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1. INTRODUCTION

a,B)

form a continuous orthogonal
2a+1 (ch t)28+1

-1 1
alizing the cosines_¢('2’ 2)(t) = cos At. In [3], [6], [10] the authors
& A

For fixed a,B Jacobi functions ¢A
system on R’ with respect to the measure (sh t) dt, gener-
developed harmonic analysis for Jacobi function expansions, including a
positivity result for the convolution product associated to these expan-—
sions. ,

The main result of the present paper is a similar positivity result
for the dual case, i.e. the convolution product associated to the inverse
Fourier-Jacobi transform (a2B>-i). Equivalently, we prove that the Fourier-
Jacobi transform a(AI,AZ,.) of the product t - ¢§?’B)(t)¢§;’8)(t)

@)

I,Azen{) is nonnegative. By using group theoretic considerations
FLENSTED-JENSEN [4] and MIZONY [14] proved this result for special values
of 0,B. A similar positivity result of the dual convolution structure
associated to Jacobi polynomial expansions was first proved by GASPER [8].
KOORNWINDER [13] applied the addition formula for Jacobi polynomials
in order to obtain a new proof of the just mentioned result of Gasper's.
Here we follow a similar approach and, therefore, we have first to derive

the addition formula for Jacobi functions. This addition formula is an ex—

pansion of

(0,B) . id
LN (Arcch|ch t ch ty-r e sh t sh t2])

in terms of certain orthogonal polynomials Rk 2 in the two variables
9

2 . . . .
r cos¢ and r~, with expansion coefficients

(a,B) (a,B) (o, 8)
where the functions ¢§aé6% are "associated Jacobi functions" and
3 ]
yéaés)(k) > 0 for real A. The nonnegativity of the coefficients Vi f is of
> 9

crucial importance for our application of the addition formula.
In a companion paper [7] we give another application of the addition
formula for Jacobi functions. It presents a new approach to certain results

of Kostant's dealing with a characterization of those values of A for which



a spherical function ¢A on a given noncompact rank one symmetric space is
positive definite.
In a forthcoming paper we will derive similar results as in the pre-

sent paper for the functions
. "
(1.1) ¢ (y,8) = (e’’ch y)v¢(a’v)(y),
A,v A

which were studied by the first author [4], [5] in the cases o

]
o
-
-
N
-

by an interpretation as spherical functionms.

2. THE ADDITION FORMULA FOR JACOBI FUNCTIONS: STATEMENT OF THE RESULT

(a,B)

N is given (cf. [6]) by

The Jacobi function ¢
2.1) ¢§a’8)(t) 1= 2F1(%(u+8+]+ix),%(a+8+]—ix); a+l; =(sh t)2),

teR, AeC, ae C\{-N}, BecC.

On writing

(2.2) R&“’B)(z) = F | (Cu,utarBtlzar1 3 (1-2))
we have
(o, B) _ (OL,B)
(2.3) N (t) = R%(ix—a—e—l)(Ch 2t).
If a,8 > =1, n € Z, then Réa’s)(x) is a polynomial of degree n in x satis-—
fying Réa’s)(]) = 1 and the orthogonality relations
1
(2.4) a+8+€(a+8+2) { Réé’s)(X)R(u’B)(X)(I-X)a(1+X)de =
2 I(o+1)T(B+1) n
_ (OLQB) -1
= (Trn ) Gm’ns
where
A (2n+a+B+1) (a+1) (a+B+2)
2.5) 1T(OL,B) _ n n

n (n+a+8+1)(8+1)n n!



(o,B)

Here (a)k := a(a+l)...(a+k-1). Note that P( ’B)(x) = ((a+1) /n )R (x

is the classical Jacobi polynomial (cf. SZEGO L16]).
(ayB)
,m

We shall need a family R of orthogonal polynomials on

={(X,y)eR2 IXZSyS]}

with respect to the normalized measure

5
T'(a+B+3)
_ 2 _on® 2.8
(2.6) dma’s(x,y) = T DT DT (1-y) "(y=x")" dx dy.

These polynomials can be defined in terms of Jacobi polynomials by

(2.7)

RE%P) ()

(a,B+n-m+§) ., .\ §(n-m)_(B,B) , —-3 |
R 2 (2y-Dy R V(y *x),

nme Z, nz=2mz2=0 and a,f > —-1.
The orthogonality relations are given by

(2.8) f [ RE%®) (, y)R KB)(x,y)dmd’B(x,y) - <w§f55’>“ S0k St
Q

where
(a,p) (2n~2m+2B+1) (ntmtotB+ 2) (a+1)_(2642)___ (ot g)n

(2-9) Trn m = 3 3 H
’ (n-m+2B+1) (n+o+p+ Z)m! (n-m)! (B+ E)n

cf. [12,83] and [13,82].
If o ¥+ =1 or B + -1 then the measure dma B(x,y) weakly tends to a
3

)

measure with support on one of the edges of the orthogonality region. An

easy calculation shows:

RCLBRELB gy 2 R E0R(8:8)

(2.10) n,m n, m, o'n
éz a) (a a)( ) if m = n,
L@, =D p(a,-1) 7 (@50) (a o) . -
(2.11) Tn,m n m (x,x ) "on-1 Ron- 1 (x) if m=n-1,

0 if m € n-2.



The associated Jacobi functions ¢§a£6% are defined in terms of Jacobi
9 9

k-£ s a+k+L,B+k=L) ),

(
A

(2.12) ¢§“£?%(c) = (sh )% eh v

ke Z, k=24L20.

Now we can state the addition theorem:

THEOREM 2.1. Let o > B > =1, then

© k
(0yB) (p e - (a,B) (a,B) (a,B)
(2.13) ¢, T A, ty,T,Y)) = kzo ZZO IO I NS ICI NS IO
.'n-lEaEB—I ’B—.J?')Rlia:és_l ’B_%) (1’.‘ COSIP,I‘Z) ,
where t ¢ R, A € €, r € [0,1], ¢ € [0,7],
(2.14) A(tl,tz,r,w) := Arcch(|ch t, ch t, +r eiw sh t, sh tzl),
215 3P0 = |
(%(“+3+1+ix))k(%(a+8+1‘il))k(%(“‘B+1+ix))y(%(“‘B+]'ix))g
) D g (4D prp .

Furthermore, the double series in (2.13) converges absolutely, uniformly
for (t],tz,r,w) in compact subsets ofimz x [0,11 x [0,m].

REMARK 2.2. If o =8 > -}, r=1ora >8 ==}, ¢ = 0,7 then (2.13) still
holds. In view of (2.10), (2.11) it then degenerates to a single series.

The two cases are related by the quadratic transformation

(a,_%) _ ((X,C!)
cf. [10, (2.8)]. A further degeneracy in the addition formula occurs if
a=B==-3, =1, ¢ =0 or m. Then (2.13) has only two terms at the right

hand side.



Our addition formula was earlier proved by WHITTAKER & WATSON
[18, §15.71] in the case a = B8 = 0 and by HENRICI [9,(80)] in the case
o = B. A group theoretic derivation in the case o = 8 ¢ {0,},...} was given

by VILENKIN [17, Chap.10, §3.5].

COROLLARY 2.3. Let A e C, a > B > =%, Then YIEOL}'B) > 0 for all k,k Ziff
H]

Ae R U i[-so,sO] u {+ i(a+B+1)}, where 5 = min{a+B+1,0-B+1}.

PROOF. Use that

(1(ara+1+i0)), (BltBr1=in)), = T 7 ((+srir1)*n%),
and similarly with B,k replaced by -8,£. [
3. PROOF OF THE ADDITION FORMULA FOR JACOBI FUNCTIONS

The proof we will give below is analogous to the proof of the addi-
tion formula for Jacobi polynomials in [12]. The main difficulty compared
to the Jacobi polynomial case is the convergence proof of the series in
(2.13).

Fix a,B such that a > B.> -1 and let dﬁu B(r,\b) be the measure on

[0,1] x [0,7] such that

1
2 ~
(3.1) f J f(r cosy,r )dma,s(r,w) = ” f(x,y)dma_B_l’B_%(x,y)
00 Q
for all continuous functions f on © (cf. (2.6)). For u € € and t],t2 e R

we have the product formula (cf. [6, (4.1)71):
(3.2) r(8) (cp 2t])R£a’B)(ch 2t,) =
i

u
1w

= J [ R(Q:B)(ch 2A(t],tz,r,w))daa’s(r,w).
00

Let k

LEMMA 3.1. >L >0, k£ € Z . Then



1w
(3.3) J [ ia B)(ch 2A(t],t2,r,¢))R£u£B 18- 2)(r cos,r )dm,’s(r,w) =
00
) (- 1) (-u)k(—u-B)t(u+a+B+l)k(u+a+1)z .
- (O-‘+1)k+£(a+l)k+£

k- E (o+k+L ,B+k-L)

-(sh t u X

sh t2)k+£(ch t, ch t,) (ch 2t )

1 1

R{OFRHL, B K=0) (g pe
U= 2
PROOF. Apply lemma 4.1 in [12] and observe that formula (4.7) in [12] can
“ immediately be generelized to the case of noninteger n. Finally apply the

product formula (3.2). 0

The functions (r,y) - Riazs I,8= 2)(r cosy, r2) (k,2eZ ,k=£>0) form a

complete orthogonal basis of the Hilbert space L (fo,11 x [o,n], dm 8). The
’

lemma gives the "Fourier'" coefficients of R(a 6)(c:h 2 A(t],tz,r,w)) with
respect to this basis. The corresponding expan51on with t] replaced by _tl’
and u by }(iA-a-B-1) and with substitution of (2.3) and (2.12) shows that,
for fixed t],t A,a,8, (2.13) holds in Lz—sense with respect to the measure
dma’s.

The absolute and uniform convergence of (2.13) will follow from a

2’

general result for expansions of C -functions f(x,y) in terms of the poly-
nomials Réa’s)(x y) (see Theorem 3.6 below). First we need estimates for
r(%s B)(X

as n > o,
n’ »Y)

LEMMA 3.2. Ifa 2B+ $ 20, n,me Z, n=2m =0 and x2 <y <1 then

IR(Q’Bj(x,y){ < 1.

n,m

PROOF. For fixed n,m,a,B8 with a = |B+1i| we have

(O n-m)

m
(3.4) g (@ BrnmmH) 04y o 2 c, By (2y-1)

m

with cp = 0, cf. ASKEY & GASPER [1, Theorems 1 and 2]. Now using that

(3.5) R8¢ Lo < Ry =1 ie 52

NI—'
M
IN

<



(cf. SZEGO [16, Theorem 7.32.1]), and

lR(O 07 1y BT IRéo’n.m)(Z.l—l)I%(n_m)l =1
(cf. SZEGO [16, Theorem 7.2]), we obtain for a = g +1 > 0 and x2 <y <1
that
m
0 1(n— -
m m
(0,n-m) 1 (n-m)
< ) cplRp (2y-1)y?* | < ) ¢, =1,
R 20 ¢

where the last equality is obtained by putting y = 1 in (3.4). 0O

The inequality proved above was already announced in [11, (5.2)1],

however with slightly incorrect conditions on o and B.

LEMMA 3.3. For each a,B > =1 theve exists x = 0 such that

(3.6) Réaés)(X,y) =0@) as n -~

uniformly for m € {0,1,...,n} and (x,y) € Q.

PROOF. For a = B +} > 0 the result follows from the previous lemma. In the
case a > |B+i|, B < -1 we reproduce the proof of Lemma 3.2 with (3.5) re-

placed by
-1
RéﬁéB)(y ’x) =0(n-m) as n-m-> o ,

uniformly on Q (cf. SZEGO [16, Theorem 7.32.1]). In order to handle the

case a < [B+%| we use the recurrence relation

(a 8)(X (a+] B)(

(a+1)(n+m+a+8+ )R »Y) = (m+a+1)(n+a+8+ )R ,y) +

(G +1 B)(

- m(n+B+l)R 3Y)9



which follows from ERDELYI [2, 10.8(35)]. Iteration of this identity re-

duces the problem to the case o 2 |B+}| and the desired estimate follows. [

Next we introduce the partial differential operator
2 32
D(a,B) = (]_XZ) 82 + 4x(]-y) PP

(3.7) y

2 ox

+ 4y(1-y) ilf - (20+28+4)x g%,+ (2- (4a+48+10) ) g% i
oy

LEMMA 3.4, For f,g € CZ(Q) we have

(3.8) Jf 0B, an, , = [f £ B an, o
Q2 f ,

PROOF. Use integration by parts. If a,B are not too small then the vanish-

ing of the stock terms is clear and (3.8) follows. The case of general

asB > =1 then follows by analytic continuation of (3.8) with respect to a

and B. [

LEMMA 3.5.

(a B)(X

(3.9) »Y) = —(n+m)(n+m+2a+28+3)R

D(Q’B)RI.(I?;IB) (x ,y).

PROOF. It is clear from (2.7) and (2.8) that R(a B)(x

,V) is the polynomial
with "highest'" term const. x0T y which is obtalned by orthogonalisation of
the sequence l,x,y,xz,xy,yz,x ,xzy,... with respect to the measure

B(x,y). Formula (3.7) implies that '

NCROp k=L L

(3.10) v ) = =(k+£) (k+€+20+2R+3)x "y + "lower" terms.

Application of (3.8) and (3.10) yields:

[[ D@D ey tan, ey =
Q

= ” Rr(l?és)(x,y)D(a’B)(xk-!'yf') dma’B(x,y) =0
Q



ifk<nork=n, £ <m. Formula (3.10) also implies that

D (@B (@,8) ()
n,m

»¥) = —(n+m) (n+m+2cx+28+3)R

Now (3.9) follows by orthogonality. g

1
For f ¢ L (Q,dma B) let

b

(3.11) fA(n,m) := fj f(x,y)R( B)(x,y) dm
Q

,B(X’Y) .

As a consequence of Lemmas 3.3, 3.4 and 3.5 and the estimate
Tr(OL,B) - 0(n2|dl+2|8!+2

nom ) as n » ©, uniformly in m, we conclude:
3

THEOREM 3.6. Let f ¢ C (R). Then for each v > 0 we have
(3.12) fA(n,m) = O(n_K) as n > o,

uniformly in m. Furthermore, the series

(e

(3.13) ) z £" (n, m)ﬂ

n=0 m=0

(a B) (a,B)
n (x,y)

converges absolutely, uniformly on Q, and its sum equals f(x,y). If £

depends on an additional parameter s € S such that, for eachk e Z+,(D(°"B))kf

s untiformly bounded on 8 X S then the estimate (3.12) and the absolute

convergence of (3.13) are also uniform on S.

Application of this theorem to the series (2.13) completes the proof
of Theorem 2.1. The cases oo =8 > -}, r=1and o > B = -1, ¢ = 0, 7 can be

proved in an analogous but more simple way.

4, POSITIVITY OF THE CONVOLUTION STRUCTURE ASSOCIATED WITH THE INVERSE
FOURIER-JACOBI TRANSFORM

The Fourier-Jacobi transform Ja 8 of order (a,B), o > =1, is defined
H

by

,y) + "lower" terms.



10

4.1) €7, DM = £10) = f 00, (a4,
0

where

(4.2) du () i= (2m) "2 (OFBHD) (o 1y 2041 () 2B¥ g,
H
and f belongs to the class Cg of even C —functions of compact support on R.
We now assume that o > B > -}, then the inverse Fourier transform J;IB is
5
given by
4.3) £ = [ £ o\ mav, ),
o,B
0
where
_.% -2
(4.4) dva’B(A) i= (2m) 2 | ca,B(x>| dx, and
(4.5) c () = 2a+B+1—1AF(iA)F(a+1)
. a,B T (3 (o+B+1+iA) )T (3 (a—B+1+1iL))
Then Ja 8 extends to an isomorphism of
9
12(00,=),du_ ) onto L2([0,),dv_ )
,®) “a,B onto [0,), va,B .
See [3] or [10] for a proof of these facts.
In [6] we calculated the kernel K _(t,,t,,t,) such that
0,8 177273
1w oo
(4.6) J J f(A(tl,tz,r,w))dma’s(r,w) = f f(t3)Ka’B(t],t2,t3)dua’8(t3)
00 0
for all f ¢ Lioc([o’m)’dua B)’ cf. (2.14), (3.1) and (4.2) for the defini-
b
tions of A, dﬁa g* dua g’ respectively. Using this we defined the convolu-
2 ]

tion of two functions f,g € Ll([O,w),dua B) by
3

(4.7) (fxg) (t)) := J [ £(t))g(tK, o(ty,ty,t)du o (t))du
00

u,B(tB)'

Notice that we can also write this in the form



11
o 1w

(4.8) (f*g)(tl) = I f(tz) f f g(A(tl,tz,r,w))daa,s(r,w)du
0 00

From now on let o and B be fixed such that a > B > -}. For convenience,

a,S(tZ)'

in subsequent formulas all indices o,B will be dropped.

Remember (cf.[3, Lemma 14]) that there exists K > 0 such that

(| Im\ |- (a+R+1))t

(4.9) I¢A(t)| < K(1+t)e for all A e €, t ¢ [0,»).

Also, if 1 < p < 2 and F ¢ 1P ([0,°)) then F" exists and is continuous on

[0,2) (cf. [6, Lemma 3.1]) and
(4.10) "F*g"z < const. “g“2 for all g € Lz([O,W),du),

cf. [6, Theorem 5.5].
Let (f|g) denote the inner product of f,g e L2([O,w),du).

LEMMA 4.1. Let 1 <p < 2 and F e LP([0,),du). Then F" () = 0 for all
A e [0,0) Zff

o0

(4.11) (Fxglg) = 0 for all g ¢ CO .

PROOF. Since Ja g is a Lz—isomorphism and'(F*g)A =7, gA we have
?

A A 2
(4.12) (Fxglg) = J Froo [g8o)]° avn
0
for all g ¢ LZ(EO,W),du). If F" > 0 then (4.11) follows. On the other hand

00

assume (4.11) for all g € Co. By continuity, (4.11) holds for all

g € Lz([O,m),du). Hence, in view of (4.12), o> 0. 0

In the proof of Lemma 4.3 we need an approximate identity with the
following properties:
LEMMA 4.2. There is a family {w_ | € > 0} of functions on R such that

(1) wg € Cg, supp(we) c [-e,e], w2 0:
(ii) IO wg(t)du(t) =13
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(iii) w_ s o0;

(iv) 1im€¢0 LA A () = 1, uniformly for X in compact subsets of R.

(o]

0
Just as in [3, Lemma 16] define

-1 _\20+1 -1 \2B+1
._ ~1 (sh e t\ ch € t) -1
v (e o= e ()R v,

PROOF. Choose v ¢ C. such that supp(v) c [-1,1], v 2 0 and fg v(t)du(t) = 1.

Then v, € C;, supp(ve) c [-g,e], v, 2 0, f; vs(t)du(t) = 1 and v " is real-
valued. Also A A(A) > 1 as € ¥+ 0, uniformly for A in compact subsets of

R (cf. [3, Lemma 16(i)]). Now let w 1= V%E * V%e' Then (i) follows from
(4.8) (observe that supp(fxg) c supp(f) + supp(g)) and (ii), (iii), (iv)

are immediately obtained from W A(A) = (V%EA(A))Z. (Put A = i(o+B+1) for

the proof of (ii).) [

LEMMA 4.3. Let 1 < p < 2. Let F e LP([0,»),du) such that F is essentially
bounded in some neighbourhood of 0 and F' > 0. Then ¥ ¢ L]([O,w),dv) and
(4.13) F(t) = J F ()6, (Ddv(h)

0
almost everywhere on [0,»). .

PROOF. For some €. > 0 we have A := ess supIF(t)[ <ZW. Let w_be as in

0 c 0< t<eg . €
Lemma 4.2. Then l(FIWé)' <A IO we(t)du(t) = A if € < €0 It follows from
the proof of [6, Theorem 3.2] that (F[we) = fg FA(A)WEA(A)dv(A). Hence,

. A A
since F > 0 and LA > 0, we have for each M > 0 and ¢ < €:

o
M ©
f P 0w Vdv () < J Froow " (0av() = (Flw) < a.
0 0

It follows from condition (iv) in Lemma 4.2 that fg FA(A)dv(A) < A for each
M > 0. Hence F Ll([O,w),dv). Finally, formula (4.13) is implied by the
fact that
A A
F(t)g(t)du(t) = [ F (Mg (Mdv(h) =
’ 0

1] O———38
oOY—-38

<f F (1), (£)dv () g(t)du(t)
0
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©0
°

0 O

for all g € C

See STEIN & WEISS [15, Cor.1.26] for an analogous result for Fourier

transforms.
Let A],Az € R. By (4.9) the function t ~ ¢A1(t)¢xz(t) is in LP for
all p > 1. Let '
A .
(4.14) a(xl,kz,k3) = (¢, ¢, ) (A3) = J 9, (©)¢, ()¢, (£)du(t).
1 72 0 1 2 3

THEOREM 4.4. The function a is nonnegative on ]R3.

00

PROOF. In view of Lemma 4.1 we have to prove that for all g e C0

(¢, o, *glg) 2 0.
AAy

The left hand side of the above inequality equals

(4.15) f J J g(t])g(tz) ¢A (t3)¢A (t3)K(tl,tz,t3)dU(t])dU(tz)dU(tB).
1 2
000
We first compute, using (4.6),

[ee)

0
1w
1 2
00
We can now use the addition formula (2.13) for ¢Xl and ¢A2’ and the orthog-
—g=1 g-1
onality relations (2.8) for RﬁdﬂB 1,8-2) to find that this is equal to
H
o k
kZO KZO Yk,ﬂ(x])Yk,K(A2)¢A],k,l(_tl)¢kl,k,ﬂ(t2).

'¢A2,k,£('t1)¢xz,k,z(t2)’
with absolute convergence, uniformly on compact subsets of (tl’tz) € ]RZ.

Now inserting in (4;]5) and using that ¢A X E(-t) = (—1)k+£¢x Kk E(t) is
9 H 9 5
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real-valued we find that

o] o]

(¢ xgley = Y ) v, (0 )y, ,(0).
A] =0 f20 ks 217 'k, 22

’ 2
-IJ g(s)¢x],k,£(5)¢xz,k,£(s)d“(s)I >0
0

since Yk,ﬂ(x) >0if A e R. 0O

COROLLARY 4.5, For real Aty the function A3 > a(A], 9 3) i8 in
L (L0,»),dv) and
(4.16) ¢A](t)¢kz(t) = J a(Al,Xz,A3)¢A3(t)dv(k3).

0

PROOF. Use Lemma 4.3. [

Pdtting t =0 in (4.16) we get

(4.17) a(A],Az,AB)dv(AB) = ]

o—38

For ¥,y € Ll([O,W),dv) define the dual convolution product

@18 aen o) = [ [ 108020050 0800,)a90,).
00
Application of (4.17) and (4.16) yields

COROLLARY 4.6. If x,b € L' ([0,»),dv) then x o v € L ([0,=),dv),

(4.19) Ixopl | < Ixl Iyl
and
(4.20) (x P) < J (x)J ( ).

Furthermore, 1f X,V = 0 then x o ¢ > 0.
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By standard arguments (cf. for instance [6, Theor. 5.4]), we get

COROLLARY 4.7. If 1 < p,q,r < @ and p_1 + q—] - 1= r_], then for

x € LP(dv), ¢ € Lq(dv), the function x o V is well-defined and satisfies

Iyoul < Iyl Hyl
xey r X p v q

REMARK 4,.8. The previous results also hold if a = B > =} or a > B = -1,

They can be derived in the same way.

REMARK 4.9. There is a striking contrast between the convolution product
(4.7) and the dual convolution product (4.18). It follows from (4.9) and

(4.14) that the kernel a(Al,A AB) is analytic on

2’

3
{Oshy0g) € € | |Tmh | [+ Tmh, [+ Tmh | < o+ 8+ 1),

3

In particular, for fixed X]’AZ € R, the function AB - a(kl,kz,k3) is
analytic for lImA | <a + B + 1. Hence, the restriction of this function

to R has no compact support, in contrast with the function t. - K(t], 2,t ).

3
Also, if X,V € L ([0,»),dv) then x ° ¥ is analytic on the strip

(Aeg¢ | IIm| <a+ 8+ 1}.

REMARK 4.10. The kernel a(r,s,t) was explicitly calculated by MIZONY [14]
for 8 = -} and o = 0 or }. It would be of interest to generalize his results

to the case of general a (B=-1), or even to general (a,B).

REMARK 4.11. By using a group theoretic interpretation of the functions
(1.1) the following extension of our results was proved in [4,§12]:

Let « € Z' , B = 0. Let D, denote the finite set {A = ine iR | 3m ¢ z"
such that |n| = B8 -a -1 - 2m > 0}. Then

(4.21) ¢§?’B)(t)¢§2’8)(t) - | 20,029, 2P (av0)
0

(a,B) (a,B)y -2
SN T C S WO VO T O 1 ittt Y
e 3 3

23Dy g



16
with

a(Al,AZ,AB) 20 for A e R u Da

12423 ,8°

In a forthcoming paper we will prove this result by analytic methods, also

for noninteger a.

REMARK 4.12, Let a 2 B8 > -4, vy 28 2 -4 and vy + § < o + B. Then

NG ‘

¢Aa,8) c LP([O,w),qu g) for some p, 1 <p <2 (cf. (4.9)) and
H

o (a,B) (v,6)
(4.22) ba,B;y,é(AO’A) = f ¢Ao (t) ¢, (t)d“y,a(t)
0

is well-defined for A,A

€ R. As another application of the addition for-

(A,,2) under
@583, 0
certain conditions for a,B8,y,8. (cf. the analogous results in Theorem 4.2

0
mula it is possible to prove the nonnegativity of b

and Corollary 6.1 of [13]). In particular, we obtained that

o]

(o, 8) - (v,8)
0
with nonnegative b for o > y 2 § 2 -3, and
§ ©
-1
G.26) LB () = 22 472 f b ., ,(\_,A)coskt dt
)‘0 0 a,B5=2,"3 0

with nonnegative b for a =2 B 2 -}, (a,B) # (-%,-1). However, much stronger
results on the nonnegativity of b (as conjectured in [4, §12]) can be abtiained
by using the addition formula for the functions (1.1). Therefore, we post—

pone a more detailed discussion of this problem to our subsequent paper.
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