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ABSTRACT

This paper continues the analysis of a class of orthogonal polynomials
in two variables on a region bounded by two straight lines and a parabola
touching these lines, which was introduced by the first author. An explicit
series expansion for these polynomials is obtained, which generalizes
Constantine's expansion of hypergeometric functions of (2x2) matrix argument
in terms of James' zonal polynomials. In two special cases the orthogonal
polynomials turn out to be Appell's hypergeometric FA—functions and certain

hypergeometric functions in two variables of order three, respectively.
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in two variables of order three.
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1. INTRODUCTION

This paper continues the analysis of a class of orthogonal polynomials
in two variables over a region bounded by two straight lines and a parabola
touching these lines. The basic results on this class of polynomials are
given in a paper by the first author [21], where the polynomials are intro-
duced, and in another paper by the second author [28]. See also the survey
papers [23] and [25] by the first author.

These orthogonal polynomials in two variables, which in this paper
will be denoted by Ra B’Y(E,n), can be considered as highly nontrivial
(as8) (x).

The main purpose of
G, B’Y(E

generalizations of the Jacobi polynomials P
this paper is the derivation of an exp11c1t series expansion for R sN)
which generalizes the hypergeometric power series expansion for Jacobl

polynomials. Such an expansion should have the form

a,B,Y - a,B,Y Bsy
(1.1) Ry’ (Esm) Zﬂ okl fmp (o)
3
where the coefficients cz’if; 2 and the functions fa B’Y(E,n) have to be
3 3 9

’
more elementary special functions with well-known explicit expressions. It

turns out that if either k = 0 or k = n the functions fm,[ can be chosen
as monomials and the coefficients then become quotients of products of
gamma functions. For k = n the polynomial can be identified with a termi-
nating Appell's hypergeometric Fa—function in two variables, and for k = 0
we obtain a certain hypergeometric function in two variables of order three.
However, if k # 0 or n then a certain choice of monomials for fm,ﬂ
leads to rather awkward expressions for the coefficients in (1.1). In this
general case the best choice for fm,ﬂ seems to be the so-called James-type
zonal polynomial Zg,t(g,n), which can be expressed in terms of Gegenbauer
polynomials. Then the coefficients in (1.1) can be expressed in terms of a

-function of unit argument. In doing this choice we were
a, B 0

hypergeometric 4F3
motivated by the fact that R (E,n) can be identified with a hyper-
geometric function of (2x2) matrlx argument. CONSTANTINE [10] proved that
hypergeometric functions of matrix argument have a nice explicit expansion
in terms of the zonal polynomials introduced by JAMES [18]. In the (2x2)

case these zonal polynomials can be identified with our polynomials



0
Zm,z(g’n) .

We already pointed out that the polynomials Ra B’Y(g

,N) become more
simple on the boundary lines n = 0 and n = k of the region {(n,k) € 22 [

n > k 2 0} for which Rzzﬁ’Y(g,n) is defined. Similarly, the analysis of

the polynomials on the boundary of the orthogonality region in the (&,n)
plane is easier than in the interior of this region. In particular,
n,n’Y(g 0) and R ’Y(g,égz) turn out to be Jacobi polynomials of argument
1-2¢ and 1-g, respectively. Our proofs exploit these degeneracies in the
(n,k) and (£,n) planes. The two pairs of differential recurrence relations
derived in [21] and [28] will also be used as essential tools.

The results in this paper are not only an interesting part of the
analysis of the polynomials Ri:i’Y(g,n), but they may be important for a
wider class of readers. First, there is a close relationship with the theo-
ry of Jacobi polynomials. Many results for Jacobi polynomials will be used
in this paper, and, on the other hand, some known results for Jacobi poly-
nomials can be better understood from our two-variable point of view.
Second, we bring some unity in the bewildering variety of special functions
in more than one variable by identifying hypergeometric functions in two
variables (in particular F4) and hypergeometric functions of (2x2) matrix
argument with special cases of our polynomials.

In sections 2 and 3 of this paper we summarize the results on Jacobi
polynomials and on the polynomials Rz:E’Y(E,n) which will be needed. In
section 4 the James type zonal polynomials are introduced. The boundary
values of the polynomials K 5B,y

n,k
,
6 contains the expansion of the polynomlals R

(E,n) are considered in section 5. Section

a,B

’
type zonal polynomials. In section 7 we consider expansions of the form

’Y(E,n) in terms of James

(1.1) with another natural choice for the functions £ ’B’Y(g,n). This leads

’
in section 8 we derive expansions of R

to the identification of R ,N) with Appell's BA-function. Finally,

&> B’Y(E,n), k = 0 or n, as double
’

Jacobi series with positive coefficients. Sections 7 and 8 can be read
independently of each other and of sections 4 and 6. However, section 5 is
needed for all the subsequent sections.

In a forthcoming paper we will extend the correspondence between
R® 5By
n . (&
sion in terms of James type zonal polynomials will be given for those

,n) and Appell's function F4 to the non-polynomial case. An expan-



solutions of the system of partial differential equations for F4 which are
regular in the singular point (1,0). For special values of the parameters
these second solutions are precisely the hypergeometric functions of (2x2)

matrix argument.

2. PROPERTIES OF JACOBI POLYNOMIALS

In this section we collect all results on Jacobi polynomials which will
be needed in this paper. The standard formulas for Jacobi polynomials have
been taken from SZEGO [29, Chap. 4] and ERDELYI [13, Chap. 10]. A useful
survey of many recent results on Jacobi polynomials is given by ASKEY [2].

Let o,B> - 1. Jacobi polynomials Péu’e)(x) are orthogonal polynomials
on the interval (-1,1) with respect to the weight function (l—x)a (l+x)B and

with the normalization Péa’s)(]):= (a+l)n/n! We will use the renormalized

Jacobi polynomials Réa’s)(x):= Péa’B)(x)/Péa’B)(l).
Differentiation formulas:

2
@0 AR @ v et r P

dx
+ n(n+a+8+l)Ria’B)(x) =0,

n(n+to+B+1) R(0L+1 ,B+1) (x)

7(a+l) . Rn-1 if n > O,

d _(a,B)
(2.2) —R 77 (x) =

dxn 0 if n= 0,
(2.3) (-0 (140 P [(1-x>“+‘(1+x)8+‘R§f;”3+‘)(x)} -

= =20 DR B () .
n

Series expansions:
(2.4) Rﬁa’s)(x) = 2Fl(—n,n+a+5+];a+];%(l—x)) =

n (—n)k(n+a+8+1)k /1-x>k

]
K=0 (atl), k! \ 2



2.5 R - (%E)HZF]<—n,—n—B;a+l;-:z—:-%-) -
-7 kzo(—:ifé;j:ffk PR CEI P
(2.6) x\®_ @Dy n o QkbekBrD) (on) (atBHD)y gy
( 2 ) (a+B+2) 2 (k+a+3+])(n+a+6+2)k o R (x) .
Value for x = -I:
2.7) R$8 o1y = (=P i—::;i .

Linear and quadratic transformations:

(o58) (_
(2.8) EI(L_T(_E_)_ = R gy
Rna’s (-l) n
(2.9) Réz’a)(x) = Ré“"i)(zxz—l),
(2.10) Ré?l-;-(;) (x) = x Rfla’i)(zx»z"l).

Gegenbauer and Chebyshev polynomials:'

(y+3)_ [n/2] (-n)
(v>v) _ n 2k n-2k
(2-11) Rn (X) = -—_(Z'Y"'—]_).n Ko (_n"‘Y+£)k k! (ZX) ’
(2.12) Ré-%’_%)(cos 8) = cos nb,
(4,4) _ sin(n+1)8
(219 Ry (eos ©) = iTysine -

It follows from these last two formulas that



216 RUBTI G = g™,

tn+l_t—n--l
]

(n+1) (t-t )

1

(2.15) R %’%)(%(t+t_ )

n

Formula (2.&2) is a special case of

(v+3), (y+3)
(v>v) __n! % k n-k
(2.16) Rn (cos 8) (2Y+1)n Lo RN CESY cos(n-2k)6,
which formula results in
+1 +
(2.17) R(Y’Y)(l(t+t—])) = n! n (y 2)k(Y %)n—k tn—2k
n 2 (2y+1)n k=0 k! (n-k)! :

Quadratic norm: Let
1
[ (1-x) *(1+x) Bax
w(a,ﬁ):= -1
n

(2.18)

1
f (Rﬁ“’”(x))2 (1-x) % (1+x) Bax
-1

Then

(2n+a+6+1)(a+l)n(d+8+2)n

(a,B) _
(2.19) wn - (n+a+B+])(B+l)n n!

Christoffel-Darboux formula:

n
(2.20) )W
k=0

2(a+1)(a+2)n(a+8+2)n

(a,8),(a,8) (o, 8) _ .
(R (y) = (2n+a+8+2) (B+¥1)_ !

ko k

R Rl ) - B cori P )

X=y




Limit formulas:

(a,B)
(2.21) lim % ) _ (1=x\"
B RI(IG;B)(_]) \ 2 / ’

i A . , 1 n
(2.22) lim Rr(l“ B) (x) = (—%’5) .
(2.23) o RiY’Y)(x) = x".

These three results follow from (2.4), (2.7), (2.8) and (2.11).

Another pair of differential recurrence relations:

(2.24) (]‘X) ]_a -d—d; [(]_x)aRr(la’B)(x)] = - q RI(IC!—I’B""])(X)’
(2 25) (1+X)-B JL [(1+x)8+lR(a‘1’B+])(x)] = a-l(n+a)(n+6+])R(a’B)(x)
’ dx n J n o

It follows from SLATER [27, (2.5.31)] that

-n, 3 (a+B+1), 4} (a+B+2) ,n+ta+B+1; 1_x2\

. (a,B) (B,a)
(2.26) R 7(x) R; () = F, < atl,B+1,a+B+1;

In particular:
[ (as0) |2 2
(2.27) \Rn ’ (x)/ = 3F2(—n,a+§,n+2a+1;a+l,2a+l;l~x ).

Appell's hypergeometric function F4 is defined by

° ®  (a)  (b) . L
(2.28) F4(a,b;c,c';x,y):= z z © ?C?) $|HR| men, |X|2+|Y|2< I.
m=0 m=0 m n =




A result of Watson (cf. SLATER [27,(8.4.4)] gives
(a,B) (B,a) -
(2.29) R (x) R (y) =

= FA(—n,n+a+B+l;a+l,6+1;{(1—x)(1+y),£(1+x)(l-y)).

THEOREM 2.1. (cf. BATEMAN [4, pp.392,393] and KOORNWINDER [22, §2]).
If

(a,B) _ o /1+x\k
(2.30) Rn (x) = kzo ck\__z_/

then

(o5 8) (a,B) _ n x+y\K (a,B)(1+x
R I AN R e(B2) wl®)(Lm)

and

DB () (nrarprl),

(2.32) o = D) _(6+D), k!

The product formula and addition formula for Gegenbauer polynomials (cf.

ERDELYI [12, 3.15(19) and 3.15(20)1):

(2.33) Rl-(lY’Y) (x) ngYsY) (Y) - I1(Y"'l)
2T (y+4)

1
-1
n

2.3 ROV GagraxDa-yHiy =
n k=0

-1)*(-n), (m+2y+1),

22K (ye1), (v,

(1-x2) BE Rizlk’Y+k)(x)(l—y2)%k RéZ;k’Y+k)(y)=

,wév-%,v-i)RéY-%,Y-i)(t).



The product formula for Jacobi polynomials (cf. KOORNWINDER [22, (3.7)]):

(o,B8) (a,B) _ 2T (a+1)
(2.35) R P ) R () = .

7T (a=B) T (8+1)

1 (m
RSP dasm aumrtao aptea-hia-yht x cos o1
0°‘0

-(l—rz)a—8—1r28+l(sin ¢)28 dr d¢, o > B > - }

THEOREM 2.2. (cf. SZEGO [29, Theorem 7.32.1])

(a) If o 28 anafa >~ 1 then
| &8 | <1 for -1 sx <1,
(b) If o < Band B 2- 4 then
| R | < | ROF ) | por -1 s xs 1

The coefficients in
(a,B) Y a,Bia,b _(a,b)
(2.36) RV = ZO Eaik | Ry ()

are called connection coefficients. We have

(a,B)
™

' —
n;k (a+l)n(a+8+2)n(n-k)! (n+a+3+2)k s

cf. SZEGO [29, (9.41)]. Hence

(2.38) gz;i;a’s >0 if a > a.

In the general case the connection coefficients are given by



(2.39) 0.B:a,b (n+a+8+l)k(a+l)k n!
nsk B (k+a+b+1), (a+1), (n-k) TK!

. F -n+k,n+k+a+B+1 ,k+a+l; 1
372 2k+a+b+2 ,k+a+1; ’

cf. FELDHEIM [14] or ASKEY & GASPER [3,(2.5),(2.6)].

THEOREM 2.3. If a<b, a + B 2a+b, 8 - a < b - a then ngi;a’b >0 and
3

the inequality is strict except if a = b, a = B and n - k 78 odd.

This theorem is essentially a part of Theorem 1 in Askey & Gasper [3]. The
last statement in Theorem 2.3 is a slight refinement of their result. It
follows immediately from the recurrence relation (2.2) in [3].

The coefficients in

T ale:8) | (a,8) p(a,8)

(a,8) (0,8) . _
R N N ORI Re (0
are called linearization coefficients. We have Aéa;a; =0 if m + n + k 1is
9 9
odd and
2a+1
Gan A o 20D @

m,n,k (a+3/2)§(m4n+k)

(a+%)%(m+n_k)(a+%)é(n;k_m)(a+%)%(k+m_n) m! n! k!

(%(m+n*k))3(%(n+k-m))!(%(k+m-n))!(2a+1)m(2a+1)n(2a+l)k

if m + n + k is even. Formula (2.41) was first stated by DOUGALL [11]
without proof. See ASKEY [2, lecture 5] for a survey of several proofs of

(2.41) which were published afterwards.

THEOREM 2.4. (cf. GASPER [151]).
Ifoa2Band o + B 2~ 1 then A

(OL,B)
m,n,k 2 0.
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In [16] GASPER extended this nonnegativity result for the linearization
coefficients to a slightly larger region of the (u,B) plane.

LEMMA 2.5. Let the polynomials pn(x), n=20,1,2,..., be orthogonal on the
interval (a,b) with respect to the strictly positive weight function w(x).
Then any polynomial of the form
' n
f(x):= ) c p (x), with ¢ # 0,
m=k
has at least k zeros of odd multiplicity on (a,b).

PROOF. Suppose that f(x) has only % zeros X senerX of odd multiplicity on

2
(a,b) with 2 < k. Then f(x)(x—x])...(x—xz) is either nonnegative or non-

positive on (a,b) and not identically zero. But
b
[ f(x)(x—xl)...(x-xl) w (x) d x =0.
a

This is a contradiction. g

Finally we mention Saalschutz's formula (cf. SLATER [27, §2.3.1]):

(c-a)n (c-b)n
(C)n(c—a-b)n

(2.42) (a,b,-n; c,l+a+b-c-n;l) = ,n=0,1,2,...

3F)

3. SOME EARLIER RESULTS FOR THE ORTHOGONAL POLYNOMIALS Rz’i’Y(g,n)
5

The purpose of this section is to summarize some of the results on the
polynomials pz:i’Y(u,v) obtained in KOORNWINDER [21] and SPRINKHUIZEN [28].
We will change the notation used in these two papers by introducing new
coordinates £:= 1 = } u, n:= }(l-u+v) and by renormalizing the polynomials
such that they are equal to | in the vertex (£,n) = (0,0). A motivation of
this new notation will be given in section 4.

Let Q@ be the region
(3.1 Q:= {(¢,n) | n>0, 1 -&+n>0, &2 -4n>0,0<¢gc<2},

which is bounded by two straight lines and a parabola touching these lines

(cf. Figure 1).
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nt

(2,1)

I
(l ,0)

Figure |

Let

3.2 w o (e ataen) @)Y, (g0 e n

DEFINITION 3.1. Let a,B,y > =1, o + y + %—> 0, B + vy + §-> 0. Let n, k be

integers, n 2k 2 0. Then Rz’ﬁ’y(g,n) is a linear combination of monomials

2 2 ’ -1 - k
1, &, n, €, £€n, n, &, Ezn,---,En, En n,...,En k n such that

. BsY m-2 2, =
(i) JJQ n, ‘K (g,n) ¢ L P (g,n) dg dn = 0
ifm 22 20 and if either m < nor m = n, & < k;

.. 0B,y -
(ii) R '« (0,0) =

3

If pi:i’y (u,v) is defined as in [21] then

p®2Bs5Y (0 0r  1-2£44n)
(3-3) Ri’i’Y(é,ﬂ) n,k 9

a,B,Y

where the value of p ’Y(2 1) is given in [28, (7.3)].

For y = + } the polynomlals R ’s’Y(E,n) can be expressed in terms of
’
Jacobi polynomials by
(3.4) n’B’ 2(x+y,xy) {Réa’s)(l—ZX) Réa’s)(l-Zy) + Réu’s)(l—Zx)'

(a,B)
* R (1-2y) 1,
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=(a+1)
(n-k+1) (n+k+a+B+2) (x-y) "’

3. Kty -

AR{E) (-2 REF (1-2y) - 2P (1-2x) 1% (1-29)3.

By comparing (2.20) with (3.5) it follows that

3.6 RUEE (1nGery), 00 (-y) =
(B+1) n! n
- n (asB),(a,B) (asB)
(a+2)n(a+6+2)n Lo Wy Rk (X)Rk ().
Let 3x X denote the partial derivative ak
EITEEE P .

Consider the second order differential operators

(3.7) DZ:= £{a€€+€85n+n3nn+(y+-%)Bn},

(3.8) R IO CR O DR SR IR (I B
(3.9) E§’8:= 5{(1—g)agg—zna%n-nann—(a+s+2)ag—(a+1)an},
(3.10) Ei’B’Y:= 4(wa,6,y(€’n))-l B %P, wa,B,Y+|(€’n)'

a,B,Y and Ea,B,Y
+

The operators D can be written more explicitly as

(3.11) Df’B’Y = 16 n(1-g+n)DY +

+

4{(a+1)E(1-8) + (a+B+2)En-2(B+1)n} 35 +

+

4 n{-(20+B+3)E +2(o+B+2)n + 2(a+1)} an +

4(ar1) (tBryH D) £ + 4 (@+B+2) (otBhyH2) n + 4 (o) (ohr+3),
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(3.12) g% B>

4(8%4n) (B2 P-(re1) (23450}

+

4(Y+1)(€'2n)(23€+€3n) +

G(otB+2Y+3) (Y+1)E + B (y+1) (aty+3) .

It was proved in [21,§5] and [28,§4] that these differential operators act

on Ri’E’Y(g,n) as follows:
b

[ Y R0sB,Y
D_ Rn O (g’n)

1

]
o
-

Y 5%58,Y
(3.13) ¢ DI R’ 7(E,N)

H]

_ k(ktat+B+1) (n+y+}) (ntatB+y+3/2) La+l, B+l

sY .
4(a+1) (a+y+3/2) o1 k-1 (™) if k>0,

a,B,y pat+l,B+l,y - é. a,B,Y
(3.14) D"’ Rn—k,k—l (£,n) = 4(a+l) (a+y+ 2) Rn,k (¢yn), k > 0,

L

Ef’B RasB,Y(g

0
n,n ?

»N)

a,B La,B8,Y
(3.15) < E_ Rk (&,n)

_ (n-k) (n-k+2y+1) (n+k+a+B+1) (n+k+a+B+2y+2) g% B>+l
8(y+1) (a+y+3/2) n-1,k

(g,n) if n > k,

0,8,y ,&,B,Y+] = §_ a,B,y+l
(3.16) E, Rk (o) = 8(G#D(aty+3) R ° 20 (E,n), n > k.

For the calculation of the coefficients in these four differentiation for-
mulas we used the explicit value of pz’i’y (2,1), cf. [28,(7.3)]. Note that
b

these coefficients are nonzero if a,B,y satisfy the inequalities of
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Definition 3.1.

THEOREM 3.2. (cf. [28, Theorem 8.1])

In the power series

’B’ =
R’ V(E) = ] e

m-2 £
5 m,l n

m,% §

the coefficient e 18 nonzero only if m< nand m + L < n + k (ef. Figure

2).

o2

e 1

(n,k)

Figure 2

This theorem also follows from the results of section 4, cf. Remark 4.4.

Analogous to (2.7) and (2.8) we have

D" (B+1), (B+y+3/2)_

a,B,Y =
(3.]7) Rn,k (2’]) «1+1)k(a+Y+3/2) >
n
Ra’B’Y(E,n)
(3.18) Rk T gB%Yo g ygun),

0,8,Y n,k
Rn K 2,1

5

Note that the mapping (£,n) - (2-£,1-£+n) is a nonorthogonal reflection
which maps Q onto itself, (0,0) to (2,1) and which leaves the points of the
line £ = 1 invariant.

Finally we mention the quadratic transformation formulas

O0,0,Y = YQ‘&:a - 2_
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a’a,Y - - Y’i’a‘ - 2_
(3.20) Rn+k+l,n-k(€’n) = (1-¢) Rk (2g-4n,£%-4n).

The quadratic transformation (£,n) - (2&-4n,£2-4n) maps both connected com-

ponents of {(&,n) € Q | £ * 1} onto Q. In féct, (0,0) and (2,1) are both

mapped to (0,0), (1,0) is mapped to (2,1), and (1,}) is mapped to (1,0).
Note that formulas (3.19), (3.20) and (3.4) together imply that

G2y Ry een® = 4’ e R o)

+ R(Y’Y)(X) R(Y’Y)(y)}

3.2 LB Oagieen? = e /8 =G o) -

+ R(Y’Y)(x) R(Iilz(y)}‘

4, JAMES TYPE ZONAL POLYNOMIALS

As was pointed out in section !, the main problem to be solved in this

paper is the derivation of an explicit expression of‘Rz’i’Y
b

of certain polynomials Z (g,n) called James type zonal polynomials. In

(£,n) in terms

this section we 1ntroduce these polynomials ZY (g,n), we give some moti-
vation for the choice of these polynomials and we derive some simple
properties of the expansion coefficients. To a large extent, the contents

of this section coincide with KOORNWINDER [25, §4.41].

DEFINITION 4.1. Let y > - 1. Let n, k be integers such that n 2k 2 0. Then

the James type zonal polynomial Zl k(E,n) is defined by
b

MRS T S T P T
(4.1) Zl,k(g’n):= -(;;xj——- n Y Y (4n
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It follows from (2.11) that

[$(n-k)] (—n+k)Zi

Y _ n-k-2i_k+i
(4.2) Zn’k(ﬁ,n) Lo (_n+k_,Y+£)i it 13 n .
Note that
Y n-k k .
(4.3) Zn k(g,n) = ¢ ' + polynomial of degree less than n,
b
lim ,Y - 0k k
(4.4) P A CROI S o

From (2.14) and (2.15) we get the special cases

nk kn

@5zt ey = ey T YRR,

H

(4.6) Zi,k (x+y,xy) = (X“y)_l(xn+lyk-xkyn+l).

From (2.17) we derive

(n-k)! nk (Y+i)i(y+%)n—k—i— n-i
Dy 350 1Y (kD) T

Y =
(4'7) Zn,k(X+}’axY)
Note also the boundary values

Y =
(4.8) 2] k(550 = 15

Y 2y _
(4.9) Zn’k(i,ig ) = -z;;;;:;;: de)" .

In view of (4.3) any polynomial

k+1i
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n
P(g,n):= ) )

has a unique expansion

n n
P(g,m) = ) ) < o z¥  (g,m)
=0 m= ™t Mt

for each y > -1. This can be considered as a generalized power series ex-

pansion.
Y =
Note that cm,0 cm,O by (4.8). e
In particular, let us define the coefficients c_’ Y by
n,k;m,2

DEFINITION 4.2.

0,B,Y -
(4.10) R (g,n) =

? 2=0

o~—g

7By Y
M3
zl cn,k;m,l zm,l(g’n)‘

We claim that the generalized power series expansion (4.10) is a suitable
analogue of the ordinary power series expansion (2.4) for Jacobi polynomials.
This also justifies the introduction of the new coordinates £,n in section 3.
Below we give a number of arguments for considering the expansion (4.10).

(a) It follows from (3.4), (3.5) and (2.4) that Rz’i*-%(x+y,xy) has a natural
9

expansion in terms of X yz + x2 ym, m 22, and, similarly, Ri’i’%(x+y,xy)
3

in terms of (x—y)_l(xm+]y2-x2ym+]), m 2 £. In both cases the expansion
coefficients can be given explicitly. By (4.5) and (4.6) this leads to

the expansion (4.10) in the case y = £ } and we obtain

@iy BB e (0 (k) (rarpel) 4

+ (-k)m(-n)2(k+a+8+l)m(n+a+6+l)l}{2(a+1)m(a+1)2 m! 2!}_1,



Nl {(—n-l)m+1(—k)l(n+a+6+2)m+1(k+a+3+1)2 +

(-k)m+](-n-l)z(k+a+8+l)m+l(n+a+8+2)2}.

{(n—k+l)(n+k+a+B+2)(a+2)m(a+l)l(m+l)! 2!}_1-

(b) It was pointed out in KOORNWINDER [25, §4.4] that

o,8,0 = _ 3. 3. X 0

where 2F](a,b;c;X) is the hypergeometric function of matrix argument X
which was introduced by HERZ [17]. CONSTANTINE [10] proved that there
are natural power series expansions of such hypergeometric functions in
terms of so-called zonal polynomials which (in the (2x2) case) are sphe-
rical functions on GL(2,IR) /0(2) belonging to finite dimensional irre-
ducible representations of GL(2,1R). These zonal polynomials were in-
troduced by JAMES [18]. Furthermore, JAMES [19,(7.9)] showed that in the
(2x2) case these zonal polynomials coincide up to a constant factor with
our polynomials Zg’z(x+y,xy). By using formula (25) in CONSTANTINE [10]
it follows that

(... [x o
(4.14) 2Fl\a,b,c, [ ]

= = () (a-]),(b) (b-D) (3/D)__

)

m=0 2=0 (C)m(c-£)2(3/2)m£!(m_z): Zm,z(x+y,xy).

Now (4.13) and (4.14) together give

B0 _ ('n)m(‘n“%)£(n+a+6+3/2)m(n+a+3+1)2(3/2)nr2.

4.15 -
(4.15) non;m, & (@*372) (@), (3/2)_L @ D)

v
s
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(c¢) It can be proved that there is an interpretation of the polynomials
R% (CI"'3) ’ % (d—q_3) »0
n,k
0(d), which are right invariant with respect to 0(2) x 0(d-2), left in-

(£,n) as so-called intertwining functions on the group

variant with respect to 0(q) x 0(d-q), and which belong to some irreduc-
ible representation of 0(d). In particular, for q = 2 we obtain the
spherical functions on the Grassmann manifold 0(d) / 0(2) x 0(d-2). Ac-
cording to JAMES & CONSTANTINE [20] group theoretic considerations give
a motivation for expanding these intertwining functions in terms of zon-
al polynomials. In particular, it follows from JAMES & CONSTANTINE [20,
(15.4)] that

r~

— (-n)m(n+a+8+2)m(£)m

o @3/ wrar if =0,
m

0 if 2 # 0,

for integer or halfinteger o and R.

(d) It will be proved in section 7 that

a,B,Y Y
. R (Eym)  Z! . (&,m)
(4.17y ~ Hm _mk - Bk

B>  _a,B,Y Y
Rn Kk (2,1) .Zn’k(Z,l)

H

Note that the pair of formulas (4.10) and (4.17) is analogous with the

formulas (2.4) and (2.21) for Jacobi polynomials.

A final motivation for considering the expansion (4.10) is given by the

following differentiation formula, which is easily verified.

-

Y Y
D Zn’o(é,n) 0,

(4.18) 9

D! z¥  (£,n) = dkry+Dz) | | (6,n) if k > 0.

I

On comparing this result with (3.13) we obtain the recurrence relation
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o8,y _ k(kto+B+1) (n+y+}) (n+a+B+y+3/2)
n,k;m,% 2(a+1) (m+y+1) (a+y+3/2)

L0t By

n-1,k-1;m-1,2-1 > ¢ > 0s k> 0.

Since DZ Rg’g’y(g,n) = 0, it also follows that
9

n
a,B,Y = a,B,Y Y
(4.20) R *;7T(E,n) mZO Cnr0m,0 Zm,0(EsM)>

m,e " 0 if 2 > 0. Formulas (4.19) and (4.20) together imply:

THEOREM 4.3,

a’B’ 0 - .
cn,k;;,z # 0 only ©f 2 < k (ef. Figure 3).
e P
‘(n’k)
n -

Figure 3

REMARK 4.4. Theorem 4.3 together with formula (4.2) provides a new proof of
Theorem 3.2.

REMARK 4.5. It follows from (4.10) and (4.8) that

0yB,Y 2 0,B,Y
2D RyTIE0) = L eliin g &

Hence, in view of (4.19), the general coefficients ca’ify , are known as
? H H]

soon as we know the explicit power series expansion (4.21) of the boundary

value Ra’B’Y(g,O) for all values of a,B,y,n,k. In particular, we know the

n,k o,B,Y

coefficients . m.g S soon as we know the explicit power series expansion
3 Ly Hie
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of Rg’i’Y(E,O) for all values of o,B,y,n. This power series expansion will
)

be obtained in section 5.

REMARK 4.6, It follows from (4.20) and (4.9) that

a,B,Y 2 2 a,B,Y (2Y+1)m m
(4.22) R0 (£,4€7) = Z °h.0im,0 (D) (:e) .
m=0 m
Hence, the general expansion (4.20) of Rz:g’Y(E,n) is known as soon as we
know the explicit power series expansion (4.22) of the boundary value
RZ:S’Y(g,igz). This power series expansion will also be obtained in

section 5.

5. SOME BOUNDARY VALUES

In this section it will be shown that the polynomials Ri’i’y(g,n) be-
3
come Jacobi polynomials on the boundary lines n =0 and 1 - £ + n = 0, and

that Rz’g’Y(E,n) can be expressed as a Jacobi polynomial on the parabola
9

£ = 4n = 0. In the case of general degree (n,k) certain Jacobi expansions
of the boundary values of Rg’i’Y(E,n) will be considered, for which the
b

Fourrier-Jacobi coefficients can be expressed in terms of the corresponding

atk,B+k,y - a,B,y+n-k
n-k,0  (6:0) and R’y
The key for deriving these results is the following lemma.

coefficients for R (g,}gz), respectively.

LEMMA 5.1.

(a) On the line n = 0 the second order partial differential operator Di’B’Y

reduces to a first order ordinary differential operator involving only

derivatives 35 = d/dg, which is given by
- - 1
(5.1) p2ET| = sty O L 2Bt

(b) On the parabola &2—4n = 0 the operator Ei’B’Y reduces to a first order

. differential operator involving only derivatives 85 +1¢ Bn = d/dg,

which is given by

BIBLIOTHEEK MATHEMATISCH CENTRUM

e A RAQT DM A RS
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= 4(y+1) g'(a+y+£)(2_g)-(8+y+%)£L . ga+y+3/2.

a,B,Y
(5.2) E i

|
Y %= o0

.(2_£)B+y+3/2.

PROOF. The proof follows immediately by substitution of n = 0 in (3.11) and
2

£ - 4n = 0 in (3.12), respectively. O
Formulas (5.1), (5.2) and (2.3) imply that
5B +y+3/2,8+1
(5.3) el TR R{HTI/ZED) (o)
= 4(ot) (ary+ D) Rff”**’s)(l-za),
a:BsY‘ (a+Y+3/2,B+Y+3/2) _ _
(5.4) E] 240 = 0 ool (1-¢) =

3, o(at+y+},B+y+i)
5) R (1-¢).

8(y+1) (a+y+

Now we can prove the important

THEOREM 5.2,

a,BsY - (a+Y+£’B) _
5. BZE7(e,0) = & (1-26),
(5.0 RUEV(e 4Dy = REOTHHETD (1,

a,B,Y
R (€,&-1)
(5.7) . = RéB+Y+i’“)(2g-3).
R®? ’Y(Z,l)
n,n

2

PROOF. Comparison of (3.14) with (5.3) and of (3.16) with (5.4) and complete
induction with respect to n results in (5.5) and (5.6). The boundary value
of Rz’i’Y(g,n) for 1 - £ + n =0 follows from (5.5) and (3.18). [

9
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Next we will consider Jacobi expansions for the polynomials Ri’E’Y(g,n)
9

on the boundary curves n = 0 and 52 -4n = 0.

a,B,Y and ba’B’Y

Let us define the coefficients a
n,k;m n,k;m

by

DEFINITION 5.3.

=

asB,Y = 0,8,y o(at+y+},B) -
(5.8) R (650 E & om Ry (1-20),

(5.9 RUBY(g ped) = BBy glerrth b
H m H ]

Formulas (5.3) and (3.14), (5.4) and (3.16) yield the following equalities

for the coefficients az’if; (k>0) and bi:i;; (n>k), respectively:
3 9
asBsy _ a+1a6+l:Y :
(5.10) & kom d ) k-] if m > 0,
0 ifm=0,
asB,y = 0,B,Y+] .
(.11 Pooksm T % Pall kel ifm >0,
0 if m =

Use of (5.10), (5.11) and complete induction with respect to k and n-k,

respectively, results in

(5.12) az’if$ #0 only if k <m<n,
(5.13) bz’ifl #0  onlyifn-k<msn+Kk,
b b
asBsy _ otk,B+k,y
(5.14) an,k;m an—k,O;m—-k’

0,B8,y+tn-k
k,k;mn+k’

(5.15) b b
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Thus we obtain

LEMMA 5.4. We have

n
G5B,y = at+k,B+k,y (a+Y+£,B) -
(5.16) R (650 Z 8 1 0:mk o (1-2¢),
m=k
n+k

(5.17) Rz:inY(g,*gz) = 2 ba,BsY+n-k R(a+y+%aB+Y+£)(|_g)’

m=n-k k,k;m-n+k m

a,B,Y _

a,B,sY —
Rn K (2,1) m=k

?

aB+ksa+k’Y R(B+Y+%sa)(2£_3).

(5.18) n~k,0;m-k "m

The last part of the lemma follows from (5.16) and (3.18).

a,B,Y and ba,B,Y

Next we give some formulas for a
n,k;m n,k;m

in the case of special
values of the parameters.
From (3.4) and (2.40) it follows that bg’if;é can be expressed in terms
P Rt

of the linearization coefficients Az’i’; of the Jacobi polynomials:
t Rt

Q,B,—é _ (U,B) (a’B)
(5.19) bn,k;m = An,k,m W

If o = B then application of the quadratic transformation formulas (3.19)

and (2.9), (3.20) and (2.10), respectively, results in

a,d,-i = —5,—%,0
(5.20) bn+k’n—k;2m an,k;m ?

a,a,=4 - -4,4,0
(5.2]) bn+k+l,n—-k;2m+l an’k;m )

From 3.18) and (5.9) with a = B it follows that

Q,0,Y = R0y =
(5.22) bn,n;2m+l bn+l,n;2m 0
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Combination of (5.19), (5.20), (5.21) and (5.22) gives an expression for
-1 41
the linearization coefficients of order (a,a) in terms of anzé.z’a. In sec-
3 b

a’B:Y and thus

tion 6 we will derive the explicit values of the coefficients a
? 3

we will find a new derivation of the linearization coefficients for the
Gegenbauer polynomials.
It follows from the quadratic transformation formulas (3.19), (3.20),

(2.9) and (2.10) that

O,Q,Y _ Y,—4,0
(5.23) bn,n;2m an,O;m ?

as'i,Y = aYsYr0Q
(5.24) bn,n;m 2n,0;m’

a,a,y+l = Y’%’a
(5.25) bn,n;Zm an,O;m

For the proof of (5.25) we used (5.11) once.

From Lemma 5.4 and Lemma 2.5 we can derive a corollary about the number

BsY

K (£,n) on the boundary.

a
of zeros of R’
n,

COROLLARY 5.5.

(a) Rz’i’Y(g,O) has at least k zeros of odd multiplicity for £ e (0,1).

(b) Rﬁ’i’Y(g,E-l) has at least k zeros of odd multiplicity for € e(1,2).

(c) Rz’i’Y(E,égz) has at least n-k zeros of odd multiplicity for & e (0,2).

6. EXPANSION OF THE POLYNOMIALS Ra’B’Y(g,n) IN TERMS OF
n,k
JAMES TYPE ZONAL POLYNOMIALS

In this section we will derive the explicit value of the coefficients
a,B,Y . P . a,B,Y
Cn,k;m,l in formula (4.10) giving the expansion of Rn,k

the James type zonal polynomials Z; 2(E,n). We will proceed in the following
9

(¢,n) in terms of

B>y

0 (6,%52) we obtain the coefficients

%2 By ..and hence the boundary value R®?5
n,0;m,0 n,0

as a Jacobi series we derive the coefficients aa’gf; defined by (5.8). This
H b

way. From the boundary value R’
n,

»Y(£,0). By rewriting Rg’g’Y(g,O)
9
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also gives the coefficients aa’B’Y. Next the Jacobi series of Rz’i’Y(g,O)
3

n,k;m
a,B,Y

can be rewritten as a power series and we obtain the coefficients ¢ kem.0°
P Rl ]

a,BsY at+l,B+L,Y
n,k;m,2 i ) ] n-%,k=2;m2,0" -
At the end of this section several interesting corollaries will be dis-

cussed. We mention the expression of Rz’g’y
3

geometric function in the two variables x and y, the expression of

a,B,Y .
Rn,k (1,0) in terms of a 3F2

of the linearization coefficients for Gegenmbauer polynomials..

Let us consider Rg’g’Y(E,n). Combination of (5.6), (4.22) and (2.4)
3

Finally c can be expressed in terms of c

(%+y,xy) as a generalized hyper-

-function of argument !, and a new derivation

results in

0,8,y _(T)p(ntedBravi2) (yi),
n,0;m,0 (a+y+3/2)m(2y+l)m m!

(6.1) c

So we have the first explicit expansion (cf. (4.20)):

n (-n) (n+a+p+2y+2) (y+})

asB,5Y = m Y
(6.2) R (€sm) mzo 3D D) aT a0 5

REMARK 6.1. If y = -} then the right hand side of formula (6.2) has to be
interpreted as the limit case for y -+ -}. A similar interpretation has to
be used on many other places.

Similar to (6.1), it follows from (5.5), (4.21) and (2.4) that

) 0,8,y (-n)m(n+a+B+Y+3/2)m
(6.3 c’7? =

n,n;m,0 (a+y+3/2)m m'

Hence, by (4.19) we have

(-n)m(-n-*{-i)2(n+a+B+Y+3/2)m(n+a+8+i)R(Y+3/2)m_z

a,B,y  _
(6.4) Chomm, L (@370 _(a+ 1), (+3/2) 11 @) |

and thus the expansion (4.10) for the polynomials Rg’i’y(g,n).

3
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LEMMA 6.2. The power series expansion of Rn’g’Y(E,n) for n = 0 Zs given by
9

0,8,y = /-n,n+a+6+2Y+2,Y+£; \
(6.5) R0 (8000 = 3Fol 7 hya3/2, 29415 5]

9

PROOF. The proof follows immediately from (4.21) and (6.2). O

LEMMA 6.3. The coefficients az’gfl in the Jacobi expansion (5.8) of
a’B’.Y »VYs
R

.0 (£,0) are given by

ni(n+o+B+2y+2) (mta+B+2) _ (y+3) (y+3)

(6.6) a V= , T T
m (2y+1)n(m+a+6+y+3/2)m(2m+a+B+Y+5/2)n_m m: (n-m) !

PROOF. It follows from (6.3), (2.6) and (5.8) that

(-D)"(-n)_(n+a+B+2y+2)_(v+})_

v
- [
m (m+a+8+y+3/2)m(2y+l)m m:

. F -n+m, n+m+a+B+2y+2,mty+}; l\
372\ 2mto+B+y+5/2,m+2v+1; )’

which can be evaluated by using (2.42). g

THEOREM 6.4. The explicit form of the Jacobi expansion (5.8) s

(n-k)! n (n+k+a+6+2y+2)m_k
(2y+1)n_k m¥k.(m+k+a+B+Y+3/2)m—k

asB,Y _
(6.7) Rn’k (£,0) =

. (m+k+a+3+2)n_m(y+§)m_k(y+§)
(2m+a+8+y+5/2)n_m(m—k)! (n-m)! m

Note that

a,B,Y . _
(6.8) 4 m >0 if y > -}.

PROOF. Use formulas (5.16) and (6.6). 0

n-m R(a+Y+%,B)(1_2€).
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THEOREM 6.5. The coefficients OBy tre power series expansion (4.10)

o, B n,k;m,0
of R’ *Y(£,0) are given by
n,k
(6.9) ey e/, tny,
: n,k;m,0 (a+y+3/2)m m!

. F /_ms—n+ka_n_k_a—8—l’Y+i; ]\
473\ -n,-n-m-o-B-y-},2y+1; )

PROOF. We will give two different proofs.

(a) It follows from (6.7) and (2.4) that

_— (y+%)n_k(n+k+a+B+2y+2)n_k(n+a+8+y+3/2)m(-n)m
n,k;m,0 (2y+1)n_k(n+k+a+8+y+3/2)n_k(a+y+3/2)m m!

* Fg (-n+k, -n+m,y+},-n-k-a-g-1, -n-a=B-y~3,

,—2n—u—6—y-§, ‘H‘%G‘%B—£Y+%; -n,-n+k-y+},

,~n-k-a-B-y-},-n-m-a-B-y-4,-2n-a-B-2y-1,

»~n-}o-3B-3y=3; 1).
By using a result of Whipple (cf. SLATER [27, (2.4.1.1)] this well-
poised terminating 7F6 can be rewritten as a Saalschutzian terminating
4F3 and the theorem follows.
(b) Combination of (3.14), (5.1) and (4.21) gives the recurrence relation

(6.10) OaBoY _ mbaty+3/2 o+l B+l,y _ mratB+y+3/2 o+, B+l,y
. n,k;m,0 a+y+3/2 n-1,k-1;m,0 at+y+3/2 n-1,k-1;m-1,0

forn 2k >0, n2m>0. For k = 0 the in (6.9) becomes a ter-

4F3

minating Saalschiitzian which can be evaluated by using (2.42). In

F
3"2
view of (6.5) the theorem turns out to be true for k = 0. Clearly, the
theorem is true for m = 0. Using (6.10) we can now prove the general

case of (6.9) by complete induction with respect to k. 0
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COROLLARY 6.6. We have the expansion

k

n
0,B,Y - a,B,Y Y
(6.11) R (€sm) RZO mzl Cotom, g Zn,n (Esm)s

where
6.12) By (-k) , (-n) (-n=y=}) (n+o+B+y+3/2)
n,k;m, % (-n)z(a+Y+3/2)m(°‘+1)2(Y+3/2)m
(k+a+6+l)Z(Y+3/2)m—2 F —m+£,—n+k,—n—k—a—8—1,y+%;1\
2! (m-2)! 4 3 \-n+2,-n-m-a-B-y-4},2y+l1; y

In this expansion Zl Q(g,n) is defined by (4.1).
’

PROOF. By using complete induction with respect to k the result follows
from (6.9) and (4.19). g

REMARK 6.7. In a number of special cases of m,%,n,k,a,B,y the expression

(6.12) can be simplified. If one of the equalities m=n, 2 = k, m = &,
a,B,Y

n,k;m,R
quotient of products of gamma functions depending linearly on m,%,n,k,a,B,Y.

If vy = £+ ; then we get back (4.11) and (4.12).

We would like to write RQ’B’Y
n,k

L .
n , where a and b are products of gamma functions

k = 0 or n = k holds, then the coefficient c can be written as a

(¢,n) as a linear combination of elemen-

tary expressions (a/b) Em—2

depending linearly on m,%,n,k,0,B,y. The best possible result would be a

double sum, which indeed can be obtained for Rz’g’Y(E,n) and for Rg’ﬁ’y(g,n)
b b
(see section 7). However, (6.11) expresses Rz’E’Y(E,n) as a quadruple sum
} )

of elementary terms. It is not clear to the authors how this can be simpli-
fied.

We conclude this section with a number of corrollaries to the results
earlier obtained in this section.

Combination of (6.2) and (4.7) gives:

COROLLARY 6.8. We have
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3

©o

(6.13)

(-n)i+

j(n+a+6+2y+2)i+j(Y+é)i(Y+%)j

i BsY(xty,xy) = § )
i=0 j=0

By using the notation of BURCHNALL &

Ra’g’Y(x+y,xy) = F(
b

n,n+o+p+2y+2:y+4 3 v+4;
a+y+3/2,2y+1

s
(a+y+3/2)i+j(2y+l)i+j ii 3!

CHAUNDY [7,8 1] this becomes

’Y>s

°
’ b4

a hypergeometric series in two variables of order three (cf. ERDELYI

(12,

Q’S’Y(X+y,xy) =

where the function Rt(u,p';Y;v,v') is defined by CARLSON [8,

Rn <n+a+8+2Y+2,-n-B-Y-£; [

§ 5.7]). According to CARLSON [9,(1.8)] it follows from (6.13) that

I-x 1-y

1 ] ]; Y+%’Y+%>’

§ 21.

COROLLARY 6.9. The value of Rz’i’Y(g,n) in the vertex (1,0) is given by
3

(-1 (B+1)

(614 = T,

asB,Y

5

PROOF. By restricting (3.14) to (&,n) =

(¢,n) = (1,0) it follows that

asB,Y - _ B+1
(6.15) Rk (1,0) =

?

o+1,B+1
a+y+3/2 "n-1,k-1

-n+k,ntk+a+B+2y+2,y+5;

F Ktaty+3/2,2y+1;

372\

—

)-

(1,0) and by using (3.11) with

2Y(1,0).

The corollary follows by iteration of this result and by using (6.5).

Two special cases of (6.14) are n = k and a = B. In these cases we have,
respectively,
(-1)"(B+1)

o,B,Y - n
(6.16) Rn,n (1,0) (a+Y+3/2)n s

n+k,n-k " ° (a+y+3/2) (Y*l)
(6.17) 4

O,05Y =

n+k+l,n—k(l’0) 0

xlyJ.

O
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Formula (6.17) can be proved by application of Watson's formula (cf. SLATER
[27,(2.3.3.13)] or directly from (3.19), (3.20) and (3.17).

COROLLARY 6.10. If a 2 B, y 2 =} and max (a,B+Yy+}) = -} then

(6.18) ]aj‘;i”(g,n)]s 1 forn=0,0<Ec<1,
b
or 1l - +n=0,1<¢g<=< 2,
PROOF. We use (6.7) together with the nonnegativity of the coefficients for
Yy 2 - 4 and the inequalities for Jacobi polynomials (cf. Theorem 2.2). The
inequalities for a,B,y imply that o + vy + 4 > B and a + vy + } > - }. Hence

IRg’i’Y(g,O) | <1 for 0<¢g <1,

In particular, |R§’i’Y(l,0) | < 1, Since a 2 B we also have
3

0B,y
|Rn:k’ (2,1)| <1 by (3.18).
Again by (3.18) we have

AsBsY o r 1
Rn Kk (2-¢,1-g+n)

3

Bsayy
IR (£,0) | <
Ra’B’Y(Z,l) n,k
n,k

IA

B,a, LBy
méx {an:k Y(O,O)I,an’k’Y(l,O)l}a
since max (o,B+y+i) = - 1. Hence
RS20V (2g, 1-€+n) | < max {lngjfj”(z,n)|,|R§:§’Y<1,0> l} <1, 0

COROLLARY 6.11. If a 2 =}, a 2 B, Y 2 - } and if one of the equalities

o =8, B==-%ory=-%holds then

(6.19) IR;"l:i’Y €M)l ,  (E,n) €9 Q.
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PROOF. Use corollary (6.10), formula (5.9) or (5.17), the nonnegativity of

bg’if; in the cases given in the corollary (cf. (5.22), (5.23), (5.24),
355

(5.19) and Theorem 2.4), and the inequalities for the Jacobi polynomials

(Theorem 2.2). ]

REMARK 6.12. We need the restricting equalities a = B8, 8 = =} or y = -} in

Coroliary 6.11 because in other cases the nonnegativity of bg’ifl is not yet
E R
roved. It is the authors' hypothesis that the coefficients ba’B’Y are pos-
P n,k;m

itive for o =2 -}, a 2 B and y 2 -}, If this is true then formula (6.19)

would hold for all a, B, y such that o 2 =}, o 2 B, v 2 4.

REMARK 6.13. Combination of formulas (6.7), (5.19), (5.20), (5.21) and

(5.22) results in a new proof for the linearization coefficients A(a,a) for

n,k,m
the Gegenbauer polynomials (cf. (2.40) and (2.41)).

We can use (6.11) with coefficients given by (6.12) in order to derive
the following pair of differential recurrence relations, which are the

analogues of (2.24), (2.25) for Jacobi polynomials.

COROLLARY 6.14. We have

I-a v . .8, -1
(6-20) n D_ o na Rz’i Y(g,n) = % a(a+‘y+%) Rz,k,B‘F],’Y(g,n),
a"l,B+I’Y
- R (E,ﬂ)
6.21)  (1-g+nm) P DY o (1-gan) P! Bk _
Ra—],5+1,y(2 1
S n,k ?
a,B,Y
Rn’k (g,n)

= § (B+1)(B+y+3/2)
3

Ra’B’Y(Z,l)

n,k

PROOF. Formula (4.18) can be extended to

(6.22) 07D o n® 2l (g,n) = {(era) (nraryrhZ) | (E,m).

Substitution of (6.22) in (6.11) gives (6.20). Combination of (6.20) and
(3.18) gives (6.21).
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7. ANOTHER EXPANSION OF THE POLYNOMIALS R°‘ B ’Y(g,n) AND THEIR RELATION

WITH APPELL'S FUNCTION F4

In this section we will consider an expansion of Ra B’Y(g

’

,N) in terms

of the polynomials

.y a0 r®® ar20-07", > ..

These polynomials play a similar role with respect to the operator ES’B as

the James type zonal polynomials do with respect to DY In particular, it

will be proved that the expansion of R ’ﬁ’Y(E,n) only contains polynomials
’

for which m = 2. It will follow from this expansion that Ra B’Y(E

’

expressed as an Appell function F4, which seems to be a quite important

,N) can be

result. This section will be concluded with an interpretation of ZY (E,n)
a B,Y(E

’

and the polynomials (7.1) as limit cases of R ,n) for g »= , Y-+m s
respectively.
Let us consider the polynomial (7.1). By (2.4) its power series expan-
sion in 1 - & and n equals
k (-k)i(k+a+s+l)i n-i i
n) = Z (a+l)., 1! (1-¢) (-n)".
i

i=0 ’

-1

(7.2) (1-)" RE*F (1e201-¢)

On the boundary line n = 0 thé polynomial reduces to

7.3 -0 R*Fara-n | = a-p®

n=0

By using (7.2) the polynomial restricted to the axis of reflection £ =

becomes
(n+o+p+1)
(7.4) U-O“I{“£)0+20-a'ﬂul ={ @ " etk
g=1

0 if n > k.

In view of (7.2) any polynomial in & and n has a unique expansion in

terms of the polynomials (7.1) (a,B fixed). In particular, we will consider

the expansion of Rz’i’y(g,n) in terms of these polynomials.
9
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DEFINITION 7.1. The coefficients d%’:Y

are given b
Jkym,z 27¢ 8 y

n n
7.5 ’PYem = ] ] aBbr a-9™ R ar20-97"n.

9=0 meg Dokim>L

REMARK 7.2. If £ = 1 then substitution of (7.4) in (7.5) results in

(wra+B+1)

n
a,B,Y - = a,B,Y
G o - § o S

The following theorem gives a motivation for considering the expansion

(7.5).

THEOREM 7.3. We have

( 1

7. 2P - R an0-07" -
(a0 (avierarsr 1) (10" R B (1e2(1-0) 7Ty ifns K,
={o if n = k.

PROOF. Use (3.9) and (2.1). O

On comparing (7.7) with (7.5) and (3.15) we obtain the recurrence relation

(7.8) g® B>y _ (07k) (n-k+2y+1) (n+k+a+B+]) (ntk+atB+2y+2) a,B,Y+]
* n,k;m,% 4(y+1) (a+y+3/2) (m~2) (m+R+0+B+1) n-1,k;m-1,2%

if m > 2 and n > k.

0, it also follows that

»N)

Since g*28 Ra’B’Y(€
- n,n

n
osB,Y _\o (a,B) 1
mzodn,n;m,m (1-£)" R 75/ (1+2(1-€)

a,B,Y
(1.9 REY(gn) "

b

THEOREM 7.4. The coefficients di’B’ in (7.5) are nonzero only if

,k;m, 2
m-2<n-kandm+ & <n+ k (ef. Figure 4).



PROOF. The inequality m + 2 < n + k follows from (7.1) and Theorem 3.2.

The inequality m - 2 < n - k is a consequence of (7.8) and (7.9). O

T

(n,k)

Figure 4

In view of (7.6), (7.8) and Theorem 7.4, we obtain the coefficients
da’B’Y asB’Y+m—£(1
n,k;m, % n-m+2,k
series in n. Here we restrict ourselves to the case n = k.

It follows from (7.9) that

as soon as we know the expansion of R ,N1) as a power

n
a,B,Y = a,B,Y _syn
(7.10) R, (6:0) mzo d nim,m (178

From (5.5), (2.7), (2.8) and (2.4) we know

asB,Y,, _
g Rn,n (£,0) ) n ( n)m(n+a+B+Y+3/2)m

- - (1-g)™.
Ra’g’Y(I,O) m=0 (B+l)m me

Comparison of (7.10) and (7.11) yields (by using (6.16))

n
(7.12) da’B’Y = -1 (B+])n(_n)m(n+a+3+Y+3/2)m

n,nj;m,m (a+y+3/2)n(8+l)m m!

So we have the expansion

Rz’i’y(ﬁ,n) n (-n)m(n+a+8+v+3/2)

@3 S @, o

R’ ’Y(l,O) m=0 m
n,n

s

2 (1-)" &8 (1a201-5)7!

35

n.

In the case y = -4 formulas (7.11) and (7.13) together are equivalent with

Theorem 2.1. For £ = | we obtain



36

R (1,n) E (-n)_(mta+By+3/2) _(mrotB+])
(7.14) N3 SR n® =
Ra’g’Y(l,O) m=0 (B+l)m(a+l)m m!

(-n ,n+a+B+y+3/2,4 (a+B+1),4 (a+B+2); 4 >

F o+l,B+1,a+B+1;

43

This formula generalizes (2.26).

Now we can prove the following interesting theorem which connects

g i’Y(E,n) with Appell's function F4 (cf. (2.28)).

THEOREM 7.5. We have

| a,B,sY a,B,Y =
75 & Te,n 7 R28T0,0) -

=]

F, (-n,n+o+B+y+3/2; a+1,B+1;n,1-E+n) =

) Z (—n)i+j(n+a+8+y+3/2)1+J (1 g+n)J
T
i+j<n (a+1)i(6+1)j i! 3t

PROOF. It follows from (2.5) that

(1-0" &P (e20-07"n) =

= (g+1)_m! ] n’(1-g+n)’
i+j=m (a+1)i(8+l)j il 3t

Substitution of this formula in (7.13) proves the theorem. 0

This theorem generalizes (2.29).

Next we will prove that the polynomials

-1

2 (e and (-0" R P ana-07
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By
k

ly. Thus, in view of (2.21), the expansions (4.10) and (7.5) are quite

can be obtained as limit cases of Rg’ (¢,n) for B > =, y > =, respective-
b

similar to the expansion (2.4) for the Jacobi polynomials. First we note

LEMMA 7.6. We have

a,BsY 1
(7.16) lim Rn,O (€,n) (Y+2)n 7Y (€.n)
B rR*E:Y (2 1) (2y+1)_ “n,0°>°"7»
n,0 ’ n

s

7.7 tim R¥PY(en = -9 RP) (1e2¢1-6) M)
Yo n,n n
PROOF. Use (6.2), (3.17), (7.13) and (6.16). O
THEOREM 7.7. We have
:BsY 1
RY (E,n)  (y+})
. n,k _ n-k .Y
. = Z s R
(7.18) éig Ra’B’Y(Z 1) (2Y+l)n_k n’k(g n)
ko o
. a,B,Y _ 1_pgy0 (0,B) _1
(7.19) \1/_1)3 R (€)= (1-)7 R (142(1-6) ).

PROOF. In order to prove (7.18) use complete induction with respect to k.

For k = 0 (7.18) becomes (7.16). From (3.17) and (3.14) we have

a,B,sY atl,B+1,y
Rn,k (g!n) = ] a,B,Y n-l,k—l (E,;’n)
asB,Y 4(B+1) (B+Y+3/2) "+ a+l,B+1,y
R 5 (2, 1) R e Y@,

For B >~ « (3.11) together with the induction hypothesis gives

a,B.Y oatl,B+1,y
. Rn,k (gﬁn) . Rn_l,k_l (gsn)
lim ———— =n lim =
pre g2 50Y B gL Y (5,

n,k (2,1) n—-1,k~1
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(y+3)

= 7K ,Y

In order to prove (7.19) we use complete induction with respect to n-k, the
case n - k = 0 being clear from (7.17). It follows from (3.16), (3.12) to-
gether with the induction hypothesis that

(1-¢) 1m g% 81+l e ) -

lim Ra B’Y(E,n) n—] v

¥

-1

- a-o" R asa-nn. 0

REMARK 7.8. Let us consider the recurrence relations

- a,B,Y = BsY
(7.20) (1-E)R *,*T(E,m) mzz by g Rarg’ ' (Esm),
0,B,Y _ a BsY
(7.21) nR () = mzz o,z Rog (Esm)-

By the use of the expansion (7.5), Theorem 7.4 and the orthogonality of the

polynomials Ra B’Y(F,,n) it is directly proved that the coefficients bm . in
b

(7.20) are nonzero only if (m,2) e {(n+1,k),(n,k+1),(n, k) (n,k-1),(n~-1,k)}

(cf. Figure 5). Similarly, the coefficients c in (7.21) are nonzero only

m, L
if (m,l) € {(n+]’k+1)’(n+lak)9(n+l:k-l)’(n:k+|)s(n’k),(n’k—])’(n_lsk+l)’
(n-1,k),(n-1,k-1)} (cf. Figure 6). This can be proved by use of the expansion
(4.10) and Theorem 4.3. The proofs sketched here are much shorter than those

given in SPRINKHUIZEN [28, § 9].

X X X
X ® X X ® X
X X X X

Figure 5 Figure 6
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8. CONNECTION COEFFICIENTS

In this section we shall consider the connection coefficients in the

formula

z abc

n,k;m, 2 m ) (E.,T])

a,B,Y -
(8°]) Rn,k (g,n) =
m,l

It will turn out that for k = 0 or k = n these coefficients coincide with
certain connection coefficients for Jacobi polynomials. If k = n and

(a,b,c) = (o,B,~%), or k = 0 and (a,b,c) = (-},-4,y) then we obtain explicit
expressions of Rﬁ:i’y(g,n), k = 0 or n, as double Jacobi series. In these
cases there will follow important inequalities. We conclude this section by
deriving integral representations for Rz:ﬁ’Y(g,n), k = 0 or n, in terms of
Jacobi polynomials.

First note the following corollary of Theorem 3.2.

LEMMA 8.1. The coefficients c in (8.1) are nonzero only if m < n and

n,k;m, 2
m+ 2 <n+ k (¢f. Figure 2 in section 3).

THEOREM 8.2.

(a) The coefficients c in the formula

n,k;m, 2

Bsy = b,y
RO T = § e oo RETY(EN)
m, %

are nonzero only if m < n and & < k (ef. Figure 3 in section 4).

(b) The coefficients c in the formula

n,k;m,%

BYe,m) = T ¢ R**E2C (¢ 1y

n k n k;m, 2 m 2
m, 2

are nonzero only if m-% < n-k and m+% < n+k (¢f. Figure 4 in section 7).

PROOF. In both cases we can first use Lemma 8.1. Part (a) of the theorem
follows by (k+1)-fold application of the operator DZ to both sides of the
formula and by using (3.13). Similarly, in view of (3.15), part (b) of the
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theorem is proved by (n-k+1)-fold application of Ef’s to both sides of the

formula. 0
. . a,Bsa,b .
Let the coefficients 8.k be defined by (2.36).
Hl

THEOREM 8.3. There are expansions

~n +y+iaty+),b+y+ ,b,
(8.2) Rg,g,v(g,n) - ng$+£,8 Y+iaty+),bey+i R; Yeem,
9 m;O ?
6.3 mBV(m = ] gErrhesererhs pbe
. Rion »on) = 8hsm _ Room (Esm)-

m=0

PROOF. It follows from Theorem 8.2(a) that Ra B’Y(g,n) can be expanded in
terms of'R ’Y(g,n) m=0,l,...,n. Now restrlct ton =} g and apply (5.6)
and (2.36). Th1s proves (8.2). Similarly, for the proof of (8.3) use Theorem
8.2(b), restrict to n = 0 and apply (5.5) and (2.36). g

The coefficients in (8.3) are positive if y > ¢ (cf. (2.38)). See Theorem

2.3 for the cases that the coefficients in (8.2) are positive.

THEOREM 8.4.

n

(a) If Réa+Y+%’B+Y+%)(X) = z

m=0

(Y’Y)(x)

n;m m

C
then Rz:g’Y(I-XY:i(x—y)z) =

gYsY) (x) R(Y,Y)(y)

[}
o~

cn sm m
m=0
o oy, BHYHE Y, Y
and cn;m gn;m

(n+a+B+2y+2)m(Y+l)m n
= (m+2y+1)m(a+y+3/2)m(n-m)! m!

3F2 —n+m,n+m+a+8+2y+2,m+y+];1)
2m+2y+2,mro+y+3/2; )
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If either oo > Band oo + B2 - 10ora =8>~ 4 and n - m s even then

in the above formulas ¢ .m > 0
. b

n

1
n
then Rz:E,Y(I-%(x+y), L(-x) (1-y)) = mZO - éa 8)(x) R(a B)(y)
and c = 0‘+Y+%,B;a,8=
n;m n;m
ni(B+1) (y+3) __ (n+a+B+y+3/2) (r8)
LU

(a+y+3/2) (a+B+2) (n—m) (n+a+8+2)

If v > - § then in the above formulas Chem 0.
5
PROOF. Part (a) of the theorem follows from (8.2) and (3.21). The coeffi-
cients are given in (2.39) and Theorem 2.3 implies the positivity result.
For part (b) use (8.3), (3.4) and (2.37). gd

By
,0

shows that R ’Y(I -xy, 1 (x-y) ) is the generalized translate of the Jacobi

(a+Y+ > BHy+

Theorem 8.4 (a) gives an exp11c1t expression for R ’ (£,n) and it

polynomial R 2)(x) expressed as a Gegenbauer series of order (y,Y)

(See ASKEY [2 Lecture 2] for the definition of generalized translates).

a B!Y(g

Similarly, Theorem 8.4 (b) gives an explicit expression for R ,N)
’

and it shows that Rn, ’Y(l -3(x+y),$(1-x) (1-y)) is the generalized translate
of the Jacobi polynomial R§a+y+£ 8)(x) expressed as a Jacobi series of order
(a,B). Hence we also have a new expression for the generalized translate of
the Jacobi polynomial kernel (cf. BAVINCK [5, § 5.8], [6]). This kernel
gives a summation method for Fourier-Jacobi expansions. If y -+ ® in Theorem
8.4 (b) then, using (7.17), we obtain Bateman's bilinear sum, which can be

interpreted as the De la Vall&e Poussin kernel (cf. ASKEY [1]).
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For vy = } Theorem 8.4 (b) implies (3.6), and thus the Christoffel-

Darboux formula (2.20) for Jacobi polynomials.

COROLLARY 8.5.

(a) Let o 2 B, a + B 2 - 1, (0,B) # (=},-4). Then R;':;S’Y(a,m > 0 for
£ e [0,1] except 2f a = B, n s odd, & = 1.
Ifa2B,a+B2-1,y 2~} then

[REY(E,m| <1 on a.

’70
| (b) Let o £ B, o + B 2~ 1, (a,B8) # (‘%3'%)' Then (-l)n Rg’S’Y(E,g—l) >0
for & € [1,2] except 2f o« = B, nis odd, £ = 1. If a < B, o + B 2-1,

y 2 - ) then

BB Y(g,n) | = [Rz:g’Y(Z,lH on Q.

(c) If vy >-} then Rz’E’Y(E,}l.Ez) >0 for £ € [0,2]. If v 2 }, max(a,B) = -4,
(E,n) € Q then
] Z >
|R2:§’Y(g’n) I < { 0.8 fa B
’ IRn:n’Y(Z,l)I if o < B.
PROOF .
(a) It follows from Theorem 8.4 (a) that
a,B,Y 2 v (v>v) 2
s Py - = ?
R o (1-x%,0) mZO Coem ®p 7T
If o > 8, o + B 2 - 1 then Cn;n and cn;n—l are both positive. By SZEGO
[29, Theorem 3.3.3] RéY’Y)(x) and RiZ;Y)(x) cannot have common zeros.
Hence Rz’g’Y(l—xz,O) >0 for 0 < x< 1, If a = B > -} then c. and
] 9
c are both positive., The positivity results again from [29, Theorem

n;n-2
3.3.3] together with (2.9) and (2.10). The second statement follows from
Theorem 8.4 (a) and the fact that [RéY’Y)(x)[ <1 if y 2 - } and

-1 <x <1, cf. Theorem 2.2.
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(b) Use part (a) of the corollary together with (3.18).
(¢) It follows from Theorem 8.4 (b) that
n

Rz:ﬁ’Y(l—x,%(l-x)z) B mzo “n; ®*® ()2,

A similar argument as in the proof of (a) gives the positivity result.
The second statement follows from Theorem 8.4 (b) together with the in-

equalities for Jacobi polynomials (cf. Theorem 2.2). O

The above corollary confirms part of the hypothesis that for o =2 B8 2 -},

y 2 -} the inequality

R (e,n)| < 1

is valid on @, cf. SPRINKHUIZEN [28, § 71].

Let us conclude this paper by deriving integral representations for
Rz:g’Y(g,n) and Rﬁ:i’y(g,n). Combination of Theorem 8.4 (a) and formula
(2.33) gives

(8.4) R B2Y (| xy, b(x-y)2) = LQ*D |
m,0 ’ T (y+})

1 .
-f Rr(la""Y"‘%’B+Y+£)(xy+(1_x2)£(l_y2)%t)(l_tz)Y—é dt,‘Y N _%’

which can be considered as a generalization of the product formula (2.33).
Similarly, Theorem 8.4 (b) and formula (2.35) imply the following

generalization of the product formula (2.35):

8.5 RIEV(-4ey) 1 (170 (1y)) = et :

m*T(a=B) T (B+})

1em
T R b8 Gang e ope?
00
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a—B-lr28+l

+ (- -yt £ cos o-1) (1-19) (sin )28 ar ds,

a>B8>-14,

Both in (8.4) and (8.5) the left hand sides can be considered as the
first term of an orthogonal expansion of the integrand. The full orthogonal
expénsion (a generalized addition formula) can be obtained by means of the
techniques described in KOORNWINDER [24], i.e. by using integration by parts
and differential recurrence relations for Jacobi polynomials. In particular,

from (8.4) we get
8.6)  RETTBETD gyl -

k
n  (=1) (-n), (n+a+B+2y+2)
= K E (1-x2) ¢ (1-y?)

ik
k=0 22k(a+v+3/2)k(y+l)k

.RG’B’Y+k

n-k,0 k

(l—xy,i(x-y)z) w(Y-i,Y—i)RéY—é’Y—%)(t),
which is a generalization of the addition formula (2.34) for Gegenbauer
polynomials. See MANOCHA [26] and CARLSON [9, § 3] for related generaliza-

tions of this addition formula.
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