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Analytic representations and fourier transforms of analytic functionals 

in Z' carried by the real space 

by 

J.W. de Roever 

ABSTRACT 

In the space Z', the Fourier transform of the space V' of Schwartz­

distributions, the notion of carrier is introduced. A characterization is 

given of all distributions in V' the Fourier transform of which is carried 

by IB.n. Both, such distributions and the analytic functionals in Z' carried 

by IB.n, are represented as sum of boundary values of holomorphic functions. 

This extends the case of tempered distributions which, regarded as elements 

of Z', are obviously carried by IB.n . 

KEY WORDS & PHRASES: boundary value of a holomorphic function; carr~er of 

an analytic functional; Fourier transforms of distrib­

utions and analytic functionals. 





1. INTRODUCTION 

In VLADIMIROV [9,26.3 & 26.4 th.2] theorems are derived concerning 

Fourier transforms of tempered distributions in S' with support in a certain, 

unbounded, convex set. These Fourier transforms can be represented as bound­

ary values in S' of holomorphic functions in a tubular, radial domain. 

This yields an analytic representation of distributions in S', i.e., a sum 

of distributional boundary values of certain holomorphic functions. In 

this paper these notions are generalized such that the boundary values are 

no longer attained in S 1 but in the space Z 1 , which is the Fourier transform 

of the space V' of Schwartz-distributions. These boundary values are analytic 

functionals in Z' carried by JRn and their inverse Fourier transforms are 

distributions in V'. Moreover, a characterization is obtained of those dis­

tributions in V' such that their Fourier transforms are all analytic func­

tionals carried by JRn. Then analytic representations of such functionals 

and distributions are given. This extends the case of tempered distributions 

which, regarded as elements of Z', are obviously carried by JRn. Finally, the spaces 

of functions, holomorphic in tubular radial domains of exponential type in 

Im z and of polynomial growth in Re z, and the spaces of their inverse 

Fourier transforms are provided with topologies such that Fourier trans­

formation is a topological isomorphism. 

2. NOTATIONS AND DEFINITIONS 

We will denote vectors in (!;n by z = (z 1, ... ,z) = x + iy and by 
. n 

r + . l r t . ]Rn Th ;n ]Rn and "'n w;ll r, = c, in, w1ere x,y,s,n are vec ors 1.n . e norm,._ 11, -'-

be denoted as II ,II. For t,w E ]Rn or a::n, t.w will stand for t 1w1+ ••• +tnwn. Let 
. . a a1 a 

ct be an n-tuple nonnegative integers, then D = D1 ... D n, where D. = 
➔ X n J 

3/3x., and D = (3/3x 1, ..• ,3/3x ); when no confusion arises the sub-
J X n 

script x will be omitted. Similarly, for t E ]Rn or a;n ta is defined. 

Furthermore, !al = a 1+ ... +an and a!= a 1 ! ... an~· For b E JR, b will denote 
n 

the vector (b, ... ,b) E JR. 

We remind the testfunction spaces f,V (cf. [7], /( in [4]), Sand Z 

and their duals denoted by', which also refers to the strong topology. The 

action of an element f E W' on functions¢ E W will be denoted by <f,¢> or 



2 

<f,¢>w,· Sometimes we will write fs and ¢(s), if W consists of functions 

of S• In that case W', Wand< , > will be denoted by W~, Ws and< , >s' 

too. We mention explicitely the action of a function f, regarded as an 

element of V', to a testfunction ¢ in V 

(2. I) <f,¢> = f f(s)¢(s)ds. 
]Rn 

The Fourier transform of an L1-function ¢ is given by 

F[¢](x) = F[¢(s)J(x) = I ¢(s)eix•s ds. 
]Rn 

Then Vis the Fourier transform of Zand V(a) of Z(a), where V(a) is the 

space of C00-functions with support in {s I llsll :;; a}. Z(a) consists of 

entire functions iµ, such that for all m 

(2.2) lliµII def supn (l+llzll)m e-allyll liJJ(z)I < 00 • 

m ZE(C 

The Fourier transform of a distribution f EV' is defined as that element 

F[f] of Z' for which 

(2.3) 1jJ E Z, 

cf. SCHWARTZ [7]. I) 

Elementsµ of Z'(a) can be written as <µ,iµ> = Jf(x)iµ(x)dx for some 

entire function f, see GELFAND & SHILOV [4,III §2.3]. Henceµ is a functional 

on the space of restrictions to ]Rn of functions in Z (a). In general, this 

is no longer true whenµ E Z'. We say thatµ E Z' is carried by the closed 

set Q c <en, if for every E-neighborhood Q(E) of Q µ is already a functional 

I) Since also Z is the Fourier transform of V, a similar definition gives the 
Fourier transform of analytic functionals µ ic Z'. Then, if for µ E z' ~ is 
defined by <t ,iJJ(s)> = (2n)-n <µ ,iµ(~)>, 1jJ E Z, g = F[µJ implies F[g] = t. 
Therefore, th~ theorems of sectiot3. 4 of this paper dealing with inverse 
Fourier transforms g of elementsµ E Z' may just as well have been 
formulated with g = F[µJ, hence with Fourier transforms of analytic 
functionals instead of inverse Fourier transforms, cf. the title of 
this paper. 



on the space zj~(E) of restrictions to ~(E) of functions in Z, where Zj~(E) 

carries the topology induced by Z, i.e., in (2.2) the supremum should be 

taken over all z E ~(E). According to EHRENPREIS [2,th.5. 13*] a fundamental 

system of neighborhoods of zero in Z is given by V(k,a) = {~ E Z I 
I 1!1(z) I s ak(z)}, where a > 0 and k is a positive continuous function of the 

following form: let {a.} be a strictly increasing sequence of integers 
J 

with aO = a 1 = a 2 = 0, a.+ 2 > 2a., and let£ be a positive integer; set 
-£ -£J J 

k(z) = (l+"xU) (l+HyH) exp((j-2)Hy0) for a.(l+log(l+HxU)) s Dyll s 
J 

s ½a. 1(J+log(J+llxll)); the definition of k is completed by requiring that 
j+ 

3 

k is a function of llxll,llyll which is continuous and such that, for fixed llxH, 

log k(llxll ,llyll) + £[log(J+llxH) + log(J+UyH)J is linear in Dytt in the regions 

in which it is not already defined above. Then a fundamental system of 

neighborhoods of zero in zj~(E) is obtained by{~ E z1~(E) I l~(z) I s ak(z), 

z E ~(E)}. Now the Hahn-Banach theorem and Riesz 1 representation theorem 

imply that for every E > 0 an analytic functionalµ carried by~ can be 

represented as a measureµ on ~(E) satisfying 
E 

r 
j 

~(E) 

Idµ (z) I 
E 

k (z) 
E 

.; K 
E 

where k is a function as described above depending on E. 
E 

In this paper we will be concerned with closed sets~ which are 

bounded in the imaginary direction,i.e,, ~ is contained in a set of the 

form {z I nyll s b}, b ~ 0. Then, if Z(a) denotes the normed space of func-
m 

tions in Z(a) provided with the norm (2.2), the spaces ZF = pro~lim 

in1➔lim Z(a)m and Z = ing➔lim pro~J}m Z(a)m induce the same topology on 

z1 () Indeed, according to EHRENPREIS [2,th.5.1O] a fundamental system 
~ E • 

of neighborhoods of zero in ZF is given by V(k' ,a), where now k' (z) = 
-m 

= (l+llxll) ki (y) with m ~ 0 and with ki a positive, continuous, function 

dominating every exp attyll, a> 0. ZF is the Fourier transform of the space 

VF, the test space for the finite order distributions. Hence the (inverse) 

Fourier transforms of all elementsµ in Z' carried by~ are finite order 

distributions and, moreover, for every E > 0 theseµ satisfy 

I < µ , ~ > I s K s__up ) ( 1 + II x II ) m ( E) I ~ ( z ) I , 
E ZEii (E 

1~ E Z, 
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with K and m(£) depending on£ andµ. The above representation yields that 
£ 

for every£> 0 µ can be represented as a measureµ on Q(£) satisfying 
£ 

(2.4) I 
Q(£) 

Idµ (z)I 
£ 

(I+llxll)m(£) 

In particular, we will be concerned with analytic functionals in Z' carried 

by lRn. 
00 

The support of a distribution f E W', where Wis a space of C -

functions on lRn, is defined as the smallest closed set U such that any 

~O i Uhas an open neighborhood v0 with <f,¢> = 0 for every¢ E W with 

¢(~) = 0 if~ i v0 . In section 5 we will show that for certain sets U, in 

particular for convex sets, f can be represented as sum of weak derivatives 

of measures on U. 

Finally, C will denote an open cone in ]Rn (i.e., t EC=> At EC, 

A > 0), ch(C) its convex hull, pr C = {y E C I llyll = I} and C' cc C means 

that C' is a relatively compact subcone of C, i.e., pr C' c pr C. The 

function 

µc(O = sup -y•~ 
yEpr C 

is the indicatrix of C. c* denotes the closed cone{~ I y•~ ~ O, y EC}= 

= H I µC(~) :5 O} and C* = lRn\c* = {s I µc(O > O}. Furthermore 

Pc = sup 
~ElRn 

We will consider holomorphic functions fin the tubular radial domain 

TC = lRn +iC. We say that f(z) has a boundary value f* in Z' or S' as 

y ➔ 0, y EC or y EC' cc C, respectively, if for all¢ E Z or S the limit 

(2.5) * <f ,¢> = lim 
y➔O 

yEC or C' 

l f(x+iy)¢(x)dx 
JR.n 

exists. The boundary value in S1 is said to be attained on the distinguished 

b d f Tc · h { I Tc o} · f h oun ary o , 1. e., on t e set z z E , Im z = • However, 1 t e 

limit exists in Z', it is less clear a "boundary value on the distinguished 

boundary", as we will see in section 3. 



3. BOUNDARY VALUES IN Z' ands' 

We consider functions f holomorphic in the tube domain TB = ]Rn+ iB, 

h . . ]Rn w ere B is an open set in . For any y EB 
co 

f(z) = f(x+iy) is a C -

function in x, i.e., f (z) E E • We regard E as the strong dual of E', the 
X 

space of distributions with compact support. By the Paley-Wiener-Schwartz 

theorem the Fourier transform of E' is known as the space Hof entire 

functions of exponential type in Im sand of polynomial growth in Res, 

provided with the topology such that the Fourier transformation is a topo­

logical isomorphism between E' and H. Then Eis the Fourier transform of 

the dual H' of H. With these definitions we have the following lemma. 

LEMMA 3.1. Let f be a holomorphic function in TB with Ban open set in ]Rn 

and let y0 EB. Then for ally with y + y0 EB 

,,Jhere 

-1 
=F [f(x+iyo)]EH 1 • 

PROOF. Let p < I and choose E so small that y + y0 EB whenever 

ly. I 
i p 

not 
-- n, 

Then also y + v EB if ly. I s s, i = 
• .l O i 

we have 

l, ... ,n. 

i = 1, .•• ,n. 

For these y and for¢ EE' 
X 

00 (iy•D / 
I X 

k=O k. 

In order that the series converges inE it is sufficient to show that it is 

bounded in E. Therefore, we first estimate 

-a sup 
n I zi I :o.:n 

i=I, •.. ,n 

lf(x+iy0+z) I 
dz s 

5 
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Hence for any compact set S in lRn and any nonnegative integer m 

sup 
XES 

JaJ:Sm 

s; sup 
XES 

lziJs;n 
i=I, .•• ,n 

N 
s; K(S ,m) I 

k=O 

N -1 k a! 
lf(x+iyo+z)I sup L Jy•-1 s; 

J a J s;m na k=O 11 

k 
p 

K(S ,m) s; ---'--
1 - p 

which is independent of N. With ~(s) = F[~xJ(s) EH we now may write 

N 
= lim < l 

N+00 k=O 

and this equals <µ(y+y 0 )s,~(s)>H' with µ(y+y0 ) = F- 1[f(x+iy+iy0)J. Hence 

the weak limit for N ➔ 00 exists in H'. Since His· a Mantel space the 

strong limit exists and equals 

oo k L ( -y • Is ) µ ( y ) 
k=O k. 0 s 

= -y•s ( ) 
e µ Yo s· 

Thus 

for y with Jy. I s; £, i = 1, ••• ,n. By analytic continuation this formula 
i 

holds for every y with y + Yo EB. n 

Since Vis dense in F', Z is dense in H. Hence for f EE the Fourier 
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transform F[f] is also determined by (2.3). The space nf restrirtinns t0 lRn of 

functions in Z is dense in S, so that if, moreover, f belongs to S' then 

(2.3) implies 

Thus we have obtained the following corollary. 

COROLLARY 3.2. If f(z), holomorphic in TB., for each y 
-I 

then uJith y0 E Band 1;,ith g(y0 ) = F [f(x+iy0 )7 E s 1 

fm' y such that y + y0 E B and 

f(z+iy0 ) = F[e-y•( g(y0)(J(x). 

(/; E S. 

EB belonqs to S' - x-' 

From this corollary one derives as in VLADIMIROV [9,th.26.1] that f(z) 

belongs to S' for each y EB if and only if it satisfies 
X 

(3. l) lf(z) I s M(K)(l+ttxtt)m(K), y EK cc B 

for all compact: sets Kin B, wh~re M(K) and m(K) depend on these sets K. 

Moreover, corollary 3.2 and VLADTMTROV f9, 26.2] yield _that. if f(z) 

belongs to S' for each ye B, it necessarily satisfies for every a 
X 

(3.2) \Da f(z) I s M' (K) (l +llxll )m' (K), y E K cc ch (B), 

for all compact sets Kin the convex hull ch (B) of B, where M' (K) and m' (K) 

depend on K and a. Hence f(z) belongs to S' 
X 

for each y E B means that ( 2. l) 

holds for ¢ E:: 
(' 
,) . Clearly, in that case for each y E B f(z) belongs to z' 

under definition (2. I), too. 

Next we consider a function f(z), holomorphic in TB, which for each 

y EB as a function of x belongs to Z'. This means that f(z) is a contin­

uous linear functional on the space of restrictions to ]Rn of functions 

in Z, where this space carries the topology of S. Its closure is S, hence 

f(z) belongs to S' for each ye B. Thus f(x+iy) E S1 is equivalent to 
X X 
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f(x+iy) E Z' and this should be interpreted in the sense of definition (2.1) 

for¢ ES or Z. 

Let us now consider the limit in Z' as y tends to zero, if we assume 

that Bis connected. From (3.1) it follows that for any y EB and y0 such 

that y + Yo EB 

r 

Jn 
R 

<f(z),~(x)> = ~ E Z. 

Therefore, the limit f* as y ➔ 0 of f(x+iy) exists in Z' and it is given by 

(3.3) f * def 1 . 
< ,~> = im 

y➔O 

= I. f(x+iy0)~(x+iy0)dx 
Rn 

for all~ E Zand y0 EB. This limit is independent of y0 EB. Note, that 

when O i B f* can never exist in S'. If OE B, 0 i B, we may call f* the 

boundary value in Z' according to (2.5) and this boundary value is indepen­

dent of the path y ➔ 0 in B. Still f* might not belong to S' nor satisfy 

definition (2.1). For example, take B = {y I y > O} in R 1 and f(z) = 

= exp 1/z. This function satisfies 3.1, but J exp 1/x ~(x)dx, w E Z, does 

* not exist. In general, it follows from (3.1) and (3.3) that f is an 

element of Z' carried by Rn (see section 2 for the definition of carrier 

in Z'). 
-1 * The inverse Fourier transform g = F [f J is an element of V'. For 

¢EV and y0 EB from (3.3) we derive 

where~ 
-I = F [f(x+iy0)J. Hence 

(3.4) y E B 



is independent of y and we have obtained (as 1.n corollary 3.2) 

(3. 5) -y • •; SI 
e gc;: E C y E B 

and 

(3. 6) f(z) 

Conversely, for a distribution g EV' satisfying (3.5) the function (3.6) 

satisfies (3.1), hence also (3.2) (see VLADIMIROV [9,th.26.2]). Conditions 

(3.5) and (3.6) then also hold for y E ch(B). 

The distribution g EV' can be obtained as follows: for y EK 

9 

(3. 7) g = ey-; F- 1[f(x+iy)J = (A(K)-D•D)m' (K) 1 f(x+1.y)e , dx, f . -iz•; 

E;; E;; (2n)n (A(K)+z•z)m (K) 

where m'(K) ~ !(m(K) + n+I) and where A(K) is so large that for y EK 

IA(K) + z•zl ~ 1 + x•x. 

The integral is independent of y. Hence for every K cc B there are constants 
n 

m(K), M (K) and continuous functions g Kon lR , I a I :::: m(K), such that g can 
a a, 

be represented as 

(3. 8) 

Y"; 
e ' Vy EK. 

In that case g also satisfies (3.8) for every K cc ch (B). Conversely, if 

a distribution g EV' satisfies (3.8) then (3.5) holds. 

Next we consider the case that the limit f* exists 1.n S'. Let C be 

an open cone in ]Rn and let for each C' cc C R(C I) be a positive number 

depending on CI . Let B be an open set in ]Rn containing each set 

{y I y E C' , 0 < llyll :::: R(C')}. Let f be a holomorphic function in TB which 

satisfies a stronger condition than (3. 1), namely 

(3. 9) I f ( z ) I :::: M ( C ' ) ( I + II x II ) m ( C 1 
) ( I + II y II - k ) , y E C ' , II y II :::: R ( C ' ) 
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for each compact subcone C' of C and for some k and m(C') depending on C'. 

We may let k depend on C', too, but in lemma 3.3 it will be shown that (3.9) 

is satisfied for a fixed k anyhow. Then the limit 

f* = lim f (x+iy) 
y➔O 

yEC' 

exists in S' and it is independent of C' and the path y ➔ 0 in C', see 
X 

VLADIMIROV [9,th.26.3]. Here the most general case arises if R(C') tends 

' * . ( ) to zero as C approaches C. Now f is called the boundary value off z 

in S' on the distinguished boundary. Clearly f* is attained in Z', too, 

but if the limit exists in Z' only, (3.3) shows that the boundary value 

in Z' may be concentrated on other sets than the distinguished boundary as 

well. 
-1 * * Let g = F [f ], where f is the boundary value in S' of a function 

f(z) satisfying (3.8), then g belongs to S'. The representation (3.7) now 

holds for y EC', 0 < llyll ::; R(C') and for m'(K) 2". ½(m(C') + n+I) and 

A(K) 2". R(C') 2 + 1. Also here the integral is independent of y. Therefore, 

for any ~ E ]Rn we can choose a suitable y = y C For ~ E C' * and 

11~11;:,: 1/R(C') we choose,y~ EC' with lly~II = J/11~11. Then y~•~::; I and 

0::; y-~ for ally EC', llyll ::; R(C'). For~ EC' we have min_ y-~ < O. 
* yEprC' 

Let the minimum be attained for y~, then we take y = R(C')y' and we have 
<-, ~ ~ 

Now we take 

there are a 

tions g a,C' 

(3.10) 

Vy E CI ' II y II ::; R ( C ' ) • 

y = y~ in the integral in (3.7) and we find that for every C' 

positive integer m(C'), constants M (C') and continuous func­
a 

n on 1R , I a I ::; m(C'), such that g can be represented as 

Y"~ 
e ' Vy E C', llyll ::; R(C'). 

If R(C')::; R for all C' cc C and if in (3.9) mis independent of C', then 

in (3.10) m(C') and the functions g C' can be chosen independent of C'. 
a, 

The following lennna shows that f(z) satisfying (3.9) for C' cc C 



satisfies (3.9) also for C' cc ch (C), hence that g E S 1 satisfying (3.10) 

satisfies (3.10) also for C' cc ch (C). 

1 1 

b . n 
LE1'1MA 3 • 3 • Let C e an open cone -in JR ., let for each corrrpact sub cone C' of C 

R(C') be a positive number and let B be an open set in JRn containing every 

set {y J y EC', 0 < ilyll $ R(C')}. If f(z) is a holomorphic function in TB 

that satisfies (3. I) such that the limit f* in Z' as y ➔ 0 belongs to S', 

then f (z) attains this limit already -in S I as y ➔ O., y E C' cc ch (C) and, 

moreover., f satisfies (3.9) for each C' cc ch (C) and R(C') such that 

(3.11) {y I y EC', 0 < llyll $ R(C 1)} c ch (B). 

If -in (3.l) m(K) does not depend on K., then m(C') -in (3.9) does not depend 

on C'. 

PROOF. Fix C' cc ch (C) and choose C" and C'" with C' cc C" cc C'" cc ch (C). 

Fix R(C"') such that (3.1 I) holds for C' = C111 • Let u0 be an open E-neigh­

borhood of c"*, then there is a 6 > 0 such that for y E C1 -y• E, $ -ollyll II E,11 

if E, E u0 outside a compact set. Finally choose finitely many vectors 

y. E pr C"' and positive numbers 6. < l such that the open sets 
J J 

u. - {E, I y.•E, < -o.llE,11} n {E, I -y•E, < 26.111:J, y E pr C'}, 
J J - J J 

j = l, ... ,p, cover C". Let {;\. }~ 0 be a partition of unity subordinate to 
* J J= 

.B0 u. the covering of JRn' such that ,\ . 1S a multiplier in S 1 for every 
J= J J 

Now for all y E C' 
' 

llyll $ l / 4 R(C'") the functions 

R(C'" )y. • E, - y• E, 
,\. (0 e J , 

J 
J o, ... ,p, Yo= o, 

belong to S, In lemma 5.2 it will be shown that the Fourier transforms of 

,\j(E,) e-y•E, gE,, j = O, ... ,p, where g E S 1 satisfies (3.5), are equal to 

-R(C'" )y. • E, 

<e J gc\CO 
R(C 111 )y. • E, + iz• E, 

e J >S" J 0,1, ••• ,p, 

J • 

respectively. Hence if g -l * 
= F [f ], we obtain for y EC', llyll $ I /4 R(C"') 
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Jf(z) I = JF[e-y•~ g JI = 
~ 

. P -R(C"')y.•~ R(C"')y.•~+iz•~ 
s J<gc,Ao(~) e120 ~>I+ I J<e J g ,A.(~)e J ~ s 

.., j=I ~ J 

s M1 (I+llzll)m sup (l+tl e-ollyllt + M (C"')(l+llzll)m'(C"') s 
t~O 2 

for some M1, m and k depending on g and some M2 (C"') depending on M(K) in 

(3.1) and m' (C"') depending on m(K) in (3.1), where K = {y I y E C"', 

llyll = R(C"')}. Together with (3.1) this yields (3.9) for C' cc ch(C). 

Furthermore, it now follows that g can be represented as in (3.10), 

hence that the set {e-y-~g~ I y EC', llyll s R(C')} is bounded in S', where 

R(C') is such that (3.11) holds. Since the limit as y ➔ 0 of e-y•~ g 
~ * exists in V', this limit exists in S' as y ➔ O, y EC'. Hence f(x+iy) ➔ f 

in S' as y ➔ O, y E C' cc ch (C). D 

Altogether we have obtained the following theorem. 

THEOREM 3.4. Let f be a hoZomorphic function in TB, satisfying (3.1), 

where Bis an open set in :JR.n. Then it satisfies (3.2), too. The Zimit f* 

of f(z) as y ➔ 0 exists in Z' and its inverse Fourier transform g satisfies 

(3.8) for every K cc ch (B). Conversely, a distribution g E V' satisfying 

(3.8) for K cc B satisfies (3.8) for K cc ch (B), too and then the function 

(3.6), which is defined because (3.5) holds, satisfies (3.2). Moreover, if 

(3.11) holds, a function f hoZomorphic in TB, has a boundary value f* in 

S', provided that f satisfies (3.9), which then is satisfied for C' cc ch (C); 

too. Then the inverse Fourier transform g off* satisfies (3.10) for every 

C' cc ch (C). Conversely, a distribution g ES' satisfying (3. JO) for 

C' cc C satisfies (3.10) for C' cc ch (C), too and then the function (3.6), 

which is defined because (3.5) holds, satisfies (3.9) for C' cc ch (C). 

These is no mixture of these cases, i.e., a hoZomorphic function fin TB, 

B such that (3.11) holds, satisfying (3.1) and having a boundary value f * 

in Z', which is an eZe~ent of S', satisfies aZreadµ (3.9). 



We conclude this section with an example of a function f that satis­

fies (3. I). Let B = {y I y > 0} c JR. 1 and let 

f(z) = z 

}_ 
(-- + cosz) 
cosz 

For some positive constants A and B 

lf(z) I s M(y)(l+lxl)A/sinh y + B cosh y s 

s M(r,R)(J+lxl)A/r + B cosh R 0 <rs y s R. 

Let m(r,R) be an integer larger than A/r + B cosh R + 2, then for all 

r s y s R 

y-F;, -I 
a = e F [f(x+iy)JF;, bF;, 

(X) 

i/ cosz + cosz 
D )m(r,R) 

J 
-izF;, 

(i 
z e dx --

F;, 2n m(r,R) z 
-oo 

= (D )m(r, R) 
gr R ( F;,) E VI • 

F;, ' 

The continuous function g R(F;,) satisfies for all rs y s R 
r, 

s M' (r,R) 

i.e. • 

s M' (r,R) 

s M' (r,R) 

rF;, 
e 

-RI r;, I 
e ' 

F;, > 0 

F;, < 0. 

= 

4. ANALYTIC REPRESENTATIONS OF REAL CARRIED ANALYTIC FUNCTIONALS AND 

OF THEIR FOURIER TAANSFORMS 

In Section 3 we have discussed the behaviour of a function f(z) for 

HyU small and we have seen that it does not change if we deal with a 

domain TB or its convex hull Tch (B) · In this section we will discuss it 

13 
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for llyll large, namely we will consider holomorphic functions f(z) in TC of 

exponential type in llyll. Then f(z) will not satisfy the same estimates for 

y EC or for y E ch (C), but they differ by a factor Pc in the exponent. 

* The support of the inverse Fourier transform g of the boundary value f of 

such functions f is contained in a certain, convex set. We will obtain 

representations of analytic functionalsµ in Z', which are carried by 1R.n, 

as boundary values of holomorphic functions, and also characterizations and 

analytic representations of the inverse Fourier transforms g EV' ofµ. In 

particular this yields the case thatµ and g both are tempered distributions, 

which case is treated in VLADIMIROV [9, 26.4 th.2]. 

Let f be a holomorphic function in Tc, where C is an open cone in 1R.n. 

It is shown in VLADIMIROV [9, 26.6], that, if f satisfies for every a> 0 

m -k lf(z)I :,; P(C',o)(l+llzU) (I+llyU )exp(b+o)HyU, y EC' 

for some m, k and b ~ O, then the distribution g ES' in (3.6) has its 

support in the set 

( 4. 1) { E;, I -y • E;, s b, y E pr C} = { E;, I µ C ( E;,) s b} • 

The proof does not depend on the behaviour off for llyll small, nor on the 

fact that mis independent of C', cf. (3.9). Hence instead of (3.9) f may 

satisfy (3. I) for II yll small, so that (3. 6) holds for some g E V'. Then the 

same proof as in VLADIMIROV [9] combined with theorem 3.4 shows that the 

following theorem is true. 

THEOREM 4.1. Let the holomorrphic function fin TC satisfy for every r > 0, 

a> 0 and C' cc C 

(4.2) If (z) I m(C' r) :,; P(C',r,o)(l+llzll) ' exp(b+o)llyll, y EC', llyll ~ r 

for some m(C',r) depending on C' and r, some b ~ 0 and some constant 

P(C',r,a) depending on C',r and a. Then f(z) = F[e-y•E;, gE;,J(x) and 

lim f(x+iy) = F[g] in Z' for some g E V' 1.Jith support in the set (4.1). 
y➔O 

The converse of this theorem follows from theorem 3.4 and the proof 
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of [9, 26.4,th.2]. We consider distributions gin V', which are represented 

as sum of weak derivatives of measures satisfying a condition like (3.8). 

That any distribution in V', satisfying (3.5) with B= C and with support in 

a convex set, can be represented in this way, will be shown in the next 

section. The advantage of writing gas sum of derivatives of measures is 

that it enables us to let the a vanish in (4.2), if C is convex. 

THEOREM 4.2. Let g be a distribution 1.,n V'., such that for each C' cc C and 

r > 0 g can be represented as 

g -­
~ 

where the measuresµ C' depending on a, C' and r have their support 1.,n a, ,r 
the set (4. I) and satisfy 

(4.3) L 
JR 

e-y•~ Idµ C' (~)I s M (C',r), 
a, ,r a Vy E C'' II yll 2'. r 

f01~ some positive integers m(C' ,r) depending on C' and r and for some 

positive constants M (C' ,r) depending on a., C' and r. Then for y E ch (C) 
a 

the function f(z) = He-y-~ g~J(x) is holomorphic in Tch(C)and satisfies 

for each C' cc ch(C) and r > 0 

(4.4) 
N(C 1 r) 

lf(z)I s P(C',r)(l+llzll) ' exp Pc bllyll, - y EC', llyll 2'. r 

for some positive integers N(C' ,r) and constants P(C' ,r) both depending on 

C' and r. Moreover., lim f(x+iy) = F[g] in Z' and if m(C' ,r) is independent 
0 • 

of C' and r., then N(t-:,r)., too. 

Since the distribution gin theorem 4.l satisfies the conditions of 

theorem 4.2 (cf. section 3 and the next section) and since Pc= I if C is 

convex, we obtain the following corollary. 

COROLLARY 4.3. Let the cone C be convex" then a function f that satisfies 

(4.2) satisfies (4.4) with Pc= I_, i.e. 3 in (4.2) Pis actuaUy independent 

of a. 
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We now give a characterization of all distributions g EV' whose 

Fourier transformsµ E Z' are carried by ]Rn (see section 2). We have 

already seen that, ifµ E Z' is the boundary value of a holomorphic function, 

it is carried by ]Rn, Hence it remains to characterize those g E V' whose 

Fourier transforms admitt an analytic representation and to show that for 

every µ E Z' which is carried by ]Rn F- 1[µ] satisfies this characteriza­

tion. Moreover, this yields an analytic representation of elements in Z' 
n carried by JR • 

If 1 d Cone C* i· n ]Rn a c ose, convex, is the dual of an open cone C 
]Rn in , it does not contain a straight line. We devide ]Rn into such cones 

so that the following properties hold: 

]Rn 
p 

* (4.5) = . U I C.' J= J 

(4.6) int * int * 0, 'f k, C. n Ck J 
J 

where each c: is a closed, convex, cone not containing a straight line, 
J 

while the union of any two cones c: contains a straight line. The last 
J n property restricts the number p of cones used, n+I s p s 2, and further-

* more it states that in some sense the cones C. are as large as possible. 

Let c: be the dual of the open convex cone c.: then C = .b 1 C. is an open 
J , J J= J 

cone. Such a cone C can also be obtained directly as follows: let r open 

half spaces Vk (Vk = {? I E;k•y > O} for some E;k E ]Rn, lli-;kll = I) be given 

such that ]Rn\ {O} k~l Vk, while ]Rn\ {0} is not covered by the union of 

any r-1 half spaces Vk' hence n+I s rs 2n. Then each Cj is the inter­

section of n half spaces Vk, i.e., 

C U{V1 <-o 
n ... n Vk } 

n-1 

where the union is taken over all n-tuples {k0 , •.. ,kn-l} taken from 

{ l, 2, .•. , r}. For example, if n=2 we may take 

C = {y 0<¢<l/3TT} u {y I 2/3TT<¢<TT} u {y J 4/3TT<¢<5/3TT}, 



C {y I O<cjJ<l/2n} u {y I l/2n<cjJ<n} u {y TT< cp < 3/2TT} U 

u {y [ 3/2n < cjJ < 2rr}. 

p 
If we write C' cc C, we mean C' = .u 1 C! 

J= J 
with C~ cc 

*J 
set C .• 

C .. Furthermore, let 
J 

,\. be the characteristic function of the 
J J 

Let g c V' be such that for any C' cc C and 

represented as 

g, I n°' g c' (0 
" I a I S:m ( C 1 , E ) a' ' E 

where the continuous functions g C' satisfy 
a, ,E 

(4. 7) I,\. (0 g C' (01 s: M .(C',E) ey•E,, 
J a, ,c a,J 

any E > 0 g can be 

Vy C C ! , II y II ::: E ' 
J 

cf. (4.3). Then by (4.5) and (4.6) for cjJ c V we have 

<g,cp> I (-I) I a I f g C' ([,) o°' ¢([,)d[, = 
I a I S:m ( C 1 , E) 

a, ,E 

p 
(-I) lal f ,\j(O I I 0. 

= g C' ([,) D cjJ(E,)dE,, 
I a I S:m ( C' , E) j == I 

a, , E 

hence 

p 
(4.8) I I a 

g, D A.(E,)g C' ([,) 
C, j=l I a I S:m ( C ' , E) 

J a, ,E , 

It follows from theorem 4.2 that F[g] lS the sum of boundary values lil Z' 
C· 

of functions f.' holomorphic in T J satisfying for all C! cc C. and E > 
J ' J J 

If. (z) I s: P ( C ! , E) ( J + II /CC!,E) C ~, llyll :::: 
J J 

J , y C 
J 

E, 

for j = 1, ... ,p, respectively. Hence F[g] is an element of Z' carried by 

JR.n, Since for any C' cc C there is a positive number o(C') < I such that 

for y c C '. and [, 
J 

* C.' J 
J 

l,, .. ,p, 

17 

0 
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(4. 9) o(C')llyllll1;II ~ y-E, ~ llyllllr,11, 

condition (4.7) is equivalent to: for every E > 0 g can be written as 

g = 
[, 

n 
where the continuous functions ga,E on JR depend on E and satisfy 

(4.10) lg (E,)I ~ M (€) a,E a 
d r,11 

e 

Next consider an elementµ of Z' carried by JR.n. As in section 2, for 

any E > 0 µ can be represented as a measureµ on an E-neighborhood Q(E) 
€ 

of JR.n in ~n satisfying (2.4). Letµ be the Fourier transform of a distribu-

tion g EV'. Then for any positive E < land¢ EV 

<g,¢> = 
r I I e-iz•[, 
J ¢([,)d[, dµ (z) = 

i2TT)n € 
Q(E) 

I 1 I ( ) -iz· c- dµ (z) 
--n ¢([,) (1-D •D )m E e .., d[, E = 

Q(E) (2n) [, [, (l+z•z)m(E) 

= J dµ (z) d[,, 
€ 

hence g[, = (1-D•D)m(E) gE(E,), where gE is a continuous function on JR.n which 

satisfies 

i.e., g satisfies (4.10). 

In the following theorem not only F[g] but also g is represented as 

sum of boundary values of holomorphic functions. 

THEOREM 4.4. The following four conditions foY' a distY'ibution g E V' a:re 

equivalent: 
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(I) F[g] E Z' is carried by ]Rn. 

(2) for emu E > 0 g can be represented as 

where ga E 
are continuous functions on 

' 

g = I Da (U 
E,, Jcx]sm(s) ga,s ., 

1Rn satisfying 

lg (() I s M (s) 
o:,s 0: 

d(II 
e • 

(3) F[g] is the swn of boundary values in Z' of functions f. holomorphic 
c. J 

in T J satisfying for any C! cc C. and any s > 0 
J J 

N(C~,s) 
jf.(z)I s P(C!,s)(l+llztt) J , 

J J 
y E C ! , II yll 2 E 

J 

for j = 1, ••• ,p., respectively, where C . ., j = 1, ••• ,p., are any cones 
J 

satisfying (4.5) and (4.6) and where P(C!,s) and N(C!,s) are constants 
J J 

depending on C ! and s. 
J 

(4) g~is the swn of boundary values in V' of holomorphic functions hk bn 

Tck satisfying for any ck cc ck and any s > 0 

e 

~ 

d(II 
n EC' 

k 

for k = 1, ... ,P, respectively, where Ck, k = I, .•. ,p., are any cones 

satisfying (4.5) and (4.6), where M(Ck,s) depends on ck ands, and 

where m(s) depends on sonly. 

PROOF. We only have to prove that (4) is equivalent to one of the equiv­

alent conditions (I), (2) or (3). As in VLADIMIROV [9,th.26.3] it follows 

that (4) implies (2). Now let g EV' satisfy (3) and let C = ur=l ck be 

a cone satisfying (4.5) and (4.6). In what follows C1 cc C in (3) is 

fixed, but s is variable. Let us write z. = x + iy. if y. E C. and 
~ J J J J 

sk =~+ink if nk E Ck. Since all the integrals exist and Lebesgue's 

dominated convergence theorem may be applied, for ¢ EV, N 2 ~{N(C' ,s) + n+I} 

and y. EC!, lly.11 2 s, J. = l, ... ,p, we get 
J J . J 

p 

<g,¢> = I 
j=l 

-iz. • ~ 

l f.(z.)e J 
J J ➔ ➔ N 

-"'--"''----N- dx(-D•D) ¢(~)d~ = 
]Rn (z.,z.) 

J J 
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-iz • • ~ 
p p J 

jt f n kt 

r f.(z.)e 
➔➔ N 

= J 
J J dx (-D•D) cp(E_;)d~ = 

(2'IT)n N 
(z.•z.) 

1R ~* J J -c 
k 

-iz.•r;k 
p 

J r I 
f.(z.)e J N 

= I lim J J dx (-D•D) <P(Od~ = 
N 

k=l nk➔O j=I (2'IT)n (z. • z.) 
~* J J 

nkE<'.!{ -c 
k 

p 
-iz. • l_;k 

L 
p 

L 
f.(z.)e J 

I lim I J J ➔➔ N 
= dx (-D•D) ¢(Od~ = 

(2'IT)n N 
k=I nk➔O j=I (z.•z.) 

:R -t' J J 
nkE<\: k 

p r p r -izj • r;k I 
= I lim 

:Rl 
I J 

f.(z.)e dx <P(O d~, 
k=l nk➔O j=I (2'IT)n J J 

~* 
nkE~k -Ck 

where c' k 
cc Ck for k = 1, ••• ,p. The function 

(4.11) 

p 

I 
j=l 

-iz. • 1'_; 

f.(z.)e J 
J J 

dx 

is holomorphic in :Rn+ iCk and the terms in the sum are independent of y., 
. J 

respectively. Furthermore, by taking y. 
~ ~J 

EC! with lly.11 = E in (4.11), we 
J J 

see that for any s > 0 and any Ck cc Ck hk satisfies 

N(c') I d~ll-o(Ck')llxllllnll 
(l+llxll) ,s + n+ e 
-'----"----------------dx :s: 

(I+llx!l)n+l 

where m(s) = N(C',s) + n+l. Hence g satisfies condition (4). D 
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COROLLARY 4.5. Any analytic functional µ in Z' carried by ]Rn is the sum of 

boundary values in Z' of functions f. satisfying (3) in theorem 4.4. 
J . 

REMARK 4.6. The above mentioned analytic representations ofµ and g are in 

two ways not unique. Firstly, there is an arbitrariness in the number 

(between n+l and 2n) and the choice of the cones C., j = 1, ••• ,p, or 
J 

Ck, k = 1, ••• ,p, as long as they satisfy (4.5) and (4.6). Secondly, if the 

cones C = 
c. 

p ~ C U. 1 C. and Care fixed, the functions fin T (i.e., f = f. in 
J= J-c J 

T J) and h in T are not unique. For example, instead of (4.8) g may just 

as well be written as 

p p 

g = L { L Da L (0 g (0 + L hjk L 
E;, j = I I a I ~m ( E) J a' E k= I E;, f 

with g satisfying (4.10), where hjk are arbitrary distributions with 
a,~ * * · · · h hjk hkj d h f h support in C. n Ck with the restrictions tat = - an tat or eac 

'k J 
E > 0 hJ can be represented as sum of weak derivatives up to order m(E) of 

measures µjk (E;,) on C~ n ck* satisfying Je -Ell E;,II I dµjk (0 I ~ M (E). Now 
'k a, E J a, E a 

F[hJ J is the boundary value of a function holomorphic in ]Rn+ i ch (C j uCk). 

Hence f' is another representation ofµ if its difference with f satisfies 

p 

f(z) - f'(z) = L FJ.k(z), 
k=I 

y EC. 
J 

for j = 1, ••• ,p, where Fjk are arbitrary functions, holomorphic in 

]Rn+ i ch (CjuCk) satisfying 

y E ch ( C j U Ci:) , 
llyll ;::,: E, 

such that Fjk = -Fjk" Or, when C = U{Vko n ••• n Vkn_ 1}, {fko·••kn-l} and 

{fk ••·k } represent the sameµ if 
0 n-1 

n-1 

= I (-l)J F -
kO ••• k .••• k I ' 

J n-

where k. denotes that the 
J 

index k. is 

F. . holomorphic in lR.n + i 
1 0··· 1 n-2 

J 
{V. n 

10 

j=O 

omitted, for arbitrary functions 

••• n V. } satisfying estimates 
1 n-2 
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as above, provided that f, f' and Fare antisymmetric in their indices. 

Hereµ is represented by the (r) functions 
n 

if the order k0 ••• kn-l in then-tuples {k0, ••• ,kn_ 1} is such that 

n-1 
l {-l)j [ko···kJ .••• kn-1] = 0 

j=0 

where [i0 ••• in_2J denotes the rearrangement i 0 ... i~_2 of i 0 •.• in_2, such 

that i 0 < ••• < i~_2 , preceded by the sign of the permutation 

i 0 ••• in_2 ➔ i 0 ... i~_2 • For example, if r = n+l 

n+I I (-I)j+I 

j=l 
µ = f* ... 

I ... j ••• n+ I 

and if r C 
e:: I • • • e::n 

±1, then 

\ f* l e:: I O •• e::n 
{ 1 I } • I e:: 1 0 •• e::n ' e::.E - , ,J= , ••• ,n 1 

J 

µ = 

cf. MARTINEAU [SJ. The representations equivalent to h ETC are obtained 

similarly. 

REMARK 4.7. At a first glance theorems 4.1, 4.2 and 4.4 (2) and (3) (with 

(4.7) instead of (4.10)) resemble theorems IO, 11 and 12 in section 6 of 

CARMICHAEL [I]. There too, on the one hand holomorphic functions in TC 

are considered satisfying a condition similar to (4.2), namely with N 

constant and with P independent of rand o in [I, formula (34)] as well 

as dependent on r in [l, last formula on p.753 and formula (54), hence 

(49)] and on the other hand distributions U in V' satisfying conditions 

similar to ours (4.3) and (4.7), but with M independent of C' and r in 
a 

[!, formula (48) and the last formula on p.756] as well as dependent on 

C' in [I, formula (47)]. Therefore, the functions g in [l] are bounded or 
a 

even identically zero (the function gk in [l, last formula on p.758]). In 

[I, theorems I 0, I 1 and 12] finite Fourier transforms of elements U EV' (A) 
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with support in a certain, unbounded, convex set are represented as boundary 

values in Z'(2n) of certain holomorphic functions. Furthermore, the distri­

butions U are represented as weak derivatives of continuous functions on 

]Rn, so that also U EV'. However, the support of U as element of V'(A) is 

not the same as the support of U as element of V'. According to the defini­

tion of support (see section 2) any element U E V'(A) has compact support, 

hence its (finite) Fourier transform is the boundary value of an entire 

function, which result indeed is obtained in [1, theorem 1], cf. [4,III §2.3]. 

It turns out that the proofs of theorems 10, 11 and 12 in [1] yield a 

stronger result than the statements, namely they give the analytic represen­

tation in Z' of the ordinary Fourier transform of U, where U is regarded as 

an element of V'. In this form [l, theorems 10,11 and 12] resemble our 

theorems 4.1, 4.2 and 4.4 (2) and (3), but although nowhere mentioned 

explicitely, the boundary values in [1] are always attained in S', too, 

and actually the theorems in [1, section 6] are particular cases of the 

theorems in VLADIMIROV [9]. Only the one dimensional "corollary" to theorem 

10 on [1, p.753-754] shows that boundary values in Z' are really intended. 

Furthermore, there is one more difference between [1, section 6] and this 

paper, namely, before taking the Fourier transform in [1, theorems 11 and 

12] U is reflected to U. This is due to the fact that the definition of 

Fourier transformation in [1], !he one of [4], has not been "motivated by 

a Parseval relation". For, defining F[U] by requiring ~F[UJ,F[¢]> 2 , = 

= (2n)n <U,¢>0,, ¢EV, one should take the complex conjugate off in (2.1) 

in order to get a Parseval relation. 

EXAMPLE 

Any g ES' satisfies the conditions of theorem 4.4. Then the functions f. 
J 

in (3) of theorem 4.4 satisfy 

y EC! 
J 

for some N and k, cf. corollary 5.4, and a similar estimate holds for the 

functions hk in (4). 
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EXAMPLE 2 

µ given by 

<µ,~> = f ~(z) exp¾ dz 

is an element of Z' carried by the origin. Its analytic representation is 

µ = lim {exp -- - exp - 1-.-} x-iy x+1.y y+O 

which is unique modulo polynomials. The inverse Fourier transform 

_l_ J. exp(l/z-iz~)dz is a function in lRn, which can be continued to an entire 21r ,, 
function g with for every E > 0 

lg(i;;)I ::;M(E) 
di;;II 

e • 

-1 Here F [µ] does not belong to S'. 

EXAMPLE 3 

µ represented as 

µ = lim {zi/cosz _ zi/cosz} 

y+O 

is an element of Z' carried by (-00 ,0J u {½1r} u {~1r} u · ••• and its inverse 

Fourier transform is a finite order distribution gin V', which does not 

belong to S'; for any E > 0 g can be represented as in theorem 4.4 (2) 

(cf. the example at the end of section 3) or as sum of boundary values in 

V' as n ➔ 0, n E ck cc <\, of holomorphic functions hk given by (4. 11). 

5. FOURIER TRANSFORMATION AS A TOPOLOGICAL ISOMORPHISM 

In this section we topologize the space of distributions g EV' 
satisfying (4.3) and the space of analytic functions f satisfying (4.2), 

such that the Fourier transformation Fin theorems 4.1 and 4.2 1s a topo­

logical isomorphism. We also prove a representation theorem of such func­

tions f and for these functions lemma 3.3 can be improved. In DE ROEVER [6] 



the theorems of this section are used to derive the Fourier transformation 

between functions f of exponential type in both llxll and llyll, holomorphic 

in tubular radial domains, and certain spaces of analytic functionals with 

unbounded, convex, carrier. In general, these functions f do not have 

distributional boundary values on the distinguished boundary, but as a 

particular case the analytic representation is obtained of distributions 
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in V' being the Fourier transform of elements in Z1 carried by certain, 

unbounded, convex sets in ~n. In this form the theorems of [6] are opposite 

to the theorems of this section. 

First we remark that the correspondence between the exponential type 

bllyll off in theorem 4.l and the set (4.1) {E_; I -y•E_; s b, y E:prC} can be 

generalized to exponential types varying with the direction of y and 

arbitrary convex sets. Let b be a convex function of y EC homogeneous of 
d h . . n egree one, were C is an open convex cone in JR. This means that b(y) is 

determined by its value on pr C 

b(y) = llyll b <u;n). 

The convex open cone C and the convex homogeneous function b on C determine 

a closed convex set U in ]Rn by 

( 5. I ) U not U(b,C) = {E_; ,· -y•E_; S b(y), y EC}. 

If b can be continuously continued to pr C, then C and C determine the same 

convex set U(b,C). 

Conversely, each closed convex set U in ]Rn determines an open (possi­

bly in some linear subspace of JRn), convex cone C in ]Rn and a convex, 
n homogeneous function b on C by: let for y E 1R and for some real number a 

H(y,a) be the affine halfspace in Rn 

H(y,a) = {E_; I -y•E_; Sa}; 

then C is the interior (possibly in some linear subspace of Rn) of the set 
n of ally E JR such that Uc H(y,a) for a real number a depending on y and 
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(5.2) b(y) = sup -y•E_,. 
E.,E:U 

C is open in ]Rn (hence, C is not contained in a proper linear subspace) if 

and only if U does not contain a straight line. Note that b(y) might not be 

positive for ally E: pr C, in which case U determined by (5.l) does not 

contain the origin. 

Secondly we discuss representations of distributions g with support in 

a closed set U as sum of weak derivatives of measures. For arbitrary sets U 

such a representation is not always possible, because Uhas to satisfy 

certain properties, see WHITNEY [ll] and more generally SCHWARTZ [7] or 

VLADIMIROV [9] and [IO]. Here we only need that it is sufficient if U is 
00 

the closure of a convex, open set. It is shown in WHITNEY [12] that a C -

function¢ on the closed convex set U (see WHITNEY [11]), whose derivatives 

are uniformly continuous and bounded on U, can be extended to a C00-function 

on an E-neighborhood of U, which is bounded there. Hence¢ can be extended 
oo ~ n to a C -function¢ on JR which, together with its derivatives, is bounded. 

Moreover, it follows from the construction of¢ in [12] that, if 

Da¢(E_,) ➔ 0 as E_, ➔ 00 in U (hence then Da¢ is uniformly continuous in U), this 

1 h ld f ~ . ]Rn a so o s or ¢ as E_, ➔ 00 1.n • 

Let a(m) and S(m) be two non-decreasing sequences, where for every m 

at least one of the inequaliti~s a(m+l) > a(m) or S(m+I) > B(m) holds and 

let M (E_,) be a positive C00-function on ]Rn which outside the unit ball 
m 

equals 

(I+IIE_,ll)a(m) eB(m)IIE_,ll
0 

For any closed set V the norms 

and 

sup 
E.,E:V 

lal::::m 

sup 
E.,E:V 

lal::::m 

are equivalent and also it is equivalent to assert 



or 

l~n Da M (~)¢(~) = O, 
m 

\a\ Sm 

11m M (~) Da ¢(~) = 0, \al s m. 
m 

~➔co 

~EV 

Let us denote by vf1 0 ~1 ;V) the Banach space of Cm-functions¢ on the oo, m 
closure V of an open, convex set (in the sense of WHITNEY [11]) with the 

norm 

and with 

11¢11 = sup 
m ~EV 

\a\sm 

lim M (~) Da ¢(~) = O, 
m 

~➔oo 

~EV 

\al s m, 

cf. WLOKA [13] and by W(V) the Frechet space 

W(V) = proj lim vf1 O (M ;V). 
oo m 

m-+oo ' 

Then the restriction map I from W(JR.n) into W(U) is surjective, cf. 

VLADIMIROV [10] in case B(m) = O. According to TREVES[8, th.37.2] the 

transposed map I I from the dual W(U) 1 of W(U) into the dual W(JR.n)' of 

W(JR.n) is injective and has weakly closed range. Therefore, W(U)' can be 

identified (by means of I') with the subspace w; of W(JR.n) 1 consisting of 

the elements with support in U. Indeed, W~, by the definition of support 

(see section 2) vanishing on the space of all¢ E W(JR.n) with support in 

Uc, also vanishes on the closure of this space, which is just Ker I. Then 

according to TREVES [8, prop. 35.4] W~ is the weak closure of Im I' and 

since this is already weakly closed I 1 (W(U) 1 ) = w;. 
Furthermore, we may conclude that W(U)' is a closed linear subspace 

of W(JR.n)'. For, it follows from WLOKA [13] that the identity map from 
.,rn+ l n .Jil n n 
w 0 (M 1; JR ) into w 0 (M ; JR ) is compact, hence that W(JR ) is an 
~' m+ 00 , rn 

FS-space, see FLORET & WLOKA [ 3 J (JR.n) is even a nuclear FS-space). 

Hence W(JR.n)' can be written as inductive limit (LS-space) and it is 

27 
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reflexive. Therefore, Im I' is even strongly closed. Now the following 

natural embedding maps are bijective and continuous 

ind lim if1 0 (M ;U)'-+ W(U)' 
oo m 

m-+oo ' 

By a property of LS-spaces (FLORET & WL0KA [3,25.IJ) the closed sets of the 

first space are closed in W~, where W~ = Im I' is regarded as a closed sub­

space of W(lR.n)'. Therefore, the three spaces are equal also as topological 

spaces. Thus W(U)' is an LS-space, hence W(U) is an FS-space, and W(U)' is 

a closed linear subspace of W(lR.n)'. 

Finally, by Riesz' representation theorem distributions g E W(U)' can 

be represented as sum of weak derivatives of measures µa on U such that 

I a g = D µ ' 
!a!:-:;m a 

r ldµa{OI 

J 
< (X) I al :-:; m, 

Mk (0 ' 
u 

where m and k depend on g. For this reason we required that M {() Da ¢{() ➔ 0 
m 

as ( ➔ 00 in U, for, in that case the measures µa' according to Riesz' 

theorem being defined on a compactification of U, yet are concentrated 

on U. 

Now we discribe the space of the distributions g of theorem 4.2. In 

the remaining C will be an open, convex, cone in lR.n. Theorem 4.2 holds 

for convex homogeneous functions b (y) instead of bll yll as well. Let 

(5.3) 

where U(b,C) is given by (5,1). For p > k the identity map maps Sk(b,C) 

continuously into sP(b,C), hence the strong dual sP(b,C)' of sP(b,C) into 

Sk(b,C)'. Now define the space 

s*(b,C)' def proj lim Sk(b,C)'. 
k➔oo 

Deleting (l+IIEJ)m from the weight functions 1.n (5.3) would yield the same 



space s* (b,C)' ~• but Sk(b,C) in the form (5.3) is an FS-space. We choose 
00 

an increasing sequence {Ck}k=l of convex subcones of C exhausting C, such 

* that, when ok > 0 is a number with for y E Ck and ( E Ck+l 

(5.4) y•( :c: ok llyllll(II, cf. ( 4. 9), 

00 

then {1/k ok}k=l is a decreasing sequence of positive numbers. In view of 

the fact that for any k the set (C~+l/ n U(b,C) is compact (see the proof 

of lennna 5.1) the distributions gin s*(b,C)' are just the g EV' of 

theorem 4.2. 

LEMMA 5.1. For all k there is a p > k such that for any z = x+iy with 

y E ck and llyll > 1/k 

iz•( p 
e E S (b,C)(. 

* C --PROOF. For every ( E (Ck+l) there is any( E pr Ck+ 2 with 

thus -y(•( :c: ok+lll(II. Then for every ( E (C:+l)c n U(b,C) it follows from 

(5.2) that 

ok II (II :::: 
+I 

sup -y- F, :::: 

yEpr ck+2 
sup b(y) def bk. 

yEpr ck+2 

Thus with dk 
bk 

= -- we get for these ( 
ok+l 

Now let p > k/ok, then using (5.4) and (5.2) we find for y E Ck' llyll > 1/k 

and every rn 

sup 
F,ElJ(b,C) 

I a I ::::m 

:::: sup (l+ll(ll)rn lzal exp(t-ok~ )11(11 + 

F,d:;+ l 
I a I ::::m 

29 
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+ sup (l+dk)m lzal exp(i dk + b(y)) s 
la Ism 

s ~(il+llzll)m eb(y) sup (l+t)m exp-(.! ok - p.!) t. 
t~0 k 

The lennna follows from the fact that for all t ~ 0 

m 
( I + t ) exp - o t s K 

m 

for some constant K depending on m. n 
m 

As an element of S1 the Fourier transform of e-y•E, g with gES*(b,C)' 
[, 

is known. We can now formulate a simple representation of this Fourier 

transform. 

LEMMA 5.2. For any y EC and g E s*(b,C)' 

(5.5) F[e-y•E, iz•E, g[,](x) = <g ,e >, 

PROOF. Let us first assume that moreover g E S1 • Let a be a C00-function 

with support in U(b+l,C), equal to I in U(b,C), such that a is a multiplier 
-y• [, 

in S' (here (b+l)(y) = b(y)+llyll.). Then a(O e E SE, for every y E C. 

If¢ ES, we obtain 

iz- E: 
Furthermore, a(E,)e ·¢(x) E sE,,x and considering g[, as a distribution in 

S I by TREVES [8, (5 l. 7) J we get 
t, 'X' 



iz•~ = <g~,a(~)e ¢(x)>~,x = 

( l.Z • ~ j <g~,a(~)e >~ ¢(x)dx = 
]Rn 

hence 

* Now we take g ES (b,C)' and y EC. Let yO EC be such that y-yO EC 

and let p be such that for~ in U(b,C) outside a compact set -y0 •~ s 

s-1/pll~II. Then multiplication by exp -y0 •~ and restriction to U(b,C) 1.s a 

continuous map from S into sP(b,C), so its transpose is continuous from 
-y -~ sP(b,C)' into S'. Hence e O g~ E S' and according to above 

-(y-y )·~ -y -~ 
F[e O e O g~J(x) 

-yo•~ i(z-iyo)·~ 
<e g~,a(~)e > 5 , = 

-yo•~ i(z-iyo)·~1 
= <g ,e a(~)e > 

~ . U(b,C) sP(b,C)' 
[] 

31 

Theorem 4.1 also holds for convex homogeneous functions b(y) instead 

of bllyll, if C is convex. Therefore, we get a representation of the function 

f of theorem 4.1 (cf. CARMICHAEL ri,th.13]). Let f be holomorphic in TC and 

satisfy 

(5.6) lf(z) I s P(C',r,o)(l+llzll)N(C',r) exp{b(y)+ottyll}, 

for all C' cc C, r > 0 and o > 0. 

C' 
z E T 

llyll ~ r 

COROLLARY 5.3. For any function f that satisfies (5.6) there is a distribu-­

tion g E s*(b,C)' such that 

(5. 7) f(z) 

BIBUOTHEE:K 
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With this representation lennna 3.3 can be improved so that m(C') in 

(3.8) no longer depends on C'. 

COROLLARY 5.4. Let the boundary value f* in Z' of a function f satisfying 

(5. 6) belong to S 1 • Then f attains this boundary value already in S' as 

y-+ 0., y EC' and f satisfies the stronger condition 

(5.8) 

for every C' cc C and some m and k. 

PROOF.In view of (5.7) it is sufficient to represent g 

weak derivatives of measures in U(b,C) and to estimate 

-1 * = F [f ] as sum of 

sup ( I +II E;II / IDa iz • E; 
e I 

E;EU(b,C) 
lal:s:m 

as in the proof of lemma 5. I. □ 

We now define a topology on the space H*(b,C) of functions f satis­

fying (5.6) by 

(5.9) H* (b,C) def proj lim ind lim A (exp-b(y) ,JR.n + iC(k)), 
k-+oo m+oo oo (1 +II zll )m' . 

where A (M(z);rl) denotes the Banach space of holomorphic functions in rt 
00 

with finite sup norm sup M(z) lf(z) I and where C(k) = C n {y I y > 1/k}. Here 
ZErl k 

the continuous maps from 

into k 
Q, p 2 k, are the natural injections. By changing this repre-H £ • 2 m, 

sentation of the space H*(b,C) somewhat, * just one can see that H (b,C), as 

s*(b,C)', l.S the projective limit of nuclear LS-spaces: let for each k 
00 

{Ck+l/m}m=l be a decreasing sequence of convex, relatively compact sub-

cones of Ck+l with intersection Ck\{O} and let C(1<+1/m) = 

= Ck+l/m n {y I ttytt > k+l/m}. Then also 



H*(b,C) = proj lim 
k+oo 

. d 1· Hp+l/m 1.n 1.m 
m m+oo 

and from the compact embedding theorems between A-spaces 1.n WLOKA [13, 

theorem 2,§4.2, where the condition d(S ,CS 1) > 0 may be replaced by n n+ 
Sn c G1J follows the above mentioned property. 

The following theorem gives the Fourier transformation in theorems 

4.1 and 4.2 as an isomorphism. 

THEOREM 5.5. The Fourier transformation F: s*(b,C)' - H*(b,C) given by 
iz-1; * f(g)(z) = <g ,e > for g ES (b,C)' is a topological isomorphism. 

I; 

* . PROOF. In the proof of lemma 5.2 it is shown that for g ES (b,C)' and 
-yo•!; 
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y0 EC e gl; indeed belongs to S', so that the Fourier transformation 

(5.5) is 1-1. Hence Fis an injective map from s*(b,C)' into H*(b,C) 

according to theorem 4.2. Theorem 4.1 says that this map is moreover 

surjective. In order to prove the continuity off it is sufficient to show 

that for each k there is a p such that f is a bounded map from sP(b,C)' 

into Hk(b,C) ~ ind lim Hk, because as an LS-space sP(b,C)' is bornologic, 
m+oo m 

see FLORET & WLOKA [3]. So, let B be a bounded set in sP(b,C)', where pis 

still to be chosen. This means that for some m Bis bounded in the strong 

dual of T./1 0 (MP;U(b,C)), where Mp(!;)= (l+ll!;ll)m exp(l/pll!;ll). Hence there 
00 , m m 

is a K such that for all~ E T./1. 0 (MP;U(b,C)) and g EB 
oo, m 

l<g,~>I $ K sup 
/;EU(b,C) 

lal$m 

Now we choose p > k as in lemma 5.1 and replacing~(/;) by exp iz•I; 1.n the 

above estimate yields for the images f = f(g) 

lf(z) t $KM. (l+llzll)m eb(y), 
. k,m 

Hence f(B) is bounded in Hk, thus bounded in Hk(b,C). 

II yll > 1 /k • 

m -I 
Next we prove the continuity off • Again it would be sufficient to 

show that for each k there is a p such that f-l is a bounded map from the 

LS-space ind lim Hp+l/m into Sk(b,C)'. So, let us start with a bounded set 
m-+oo m -

in Hp+l/m for some m. This set is certainly bounded in HP. However, the 
m m 
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elements of a bounded set A in Hp are holomorphic in ]Rn+iC(p), so that we 
l k m 

cannot expect that F- (A) c S (b,C) 1 • 

Let p > k and let y0 E CP be such that 

Then f (z+iy 0) is holomorphic in ]Rn +iCP if f E A and it satisfies there 

because b(y) is homogeneous and convex: ½b(y+y0 ) = b(h+h0 ) :<: ½b(y) + ½b(y0 ). 

I -I 
Hence the set B' = {g' g 1 = F [f(x+iy0)J, f EA} is a bounded set in S 1 

and every g 1 EB' has its support in the set U(b,Cp). Since y0 •~:<:l/kllE:II, 

multiplication by exp y0 -~ maps B' into a bounded set Bin Sk(b,Cp) 1 • 

According to corollary 3.2 and (5.5) we have for f EA and ally such that 

exp i(z+iy0)•~ E Sk(b,Cp) 

(5.10) f(z+iy) = F[e-y·~ g 1 ] 
0 ~ 

-(y+y )·~ 
He o Yo'~ 

e g'] = 
~ 

i(z+iyo)·~ 
= <g~,e > 

-] 
for some g EB. By (3.4) g is independent of y0 , so that F (f) = g. 

Hence F-l (A) is bounded J.n Sk(b,C ) 1 • If f also belongs to H~ for a larger 

p, £ ~ m, then still we would hav~ found the same g. Therefore, F-I is a 

continuous map from H*(b,C) into Sk(b,C )' for any p with the same image 
k p -1 

in every space S (b,C ) 1 , p = 1,2, ••.• Thus F is continuous from 
p 

H*(b,C) into proj_lim Sk(b,C ), which equals Sk(b,C)' because Sk(b,C 1) 1 
r--700 p p+ 

is a closed linear subspace of Sk(b,C )'. Hence F-I is continuous from 
* ]! p 

H (b,C) into SK(b,C)' for all k and since in (5. 10) g is also independent 

of k, it follows that F-l is a continuous map from H*(b,C) into s*(b,C)'. 

Similarly, when the boundary values of the functions f exist in S', we 

can topologize the spaces of these functions and of their inverse Fourier 

transforms, so that the Fourier transformation is a topological isomorphism. 

For that purpose, let 
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S(b,C) def proj lim W: 0 ((J+IIIJ)m;U(b,C)) 
' m+oo 

and let 

H(b,C) ~ ind lim 
m+oo 

. 1 . ( exp - b (y) n . ) proJ im A -----"'------"-'----; 1R +1.C • 
k-+00 

00 (I+llzll)m(l+llyll-m) k 

S(b,C) is an FS-space and as a consequence of the following theorem 
C H(b,C) is an LS-space. Also here for any z ET exp iz•~ E S(b,C)~ and 

lemma 5.2 holds for g E S(b,C)'. Similarly to theorem 5.5 with the aid of 

VLADIMIROV [9, th.26.3 and 26.4, th.2] one can prove the following theorem, 

which gives the Fourier transformation of [9, 26.4 th.2] as a topological 

isomorphism. 

THEOREM 5.6. The Fourier transformation F: S(b,C)' - H(b,C) given by 
iz•~ F(g)(z) = <gee > for g E S(b,C)' is a topological isomorphism. 

REMARK 5.7. At the beginning of this section it is shown that S(b,C) 1 is a 

* closed linear subspace of S'. However, S (b,C)' as a subset of V' carries 

a finer topology than the one induced by V'. For, let n = I, C = {y I y > O} 

and b=O, then the function S(Oe~ belongs to V', but not to s*(b,C) 1 , 

because S(~)e(l-y)~ i S' if O < y < l (here 8(~) = 1 if~> 0 and 8(~) = 0 
N k * if~< O). Furthermore 8(~) Zk=O 1/k! ~ belongs to S (b,C)' for every N 

and the limit for N ➔ 00 converg_es in V' to 8(0e~, hence it does not con­

verge in s*(b,C)', which as projective limit of complete spaces is itself 

complete. 

We end this paper with a last striking property of functions in H*(b,C) 

or H(b,C), when the function bis moreover uniformly continuous in C. Let 

w E pr C, then w E pr C1 for some C' cc C. Since for C' cc C" cc C 

U(b,C) n C" is bounded and since for~ E c11 * 
* 

for some 6 > 0, in (5.3) the weight functions exp(l/kll~II) in the definition 

of s*(b,C)' may be replaced by exp(l/k w•~). Then a function f E H*(b,C) 

satisfies for each E > 0 and z E ]Rn+i{Ew+C} 
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If (z) I 

s; K"(J+llzll)m(E) sup (J+ll~ll)m(E)e½Ew•~-y•~ s; 
E ~EU(b,C) 

s; K' ( !+II zll )m(E) sup exp ( EW • t-y • 0 s; K' ( I + II z II ) m ( E) exp b ( y-Ew) s; 
E €:EU(b,C) E 

s; K ( l +II zll ) m ( E) b(y) 
E 

e , 

because bis uniformly continuous in C. Since this property for functions 

* f EH (b,C) is not true for general convex homogeneous functions b, we see 

that it was right to divide C into k~l C(k) instead of E~O{Ew+C} in the 

definition (5.9) of H*(b,C). A similar property holds for functions fin 

H(b,C). 

For example, we may take b constant on pr C, i.e., b(y) = bllyll where 

now bis a number. Then we have obtained the following corollary. 

COROLLARY 5.8. If a holomorphic function fin Tc3 Copen and convex., 

satisfies (4.2)., then it also satisfies for every E > 0 

y E EW + C 

for some f'ixed w E pr C. If f satisfies (5.8)., where b(y) = bllyll for some 

number b3 then f also satisfies for some m' ~ m and every E > 0 

m' I f ( z) I s; P ( E) (l + II z II ) exp b II y II , y E EW + C. 
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