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A precise definition of separation of variables
by

T.H. Koornwinder

ABSTRACT

We give a precise and conceptual definition of separation of variables
for partial differential equations. We derive necessary and sufficient con-
ditions for a linear homogeneous second order partial differential equation
to be separable into second order ordinary differential equations. In the’
case of the Helmholtz equation on a Riemannian manifold these conditions
coincide with the classical Stdckel-Robertson conditions. We prove that
separability of Lu+u = 0 (L second order partial differential operator in
n variables) implies the existence of n linearly independent, mutually com-
muting second order operators, including L. Finally we show that separable

second order equations do have an underlying (formal) Riemannian manifold.

KEY WORDS & PHRASES: separation of variables, Stackel-Robertson separability
conditions, Helmholtz equation on a Riemannian mani-

fold.

*) To appear in the Proceedings of the Scheveningen Conference on Differ-
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1. INTRODUCTION

The work presented here originated from a review [8] I wrote on MILLER's [9]
book "Symmetry and separation of variables". This book discusses the relationship be-
tween group theory and the coordinate systems for which a given partial differential
equation is solvable by separation of variables. A remarkable omission in this book
is that it does not contain a precise definition for one of the key words: separation
of variables. However, when looking in older vapers which discuss criteria for separa-
tion of variables (cf. ROBERTSON [14], EISENHART 3], MOON & SPENCER [101]), I could
not find a precise definition either. Probably the avolied mathematician will not be
bothered very much by this omission, since he will have a fairly good informal notion
of the method of separation of variables, which he can use in ad hoc cases. But if
one wants to prove general theorems giving necessary and sufficient conditions for
separation of variables or if one wants to classify all separable coordinates for a
given partial differential equation then it becomes crucial to have a precise defini-
tion.

In section 2, after discussing some definitions from literature, I will propose
a new definition of separation of variables which meets the three requirements of
(i) being precise, (ii) being conceptual rather than formal, (iii) admitting a rigo-
rous proof that the Stdckel-Robertson conditions (cf. ROBERTSON [14]) are necessary
and sufficient for separability of the Helmholtz equation on a Riemannian manifold in
éiven coordinates. In section 3 I derive Stdckel-Robertson type conditions which are
necessary and sufficient for a linear homogeneous second order partial differential
equation to separate into second order ordinary differential equations. Without proof
I state some generalizations of this result for higher order equations and for non-
linear equations. As a side result I show that a certain transformed version of the
two-variable sine-Gordon equation, which is known to separate into first order
o.d.e.'s, cannot separate into second order o.d.e.'s.

Section 4 deals with certain conditions equivalent to Stdckel's condition. The
main result relates separability of Lu = 0 (L linear second order operator) with a
family of n-1 linearly independent, mutually commuting second order operators com-
muting with ®L for some function ¢. In section 5 we will see that it is no accident
that classical and recent work on separation of variables is focused on equations

living on (pseudo-) Riemannian manifolds: A general sevarable linear second order



equation has an underlying (formal) Riemannian manifold. The vaper concludes with a
result stating that on an Einstein manifold the separability of Au + C(x)u = 0 for

some function C will imply the separability of Au + u = 0.
2. THE DEFINITION OF SEPARATION OF VARIABLES

Let us start with a simple example. The Helmholtz equation in two variables

is certainly separable as it stands. A slightly less trivial case occurs when we in-

troduce polar coordinates x = r cos 6, y = r sin 6:
(2.1) u +r u +r “u + wu=0.

Now suppose u is a function of the form u(r,8) = £(r)g(8), not identically zero. Then
u is a solution of (2.1) if and only if there is some constant k such that f and g

éatiéfy the ordinary differential equations

r2f"(r) + rf'(r) + (w2r2—k2)f(r) =0
(2.2)
2
g"(8) + k'g(9) = 0.

The general solutions of the o.d.e.'s (2.2) are

f(r) = oy Jk(mr) + aZJ_k(mr),

8 eike + B e—ike

g(8) 1 5 ’

where Jk and J_k are Bessel functions.

This example illustrates the way special-functions arose in history: as factor-
ized solutions of the p.d.e.'s of mathematical physics when written in separable co-
ordinates. Suitable boundary conditions for (2.1) will restrict the generality of the
solutions to be considered for (2.2). More general solutions of (2.1) can be obtained
as linear combinations of factorized solutions. However, all these aspects will not
bother us in this paper. We will concentrate on making precise the relationship be-
tween a p.d.e. like (2.1) and o.d.e.'s like (2.2).

Historically, a more systematic research on separability for p.d.e.'s was done

in the context of a Riemannian manifold. For local coordinates Xl'x2""'xn on the

manifold let ¢ ,(x) ke the fundamental tensor and write g, := 9i5 Assume the co-
) i

ordinates are - =t -q.nal, i.e., the tensor gij is diagonal. STACKEL [16] proved in

1891 that th: { r—Tacobi equation
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-1/ 3 2

(2.3) 9; (5ii7 = w (>0)

1 i

Il o~18

i
is separable by solutions of the form u(x) = Xl(xl) +...+ Xn(xn) if and only if the

following condition (the so-called Stdckel condition) holds:

(i) There is a nonsingular n X n matrix (cij(xi)) with inverse (Yij(x)) such that

(qi(x))_1 = Yli(x).

For orthogonal local coordinates (xl,...,xn) the Laplace-Beltrami operator A on

the Riemannian manifold takes the form

n
_ -5 9 -5 09
2.4 b= ) g g g g
i=1 i i
where g := det(gij) = n§=1 g, - ROBERTSON [14] proved in 1928 that the Helmholtz type
equation
2
(2.5) Au + wu =20 (w>0)

is separable by solutions of the form u(x) = ﬂ?"l Xi(xi) if and only if the Sté&ckel

condition (i) holds and, furthermore:

(ii) There are functions £, (k = 1,...,n) in one variable such that

k
L n
(g(x))
_— = I f (x ).
det(c,  (x)) ~ L Tk K

EISENHART [3] (see also [4, Appendix 13]) observed in 1934 that Robertson's con=-

dition (ii) can be replaced by the condition (cf. section 5):
(ii)' The Ricci tensor Rij(x) is diagonal.

For certain classes of Riemannian manifolds, for instance for flat spaces, this con-
dition is always satisfied if gij is diagonal. By way of apolication, EISENHART [3]
classified the eleven separable coordinate systems for the three-variable Helmholtz

equation
(2.6) u + u + u + wu=0.

Although the above-mentioned authors state and prove necessary and sufficient
conditions for the separability of (2.3) or (2.5), they do not give a precise defini-
tion of separation of variables. Therefore, in order to learn about the definition
they have in mind, we have to look for the implicit assumptions they make in their
proofs. Let us consider ROBERTSON [14] (with his potential energy V being zero),
see also the same proof in MOON & SPENCER [10, Theorem 1]. In the necessity proof of

conditions (i) and (ii) Robertson states that separability of (2.5) implies that the



coefficients of aZu/axg and Bu/axi in (2.5) are proportional by a factor only de-

pending on xi. Furthermore, he concludes from the separability assumption that there

must be a family of factorized solutions u(x) = ﬂ?_l Xi(xi) of (2.5) depending on n
5 =

parameters a1 = w , a2,...,an such that

get( = Lx1(f (x )X (x,))']) £ 0
Baj i i it ii

(fi as in condition (ii)) for some (al,...,an). Apparently, Robertson assumes that

(2.5) is simultaneously separable for all values of w. On the other hand, Robertson

proves the sufficiency of conditions (i), (ii) by showing that there are n o.d.e.'s
2

jointly depending on parameters o =W ,a2,...,an such that, if u(x) = ﬂ?_l Xi(xi)

satisfies (2.5), then Xl""'xn satisfy the o.d.e.'s for some choice of (al,...,an).

I think it is difficult to extract from the above elements a clear and precise picture
of the definition of separation of variables Robertson had in mind.
Let me next discuss three different definitions of separation of variables I met

in literature.

DEFINITION A. Cf. MORSE & FESHBACH [11, §5.1, p.497].
Write the three-variable Helmholtz equation (2.6) in new coordinates 51, 52, EB.
These coordinates are called separable for equation (2.6) if each solution of (2.6)

is a linear combination of solutions of the form Fl(El)FZ(EZ)F3(€3).

Discussion. This is typically a definition from the user's point of view: one can use
the method of separation of variables if one can build the general solution as a
linear combination of factorized solutions. However, the definition is not precise,
since it is not specified in which topology these linear combinations have to con-
verge. It will also be hard to derive a sepafability criterium or a classification
result starting from this definition. Finally it is remarkable that the definition

does not require that the functions Fi satisfy certain o.d.e.'s.

DEFINITION B. Cf. SNEDDON [15, Ch.3, §9, p.123].

A second order homogeneous linear p.d.e. in two variables

(2.7) Alluxx f 2A12uxy + A22uyy + BluX + B2u_Y + Cu =0

is called separable if, for each solution u of the form u(x,y) = X(x)Y(y), equation
(2.7) can be written as

(2.8) x b x = v D Y,

where D1 and D2 are second order ordinary differential operators in x and y, respec-

tively.



Discussion. This is a formal criterium for separability. By manipulation of (2.7) one
has to try to achieve an equation of the form (2.8). It is apparent that (2.8) sepa-
rates into two o.d.e.'s, but it is left unspecified what is meant by this last and

most important step.

DEFINITION C. Cf. NIESSEN [12, p.329].
A linear partial differential operator L in xl,...,xn is called separable if there is
an n X n matrix (Lij)' with the matrix element Lij being an ordinary (possibly zero

order) linear differential operator in Xj’ such that, for all sufficiently often dif-

ferentiable functions xi > Xi(xi) (i=1,...,n) we have
n

(2.9) L(T X.,) = det(L, .X.).
i=1 1

Discussion. Call the equation Lu = O separable if the overator L is separable accord-
ing to Definition C. Definition B can be viewed as a special case of Definition C if

we put

(L, .X.)
ij 3
The criticism to Definition B also applies here. Further objections are that the def-
inition does not cover nonlinear equations or the case of a linear second order p.d.e.
separating into first order o.d.e.'s. However, vositive aspects of Definitions B and
C are their preciseness and the fact that they can easily be used for the derivation

of separability criteria.

I will conclude this section by proposing yet another definition of separation

of variables, which will meet the three requirements mentioned in the introduction.

Let m ¢ IN. Consider for real xl,xz,...,xn the p.d.e.
i, +...+1
(3 1 n \
(2.10) F\axll x;j; u(Xl,...,Xn),Xl,...,xn’ =0,
1 °""""n ’

where the derivatives of u are running over all orders such that i1+...+in < m, where
u is allowed to be a complex-valued function, and where F is assumed to be analytic

in all its arguments.

DEFINITION 2.1. The p.d.e. (2.10) is called separable for (Xl""’xn) lying in some

. n . .
open connected region @ ¢ IR if there are n analytic o.d.e.'s

X%1) (ki-1)
(2.11) X, (x.) + £, (X. (%.)p...,X.(%.),%X.,0,,...,04 ) =0, i=1,...,n,
i i i1 i i1 i"72 n

jointly depending in an analytic way on n-1 independent complex parameters a .,an,

2"
such that, for each (az,...,an) and for each set of solutions (X1,...,Xn) of (2.11)



with arguments (Xl""’xn) in @, the function

n
(2.12) u(x, ,--.,x ) = T X (x,)
o i

is a solution of (2.10).

DEFINITION 2.2. The n-1 complex parameters o reees 0 in (2.11) are called independent

2
if the nx(n-1) matrix

\

of ,
(———l( Y y X o a ))
oa yk._]_,il k._zli,---r O,i' AT IERER AN

J 1 i

# 0.

has rank n-1 whenever ﬂ? VA .
i=1 0,1

REMARK 2.3. If the function F in (2.10) is not defined globally as a function of u
and its derivatives then suitable modifications have to be made in Definition 2.1,

such that it can be understood locally.

REMARK 2.4. The requirement of analyticity for (2.10) and (2.11) is not very string-
ent, but just for convenience. Because an analytic function in one variable, not
identically zero, has the properties that it is completely determined by its restric-
tion to some real interval and that its zeros are isolated, we will be able in later

proofs to divide by such a function, neglecting possible zeros.

REMARK 2.5. In certain circumstances, the condition ﬂ?_l yo i # 0 in Definition 2.2
may not be the right choice. Anyhow, for each value of Xl""'xn' a2,...,a , the

; n
rank of (Bfi/aaj) should be n-1 for generic values of Yki-l,i”"'yo,i (i =1,...,n).

REMARK 2.6. Under the terms of Definition 2.1 a converse implication often holds: If
u is a function of the form (2.12), analytic and not identically zero, and if u satis-
fies (2.10) then the functions Xi' i=1,...,n, satisfy (2.11) for some choice of the

parameters o reeesQ . In section 3 we will prove this converse implication in the

2 .
case of a linear second order p.d.e. which separates into second order o.d.e.'s.

REMARK 2.7. It is easy to make a connection between our Definition 2.1 and NIESSEN's
[12] Definition C. Let the linear partial differential operator L have the property

of formula (2.9). Now, for each value of (al,az,...,an), if the functions Xl"

.. X
n

satisfy the o.d.e.'s

Il o~

a; Li.X.(x.) =0
i=1 JJ 3

then u := ”2=1 Xi satisfies Lu = 0. However, without further assumptions on the

Lij's it is not clear whether n-1 of the parameters a YL form a set of indepen-

1
dent parameters for this set of o.d.e.'s.



EXAMPLE 2.8. Clearly the p.d.e. (2.1) separates into the o.d.e.'s (2.2) according to

Definition 2.1 and also the converse implication of Remark 2.6 holds. Similarly, the

p.d.e.
2
(2.13) u +u +wu=0
XX vy
separates, under the Ansatz u(x,y) = X(x)Y¥(y), into the o.d.e.'s

X" (x) + (w2—k2)X(x) =0,

Y"(y) + sz(y) = 0,

and again the converse implication holds. However note that (2.13) also separates in-

to the first order o.d.e.'s

X' (x) + inz—k2 X(x) = 0,

(2.14)
¥Y'(y) + ik¥(y) = O.

The converse implication of Remark 2.6 no longer holds in this case, but it does hold
for a three-parameter family of pairs of o.d.e.'s extending (2.14): Let u be a func-
tion of the form u(x,y) = X(x)Y(y), not identically zero. Then u satisfies (2.13) if
and only if X and Y satisfy the o.d.e's

2 2 2 2 2
(X' (x)) + (w-k)(X(x)) =47,

(xr (v 2 + k2 (y))? = B2

for some value of (k,A,B).

EXAMPLE 2.9. Consider the sine-Gordon equation

[0} - = sin ¢.

XX tt
Put u(x,t) := tg(4%¢(x,t)). The transformed equation reads
2 2 2 2
. + - - - = - .
(2.15) (14+u )(uxx utt) 2u(uX ut) u(l-u’)
Under the Ansatz u(x,t) = X(x)T(t) this nonlinear p.d.e. separates into the first

order o.d.e.'s

{x' (x)
T' (t)

1,2
a "X (x)

Va-1 T(t),



according to Definition 2.1. On the other hand, let u(x,t) = X(x)T(t) be an analytic
solution of (2.15) such that u and ut are not identically zero. Then it can be shown
that, for some choice of a,B,y, the functions X and T satisfy the o.d.e.'s

x? = axt 4 ax® 4y,

T+ (a-1)T? - B,

=]
I

see also OSBORNE & STUART [13]. It will follow from Lemma 3.6 that equation (2.15)

does not separate into second order o.d.e.'s.
3. SEPARATION OF VARIABLES FOR LINEAR SECOND ORDER EQUATIONS

In this section we will derive criteria for separability of a general linear

homogeneous second order p.d.e.

s 3%u t du
(3.1) ) A (%) s==—+ ] B_(x) =— + C(x)u = 0.
A ij 99X, 90X, . i X,
i, j=1 i i=1 i
Here Aij' B and C are complex-valued analytic functions of x = (xl,...,xn) on some
oven connected region  in R" . we may assume Aij = Aji and we will write Ai := Aii'

Furthermore, we require that, for each i, (3.1) contains some nonvanishing term in-

volving a derivative with respect to X0 i.e., for each x ¢ Q and for each

i« {1,...,n} not all of the numbers A, A (x), A, _(X),...,A, (x), B,(x) are zero. Let
i1 i2 in i

us formulate the main theorem.

THEOREM 3.1. The p.d.e. (3.1) separates on Q into n second order o.d.e.'s if and only

if the following three conditions hold:

¢i) Aij =0 if i # j and Ai(x) # 0 for all x and 1i.
(ii) There are analytic functions bi (i =1,...,n) in one real variable such that
(3.2) B, (x) = b,(x,)A, (%).
i i7id
(iii) There are analytic functions cij (i,3 =1,...,n) in one real variable such that

the n x (n-1) matrix

(3.3)

has rank n-1 for all x = (xl,...,xn) € Q and



(3.4) c,.(x,)A, (x) = C(x)8, j=1,...,n.
ij it j

1’

I ~3

Under the assumption of conditions (i), (ii), (iii), the p.d.e. (3.11) takes the form

n / 2
d u du \
— — + = 0.
(3.5) _z A, () Tt bi(xi) % cil(xi)u, 0
i=1 X, i
i
Furthermore, if a function u has the form u(x) = ﬂ?=1 Xi(xi) and if u is not identi-
cally zero on Q, then u is a solution of (3.5) if and only if, for some
(a2,...,an) € Cn_l, the functions Xi are solutions of the o.d.e.'s
/ n
(3.6) X' (x,)+b, (x )X! (x,)+C, (x)+ ) c. . (x,) K (x,) =0, i=1,...,n.
ii SR R R R B S | =2 ij i ii

For the proof we will need a lemma, see Lemma 3.2. First we introduce some nota-

tion and we formulate alternatives to condition (iii). Consider an (nxn) matrix-valued

function

(3.7) c(x) := (cij(xi)).

Let

(3.8) Mij(x) := cofactor of c(x) for entry(i,j),
(3.9) S(x) := det c(x).

Mij(x) only depends on x <X, /X, ,...,xn. If conditions (i) and (iii) of the

17" i-1"7i+1
theorem hold then, by (3.4),
. Ai(x) Mil(X)
(3.10) A M. Go r Fd =l
j j1

and, hence, Mil(x) # 0 for all x and i.

Let condition (i) hold. If C(x) = O for all x then (iii) is equivalent to:

(iii) ' There is an analytic matrix-valued function c of the form (3.7) such that,
for all x € Q, the matrix (3.3) has rank n-1, cil(xi) =0 (i=1,...,n) and

(3.10) holds.

If C(x) # 0 for all x € Q@ then (iii) is equivalent to:

(iii)" There is an analytic matrix-valued function c of the form (3.7) such that, for
all x € Q, S(x) # 0 and
C(X)Mil(x)
(3.11) Ai(x) = — .

S (x)



iy
-

-1 —-
Note that (3.11) can also be written as Ai(x) = C(x) (c(x) 7) , where c(x) 1 is

11
the matrix inverse of c(Xx).

LEMMA 3.2. Suppose there are n second order o.d.e.'s

(3.12) XU(x,) + f (X! (x,), X,(x,),x,) =0, i=1,...,n,
i i i1 ii i

i
with fi analytic, such that for each set of solutions (Xl""'xn) of (3.12) the func-
tion u given by u(x) = ﬂ?

i=1
Theorem 3.1 holds and there are analytic functions bi and ci (i=1,...,n) IiIn one

Xi(xi) is a solution of (3.1). Then condition (i) of
real variable such that (3.2) is valid and also
n
(3.13) c(x) = ) c, (x)A (x),
. i7i0 4
i=1
(3.14) Fo(XN(x,),X, (x,),x,) = Db, (x,)X!(x,)+c, (x,)X, (x,), i=1,...,n.
i1 i1 i AR R T | ST T T |

PROOF. Substitute (3.12) into (3.1) with u = nli’_ X, . Then

=1
n fi(Xi(xi),Xi(xi),xi)
(3.15) - Z A, (x) X ) +
i=1 i
Xi(xi)xg(xj) n Xi(xi)
) oA TSyt L By oy t et = 0.
i#j i 71Ty i=1 i 7

It follows from the assumptions in the lemma and from the theory of second order or-
dinary differential equations that, for each x € Q, equation (3.15) will be satisfied:
for all complex values of Xi(xi) (i =1,...,n) and for all nonzero complex values of
Xi(xi) (i =1,...,n). Fix x € Q. Successive differentiation of (3.15) with respect
to Xi(xi) and Xé(xj) (i # j) yields that Aij(x) = 0 for i # j. Next, by differentia-
tion of (3.15) with respect to Xi(xi) we obtain

af.(Xi(xi),Xi(xi),xi)

Bi(x) = A, (%) = - .
. X! (x,)
1 1

Ai(x) = 0 would imply Bi(x) = 0, contradicting the original assumptions about (3.1).

So Ai(x) # 0 and condition (i) of Theorem 3.1 is proved. It also follows that
(3.16) £(XI(x,),X, (x,),x,) =Db, (x,)X!(x, )+c, (X, (x,),x,)X, (x,)
iii i 71 i AR R R | i74i71 iid

for certain analytic functions bi and c, with bi satisfying (3.2). Substitution of

(3.16) and (3.2) into (3.15) yields

C(x) = c, (X, (x,),x,)A (x).
i i1 i i" g

I o~13

i=1

By differentiating this formula with respect to X, (x,) we obtain
ii



11

dc, (X, (x.),x.)/3X. (x,) = 0. Thus c. only depends on x.. Now (3.13) and (3.14) are
i1 i i i

proved. [J

Lemma 3.2 stafes that, if a linear homogeneous second order p.d.e. (3.1) "sepa-
rates" into one set of n o.d.e.'s (3.12), not a priori linear and not depending on
additional parameters, then this assumption already forces the o.d.e.'s to be linear
and also imposes strong restrictions on the coefficients Ai, Bi' C in (3.1). However,
for the proof of this lemma it seems to be crucial to assume that u = ﬂ?=1 Xi satis-
fies (3.1) for all possible solutions (Xl,...,Xn) of the o.d.e.'s, not just for one

set of solutions.

PROOF of Theorem 3.1.

(a) Necessity of the conditions (i), (ii), (iii).
Suppose (3.1) separates into n second order o.d.e.'s. Then we know from Lemma 3.2
that conditions (i) and (ii) are satisfied and that (3.1) separates into o.d.e.'s of

the form

X" (x )+b, (x )X'(x )+c, (x. ,d.,...,0 )X, (x.) =0, i=1,...,n,
i i i i i i iiv2 n i i
where bi satisfies (3.2) and
n
boc.(x .0 ,...,0)A, (x) = C(x).
121 i it 2 n i

Differentiate the last identity with respect to aj:

ac.

n
i
ey X =0, j = 2,...,0.
.E d0. (xi,a2, 0Ln)Al(X) 0 J ’ n
i=1 j

ac,

By Definitions 2.1 and 2.2 the n x (n-1) matrix ( Sai%xi,a ,...,an)) has rank n-1.

2
Choose a fixed (a2,...,an) and define

cil(xi) := ci(xi,az,...,an), i=1,...,n,
Bci
cij(xi)‘:= aa] (xi,az,...,an), i=1,...,n, j =2,...,n.

With this choice of the functions cij condition (iii) holds.
(b) Sufficiency of the conditions (i), (ii), (iii).

Assume conditions (i), (ii), (iii) hold. Then (3.1) takes the form (3.5). Let, for

n-1
some (a2,...,a ) € € , (X,,...,X ) be a set of solutions of (3.6), with X, (x.) # O
n 1 n i i

for all x and i. Multivly (3.6) by Ai(x)/Xi(xi) and sum over i. Using (3.4) we obtain

/X;(xi) Xi(xi)
(3.17) Ai(X)KETY;fT'+ bi(Xi) X k) + Cil(xi)) = 0.
i Ti i 7i

Iho~—3

i=1



12

If u = ”?:1 X, then (3.17) implies (3.5).

(c) Proof that the factors in the factorized solutions of (3.5) satisfy (3.6).
Without loss of gerierality we may assume Xi(xi) # 0 (cf. Remark 2.4). Compare (3.17)
with the n-1 equations (3.4) for j = 2,...,n. Since the matrix (3.3) has rank n-1 we

conclude that

X?(Xi) Xi(xi) n
e —_— + + L) =
oy PO Xyt ol ) L ay(x)e;5(x;) =0
iti i j=2
for certain coefficients aj (J =1,...,n) depending on x. Hence, for fixed £:
n ~
jzz (aj(xl,...,x ,...,xn)—aj(xl,...,x ,...,xn)) Cij(xi) = 0,

i=1,...,-1,8+1,...,n.

The determinant of the (n-1)x(n-1) matrix which is obtained by deleting the Kth row

+
and the first column in (cij(xi)), equals (fl)z 1 le(x) (cf. (3.8)). Because of
(3.10) this determinant is nonzero. Hence 0, (X, ;eee;XpreeersX ) = O (X, yeuerXpreeersX ),

i1 n 1 L n

so aj does not depend on XE (£ =1,...,n). Thus (3.6) holds for these aj. ]

REMARK 3.3. The relationship between our Theorem 3.1 and NIESSEN's [12] definition C
is easily established (cf. also Remark 2.7). Indeed, the p.d.e. (3.1) satisfies the
conditions (i), (ii), (iii) of Theorem 3.1 if and only if the left hand side of (3.1),
after multiplication by some function of x and for functions u of the form u(x) =

= ﬂ? X.(x.), can be written as det(L.,. X, (x.)), where
i i i J 3]

i=1
2 .
Ll' = 315-+ b, (x.) ag—-+ C.l(X.),
J ax” J ] 3 J J
J
L,, :=c,,(x.), i#1,
1] BE |

and the matrix (3.3) has rank n-1.

REMARK 3.4. Consider the Helmholtz equation (2.5) on a Riemannian manifold. On com-

paring (2.5) with (3.1) we have:

1 e . . 2
Ai = ET- ’ Aij =0 if i # j, C=uw,
1
B, - % (log Ly
93 i 93

If Ai takes the form (3.11) then

3 g
=——~—l =
axi og (S).

>, w
-
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Hence our separability conditions (i), (ii), (iii) of Theorem 3.1, if applied to the
p.d.e. (2.5), are equivalent to the St&ckel-Robertson conditions (i) and (ii), men-

tioned in §2.

Next we mention some generalizations of Theorem 3.1 and Lemma 3.2 to higher or-
der and nonlinear p.d.e.'s. The proofs, which are omitted, are similar to the proofs

earlier in this section.

. , th
LEMMA 3.5. Consider a linear homogeneous analytic p.d.e. of m order

o, +...+a
1 n

(3.18) oA g2 =0
o 1 n
|o|<m Bxl ...an

such that, for each x and i, not all terms involving derivatives with respect to xi

, . . th
will vanish. Suppose there are n analytic o.d.e.’'s of m order

(

(3.19) x ™ (x yer x ™Y
1 1 1

. (X-)l"'IX-(X‘)IX.) :Or izll"'lnl
1 1 1 1 1

such that, for each set of solutions (Xl,...,Xn) of (3.19), the function

u(x) := ﬂ2=1 Xi(xi) is a solution of (3.18). Then (3.18) and (3.19) must have the
form
n m m-1 3j
) A.(x)(§~‘i+ 7 obd(x) a—u\, + C(x)u =0,
X i m . i i Jj
i=1 YoxX, j=1 0x
i i
(m) mloy )
" x) + ) plx)x 7 (x)+c (x )X, (x.) =0, i=1,...,n,
1 i j=1 1 1 1 1 1 1 1 1

respectively, for certain analytic functions.bi, c.,, where

Cc(x) =

I o~13

A, (X)c, (x,)
1 1 1

i=1

and Ai(x) # 0 for all x and i.

LEMMA 3.6. Consider a (generally nonlinear) second order p.d.e. of the form
n 2 .
(3.20) Z A (x) 5 + F(—~—- JE£»,U,X> =0,

with Ai and F analytic and Ai(x) # 0 for all x and i. Suppose there are n analytic

second order o.d.e.'s
(3.21) XU (x, )+f, (X! (x,),X,(x,),x,) =0, i=1,...,n,
i7i i1 i i

such that, for each set of solutions (Xl,...,Xn) of (3.21), the function u(x) :=

= ﬂ?=1 Xi(xi) is a solution of (3.22). Then (3.20) and (3.21) must have the form
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n
2 A_(x)(é—2-+ B_(—iL, u,x,}} + D(x) u log u =0,
i 2 il 9x, i
i=1 ‘Bxi VUL
X" (x,) + B, (X!(x,),X,(x,),x,) +d,(x,)X,(x,)1log X.(x,) =0, i=1,...,n,
i 7i i 7iTi i i AR A T | i7i

respectively, for certain analytic Bi, di and D, where Bi is homoceneous of degree 1

in its first two arguments and
(3.22) A, (x)d, (x,) = D(x), i=1,...,n.
i i1

Note that, in case D is not identically zero, equation (3.22) highly restricts

the possible choices for the Ai's.

REMARK 3.7. It follows from Lemma 3.6 that the nonlinear second order p.d.e. (2.15)

does not separate into second order o.d.e.'s.

THEOREM 3.8. Consider a (generally nonlinear) mth order p.d.e.

m m-1
x)/§~2'+ 8 /§-~E Jeees Jﬂi-,u,x, \ = 0,
)

(3.23) By B i, m-1 i
1 VIR Bxi

o~

i

where Ai and Bi are analuytic, Ai(x) # 0 for all x and i, and Bi is homogeneous of
m-1
i

if and only if there are analytic functions cij (i=1,...,n, j =2,...,n) in one

degree 1 in Bm_lu/ax ,...,Bu/Bxi,u. Then (3.23) separates into n mth order o.d.e.’'s

real variable such that the n X (ri-1) matrix (Cij(xi)) has rank n-1 for all x and

o~

c,.(x,)A (x) =0, j=2,...,n.
. ig i 1 .
i=1

In case of separability a function u(x) = ﬂ?_l Xi(xi)' not identically zero, is a
n-1

solution of (3.23) if and only if, for some (az,...,an) e C , the functions Xi are

solutions of the o.d.e.'s

™ (x y4s x ™ ()
1 1 1 1

i l---rxi(xi) ’Xl(xl) :Xi) +

o
J

o~

o, c,.(x.))X, (x,) =0, i=1,...,n.
5 3 ij i i i

Finally we turn to the case of the Hamilton-Jacobi equation (2.3) considered by

STACKEL [16]. We will now use Definition 2.1 with the Ansatz (2.12) replaced by

(3.24) u(x) =
i

N ~—s

X, (x,).
1 1 1

In Definition 2.2 the condition ﬂ?_l yO 5 # 0 can then be omitted. It is easy to prove
- ’

the following analogue of Theorem 3.1.
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THEOREM 3.9. Consider the first order nonlinear p.d.e.

n 2
(3.25) ) A.(X)/ &‘) = c(x),

where Ai and C are analytic and Ai(x) # 0 for all x and i. Then the p.d.e. (3.25)
separates into first order o.d.e.'s under the Ansatz (3.24) if and only if condition

(iii) of Theorem 3.1 holds.
4. ON CONDITIONS EQUIVALENT TO STACKEL's CRITERIUM

The main result in this section is Theorem 4.5, which associates n linearly in-
dependent, mutually commuting partial differential operators with a separable second
order p.d.e.. Theorem 4.6 and Corollary 4.7 will be needed in section 5.

Lemma 4.2 and Theorems 4.3 and 4.4 will involve:

ASSUMPTION 4.1. The functions Cij (i, = 1,...,n) are analytic on an open connected
region Q < Efl such that det(cij(x)) # 0 on Q. The matrix inverse of (cij(x)) is

denoted by (yij(x)). Assume that Yli(x) #0 (i =1,...,n) on Q.

LEMMA 4.2. Let Cij and Yij be as in Assumption 4.1. Then the following three state-

ments are equivalent:

(a) c,. only depends on x, (i,j =1,...,n).
i i
aylj aij
(b) Ykp e = Ylp % (k =2,...,n; jy,o=1,...,n).
p b
BmYZj oMy .
(c) v =Y (jlkr’elp:'lr---rn;m:112I3l"')'
kp 5™ Lp e 4
p p

PROOF. We prove (a) = (c) = (b) = (a).

(a) = (c): E cik(xi)ykj(x) = Sij'
Hence
Bmvk.(x)
) ik(X ) ; = 0, i # p.
k ox
So
m m
3 Yp. 3 Y,
23 k3 \
20- (x,)(y -y =0, i# p.
ik kr ax" £o ax" / B
D 1e)
Since also
e xv (0 =0, ifp,

k
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it follows that

" ™
(v T, Tl
Yk~ \ kp % tp ax" J
P p

is independent of k. So (c) will follow if Yoo # N. Suppose Yﬂp(y) = 0 for some y € .
Then £ # 1. For a € C let ) )

~ .
Yig T g5t 0y

~

cij : cij - adjlciﬂ'
Then (;ij(x)) and (gij(xi)) are matrix inverses of each other and ;Kp(y) #0 if
a # 0. Hence (c) is valid for (;ij(y)) if o # 0 and the case a = 0 fbllows by con-
tinuity.

(b) = (@): Let p # i. Differentiation of

E CixViky = 81y
yields

ALV Sl S
K BXP k3j k

THEOREM 4.3. Let cij and Yij be as in Assumption 4.1. Let bi’ ci (i=1,...,n) be
analytic functions in one real variable. Consider the n linearly independent partial
differential operators
n 2 :
L, := El Yki(X)(\i?Jr b, (x,) %+ ci(xi)) , k=1,...,n.
i
Then the following three statements are equivalent:
(a) cij only depends on xi (i,j =1,...,n).
(b) Lk commutes with Ly for k = 2,...,n.

(c) The operators L ,...,Ln mutually commute.

1

PROOF. A calculation shows that

n Yy, Y, .
- - [ 43 k3 d
[Ty rTpd := LyLp = Tply = izjzl[_\yki Bx, | 01 ok, )12 o, *+ by (xy)

~——"
+

/ 32Y 82Y 2

43 SAIA 3 \
Y, - Yp, (™5 + b.(x)o—— + c.(x.) ] .
Ve 52 T T G R o)

Now apoly Lemma 4.2. []

The implication {a) = (c) in the above theorem formally coincides with a result
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in KALLSTROM & SLEEMAN [6, Theorem 1]. (See also ATKINSON [1, Theorem 6.7.21.) These

authors are working in a Hilbert space context. Our result is obtained from formula

(0.1) in 6] by putting Gy = 1, a, = 0O (i=1,...,n,
A, 1= -(32/3x°+b, (x,)3/3x,+c, (x)),S, . = c, . (x,).
i i TiTi i i7d ij ij i
Let F, G be C -functions in the 2n real variables x = (Xl""’xn)'
p = (Dl,...,pn). The Poisson bracket of F and G is defined by
T [F 3G  F 3G
{F,G} == 2 \3%_ 9p,  op, ox I
k=1 7k “k “k k

“ 2
F_(x,p) := ) Yki(x)pi.

Then the following three statements are eguivalent:

(a) cij only depends on xi (i, =1,...,n).
(b) {F,,F} =0 (k=2,...,n.
(c) {Fk'Fﬁ} =0 (kx,£=1,...,n).

PROOF. We have

{Fk,FE} =2

Now apply Lemma 4.2. []

Theorem 4.4 is contained in a result by EISENHART 3, p.289), who gives neces-
sary and sufficient conditions for the existence of orthogonal separable coordinate
systems for the Hamilton-Jacobi equation on a Riemannian manifold. These conditions
involve the existence of n-1 independent quadratic first integrals for the equations
of geodesics. Eisenhart's conditions were considerably improved by KALNINS & MILLER

[7, Theorem 6].

THEOREM 4.5. Consider the analytic p.d.e.

A, (x){— + b, (x) il—\, + C(x)u = 0,
i i i’ ox,
1 09X, i

(4.1)

Il o~>3

2
/8 u
2
i 9
with Ai(x) # 0 for all x and i. Suppose (4.1) separates into n second order o.d.e.'s.
Then there are n linearly independent, mutually commuting linear partial differential
operators Li""’Ln of second order such that L, = ®L for some analytic function ¢

1

(®(x)#0) and such that all solutions u of (4.1) of the form u(x) = ﬂ?

X, (x,) are
i=1 i1

joint eigenfunctions of L2,...,Ln.

PROOF. By the separability assumption, condition (iii) of Theorem 3.1 holds. Let

(cij(xi)) be the matrix considered there and put



18

(x,) =68, , c,.(x) =c, _(x), di=1,...,n, 3 =2,...,n.
i i1 ij i ij i

Let (yij(x)) be the inverse of the matrix (;ij(xi)). Then, by (3.4), Yli(x) =
= A‘(x)/Al(x). Define theoperatorst by
i

L= ] 0{ 2 b b ) 2t e, ) P =1
kTl Tk PR R R PR TR L A A
i=1 ox, i
i
Then L1 = AII L, the operators Lk are linearly independent and, by Theorem 4.3, they
mutually commute. Let u(x) = ﬂ?_l Xi(xi) # 0 be a solution of (4.1). By Theorem 3.1,
there is (az,...,an) € Cn_l such that (Xl""'xn) satisfy the o.d.e.'s (3.6). Hence
Bzu Jdu th
—_— + — + + = i = ...,N.
5 bi(xi) - (cil(xi) .Z ajcij(xi))u o, i 1, ,n
X . i j=2
i
Multiplication of this equation by Yki(x) (k = 2,...,n) and summation over i yields

+ = 0.
Lku au 0 0

Theorem 4.5 is well-known for many special separable second order p.d.e.'s (cf.
MILLER [9]), but it seems that the general statement of the theorem has not been
proved before.

Obviously, there still exists a commutina family of operators Ll""’Ln with
L1 = OL if Lu = 0 is separable after a transformation of coordinates. Conversely as-
sume that a second order operator L can be extended to a family of n linearly inde-

vendent, mutually commuting second order operators L, := L,L .+L . It would be in-
n

’ .-
teresting to formulate a criterium, under which conditions Fie existence of such a
commuting set imnlies that L is separable into second order o.d.e.'s after some trans-
formation of coordinates. The result by KALNINS & MILLER "7, Theorem 6], which we al-
ready mentioned, may be helpful in achieving such a criterium.

The next theorem was already proved by EISENHART [3, p.289]. We include the
proof in order to make the paper more self-contained. The subsequent corollary may be
new.
THEOREM 4.6. Let Al""'An be analytic functions on an open connected region Q in
ﬁ{l, not taking the value zero. Then, locally, the following two statements are
equivalent:
(a) There are analytic functions cij (i, =1,...,n) in one real variable with

det(cij(xi)) # 0 such that

cij(xi)Ai(X) =&, j=1,...,n.

i1’

I o~13

i=1

(b) The functions Ai satisfy the system of p.d.e.'s

(4.2) Aj‘ = O/ plqu =1,...,n, 1o} 7'4 q,
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where

32 log A, 3 log A, 3 log A, 9 log A 9 log A,
(4.3) A .= J J J i8] 1
jip,q 9X 90X 9% 9x 9x 9x
) P g 18] q q p

9 log A 3 log A.
g g9 g J

9xX 9x
p q

PROOF. First we prove (a) = (b). Suppose that (a) holds. Let (yij(x)) be the matrix

inverse of (Cij(xi))' Then (b) of Lemma 4.2 holds. Put

okj(x) = Vi (x)/vlj(x).
Then, for each k = 1,...,n, the functions pkl""'pkn satisfy the system
30, . 3 log A,
kj _ _ J . _
(4.4) o (pkp pkj) S j.p=1,...,n.
1S b
Hence
ap. . 730, .
O=—a-( kj\——a ( kj,= (p,_=p, )A
% 9x ax 9x kp "k i ; )
A q/’ a \ o/ a'“iio,q
Fix p and g with o # g. Then pkp # qu for some k, because, otherwise,
Ykp = (Ylp/qu)qu (k = 1,...,n), contradicting the nonsingularity of the matrix
(y..(x)). Thus A, =0 for p # q.

1] Jip.gq
Next we prove (b) = (@). Suppose (4.2) holds. By a theorem of Frobenius (cf.

DIEUDONNE [2,Ch.X, p.3147) this implies the complete integrability of the system

9D, 3 log A.

—L = (p_-p.) ——-=

9x j 9% )

o P ]
Hence, locally, there are n linearly indeperdent analytic solutions (pkl""’pkn)'
k=1,...,n, of this system, including the trivial solution (pll""'pln) =
= (1,...,1). := . Th . i i .2. Si .
(1, ,1). Put ij Aj pkj en (4.4) implies (b) of Lemma 4 ince (yij(x))

is a nonsingular matrix, we conclude that (@) of Lemma 4.2 is valid for its matrix

inverse (cij(xi)). This proves (a) of the present theorem. []

COROLLARY 4.7. Let A "An be analytic functions on an open connected region ) in

177
n . , .
IR , not taking the value zero. Then, locally, the following two statements are equiv-

alent:
(2) There are analytic functions cij (i=1,...,n; 3 = 2,...,n) in one real variable
with rank (cij(xi)) = n-1 such that
n
Z i Bx)B 0) = 0, 3 =2,...n

(b) Lt b be iefined by (4.3). Then

8t
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= A = ... =A

A
1;p,9 2;p,q n;o,q’

PROOF. First we prove (a) = (b). Suppose that (a) holds. Let cil(xi) 1= Gil
(i =1,...,n). Let, gi := Ai/A1 (i =1,...,n). Then the Xi's satisfy (a) of Theorem
4.6. Hence X, = 0 (p#g). A calculation shows that X_ = A, - A .

jip.q jip.q jip.q lin,q
Hence A, = A (3 =2,...,n; p ).

jip,q 1ip,g e 7 a
Next assume (b) and put again Aj 1= Aj/Al' Then
0 = - = A (o#q) ,

A, A .
jip,q 1;p,q jip,q

s

so (a) of Theorem 4.6 is valid for the Zi's, hence (a) of the corollary holds for

the A, 's.
i
5. SEPARATION OF VARIABLES AND EQUATIONS ON RIEMANNIAN MANIFOLDS

In (2.4) we introduced the Laplace-Beltrami operator

R T L oL ) Dy 52 9 L 3
(5.1) b= ] 9 g9 g 1 gi\—2+(ax log(gz/gi)\,-——\,

1 ox i Sxi

for orthogonal local coordinates on a Riemannian manifold. More generally, we will
consider operators A of the form (5.1) without this geometric interpretation, so it
is no longer required that gi(x).> 0, but gi may be a complex-valued analytic func-
tion on an open connected region  in IJI, with gi(x) # 0 on Q. We still put

g := ﬂ?=1 g9,- Note that the second expression for A in (5.1) is independent of the
choice of the branches for the square root or the logarithm.

Our first result, contained in Theorem 5.1 below, shows that a linear second
order p.d.e. in n 2 3 variables which separates into second order o.d.e.'s can al-
ways be written in the form Au + V(x)u = 0, with A as in (5.1). Historically, a
general theory of separation of variables was usually given in the context of a

Riemannian manifold. Our theorem shows that this meant no loss of generality.

THEOREM 5.1. Let
n 2
9
(5.2) L:= ) A (x)(——+ b, (x )———\,
be a partial differential operator on an open connected region Q in ]Rn, where Ai
and bi are analytic and Ai(x) # 0 on Q. Suppose that the p.d.e. Lu = 0 separates in-
to second order o.d.e.'s. Then for each analytic function ® on Q (®(x) # 0 on Q) there

is an analytic function R on Q (R(x) # 0 on Q) such that

(5.3) oL = R A o R - R L(AR),
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where A is given by (5.1) and

(5.4) g, = — .

If n 2 3 then, in particular, we can choose & such that R = 1, i.e.
= A =1 .
oL ' 9, /@Ai
PROOF. By the separability of Lu = 0, condition (iii)' of Theorem 3.1 holds. For the

matrix cij(xi) introduced there, let Mil(x) be defined by (3.8) and let R and ¢ be

functions related by

X n 1/n
(17, M, )
2 1- 1 i
(5.5) R™® n/2 = exp(Z [ b(yi)dyi} i=1 ;;n—l/Z
i (m' . &)
in i=1 i

for some (xO n) € Q. Let 9 be given by (5.4). Then

ERRREA

n 2 2L
-1 -1 -1{ 3 {9 Rg%\ 9 )
R A oR-R (AR) = , (——— =1
L B e ) )

i gi /3 i
and
3 R’ RZ@I‘D/ZAi 5 ( 1/n)
= 1og =2 = log ———— = b, (x,) +—— log{a,M_ (M /&) /") =
9% . g. X, m b i 90X, idi=1"411 i
i i i ( i=1 Ai) i N

1]

b, (x,) + —g-loq M,
1 1 " 1

9% = b, (%),
1

1

where we used (5.4), (5.5), (3.10) and the fact that Mi does not devend on X, - For-

1
mula (5.3) now follows immediately. []

The second topic of this section deals with EISENHART's [3] condition on the
vanishing of the Ricci tensor off the diagonal, which is necessary for separability
of (2.5). Let Q be an open connected region in r" on which a fundamental tensor 955
is defined, where the functions gij are compleg—valued and analytic on @ and
det(gij(x)) # 0. We may call @, together with the tensor gij’ a formal Riemannian
manifold. The Christoffel symbol of the second kind associated with this formal

Riemannian structuré, which we denote by F;j, is defined by

£ 9 3
2 )T . g,,=5—gq. . + I, .
7 kj il Bxk ij axj ik Bxi jk

(cf. EISENHART [4, (7.2)]). Next, theRiemannian curvature tensor is expressed in terms

of these Christoffel symbols by

K bk b X 5k 5k
R := : -1t = e
£i5 g Typlip = Tielyp) * o, Ye x| 'ie
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(cf. EISENHART [4, (8.3)]). The Ricci tensor Rij is obtained by contraction of the

Riemannian curvature tensor:
k
Riy *7 L Rijp
J Kk J
(cf. EISENHART [4, p.21]); it is a symmetric tensor. Q is called a (formal) Finstéin
space if

R,.(x) = £(x)g,.(x)
ij 1]

for some scalar function f. Clearly, on an Einstein space the Ricci tensor is diagonal
_if the fundamental tensor is diagonal. The class of Einstein spaces includes all

Riemannian spaces of dimension 2, the flat spaces and the spaces of constant curvature.

If gij is diagonal and 9, T 934 then
2
3 log g. 9 log g. 9 log a,. 9 log g 9 log a,
Y J J J _ b J
(5.6) R =% J |2 + +
jolet . 9X 9xX X 9x 9x 9x
iFp.q - P q D q q P
d log a9 lo .
B g9 q g qj] o g
9x P !
P 9
which follows from EISENHART [4, p.119].
THEOREM 5.2. Let n 2 3. Consider the p.d.e.
n 2 L
1 .
(5.7) Au + Cu := ) —(3—‘21+(—3—10g9’—) aiu)JfCu:o.
i=1 95 ‘ox 9%, 93/ %y
(a) Suppose that condition (iii)" of Theorem 3.1 holds for Ai := gll, C(x) = 1.
Then (5.7) with C(x) = 1 separates into second order o.d.e.'s if and only if the

corresponding Ricci tensor is diagonal.
(b) If the Ricci tensor is diacgonal and if (5.7) separates into second order o.d.e.'s

for some specific function C = C_ then (5.7) separates into second order o.d.e.'s

0
for the function C(x) = 1.
PROOF. Let Ai 1= gli and let Aj-p q be defined by (4.3). Under the assumptions of (a)
’ ’

we have Aj'D q = 0 (p#q), cf. Theorem 4.5, and the separation assumption of (b) im-

r~r
plies A, = A (p#q) , cf. Theorem 3.1 and Corollary 4.7. So we have

jip,q 1;o,q
Aj;D,q = Al;p,q (p#gq) in both cases. It follows from (5.6) that, for p # g,
82 log gk
RDq = %(n—z)Al_o + % BT
: L P kg T
3 log(g /gi)

]

Putting b, (x) we also have
i 9%,

1
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2 2 L
3" log g, ) 52 [ g\ 3” loal(g /gp) B abTD
% 9% ax ox 905 g 1 T ? Ty ax = 2%
k#p,q P g o q pig P g
since M g =M g (cf. (3.10)) and M,, does not devend on x.. Hence
pl “p gl “g i1 i
3
(5.8) R = %(n-2)A + 2 2

Formula (5.8) implies that, if two of the three exoressions R A and BbD/qu

’
P:/q 1;,qu
vanish then also the third one vanishes. This yields precisely the three required im-

plications in (a) and (b) of the theorem (use Theorems 3.1 and 4.6). []

Part (a) of Theorem 5.2 was already proved by EISENHART [3]. Part (b) may be
new. It would be of interest to prove or disprove the two implications in (a) of

-1
Theorem 5.2 without the assumption that C(x) = 1, but still assuming that Ai =g
and C satisfy condition (iii) of Theorem 3.1.

Part (b) of Theorem 5.2 is related to ROBERTSON's [14] result that the equation
2
(5.9) Au + k (E-V(x))u =0
(A given by (5.1), k # 0) separates into second order o.d.e.'s simultaneously for all

-1
constants E if and only if (i) thecoefficientsAi = gi satisfy condition (iii)" of

1
-1
Theorem 3.1 with C(x) = 1, (ii) 3 log(gigi )/Bxi only depends on xi and (iii) Vv is

Q

of the form V(x) = Zi i(x)/gi(x). Our theorem shows that, in case of a diagonal
Ricci tensor (for instance, on aﬂ Einstein manifold), Robertson's conditions already
hold if (5.9) separates for one specific value of E. ;

We conclude this paper with an example of a quite general class of separable

p.d.e.'s of the form Au + au = 0.

EXAMPLE 5.3. Consider a formal n-dimensional Riemannian manifold 2 with diagonal

fundamental tensor

g, (x) := ———— T (x,-x,),
i fi(xi) KA ik

where fi(xi) # 0 and x5 # xj (i # j) for x € Q. Then

fi(x) 3 \

R U LA R
{ f. (x.) 9k, !
1 1 1

2

>
I
o~

1 nk#i(xi-xk) 19X

It turns out that the o.d.e.

i

-

(5.10) Au + au = 0

separates into the o.d.e.'s
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£1(x,) v o, %"

(5.11) XU (x,) + b i X (x,) + ot
i i i i £

£ (x) = %) =0
1 1 1

i
If n is small and fi(Xi) is a polynomial of low degree, the equations (5.11)

yield well-known equations of mathematical physics. For instance, if n = 2 and

fi(x) = x(1-x) then (5.11) becomes Mathieu's equation (cf. ERDELYT [5, 16.2(3)1) and

(5.10) is just the two-variable Helmholtz equation in elliptic coordinates (cf.

MILLER [9, p.19]), disguised in algebraic form. The case that n = 3 and f is a fourth

degree polynomial arises from a certain R-separable form of the three-variable Laplace

equation (cf. MILLER M9, p.209]).
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