(O,x) exists
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(7.57)  Ala,1%g"1 = proj H_(2(a_,1%;-mg (Ieh)).

e P m

Like in §7.3 the spaces (7.55), (7.57) and (7.56) are strict projective
limits hence the first two spaces, being FS-spaces, are dense in each space
in the projective sequences (7.55) and (7.57), respectively and, moreover,
this property also holds for the spaces (7.56), whose strong dual equals
C *x-y _ . . C * '

(7.58) Ala,T ;g 1' = ind proj [H (RCa_,T7);-mg (Iel)+klnl)]".

M-yo0 00 P m
THEOREM 7.4. When g satisfies (7.50) and (7.51), the Fourier transformation
(7.22) is an isomorphism from the strong duals of the strict FS-spaces
(7.55) and (7.57) and from the strong dual (7.58) of (7.56) onto the spaces
(7.52), (7.54) and (7.53), respectively.

PROOF. After deriving estimates like (7.23) and (7.24) we apply (7.51)

obtaining that F is continuous

. Cy._ % ' : Ck.
F: [Hp(Q(am,T );-mg (Hgl)+klnl)]'— plf—&)] Hp(Tk ,mg(llyﬂ)+am(z))

or
. Cy,_ * ' . n . .
F: [Hp(Q(am,T );-mg (Igl)]'—> Ii::fo&] Hp(]R +1i Ck,mg(||y")+am+1(z)).
Instead of (7.25) and (7.26) we define
S(m) = ind W3(o(a ,T0) 5—mg ¥ (1 £l y+kl nll - m Tog (1+1 1))
e m
and
H(m] = proj H_(T(T.);mg(1Im 0'1)+a_(Im 6)+m log(1+161)).
k >0 * k m

When g(p) = log(1+p_]) elements of H[m] have tempered distributional
boundary values in S' on the distinguished boundary. Now (7.46) holds,
see VLADIMIROV [14], because if in (7.51) M depends on k, this is expressed
only in the constant A. The rest follows as in theorem 7.3, while a similar
remark, concerning condition (3.3) and the extension to semilocally defined
functions, made at the end of the proof of theorem 7.2 can be made here,

too. [

BIBLIOTHEEK MATHEMATISCH GEKTBIH1
e AMSTERDAM i
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8. EXAMPLES OF LOCALIZABLE AU-SPACES

In this section we give some examples of localizable spaces (in the
sense that theorem 3.1 holds). Some spaces W such that H = FW' consists of
entire functions are localizable here, but not in the sense of EHRENPREIS
[3] (examples 8.1 and 8.2), while others are localizable in [3] but not
here, such as D'. That D' is not localizable here is due to the fact that
—10g(]+“g"2) is not plurisubharmonic in c". Below (example 8.5) we will
see that there are subsets of D' (with a finer topology than the one
induced by D') which are localizable in our sense. These are the spaces of
distributions in D' whose inverse Fourier transforms have their carrier
contained in some unbounded convex open set. More generally, the main
examples of spaces W, such that H = FW' consists of non-entire functionms,
are spaces of objects, such as distributions, ultradistributions and Fourier
hyperfunctions, whose inverse Fourier transforms are concentrated in given
unbounded convex sets.

In the following examples it can be easily verified that the occurring
weight functions are plurisubharmonic or can be changed into plurisubharmonic
functions without damaging the spaces and that where needed conditions (3.2),
(3.3) and (3.7) or conditions (3.13) and (3.12) are satisfied.

EXAMPLE 8.1. C -Functions in an open convex set

Let 0 ¢ R" be an open convex (not necessarily bounded) set and let
{Kk}:=l be an increasing sequence of compact convex subsets of O exhausting

0. Then the space E(0) of c”-functions in O
E(0) = proj Wk(Kk;O)
ko> p

(p=1,2,... or ») is localizable. An AU-structure can be obtained from the
isomorphism
E(0) ~ Flind H_ (€I, (Im z)+k log(1+lz1%))7",
= koo P k
where

I. (y) = su -yo£&.
Kk y Eéﬂ; y
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EXAMPLE 8.2. C -Functions on a compact convex set

n . .
Let K ¢ R be a compact and convex set, which is the closure of an

open set. Then the space E(K) of ¢ -functions on K
E(K) = proj W-(K;0)
k> @
is localizable. The isomorphism F is given by
E(K) ~ Flind H_(C€%I,(Im z)+k log(1+1z12))7".
- k> P K

EXAMPLE 8.3. Rapidly decreasing C -functions in a convex set

n ..
Let 0 ¢ R be an open, unbounded and convex set not containing a

straight line, let O be its closure and let {6m};= be a sequence of closed

1

convex sets with 6m COp4y €O and with union 0. Then the spaces of rapidly

+1
oo -
decreasing C —-functions in O or on O,

S(0) = proj Wo(0_;-mlog(l+l&l))
me M

and

S(0) = proj W.(0;-mlog(l+lel)),

m>®

respectively, are localizable. Let C be the open convex cone in (R™)!

determined by 0 (such that (7.7) and (7.8) hold:
= def
o= { "SI():SU—',V C}
£ -ye<I (y sup v £, Vy € )s

let {Ck}:=l be an exhausting sequence of compact subcones of C and let

Im = Iom. Then the isomorphisms F are given by

C -
S(0) ~ Flind proj H (T K 1og (14191 ™2™ 4 m 1og (14121 2)+1_(3)) 71"
- mre k»o P m
and

_ C _
S(3) ~ Flind proj H (T 310g(1+1y1™ 2™ niog (14120 2)+1_(3))1",
= ‘mo k>o5 P 0

see VLADIMIROV [14]. The spaces between the square brackets consist of all
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tempered distributions that are the Fourier transforms of tempered dis-
tributions with support in 5m or 0, respectively.

Actually, examples 8.1 and 8.2 are particular cases of example 8.3.
Similarly, let now {Om}:=l be an increasing sequence of subsets of O such
that C is a compact subcone of the cone c® belonging to o, C<n:Cmcx:Cm+l,
then the space of C -functions in O, decreasing at infinity as

exp-—g*(mﬂgﬂ), m=1,2,..., where g* satisfies (7.15) for (7.13),
5(03g”) = proj Wo(0_;-g" (mlel))
me < 0
is localizable; it is the Fourier transform of the dual of

. ¢t (lyl 2
;Eg HP(T ;ggii_ +mlog(1+lzl )-+Im(y)).

EXAMPLE 8.4. Analytic gunctions 4in convex sets decreasing at infimity

It follows from theorems 7.1, 7.2, 7.3 and 7.4 that the spaces A of
holomorphic functions in int Q(a,C) or in certain neighborhoods of Q(a,C)
decreasing at infinity as exp-g*(mH;H) for every positive m or as
exp-g*(ﬂcﬂ/k) for some k, where g* satisfies (7.15) for (7.13) or (7.12),
respectively, are localizable, i.e. the spaces (7.19), (7.20), (7.21), (7.35),
(7.36), (7.37), (7.41), (7.42), (7.43), (7.55), (7.56) and (7.57). In
particular we mention the space of real analytic functions ¢ in Q c th
where © is a closed convex set in R" not containing a straight line and
where each ¢ is holomorphic in a complex e-neighborhood of Q and satisfies

there
14(2)] < M exp-clel
cf. (7.37) and example 8.7 below.

EXAMPLE 8.5. Distaibutions whose inverse Fouwriern thansforms have thein
cavien contained in a convex, open set

. C . . .
Let @ = int Q(a,T ) be an open, convex set in Cn not containing a
straight line, such that the open cone belonging to it is of the form

?Rn+iC, where C is an open convex cone in R". Since (as in §7.3) ZF is
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dense in the spaces (7.56) and (7.57), the spaces (7.53) and (7.54) consist
of qll finite order distributions in Dé, whose inverse Fourier transforms
have their carrier (with respect to e-neighborhoods) contained in © (by
this we mean that sufficiently small e-neighborhoods of the carrier are
contained in Q). Moreover, if Q@ is bounded in the imaginary direction, it
follows that all distributions in D' that are the Fourier transforms of
analytic functionals in Z' with carrier contained in Q, must necessarily be
of finite order and a holomorphic function belonging to (7.53) (where now
am(O,x) exists) belongs to (7.54). We may conclude that the spaces (7.53)
and (7.54) of all finite order distributions whose inverse Fourier trans-
forms have their carrier contained in a convex, open set  are localizable.

The isomorphisms F are given in theorem 7.4.

EXAMPLE 8.6. Ultradistributions whose inverse Fowrier thansforms have
thein carvien contained in a convex set

The same remarks made for finite order distributions in the last
example can be made for "finite order" ultradistributions of Beurling type,
too. Also, when am(O,x) and a(0,x) exists, holomorphic functions belonging
to (7.39) or (7.17) belong already to (7.40) or (7.18), respectively. We
now considgr carriers Q(a,TC) with respect to the neighborhoods
{Q(a+1/%,T k)}:=1 and when we say that a carrier is contained in a certain
open set, we mean that these neighborhoods for k 2 kO are contained in this
set. In virtue of (7.15) the spaces (7.39) and (7.40) of all "finite order"
ultradistributions of Beurling type, whose inverse Fourier transforms have
their carrier contained in a given open convex set @ (2 as in example 8.5)
are localizable. The isomorphisms F are given in theorem 7.3. Similarly,
the spaces (7.17) and (7.18) of all ultradistributions of Roumieu type
whose inverse Fourier transforms are carried by a given closed convex set
Q (9 as in example 8.5) are localizable. The isomorphisms F are given in

theorem 7.1.

EXAMPLE 8.7. Fowulen hyperfunctions whose inverse Fowrlen thansfoams have
thein support contained in a closed convex set

When a(0,x) exists a holomorphic function belonging to (7.33) already

belongs to (7.34). As in the case of ultradistributions of Roumieu type we



56

may conclude that the spaces (7.33) and (7.34) of hyperfunctions whose
inverse Fourier transforms are carried (with respect to e—neighborhoods) by
closed convex sets Q (R as in example 8.5) are localizable. However, we
will consider a particular case of (7.34) consisting of Fourier hyperfunc-
tions. Then the Fourier transforms are again Fourier hyperfunctions
(similarly to the case of tempered distributions).

Let Q = Q(a,TC) be a closed convex set in R" not containing a straight
line, then a(y) is a convex homogeneous function on C c Rr™. By Q(e) we
denote a complex e-neighborhood of Q. Fourier hyperfunctions are hyper-
functions in R" represented by means of functions f satisfying an estimate
like (7.5), see KAWAI [7]. In [7] it is shown that the space of analytic
functionals carried by Q with respect to e-neighborhoods and the weight

functions {exp ell} is isomorphic to the space of Fourier hyperfunctions

e>0
with support in @ 1), Theorem 7.2 yields the isomorphism F

H(a,C) ggﬁ:qggj Hp(nfhd_c(k);a(lm z)+1/klzl) ;:F[igg HP(Q(E);-sHEH)]v’

D Actually, &n KAWAL [7] the neighborhoods of Q(a,TC) are of the form
{Q(1+1/k,T k)}k=]’ but as in theorem 7.2 it can be shown that the dual of
C
(*) ind H_((a+1/k,T );-1/klel)
k>~ P
is isomorphic to the corresponding space (7.34), which is also isomorphic
to the dual of

(%%) izg Hp(Q(I/kk—l/kHEN)

according to theorem 7.2. It is even more simple to show the first
isomorphism (which is done in KAWAI [7], when a is constant) directly
with the aid of HORMANDER [6] th. 4.4.2 instead of lemma 6.1. Hence,

both spaces of analytic functionals are the same wéthwrespect to
e-neighborhoods or to the neighborhoods {Q(a+1/k,T k}k=l' Being reflexive
spaces (namely DFS-spaces) the spaces () and (*%) are equal, i.e. a
holomorphic function ¢ in Q(e) satisfying

|¢(C)! <M exP'-'€"€"’ C € Q(E)s

C
is holomorphic in some larger set Q(e) u Q(a+1/k,T k) and satisfies
there

[6(z) | < M' exp-dlel

for some 8§ < ¢ depending on C, and ¢ and for some M' depending on M,

e and Ck'

k
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where in view of (7.5) H(a,C) is a space of Fourier hyperfunctions. Hence,

it is the space of all Fourier hyperfunctions whose inverse Fourier trans-

forms have their support contained in Q c R" and it is localizable. In

particular, H(a,C) is an AU-space of Fourier hyperfunctions.
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