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Nerve impulse propagation in a branching nerve system: a simple model )
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ABSTRACT

Local spatial changes of nerve axon geometry such as diameter increase
and branching, may cause that action potential waves approaching a region
of geometric change fail to propagate beyond it.

In this paper, this effect will be examined for a special kind of
nonuniformity, within the framework of a simple model: an initial wvalue

problem for a single nonlinear diffusion equation on an unbounded domain.
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1. INTRODUCTION

In this paper we shall investigate the initial value problem

1 _ .
(1.1) [u, = e (0u_ + £ . x € R\{0}, t>0

1.1)2 (Ddux,00 = x(x) , xeC@®, 0<x<1

lu and u, continuous at x = 0

where
1 ; x <0
(1.2) ee(x) =
e € (0,1] : x>0
and
(1.3) f(u) = u(l-u) (u-a) , 0 <a<li;,

Our motivation for studying (1.1) originates from the problem of
propagation of electric excitation along the cylindrical branches of a
tree shaped unmyelinated nerve axon., Assume the branching system to be of in-
finite extension where the variable x measures the distance along the
conductor. If we restrict ourselves to the situation of only one branching
point at x = 0, one branch of radius 1 for x < 0 and k branches of radius r
at the part x > 0 (fig 1.1), this situation can be described by a reaction

diffusion system of the form [6]1,[11],

o
Il

r(x)u__ + F(u,w)
XX
(1.4)
w,. = G(u,w) ’ x ¢ R\{0}, t >0

where t denotes time, (u,w) takes on values in R X Izn for some n > 0 and

r(x) is the diameter of a branch of the nerve at place x, i.e. r(x) =1



for x < 0 and r(x) = r for x > 0, In (1.4), u represents
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fig. 1.1.

the transmembrane potential minus the rest potential while the auxiliary
variable w = (wl,...,wn)T describes the transport of certain ions (K+,
Na+,C1_) through the membrane which covers the neuron. At x = 0, the
transmembrane potential u is continuous as well as the internél current
which is proportional to the gradient of this potential times the surface

area. Hence, at the branching point x = 0, u satisfies-

(1.5) u (0-,t) = kru (0+,t).
X X

To remove this discontinuity in ux we replace x for x > 0 by > . Then,
r<k

in terms of this rescaled variable, the system (1.4) transforms into

[«
Il

e (x)u__ + F(u,w),
€ proYs
(1.6)
w, = G(u,w), x ¢ R\{0}, t>0

-3k—2

with ee(x) given by (1.2) where € = r

In the special situation that € = 1 and thus es(x) = 1, the relevant



examples of (1.6) [1]1,[6],[8] all have the property that they allow travelling
wave solutions, i.e. non-constant solutions which are functions of the
single argument z = X - ct for some constant c. For € # 1, it was shown
numerically by RINZEL [14] for an example in which n = 1, and by GOLDSTEIN
and RALL [6] who treated an example in which n = 2, that action potential
waves approaching the region of geometric change from the left continue

to propagate beyond this region if the increase of radius or the amount of
branching is sufficiently small. However, if r or k is large then action
potential waves may fail to propagate beyond the branching point. In a
subsequent paper [11] we shall demonstrate this qualitative behaviour of
solutions of the system (1.6) under conditions on F and G, covering under
some conditions, the examples in [14] and [6],

In the present paper we shall, as a first step, analyse the simplified
version (1.1) of (1.6) which is a degenerate case of the system treated
in [14].

Problem I is also of interest in its own right as it arises in
population genetics [10]. In fact a solution u of Problem I can be interpre-
ted as the frequency of alleles of one type, A say, amongst the total number
of alleles in a population of individuals of possible genotypes AA, Aa and
aa, living in a one-dimensional habitat where the heterozygote is
underdominate, and with different migration rates on either side of the

point x = 0.

Let us first consider the case of a uniform axon, i.e, € = 1., Then,

travelling wave solutions will be understood as solutions u(x,t) = w(z),
1

z =x -ct, of (1,1) for some ¢ € R such that w(-») = 1 and w(+x) = 0,

As a consequence, w satisfies the equation
(1.7) _ w" + cw' + £(w) =0, z e R.
Note that any translate of w also satisfies (1.7). It can be proved that

w is strictly decreasing and that the wave speed ¢ is unique and positive,

see [3] and [7] (fig. 1.2).



%

fig. 1.2.

Obviously, if we take for the initial function x(x) = w(x) then u(x,t) =

w(x-ct). This is a particular case of the conditions

(1.8) lim inf x(x) > a,

X > -
(1.9) lim sup x(x) < a
X > 4o

given by FIFE & McLEOD [3], who showed that under these conditions the
solution u(x,t) of (1.1) for € = 1, converges to w(x—ct+x0) exponentially,

for some x0 >0 as t &> =,

If ¢ < 1 but 1 - £ small then one might expect that the solution of

Problem I, where X still satisfjes (1.8) and (1.9), behaves as a wave,

travelling from the region where ee(x) = 1 towards the region where
*

ee(x) = g, Note that w (z) = w(z/g) satisfies the equation

(1.10) ew" + c*w' + £(w) = 0, ze R,

where c* = c/e. We shall find that if X satisfies (1.8) and (1.9), there
exists an €*€(0,1) such that for € € (e*,1], the solution u(x,t) of (1.1)

converges to w*(x—c*t+x0) exponentially for some x, € R, as t =+ o,

0
If € € (0,1) but € small then it turns out that stationary solutions

g(x) (i.e. qp 0) of (1.1)1 exist which satisfy the boundary conditions
g(-») = 1 and gq(+») = 0, These solutions are strictly decreasing, see

FIFE & PELETIER [5], In fact, for € < €* there exist exactly two such
solutions g_(x) and q+(x) where g_ < - where for € > e*, such solutions do
not exist., A sketch of the corresponding bifurcation diagram is given in

fig. 1.3.
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fig. 1.3. g(0) vs. €.

These functions g_(x) and q+(x) will act as a blockade for solutions of (1.1).
In fact, we shall find among other things that u(x,t) converges to g_(x)

if (1.8) is satisfied and if x(x) < q+(x). This last conditioh surely

implies (1.9) whence we find.that the value of €* is critical.

The plan of the paper is as follows. In Section 2 we shall show the
existence of the number e*, In Section 3 we shall formulate a result about
existence and uniqueness of a solution u(x,t) of Problem I. Section 4 will
be devoted to a comparison principle which we shall use in Section 5 to
derive some preliminary stability properties of the functions g_(x) and
q+(x). We shall find that g_(x) is stable and q+(x) is unstable. Thus the
lowest branch in the bifurcation diagram fig. 1.3 is the stable one while
the upper branch is the unstable one. Moreover we shall show the convergence
of u towards the travelling wave w* if € > e*, and if e < e* under the
condition that X(x) is large enough.

At the expense of a much more complicated analysis these results will
be improved in Section 6. Finally, in Section 7 we give some numerical

results.



REMARK, The results in this paper also apply to the case of the more general
f e Cl(IU , satisfying

£(0) = f(a) = £(1) = 0, 0<acx<l,
f(u) < 0 for 0 <u < a, f(u) >0 for a < u < 1
£'(0) # 0 # £'(1),

1
J f(u)du > 0.
0

2. STATIONARY SOLUTIONS

Stationary solutions q = q(x) of (1.1)1 satisfy the equation
(2,1) 0= eE(x)q" + £(q) xe R,
together with the regularity condition

(2.2) g and qX continuous at x = 0,

We shall mostly be concerned with solutions of (2.,1) which satisfy the

boundary conditions
(2.3) g(-») =1, g(+») =0

and we shall write shortly Problem II for (2.1)~-(2.3). Let us first consider

equation (2.1) in case ee(x) = constant, ee(x) = g say. Introducing

formally the function P(q) = qx(q) in this case we find P(q) to satisfy
the equation

(2.4) P.P_ +

£
q €

= 0,

The trajectories for (2.1), given by (q,P(q)) where P satisfies (2.4) are

1
shown in figure 2.1. (We have used the fact that f(u)du > 0).
0



fig. 2.1.

The points (q,P) = (0,0) and (q,P) = (1,0) are saddle points. The stable
manifolds will be denoted as "stable € - manifolds". Similarly we may
introduce "unstable e-manifolds". We shall mostly be concerned with the
case P < 0, 0 £ g £ 1. In this region there is only one stable manifold’
going to (0,0) and one unstable manifold coming from the point (1,0).
Therefore, if no confusion ié possible, the stable ;—manifbld refers to
the one going to (0,0) in the lower half plane and the unstable e-manifold

denotes the manifold coming from (1,0), pointing into the lower half-plane.

Integration of (2.4) over [O,qO] with respect to g yields

90

(2.5) lzpz(qo) - -1 f £(q)dg + %P2(0).
€ Jo

Consider the case P(0)

0. From (2,5) we see that the value of P(qo) <0
on the stable e-manifold is equal to some constant, only depending on qo,
times 1//e. By integration of (2.4) over [qo,1] we can show the same prop-
erty for the value of P(qo) < 0 on the unstable e-manifold. Using this

result we shall prove the following Lemma.



LEMMA 2,1, Let

(2.6) g =

Then

(1) If e > e* there exists no solution of Problem IT.

(ii) If e = e* there exists a unique solution of Problem II.

(iii) If 0 < ¢ < e* there exist exactly two solutions q_ and a, of Problem II
which are decreasing and strictly separated and for which the

inequalities q_(0) < a < q+(0) hold.

PROOF, Since on the stable e-manifold the value of -P(q) grows with
e-l as e_%, this manifold will intersect the unstable 1-manifold for
sufficiently small e. Observe that by the fact that the unstable l1-manifold
lies strictly below the g-axis for g < 1, if this manifold intersects the
stable e-manifold nontangentially, it must do so at least twice.

Now supposé that such intersections occur at g = a_ and g = a, s a_ < a, -
Integration over both manifolds of P(q).P'(g) on (a_,a+) yields

a a

+ . +
ZJ Eéﬂl dq = P2(a_) - P2(a+) = 2J f(gq)dg, € <1,
a a

This is only possible if

a
+
J f(g)dq = 0,
a—

Hence a; < a, and there are at most two points of intersection of the
stable e-manifold and the unstable l-manifold. The first time these mani-

folds intersect they must do so at g = a where by (2.5) the value of P(a)

is given by

a
P(a) = —(- %J £(q)dq) * i
0



Integration over the unstable l-manifold on (a.l) yields
1
P(a) = -(2ff(q)dq)

a

%

and thus € = e*.
A solution g(x) of Problem II corresponds with the stable e-manifold
for x > 0 and with the unstable l1-manifold for x < 0O where these manifolds
must match, by (2.2), at some point. As a consequence, (i) and (ii) hold
and for € < e* there exist two solutions q_ and a, of (2,1)-(2.3) with
q_(0) =a_<a =gq./(0).
Since a, and q_ both correspond to the stable e-manifold for 0 < g < a_
there exists a number x

0
have that q_(x) < q+(x) if x 2 0 and similarly that q_(x) < q+(x) if

> 0 such that q+(x+x0) = g_(x) for x > 0. Thus we

x < 0.

*
Note that for € = € , g_(x) and q+(x) coincide where g_(0) = q+(0) = a,.

The functions gq_(x) and q+(x) are sketched in figure 2.2 below.

fig. 2.2.

We remark that g_(x) and q+(x) are not the only bounded solutions of
(2.1) and (2.2). For example, the unstable l-manifold also intersects at
any q = a, € (a_,a+) a closed trajectory in the e-phase plane, enclosing
the point (a,0). Hence the corresponding solution g(x) of (2.1) and (2.2)

where g(0) = agr is strictly decreasing for x < 0, it approaches the wvalue
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1 for x - —=» and it is periodic for x > O with a period depending on the
solution at hand.

By similar reasoning we can also find stationary solutions which
approach 0 for x -+ -» and which are periodic for x > 0 as well as solutions
which are periodic for both x < 0 and for x > 0 but with different periods.

These last two types of solution exist for ail e e (0,1).

REMARK. Since at q = a_, the stable e-manifold and the unstable l-manifold
intersect we have, using (2.5) and the corresponding expression for P on

the unstable l-manifold, that

f(g)dg = €| f(q)dq.

P ——

O

Differentiation with respect to a_ yields

de _ (e-1)f(a.)
da_ 1 °
If(q)dq
a_
de s . *
It follows that e 0 for a_ = O(i.e. € = 0) and for a_ = a (i.e. € = € ).
and this was used in the bifurcation diagram figure 1.3. Similarly it can
be proved that 98 _pife=c¢*and ¥ <0 if e = O.
day dag

3. EXISTENCE AND UNIQUENESS FOR PROBLEM I

In [11] we have treated in full detail the existence-uniqueness problem
for a general system of equations of which (1.1)1 is a particular case.
Therefoie, in this section we shall only give the result and we refer to
[11] for further details.

According to [11], a function u:R x [0,T) + R is a solution of

Problem I on [0,T) if and only if
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e € c(r\{0}x(0,T) - R) ,
u € C(Rx(0,T) >~ R) ,

(i) u , u
XX
u e BC(Rx [0,T) - R),

(ii) u satisfies (1.1) on Iz\{o}x(Q,T).

THEOREM 3.1. Let T > O, Then Problem I has a unique solution u(x,t). More-

over for arbitrary 6§ € (0,T) and any x-interval J, not including an open

neighbourhood of x 0 we have for any o € (0,1)

o
c C2+oc,1+ /2 (Ix(8,T))

2+0,1+0/2

where C (Jx(8,T)) means the space of functions u = u(x,t), x € J,

t € (§,T) where uxx and u, are Holder-continuous with respect to x and t,

t
respectively, and the corresponding HOlder coefficients are o and o/2.

4, A COMPARISON PRINCIPLE

Since the diffusion coefficient ee(x) in (1.1) is not continuous and
therefore uxx and ut need not be bounded or continuous at x = 0, the
results of [12] do not apply'directly to the present situation. Still a

comparison principle can be derived.

First we shall prove a maximum principle for functions which are
smooth for x # 0 and t > 0. However in practical applications it often occurs
that comparison functions are used which are not smooth along certain
curves in the (x,t)-plane. In order to deal with these kind of functions
we require an extended maximum principle which we shall use to prove a
comparison principle in sufficient generality to cover all the applications
occurriﬁg in this paper.

To begin with we give a definition,

DEFINITION, Let E be a region in the (x,t)-plane with boundary YE. Let
(xo,to) be a point on 9E,.Then we say that E satisfies the interior circle

condition at (x to) if at (xo,to) a circle tangent to 3E can be constructed

Ol
such that the radial direction from the center of the circle is not parallel

to the t-axis and the set of points (x,t) inside or on this circle, with
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t < t0 ié nonempty and lies entirely in E.

THEOREM 4.1. Let for T > 0

(4.1) ¢ e BC (R x (0,T] > R) n 02’1(JR\{0} x (0,T] - R)
where ¢ satisfies the inequality

(4.2) Lo = ¢, - ea(x)d>Xx - ccbx + h(x,t)¢ < 0, x e R\{0}, t € (O0,T)

t
where ¢ is a constant, ee(x) is given by (1.2) and h(x,t) is nonnegative

bounded. Suppose ¢X(Oi,t) exist and
(4.3) ¢x(0+,t) 2 ¢X(O_rt)-
Moreover suppose that

(4.4) $(x,0) < 0, Xxe R,

Then ¢(x,t) < 0 for x ¢ R, t € (0,T] and if ¢$(x,0) < O on some open subset
of R then ¢(x,t) < 0 for all x« R, t € (0,T].

PROOF. Introduce the regions Vi = {(x,t)li x >0, 0 <t <£T}, The proof of
this theorem is based on a maximum principle of KRYZANSKI [9] on parabolic
operators in an (n+1)-dimensional, unbounded domain in I{n X Iz+. In our
reformulation of this result we shall restrict ourselves to the one-dimension-
al parabolic operator (n=1).

We consider the general parabolic inequality
(4.5) lu =u, ~—au _ -bu + Hu <0
XX X

on an unbounded domain D in the (x,t)-plane of which the boundary consists
of the straight lines t = 0 and t = T and possibly a curve S which is
nowhere perpendicular to the t-axis, The functions a, b and H are assumed to
be bounded on D where a(x,t) is positive and bounded away from zero and

H(x,t) =2 0, Denote by I' the union of S and the part of 9D where t = 0.
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. 2,1
Let u satisfy (4.5) where ue C " (D> R) nC(DuT > R). Moreover
suppose that there exist positive numbers KO, K1 such that

(4.6) lutx,0) | < X, exp [x,x°], (x,t) e D U T.
Then if for some nonnegative M, u(x,t) < M on T it follows that u(x,t) < M
on D.

This is KRYZANSKI'S result and specifying it to D = V+.OI.D.= V  this
yields that ¢(x,t) can only attain a nonnegative maximum on v¥ U V- (the
closure of V+ UV) at a point (O,to) for some 0 < t0 < T or at a point

(x,,0) for some x, € R . If we suppose that this maximum is positive,
0 0

the second possibility is excluded by (4.4).

Let us assume that ¢ attains a positive maximum M at a point (O,to)
for some 0 < to < T, If ¢ attains this maximum also at some point (xl,tl) of
V' or vV then it is proved in Theorem 2 in [12; p.168] that ¢ = M on each
segment of a line t = t, € [0,t1] which lies in V' or V_ and contains
the point (xl,t2) (The Interior Point Theorem). Thus ¢(x,0) > 0 for some

x # 0 which contradicts (4.4). We conclude that
+ —
(4.7) o(x,t) < M, (x,£) e V vV,

+ -
Observe that for all t. € (0,T], V as well as V satisfies the

interior circle conditon atO(O,tO). We shall now proceed as in the proof

of Theorem 3 in [12; p. 170]. We construct a disk K of radius R, tangent

to the t-axis at the point (O,to). We denote the coordinates of the

center of the circle 3K (the boundary of K) by (XO'tO) which we shall assume

+
to lie inside V (see fig. 4.1).

Y

fig. 4.1.
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We also construct a disk K1 with center at (O,to) and radius < R. Let
C' be the portion of the boundary 8K1 contained in K and let C'' be the

open arc of 9K in K,. The arcs C' and C'' form the boundary of a lens-

shaped region E andlwe assume R to be so small that E and the x-axis are
disjoint. Denoting by E+ the part of E inside V+ we have by (4.7) that
o <M on EV except at (O,to).

In [12] the circle 3K and therefore E is assumed to lie entirely
inside the domain under consideration, V+ in this case. However, the same

arguments can be used here yielding that %%—(O,to) > 0 where 3/3v is any

derivative in a direction pointing out of Et and thus in particular
. <
(4.8) ¢X (0+,t0) 0.

We shall refer to this result as the Boundary Point Theorem. In a similar

way for V- instead of vt we obtain that
(4.9) by (0=,tg) > O

and by (4.3) we have a contradiction.

It remains to prove the statement about strict inequalities, If
$(x,0) < O on some open intervai which, for example has a nonempty inter-
section with the positive x-axis then, by the Interior Point Theorem,
$(x,t) < 0 in vt, 1f ¢(0,t0) = 0 for some O < ty < T then similar to the
above analysis this yields that ¢X(O+,to) < 0. However, since ¢(x,t) <0
in v¥ U VT we must have ¢x(0—,t0) > 0, By (4.3) we have a contradiction.
Hence ¢(0,t) < 0 and therefore ¢(x,t) < 0 in points in V~, close to the
t-axis. Application of the Interior Point Theorem finally yields that
¢(x,t) < 0 in V  as well,

THEOREM 4,2, (Extended maximum principle).

Let for T > 0

2,

(4.10) ¢ € BC(Rx(0,T] > R) nC 1((]R \{0}x(0,T])\D > R)

where D is the union of finitely many , continuous curves in the (x,t) plane,
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given by x = xj(t) say, for t > 0 and j = 1,2,...,N, such that on both
sides of these curves, the region (R \{0}x(0,T1)\D satisfies the interior

circle condition. Let ¢ satisfy the inequality
(4.11) L$ <0, xe R\{0}, te (0,T), x # x;(8), 3 =1,eeer s

where 1, is defined in (4.2).
Suppose ¢ satisfies the conditions (4.3) and (4.4) and the additional

condition that
(4.12) ¢x(xj(t)+,t? 2 ¢x(xj(t)—,t).

Then the conclusion of Theorem 4.1 holds.

PROOF. This proof is similar to the one of the preceeding Theorem if we

handle points of D in the same fashion as points (0,t), 0 < t < T.

THEOREM 4.3, (Comparison principle),.

Let for T > 0, u and v be two functions such that u-v satisfies the
conditions (4.3), (4.4), (4.10) and (4.12) for the curves x = xj(t) as
given in Theorem 4.2.

Moreover suppose that u and v satisfy the inequality
(4.13) Nu < Nv, x ¢ R\{0}, t € (0,T7), x # xj(t)
where N is the nonlinear differential operator

(4,14) Nu = ut - es(x)uxx - cux - F(x,t,u)

with e (x) and c as in Theorem 4.1 and for a given function

€
F e C0,0,1

(R x [0,T] x R). Then
(4.15) u(x,t) < vix,t), xe R, t e (0,T].

Moreover if u(x,0) < v(x,0) on some open subset of R tihen u(x,t) < v(x,t)

for all x ¢ R, t € (0,T].
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PROOF. The proof of this theorem is, in a technical sense, similar to the

proof of Proposition 2.1 in [1], Define for A > 0 a new function w by
At
(4.16) w(x,t) = e (u(x,t) - v(x,t)).

Choosing A sufficiently large (cf. [1]) we can find a bounded positive

function Fl(x,t) such that

(4.17) LA ee(x)wxx - ow, + Fl(x,t)w < 0.

The function w satisfies therefore all the conditions of the extended

maximum principle and consequently (4.15) holds.

DEFINITION 4.1, Consider the general differential operator N, given by

(4.14) . We shall call a function ¢ a Iower solution of the equation

(4.18) Nu = 0

for 0 < t < T if ¢ satisfies the smoothness conditions (4.10) and (4.12) to-
gether with (4.3) and N¢ < O for x € IQ\{O,xl(t),...,xN(t)}, t € (0,T) with
the curves xj(t) as given in Theorem 4.2.

A function ¢ is called upper solution of (4.18) if it satisfies the

same conditions with all the inequality signs reversed.

NOTATION, We shall write u(x,t;x) for the solution of (1.1).

By the above comparison principle we can prove an a priori estimate for

u(x,tix) .

THEOREM 4.4.

(4.19) 0 <u(x,t;x) £1, xe R, t 20,

PROOF. The function ¢(x,t) = 0 and Y(x,t) = 1 are lower and upper solution
for equation (1.1), respectively. Moreover 0 < u(x,0;%x) = x(x) < 1, by

assumption, and consequently application of Theorem 4.3 yields (4.19).
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The stationary solutions q+(x) and q_(x) introduced in Section 2, are

upper as well as lower solution for equation (1.1). Hence, application of

Theorem 4.3 yields a first "blocking result".

*
THEOREM 4.5. Let O < € < € and assume

o
A

x(x) < q (x) (x(x) < g_(x)).
Then

0 < u(x,tix) < q (x) (ulx,t;x) < q_(x))
for all x e R, t > 0,

5. STABILITY AND PROPAGATION, A FIRST IMPRESSION,

.
In this Section we shall for € € (0,e ], give some first results on

the stability and instability of the stationary solutions g_(x) and q+(x),

respectively. In particular we shall estimate the region of attraction of

q_(x), and examine the behaviour of the solution of Problem I, starting

high above g_(x). If € € (e*,1) we shall give meaning to the statement that

the solution u of Problem I travels away from the point x = 0, and give

conditions on ¥ that u does so,

In the derivation of our results we shall make use of results of

ARONSON & WEINBERGER [1], [2] and VELING [16].

To begin with we introduce a few upper and lower solutions.

Consider for A 2 0 and € < e* the function

(5.1) qy (%)

m

q+(x+A),

the translation of a, to the left over a distance A. Let the number A

be such that

(5.2) q, (0) = a.
0

>0
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Since qO(O) =a, >a, q,(0) =0 < a and qA(x) is strictly decreasing with
respect to A (q;(x) < 0 for all x € R') the number AO is well defined. We

shall restrict ourselves to A < AO. Then qx(x) > a for x £ 0 and therefore

f(q}\)
(5.3) q)\(x) = _e_e(-;('—i'i-) < 0.
Hence
(5.4) ee(x)q'):(x) + f(qx) = [ee(x) - eE(x_+>\) ]q'}'\(x) < 0,

Thus qA(x) is an upper solution of (1.1) for 0 < A < A In the same way as

we have shown in Section 2 that q+(x) > gq_(x) for all 2 € R we can show
that qA(x) > qg_(x) for all x e R, X < XO. Similarly ql(x) is a lower solu-
tion of (1.1) for A < O,

Another lower solution can be constructed as follows. The stable 1-
manifold in the (u,ux)—plane intersects the u-axis at some poigt u = u” €
(0,1) (see figure 2,1)., In fact u* is given by the relation fg f(u)du = 0

which follows from (2.5) for e = 1. Trajectories of the equation
(5.5) u .+t f@ =0

« .
intersecting the u-axis at a point u., € (u ,1) correspond with solutions

0
u(x;uo) of (5.5) where for some XO u(xo;uo) = uo, which are symmetric with

respect to the line x = x,, and which are nonnegative, only on a finite

0
interval. We define a function Q = Q(x;xo,uo) by

Iu(x,uo) if u(x,uo) >0

Qxixgsug) = 10 otherwise

We shall always choose the point x., such that Q(x;x ,uo) vanishes for

0 0

x = 0.
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fig. 5.1.

Using these upper and lower solutions we are able to examine the
asymptotic behaviour of the solutions of (1.1) as t + «, Thereby we make
use of the following Lemma which is an extension of a result of ARONSON &

WEINBERGER [1].

LEMMA 5.1, Let

x € ¢(R -~ [0,1]).-n Cé(Il\{O,xl;...;xN} - [0,1])
satisfy the differential inequality
(5.6) e (x)X" + £(x) <0, x € R\{0,x,,.00,x}

for real numbers 0 and X, £#0,i=1,...,N,
Suppose ' (x*), x"(xt) exist and X'(x+) - X'(x-) < 0 at x € {0,x1,...,xN}.

Then u(x,t;x) is for each x a nonincreasing function of t. Moreover

(5.1) lim u(x,t;x) = q(x),

£t

uniformly in each compact interval, where q(x) is the largest stationary

solution of (1.1) satisfying the inequality q(x) < x(x).

PROOF. The proof of this Lemma is given in the same wav as the proof of
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Proposition 2.2 in [1] using however this time the comparison principle
Theorem 4.3 instead of the comparison principle Proposition 2.1 in [11].
(see also Proposition 2.2 in [2]).

Since x(x) is an upper solution for equation (1.1) it follows by

Theorem 4.3 that
(5.8) u(x,h;x) < u(x,0;x) = x(x)

for all h > 0. Now u(x,t;x) is an upper solution of equation (1.1) which

is smooth for t > 0, except at x = 0. Application of Theorem 4.3 yields
(5.9) u(x,t+h;x) < u(x,t;x)., h>0, xe R.

Thus for each x, the function u(x,t;X) is nonincreasing in t and bounded

below by zero (Theorem 4.,4). Therefore

(5.10) lim u(x,t:yx) = T(x)
ot

exists. Now following the proof of Proposition 2.2 in [1] or Proposition

2.2 in [2] one can show that éﬁ%— (e,t,%x) ~ T(n)(‘) for n = 0,1, uniformly on
bounded intervals not includigé X = 0, and that T(x) sgtisfies equation (2.1)
and is a stationary solution of (1.1). Since ut(x,t;x) < 0 and u(x,t;yx) is
uniformly bounded (cf. Theorem 4.4), there exists an M such that for all
x#0and t > O, uXx = (ut—f(u))/es(x) < M. Hence for any pair (x,xo)

we find by integration of u that

with x > x0 <%

ux(x,t:x) = T (x) < (ug(xg,t:x) - t'(xqg)) +
+ (17 (%) - 1'(x)) + M(X-XO).

By this inequality, the continuity of T' and the uniform convergence of
ux(~,t;x) towards T' outside x = 0 we can find for any § > 0, numbers

Ps and t, such that for t > t6 and |x| < 06’ ux(x,t:x) - 1'"(x) < 6.

5.
Similarly exchanging x and Xy we find that, ux(x,t:x) - 7' (x) 2 -§ for

x near the origin and sufficiently large t, As a consequence, the convergence
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of ux(-,t;x) to T' for t > ® is uniform on all compact intervals. In
particular ux(-;t,x) is bounded on any compact interval and integration of
uX leads in the same way as above to the uniform convergence of u(e,t;X)
to T for t > ®» on all compact intervals.

Finally we note that for every stationary solution ¢(x) of (1.1)

where o(x) £ g(x) it follows by Theorem 4.3 that 1(x) = o(x).

REMARK 5.2. Similarly one can show that if ee(x)x" + £(x) 2 0 for

X € Ii\{O,xl,...,xN} where X # 0 and X' (x+) - X'"(x-) =20 at x = x, or 0 then
u(x,t;X) is nondecreasing in t for each x. Moreover as t > «, u(x,t;x) tends
to the smallest stationary solution of (1.1), which is greater than or equal

to x(x). :
The following theorem gives a first asymptotic stability result for the

stationary solution gq_(x) and, at the same time estimates its region of
attraction..We shall use the functions Q(x;xo,uo) and qx(x), introduced

earlier in this section.

Recall that Q(x;xo,uo) # 0, only on a fipite interval in (-«,0), that
the maximum of Q, ug lies in the interval (u*,1) where u* is defined by

*
u

[f(v)dv =0
0

and A < A, where A

0 o 1s given by (5.2).

THEOREM 5.1, Let 0 < ¢ < g*,

Suppose there exist numbers u, € (u*,l) and X, such that
(5.11) Q(x;xo,uo) < min{x(x), q_(x)}

and there exists A € (O,AO) such that

I

(5.12) 1 x(x) < q,(x) if e < gF

(5.12)%  x(x) < q_(x) if € = ¢*.

Then
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(5.13) lim u(x,t;x) = q_(x),

to

uniformly on closed intervals.

PROOF. As we have seen above, Q(x;xo,uo) is a lower solution and qx(x) for
e < e* and ) € (O,Ao), and g_(x) for € = e* are upper solutions of
equation (1.1). Except for the decreasing stationary solutions of (1.1),
all the nonconstant stationary solutions of (1.1) have periodic parts for
X > 0 or for x < 0, where in the last case the maximum over (-«,0) is less
than u*. Therefore, the only stationary solution of (1.1), lying between
Q(x;xo,uo) and qA(x) for A € (O,AO) and € < e* is q_(x) and (5.13) is now

a consequence of Lemma 5.1, If € = e* we take q_(x) instead of q,(x) leading

to the same result.

For € < €*, a sketch of a domain of attraction of q_ is given in fig
5.2, (In the sense that functions which take values in the shaded region

belong to the domain of attraction).

7

[
|
|
I
|
!
X

fig. 5.2.

Solutions of (1.1) where x(x) = qA(x) for some A < 0 are attracted by

u =1, This is shown in Theorem 5,2 bélow.

THEOREM 5.2. Let 0 < ¢ < g".

Suppose there exists a number X < 0 such that

(5.14) X(x) = qx(x), xe R,
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Then

(5.15) lim u(x,t:x) =1

too

uniformly on closed intervals.,

PROOF., The only stationary solution of (1.1), taking values in [0,1] and
above q+(x) is the function u = 1., Relation (5.15) now follows by Lemma

5.1,

*
If € > € then no decreasing stationary solutions of (1.1) exist.
Moreover there exist in this case no stationary solutions lying entirely

€ (u*,l), x_ and below u = 1. (cf. Proof Theorem

aboveQ (x;x 0 0

5.1).

O'uO) for any, u
Therefore, if x(x) = Q(x;xo,uo) then the solution of (1.1) must tend

to 1l as t > «, by Lemma 5.1. Thus we have proved the following Theorem.

*
THEOREM 5,3, Let € < e £ 1,

eb(u*,l), x , such that

Suppose there exist numbers u, 0

(5.16) Q(x;xoruo) < X(X)'.

Then

(5.17) lim u(x,t;x) =1,
>0

uniformly on closed intervals.

Both under the assumptions of Theorem 5.2 and those of Theorem 5.3 we
have seen that u(x,t;x) - 1 as t + «», What we really expect is that u
"travels away" from the point x = 0.

In order to state this precisely, recall that there exists a unique

*
wave speed ¢ = ¢ for which the equation

(5.18) v, = eV . + f(v), xe€ R, t e R
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has a solution of the form v(x,t) = w(x-ct) with w(-«) = 1 and w(+®) = 0.

Also sign ¢ = sign féf(u)du > 0. Moreover, modulo translation there exists
*

precisely one such solution and we can define a unique representative w by

requiring w (0) = 1/2.

DEFINITION 5.1. We say that u travels away from x = 0 if u(x,t;X) tends,

as t +~ ®, to w*(x-c*t+K), uniformly for x > x* > 0 for some K > 0, x* > 0.

To prove that, under certain conditions, u travels away from x = 0
we shall use a recent result of VELING [17] which is based on earlier work

of FIFE & MCLEOD [3].

LEMMA 5,2, Let u(x,t) be a solution of the problem

(5.19) u, = €eu + f(u), x>0, t=20
t XX

(5.20) u(0,t) = &(t), 0 < &(t) <1,

u(x,0) = x(x), 0 < x(x) <1,

where ®(t) and x(x) satisfy the conditions

(5.21) @t HOlder continuous for t = 0

Xyext HO6lder continuous for x = 0

(5.22) ®(0) = x(0)
@t(O) = exxX(O) + £(x(0))

(5.23) lim sup x(x) < a
X > ®
(5.24) |1-2(t) | < Me™Y" for some M,y > 0 and all t > 0.

Then there exist constants K > 0, w > 0, z such that

(5.25) [u(x,t) - w*(x—c*t—zo)] < Ke_wt, uniformly for x = 0.

Since the conditions (5.21), (5.22) on u(0,t) and u(x,0) in our case,

are in general not satisfied we shall frequently apply Lemma 5.2 for



X x* >0, t = t* > 0. As a result (5.25) holds in that case for

t = t*, uniformly in x 2 x*. However in order to apply Lemma 5.2 we have
to show that u(x*,t;x) tends to 1 exponentially as t =+ «® for some x* > 0,
and this does not follow immediately from the last two theorems.

Under different but still satisfactory conditions on ¥ (x) we shall
establish the convergence of u(-+,*;x) to w* in Section 6.

In the present Section we shall indicate, by a simple example how we
shall use Lemma 5.2 in the treatment of this behaviour of u(x,t;x) once
it tends to u = 1.

The technique is that we search for a lower solutiqn u(x,t) of (1.1)
which is equal to one of the functions wl(x—ct) and ws(x—ct), satisfying
the equation

E

(5.26) Ew + cw E + f(WE) =0, z = x-ct
27 z

for E =1 and E = €, respectively. In this Section we choose E = 1 for

z <0 and E = € for z > 0 and we require that wl(—W) =1, w€(+w) = 0.
Thus we are looking for a function u(x,t) = w(z) where w(z) satisfies
(5.27) ee(z)wzz + cwZ + f(w) = 0,

Let us first consider equation (5.27) for ee(z) = constant, ee(z) =€

say as we have done for the case ¢ = 0 in Section 2, Introducing formally

P(w) = wz(w) we find that P{w) satisfies the equation

(5.28) PP + <P+ ==0.
w €

™ |+

25

Again the points (w,P) = (0,0) and (w,P) = (1,0) are saddle points and only

one stable manifold of (0,0) and one unstable manifold of (1,0) lie in the
region P < 0, 0 £ w £ 1, As these manifolds now depend on c we shall refer
to them as stable (g,c)-manifold and unstable (e,c)-manifold or, more
generally, if we consider different functions f, stable (g,f,c)-manifold

and unstable (e,f,c)-manifold.
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Now suppose E* < g < 1, Then by the continuity of trajectories
of (5.28), and thus also of Pw(w) with respect to ¢ we have that for c
sufficiently small the stable (e,c)-manifold and the unstable (1,c)-
manifold have no points in common and furthermore, there exist unique numbers
wc,wc* € (0,1) such that the stable (eg,c)-manifold and the unstable (1,c)-
manifold have horizontal slope at w = wc and w = wc*, respectively. Denote
these points of horizontal slope by (wc,Pc) and (wc*,Pc*). Since, for ¢ > 0
sufficiently small, Pc* < Pc and fW > 0 in an interval including a, wc and

wc*, it follows by taking PW = 0 in (5.28) that
(5.29) a<w_<w*,
c

C

The manifolds under consideration are sketched in figure 5.3.

z * (e,c)=-manifold

Py

fig. 5.3.

The solution of (5.27) we are looking for and which we shall denote by

w(z) is now chosen such that it corresponds with the unstable (1,c)-
manifold for z < 0 and w > wz, and with the stable (g,c)-manifold for

z >0 and w < WZ (the dotted line in fig. 5.3). We mention that since for the
solution P(w) of (5.28) we have Pw(w) = wzz/wz, positive slope of the

trajectories correspond to negative W Thus

(5.30) w < 0, z < 0,
—z
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REMARK 5.3. It is well known (see for example [3]), that w(z) tends to
1, exponentially as z = —-«.

REMARK 5.4. Along the line x = ct in the (x,t)-plane we have, by definition
of w that

(5.31) w (x-ct+) = w (x-ct-)
- —x

and thus we can apply Theorem 4.3, the comparison principle, in case w is a

lower solution.

We are now able to make a first attempt to give sufficient conditions

on X (x) such that the solution u(x,t;x) of (1.1) travels away from x = 0.

THEOREM 5.4, Let €* < g < 1.

Suppose X (x) satisfies the conditions

(5.32) X (x) > w(x), x € R
(5.33) lim sup X(x) < a.
X > ®

Then u travels away from X =0,

PROOF. By (5.27) and (5.30) it follows for u(x,t) = w(x-ct) that

(5.34) ut(x,t) - ee(x)uxx(x,t) - f(u(x,t))
0 , Xx <0 or x >ct

= [ee(x—ct)—ee(x)szz(x—ct) = { (1-e)w, (x-ct) <0, 0 < x < ct.

Thus u(x,t) is a lower solution of (1.1) and therefore, using (5.32) it

follows that

+
(5.35) u(x,t:x) = wix-ct), xe R, te R .

*
Since for t = =, Eﬁx—ct) for fixed x (x = x > 0, say) tends to 1 exponentially

and u(x,t:x) £ 1 it follows that u(x*,t:x) tends to 1 exponentially. Appli-
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cation of Lemma 5.2 now yields the desired result.

The above theorem is of course not such a strong result but all the
techniques we need in the next Section to prove stronger results on
*
convergence to w are present here. In that sense, this theorem gives a

first impression of the proofs of some of the theorems in Section 6.
6. STABILITY AND PROPAGATION

In Section 5 we established some results on the qualitative behaviour
of the solution u(x,t;x) of (1.1), using simple upper and lower solutions.
In this Section we shall extend these results. To be precise we shall prove
the following theorems,

For the definitions of the function Q(x:xo,uo) and the numbers
,u*, occurring in the theorems we refer to the preceding Section.

xo,uo

THEOREM 6.1, (Extension of Theorem 5.1)

*
Let 0 < e <€g ,

Suppose
(6.1) x(x) < q+(x), x € R

and one of the following conditions is satisfied.

(6.2)1 lim inf ¥x(x) > a
X > = @
(6.2)2 Q(x;xo,uo) < min{x(x),q-(x)} for some ug € (u*,l), X
Then
(6.3) lim u(x,t;x) = q_(x)
o

uniformly on closed intervals.

THEOREM 6.2. (Extension of Theorem 5.2).

*
Let 0 < e < e .,



Suppose

(6.4) x(x) > q+(x), x € R.
Then

(6.5) lim u(x,t;x) =1

£t

uniformly on intervals (-«,K], K€ R.

Moreover if

(6.6) lim sup x(x) < a
X >

then u travels away from x = 0.

THEOREM 6,.,3. (Extension of Theorem 5.4).

Let ¢¥ < e < 1.

Suppose
(6.7) lim inf x(x) > a.
X > =-®
Then
(6.8) lim u(x,t;x) =1
£

uniformly on intervals (-»,K], K € R. Moreover if

(6.9) lim sup x(x) < a
X > ©

then u travels away from x = 0.

Note that this theorem does not imply Theorem 5.3. In [3] it was

29

proved that the solution of (1.1) for € = 1 tends to a travelling wave if

the conditions (6.7) and (6.9) are satisfied. In that sense, this result

is extended by Theorem 6.3.

Finally we prove the exponential stability of g_(x) in the supremum
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norm.

*
THEOREM 6.4, Let 0 < e < g .,

Then there exist positive constants §,u,K such that lx-q I < & implies

(6.10) lu(e, tix)-g I < xe™"F, t > 0.

In the proofs of the above theorems we shall frequently make use of

phase plane properties of equations of the form
+ + =
(6.,11) szz cwZ g(w) o, z € R
where E € {g,1}, ¢ 2 0 and g is a third order polynomial having zeroes

a,B,1, o < B < 1 where g'(a) < 0. A useful tool in phase plane considerations

is the following Lemma, due to ARONSON & WEINBERGER [2, Lemma 4.1].

LEMMA 6.1. For j = 1 and 2 let pj(q) denote a real-valued continuous func-

tion defined on [al,az] which satisfies the differential equation
6.12) ' = F.(a,p.)
( pj i qlpj r

in (al,az). If pl(al) > p2(a1) and if either

(6.13) F,(a,p; (@) > F,(q,p, (@)
or
(6.14) Fl(q,pz(q)) > Fz(q,pz(q))

in (al,az) then pl(q) > p2(q) in [al,az].

Using this Lemma one can study how the (E,g,c)-manifolds leaving (1,0)
(the unstable one) or going to (a,0) (the stable one) in the phase plane of
(6.11), lying below the w-axis, vary with g or with c. The results are stat-

ed in Lemma 6.2 and Lemma 6.3.
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LEMMA 6.2, Consider two cubics Fi(w), i=1,2 with zeroes ai, Bi' 1,
< < ! < 0. S
o, Bi 1 where Fi (ai) 0 uppose

(6.18) Fl(w) < F2(w), o, <w-<1,

1
Let E € (0,11].

Then for ¢ € R, the stable (E,Fl,c)—manifbld lies below the stable
(E,Fz,c)—manifbld as long as the latter lies below the w-axis in the
(w,w')-plane. The unstable (E,Fl,c)—manifbld lies above the unstable

(E,F,,c)-manifold as long as the former lies below the w-axis.

2

PROOF. Introducing formally P(w) = wz(w) where w satisfies the equation

(6.11) we find that P(w) satisfies the equation

g (w)
P(w)

(6.106) EP + c + = 0,
w

If oy < a, then the first part of this lemma follows by application of

Lemma 6.1 to equation (6.16) for g(w) = Fj(w)( j=1,2, If o =0, then the
slope of the stable (E,Fl,c)—manifold at w = oy is less than that of the
stable (E,Fz,c)—manifold at w = oy and application of Lemma 6.1 on an inter-
1] for some sufficiently small positive e

val [al + € again yields the

OI
first part of this lemma,

0
The other part is proved analogously.

LEMMA 6.3,
Let

(6.17) c, <c¢

Then the stable (E,g,cz)—manifold lies below the stable (E,g,cl)—manifbld
as long as the latter lies below the w-axis. The unstable (E,g,cz)-
manifold lies above the unstable (E,g,cl)—manifbld as long as it lies

below the w-axis.

PROOF, Similar to the proof of Lemma 6.2 using the fact that the slopes of
both the stable (E,g,c)-manifold at (o,0) and the unstable (E,g,c)-
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manifold at (1,0) are monotone functions of c.

PROOF OF THEOREM 6.1. We consider first the case € € (0,e%).

As in the proof of Theorem 5.1 we shall prove Theorem 6.1 by means of upper
and lower solutions, satisfying (6.1) and (6.2) instead of ¥, and which
enclose x(x). Since the case min{x(x),q_(x)}'z Q(x;xo,uo) has already

been treated in Theorem 5.1 we shall only consider the situation that

lim inf x(x) > a.

x> -We shall construct functions Y(x) Z# q+(x), $(x) Z 0, satisfying for
some tO >0

max{x(x) ,q_(x)} < ¥(x) < q_(x)

(6.18)

0 < ¢(x) < min{u(x,to;x), q_(x)}
and

ee(x)wxx + £(y) < 0, X € Iz\{O,xl,xz}
(6.19)

es(x)¢xx + £(¢) 2 0, X € Il\{O,x3,x4}

for some x,-x, € R where Yy e C(R -~ [0,1]) n C2(Ii\{0,x1,x2} -+ [0,1]) and

$ e c(R - [0,1]) n Cz(Ii\{O,x3,x4} + [0,1]). Moreover y'(x*) and ¥"(x%)

exist and Y'(x+) - P'(x-) < 0 for x € {0,x1,x2} and ¢'(xt), ¢"(xt) exist

and ¢'(x+) - ¢'(x-) = 0 for x € {0,x }. Then the only stationary solution

3'%4
of (1.1) between ¢(x) and ¥ (x) is g_(x) and application of Lemma 5.1 yields

(6.20) lim u(x,t;y¥) = lim u(x,t:9) = g (x).
00 ) -

Since u(x,to;x) € (¢(x), Y(x)) we must also have

(6.21) lim u(x,t;x) = q_(x).

£t

Construction Y(x).

Consider for § > 0 the function
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(6.22) g(u) = £(u) + Su(l-u),
where, in order to have g'(0) < O
(6.23) -a+ §=£f"'(0) + 6 <0,
To begin with we shall find for § sufficiently small a function y such that
(6.24) e (x)v_ +gl¥) =0,
(6.25) P(=) =1, P(+») = 0,
Clearly Yy satisfies (6.19)1.

Denote a+6 as the largest point of intersection of the stable (g,g,0)-

manifold and the unstable (1,g,0)-manifold.

\ S a,
‘ vy / \
0 R | T
\ ) 71
\ o
\ L | /—L (1,£,0) -manifold
\ 1 | p
\ ! /’ Y~ ./~ (1,g,0)-manifold
//—\\ . : 1 /,/ .
e N3 L/,/'
d V::T’ (e,g,0)-manifold
[ _ (e,f,0)-manifold
Fig. 6.1.

For § small enough there exists a solution g(x) € cl(Il) of

e (x)q" + glq) = 0, x#0
(6.26) q(0) = ai
g(-=) =1, q(+°) = 0.
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The values of q+' and gq' at q =u and g = u will be denoted by R+(u) and
R(u), respectively. These functions satisfy the equations (cf. (2.4))

-f/e ; 0 <u<a,
R =

+ +,u { -f ; a, <u<1,

+
(6.27) s
-g/e ; 0 <uc< a,

R R = { §
u -g ; a, <u<1l1.

The corresponding manifolds are sketched in fig 6.1 (cf. Lemma 6.2).
We shall first confine ourselves to a treatment of the (g,f,0) and the

(¢,9,0) manifolds. On the (g,f,0)-manifold we have

(6.28) R+(u) = -[- é—F(u)]% ; 0 <u< a,
where

u
(6.29) F(u) = J f(r)dr.

0

(Integrate (6.27)). On the (eg,g,0)-manifold we find similarly
N 2 21 1 5 §
(6.30) R(u) = -[ . {F(u) + 6u (2 §u)}] , 0 <u< a, .

Consider the inverse functions £+(u), E(u) of q+(x), q(x), respectively

for 0 < u < a+6 (see fig. 6.2).

Define
(6.31) ¢(u) = E+(u) - E(w
Then
S
(6.32) d(a, ) > 0.
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E+(u) -

€ (u)

fig. 6.2.

$
We shall now show that @u(u) >0 for u € (O,a+ ) and ®(u) < 0 for
0 < u < u for some u not depending on 6 € (0,60) for 60 sufficiently

small. Also we shall show that a, - a =0 (8). Then for DO > 0, by reasons

+
of continuity there exists a number M > O such that for any p € (O,po) there

exists a 60 > 0 such that for 0 < § < 60 a solution ¥ of

(6.33) es(X)w" + g(y) =0, x € R,
Y(==) =1, Y(+e) =0

satisfies
q+(0) - p £ YP(0) < q+(0)

(6.34) q+(x) -p < P(x) , 0 <x <M
q+(x) < YP(x) , x = M.

Let us first estimate a+ - a+6.

The number a follows from

+
T f
(6.35) J f(t)dt + ¢ [ f(t)dt = 0
0 a

+



36

and a+6 follows from

aﬁ 1
(6.36) J [f(t) + 6T(1l-T)]dT + € [ [£(1) + 8t(1-T1)]dt = O.
0 )
a
+

Subtracting these two relations we find

a4 a, 1
(6.37) (1-€) f f(t)dt = 6[ J T(1-1)dT + € f T(1-1)dt].
$
a, 0 aG
+

For 61 sufficiently small we have

ay

(6.38) J f(T)dr = r[a+—a$], r > 0 independent of § € (0,61).

2}

Combining (6.37) and (6.38) we find that there exists a number A > 0, not
depending on § € (0,61) such that
(6.39) a, = a6 < AS
. + + S .
Next we estimate @u(u).
Using the relation

(6.40) (1-h)"1"2 > 1 + %h, 0<h«<1

it follows for O < u < ai and § small enough that

2.1 1
Su (5'- 341) -5

|H

|

|H
—

-

+

IA

2F (u)

(6.41)

2.1 1
1 R R
R, (u)

+

-2 7"
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and using
(6.42) F(u) = -%au2(1+0(u)), u->0

it is obvious that there exist numbers 62, K > 0, such that for 0 < § < 62

- 2 — 0 <uc<a

1
(6.43) Qu(u) - R(u) u +

L
R, (u)

Finally we show the existence of .
For sufficiently small §3 we have

fa -a 9]
(6.44) o(a d) <2 % 228

—— < -
+ R+(a+) R+(a+)

’ 0<¢§ =8¢

Since by (6.43), @u(u) > 0, a sufficient condition for @(ﬁ) < 0 is
S
+
8

(6.45) ¢ (wdu = é(a,) - o) > @(a+6)

Cr—0

and therefore also

a+6 .
-2)68
(6.46) [ ® (u)du >
] u R+(a+)

u

implies ®(u) < 0. Now choose

by
KR+(a+)

(6.47) ia<al’ exp [2 1,

+
then, by (6.43) this yields (6.46) and thus @(ﬁ) < 0. In a similar way we
can treat the (1,£,0)- and (1,g,0)-manifolds (the case x < 0) and as a

result we may extend (6.33), (6.34) to:

Let po > 0. Then there exist numbers M,N > 0 such that for any p € (0,p0)
there exists a 60 > 0 such that for 0 < § < 60 a solution Y of (6.33)

satisfies
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q,(0) = p =< ¥(0) < g, (0)
(6.48) q+(X) -p = U(x) y - N <x <M,
q+(x) < P (x) R x £ -N, x > M.

Replacing y(x) by q+(x) if Y(x) = q+(x), we find that Y (x) satisfies the

desired conditions for some xl,xz, if we take po sufficiently small.

Construction ¢(x).

The unstable (1,f,0)-manifold corresponds with the decreasing

solution of

(6.49) q"(x) + £(q) = 0, x £ -1L
q(-L) =0, q(-=) =1

where I ¢ R. Take L > 0. Similar to the proof of Lemma 4.1 in [3] one can

find functions u(t), &(t), u(t) ¥+ 0, E(t) » EO > 0, (t»=) such that
(6.50) v(ix,t) = g(x+&(t))-u(t)
satisfies

Ve T Vg T f(v) <0, x < -L - E&(t) <0
(6.51)

v(x,0) < min{x(x), g-(x)}.

The stable (1,f,0)-manifold intersects the line gq' = 0 for

*
g=u € (0,1) (see Section 5). The trajectory, intersecting the g-axis

at a value q = U € (u*,l) corresponds with a solution Q(x,x_ ,u.) of

0" 0
equation (6.49), vanishing at points x = Xq and x = X, for some X4 < X, <0
say, taking at most the value gq = uO at x = Xq¢ Then since &(t) is bounded

and u(t) - 0, if X, << -L there exists a time to such that
(6.52) Qx,x5,u,) < min{v(x,t)), q_(x)}.

By Theorem 4.3 we have u(x,to;x) > v(x,to) which yields (6.18)2 for
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P(x) = O(x;x

0%’ -
If e = ¢

* then q+(x) = q_(x). If we choose Y(x) = q_(x) then clearly
Y (x) is an upper solution. The remaining part of the proof in this case

*
is identical to the corresponding part for € < € .

PROOF OF THEOREM 6.2.

Consider for § > 0 the function
(6.53) g(u) = £(u) - Su(l-u)

where § is so small that
1 .
(6.54) [ g(u)du > 0.
0
Similar to the proof of Theorem 6.1 one can show that for po > 0 there exist
numbers M, N > 0 such that for any p € (O,po) there exists a §. > 0 such

0
that for 0 < § < 60 a solution Y of

e (x)¢ + g(y) =0
(6.55) € XX
Y(=») = 1, P(+x) =0

exists which satisfies

q+(0) < P(0) < q+(0) + p
(6.56) q+(x) < YP(X), —~N<x <M

Y(x), x < -N, X = M.

\%

q+(X)

Basic for the proof of Theorem 6.1 are the qualitative properties of
the (1,9,0)- and (e,g,0)-manifolds. These properties remain the same for
the (1,g,c)- and (eg,g,c)-manifolds for c¢ > 0 sufficiently small. Therefore,
adding a term cy'(x) to the left hand-side of equation (6.55) does not

affect the above statements about ¥ if c is sufficiently small.

To be more precise we have for pO > 0, numbers M, N > 0 such that

for any p € (O,po) there exists a 60 > 0 such that for 0 < § < 60 and
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sufficiently small c¢c > 0, a solution ¥ of

e (x)¢ +cp +g(@)) =0
(6.57) € XX X
Y(-=) =1, P(+=) = 0.

exists which satisfies (6.56).
The function v(x,t) = y(x-ct) satisfies Vox <0 if 0 < x < ct and
therefore for x ¢ {0,ct} we have

vt - ee(x)vxx - f(v) =

= [ee(x—ct) - ee(x)]vxx+g(w)—f(w) < 0.

Choose p so small such that P(x) < y(x).

Application of the comparison principle Theorem 4.3 yields
(6.59) P(x-ct) < u(x,t;x), xe R, t=0.

It is well known that Y (x-ct) tends to 1 exponentially as x-ct - -«, If

X (x) satisfies (6.6) we have by application of Lemma 5.2 that u travels

away from x = 0.

PROOF OF THEOREM 6.3. Introduce for 8§ > 0 the cubic

(6.60) g(u) = £(u) - §(1-u),
which has zeroes 1 and

(6.61) o = ha - Lva’+4s,

La + % a2+46 .

(6.62) B

We shall assume § to be small such that
1
(6.63) [g(u)du > 0.

o
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We shall consider solutions of the equations
(6.64) szz +cw, + glw) =0, E e {e,1}
and restrict ourselves to those values of ¢ > 0 and § for which the stable
(e,g,c)-manifold and the unstable (1,g,c)-manifold have no points in

common for a £ w < 1. We have now the situation sketched in the phase

plane picture fig. 6.3.

(c.£.0) (1,£,0)-man.
e,£,0)-man.

* /// (1,g,c)-man.
N 0 a w Wl | .
(Elgfc)_man : t Ic ic > w

* P 1

\ H f .

TN /:/

/, N, T~
/ i

fig. 6.3.

By Lemma 6.1 and 6.2 the stable (e,g,c)-manifold and the unstable (1,g,c)-
manifold lie between the stable (g,f,0) manifold and the unstable (1,f,0)-
manifold.

It was demonstrated in Section 5 that for c sufficiently small there
exist unique numbers W wc* € (0,1), satisfying a < W < wc* such that
the stable (g,f,c)-manifold and the unstable (1,f,c)-manifold have
horizontal slope at w = wc and w = wc*, rispectively.

The existence of such numbers Wc' wc satisfying B < wc < wc*, for the
stable (g,g,c)- and the unstable (1,g,c)-manifold respectively can be
shown in the same way. Denote by ws(z) and w1(z) the solutions of (6.64)
for E = g, corresponding with the stable (e,g,c)-manifold and for E = 1,

corresponding with the unstable (1,g,c)-manifold, respectively. Then
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w > 0, we (a,w)
€,22 c
*
(6.68) wl,zz < 0, W € (wc 1)
w (w=w ) =w (w=w *) = 0.
€,22 c 1,2z c

We introduce a new function Uc(t) by

C —
(6.66) Ut (0) = w
and
w,(z), z <20,
(6.67) uS(z) = ["1

[wc(z), z > 0.

The crucial tool of this proof is the following result.
If conditions (6.7) is satisfied then there exist numbers K,u > O, zO
such that

(6.68) v° (x-ct-z) - ke "t < ux,tix), £20, x¢ R,

Before we shall prove this we shall first demonstrate how it enables us
to show the convergence of u(x,t;X) towards w*(z). It is well known that
wl(z) tends to 1, exponentially as z - -, Therefore, applying (6.68)
for any x = x* and since u(x,t;x) < 1 we find that u(x*,t;¥) tends to 1
exponentially as t - ., Suppose (6.9) is satisfied. Then, by Lemma 5.2,

u(x,t:x) travels away from x = 0.

Proof of (6.68). Writing

(6.69) v(z,t) = u(x,t), 2z = x-ct
we find v(z,t) to satisfy

v, = e (z+tct)v'  + cv + f£(v)
(6.70) t € ZZ 4

v(z,0) = x(z).

We shall follow the proof of Lemma 4.1 in [3].
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Bounded functions g(t) and g(t) (q(t) positive) will be chosen such that

(6.71) v(z,t) = maxla, U°(z+E(t)) - q(t)]

forms a lower solution for equation (6.70).
The proof of this lemma differs from the proof of Lemma 4.1 in [3] in
the sense that here we have to deal with the discontinuous coefficient
+ .
ee(z ct)

Choose

(6.72) 1 - 9, € (a, lim inf x(x)).

X > =

Take z* so that Uc(z+z*) - 9, < x(z) for all z. This is possible for suff-
iciently large z*, because of (6.7).

Introduce

[f(u-q) - f(u) ]/q, q>0,

(6.73) @ (u,q) = { _ () g =0.

Then ¢ is continuous for q 2 0, and for 0 < q < q we have

a < 1—q0 < 1-qg < 1, so that ®(1-q) > 0. Taking g = 0 we get &(1,0) =
-f' (1) > 0.

As a consequence there exists a number p > 0 such that we have ¢(1,q) = 2u

for 0 < g = qO and by continuity, there exists a 60 > 0 such that &(u,q) =

u for 1 - 60 <u £1, 0= qg*< 9y- In this range we have, still following
[3]
(6.74) f(u-q) - £(u) = uq.

Set ¢ = z + £(t), then we find that, if v > a,

Nv:= v, - e (z+ct)v - cv._ - f(v)
— -t € -ZZ -z = ,
= UC'(C)E(t) - q(t) - ee(z+ct)Uc (z) - cu® (z) - f(Uc(;)_q)
(6.75) = u° (DE(L) - §(t) - [e_(z+ct) - ee(c(t))]Uc"(C) +

+ L) - £ + £ - £w@) - @l, t=0
z # =E(t)
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We shall first estimate the term [es(z+ct) - ee(?;)]Uc (z) in (6.75).

Let CO > 0 be defined by the relation

*

c = —_—
(6.76) U (-CO) = Wl(-CO) =w_ .

Taking w_ = 0 and w = wc* in (6.64) we see that g(wc*) =0(c), ¢ + 0. Thus

we have also g(w) = 0(c) for W, <w < wc*. For —Co < 7 < 0 this leads to

cll
(6.77) [ee(z+ct) - eE(E)]U (g) = -[ee(z+ct) - ee(C)]'

[cuC (2) + gw®(2))]
Oo(c).

For £ = z + &(t) outside (—CO,O), the inequalities

e (z+E(t)) - e_(z+ct) 2 0, z < -E(t)
(6.78)

ee(Z+E(t)) - ee(z+ct) <0, z > -E(t)
together with (6.65) imply
(6.79) [e_(z+ct) - e (0T U (2) 20, e R\(-gy,00.

Using (6.74), (6.77) and (6.79), (6.75) reduces for Uc € [1—60,1],
q € [O,qojl 4 # 0 to

(6.80) Ny < 0% (2) £(t) - q(t) = DeI(g) - 6[1-u°(D)] - ug

for some D > 0 where

(o] *
{1 ; wc < U () < Wc

(6.81) (@) =19, , elsewhere.

We shall find a function £(t) for which é(t) 2 0. Then we finally obtain
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from (6.80) for £ # 0
(6.82) Nv < - g - g, 1 -6, <u<1,

provided 60 is small enough.

Choose q(t) = q, exp [-ut(2) which results in

_K
2

IA
[
IA
-

(6.83) Ny < q, exp [- %;J, 1 -8

0

By possibly further reducing the size of u and 60 it follows analogously
that

H Ut
(6.84) Ny € - 5 q expl - 7?3, a <U <a+ 60,
for some qQ > 0.

Now consider the intermediate values a + 60 <u® <1 - 60. Here we know
that UC'(C) < - B for some B > 0, only depending on 60. Moreover, we
have from the boundedness of fu that f(Uc) - f(UC—q) < kq for some k > O.
Thus for z # -£(t)

(6.85) Nv < -BE(£) - q(t) + DeI(g) - §(1-U°(2)) + kq

< - Bé(t) - é(t) + kg

for c/8 small enough.
Setting

U
q.(u+2x) -t
(6.86) E(t) = - 2 (e ? 1) 42"

2uB
for some z* € R we find E(t) to be increasing and to approach a finite
limit as t + «, Together with (6.85) this gives
t

(6.87) Nv < - %—B(u+2K)e— :

N

Now we have shown that for every T > 0, x # ct - E(t), v > o, v(x-ct,t) is a
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lower solution of equation (1.1) for O £ t < T. In the point z = x-ct = -§(t)

we have YZ(—g(t)+,t) > Yz(—i(t)—,t). We conclude that
(6.88) v(x-ct,t) < u(x,t;x), t >0, xe R.
Therefore

u(x,tix) = US(x-ct+E(t)) - q(t) '
2

v

U° (x-ct+E (w)) - max{q,,q, e

for all x € R, t =2 0 and this completes the proof.

Proof of Theorem 6.4. The first part of this proof is a modification of the

corresponding part of the proof of Theorem 5 in [4].

Write

(6.90) u(x,t:x) = q_(x) + v(x,t).

Then v satisfies the equation

(6.91) vt = es(x)vXX + f'(q_(x))v + h(x,v)
where
(6.92) h(x,v) = f(q_(x)+v) - f(q_(x)) - fu(q_(x))v.

We note that

(6.93)  In(-,wl_ < wulvl ’
where
(6.94) M=% sup {fuu(u)]u e [0,11} = L(1+a).

Consider first the linear eigenvalue problem in L2(IU
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(6.95) Av = Vox + Q(x)v = Av
where
_ £'(g-(x))
20 = ——m

From [15, Ch. V] and [16. Ch. XVI] we deduce that the spectrum of A consists
of a continuum in the interval (-«=,u*] and a (possibly empty) discrete
set of eigenvalues, in the interval (p*.7) where, by definition

* = max {Q(+), Q(-»)} = max {f;(O)

R ANCON;

=
Il

(6.96)

sup {Qo(x)| x € R}.

=
I

(In [15], [16] most results are stated under the assumption that Q is
continuous; however, the relevant proofs remain valid if Q is piecewise
continuous).

We shall show that the entire spectrum is on the negative half-line and
bounded away from zero. Since p* < 0 we still have to prove this statement
for the discrete spectrum iﬁ (u*,ﬁ).

Let A, be the largest eigenvalue and let v, € L2(In be the correspond-

0
ing eigenfunction. Since A is self-adjoint, theospectrum o (A) is bounded
from above and the operator L, defined by L¢ = ¢t - A¢ satisfies a strong
maximum principle it follows from Theorem XIII.44 in [13] that vo(x)
does not vanish anywhere. We shall take v, > 0.

0
Thus we have

" £'(g-(x)) _ _
(6.97) vyt [—EETET——— XOJVO = 0.

The function g_(x) satisfies the equation

(6.98) q" +

Using these relations we find that
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0 = [EVS(x)q_‘(X) + q:(x)vé(x)]dx
R

- . £'(q-(x)) _ ., £(q_(x))
(6.99) Jq_(x)vo(x)[ e ) Agdax ={vi(x) —Z=3— = 8%
R € ' R €

' L
Ao f q! (x)vy(x)ax -(1 - 8)vo(x)f(a_).
R

Since vo(x) >0, g'(x) <0, f(a_) <0 and € € (0,1) it follows that AO < 0.
An immediate corollary is the linearized stability of q_(x). By means of
the comparison principle Th. 4.3, using appropriate comparison functions
one can extend this to the exponential stability, expressed by (6.10).
However since this part of the proof is similar to the corresponding part

of the proof of Theorem 5 in [4] we shall omit it here.
7. NUMERICAL RESULTS

We calculated, numerically, the solution u(x,t) of (1.1) for

(7.1) f(u) = u(1—u)(u-~%)
8/10 sin [igi-(x+20)] ; -20 £ x < 19947 -20
(7.2) x(x) = { 100 18
0 ; elsewhere

for several values of € using an algorithm of VERWER [18]. Note that for
this example e* = 5/32, For € = 0.1, 0.2, 0.3 the results are shown in
figures 7.1, 7.2 and 7.3, respectively. We plotted u(x,t) for t varying
from 0 to 70 with steps 10. From the figures we see that for € = 0.2 and

e = 0.3, the solution propagates from left to right while for € = 0.1, the
solution is clearly blocked.

Note that for € = 0.2 the solution can be seen to slow down a little around
the point x = 0. This effect has also been observed in [6] for a more

realistic model in the sense of nerve conduction.
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