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ABSTRACT

In this paper we discuss existence and uniqueness for a nonlinear
reaction-diffusion problem which arises in neurophysiology as a model for

impulse propagation along nonuniform nerve axons.
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1. INTRODUCTION

In our study of propagation of potential waves along nonuniform nerve
axons we examined in two papers [3] [4] the qualitative behaviour of solu-

tions of the following system of equations.

c
]

ee(x)uXx + F(u,w),

t
(1.1)
w, = G(u,w), x e R \ {0}, t>0
where
1 x <0
(1.2) ee(x) =

. n
where (u,w) takes on values in R x R~ for some n > 0, and F and G are
Lipschitz continuous in u and w. We treated (1.1) in the framework of an

initial value problem with initial conditions

u(x,0) = x(x),
(1.3) .x € R.
w(x,0) = ¥(x),

for a bounded continuous function x while ¢ is bounded and Holder continuous.
The variable u(x,t) represents the departure of the transmembrane
potential from its resting value at time t and place x on the axon. The
auxiliary variable w describes the process of the transport of ions
(K+,Na+,C1_) across the membrane which can be regarded as the '"engine"
for impulse conduction. The function ee(x) describes the nonuniformity of
the nerve axon. A small value of € means a large increase of cross-section
area for increasing x.
In this report our main goal will be to verify that a unique classical
solution of (1.1) and (1.3) exists. This will be done in Section 2 under

the assumption of apiori boundedness, where we shall postpone the proofs of



intermediate (technical) results to Appendix A. In another appendix, Appen-
dix B, we shall verify the apiori boundedness for those examples which are

of interest in [3] and [41].
2. EXISTENCE AND UNIQUENESS

We start with a few definitions and notations.

DEFINITION 2.1. Let for myn ¢ N D ¢ R and y:D » R* where ¢ =
(w],wz,...,\bn)T. Then we shall call § bounded if and only if

n
(2.1) IIW||D = sup z lwl(x)l < o,
xeD 1=1

NOTATION 2.1. Throughout this Section we shall use the notation Ck+a,m+6

(Q~+R), kym ¢ {0,1,2,...}; a,B € [0,1) for the set of functions u = u(x,t),

defined on Q ¢ R x R and taking values in R ¢ R’e , £ ¢ N for which
k m k

B—E— and E—% are continuous and where —a—% is Holder continuous with exponent

at 9x muBt

o, with respect to t if o > 0 and — is Holder continuous in x with ex-
9x 2

ponent B, if B8 > 0. C(Q »~ R) for the set of functions u:Q - R where R ¢ R
and Q ¢ R or Q ¢ R x ]R+ , which are continuous on Q. BC(Q = R) for the

_ set of functions u ¢ C(Q > R) which are bounded.

NOTATION 2.2. For a set D c Rm , M € N we shall denote the closure of D by

D.

In this section we shall investigate existence and uniqueness for the

initial value problem

u, = ee(x)uXX + F(u,w)

(2.2) x € R\ {0}, t > 0.
W, = G(u,w),

(2.3)  u(x,0) = x(x), w(x,0) =y, xe R

as introduced in Section 1 and denoted here as Problem Pl'



DEFINITION 2.2. The vector function (u,w):R x [0,T) - R x R" is called

a classical solution of P1 on [0,T) if and only if
(1) u € BC(R x [0,T) -~ R)
u_ € C(R x (0,T) ~ R)
¢ € C(R\{0} x (0,T) ~ R)
w,w_ € BC(R x [0,T) » rY

u__,u
XX

(ii) (u,w) satisfies (2.2) and (2.3).

The plan of this section is as follows. First we reformulate P] as

a set of integral equations, denoted as problem P,. Using contraction

2
arguments we shall prove local existence and uniqueness for P2. Then we

shall show by means of a regularization result due to Ladygenskaja et.al.
[2], that this solution of P, is also a solution of P Finally, using an

apriori estimate for solutions of P1 we shall extend the local existence to

global existence.

In [6] Schonbek discusses among other things, questions of existence
uniqueness and regularity for the FitzHugh-Nagumo equations in the quarter-
plane {(x,t)|x > 0, t > 0} with bounded Neumann boundary data at x = O.
However, in the present situation ux(0+,t) may behave as t—% for t + 0 (see
Proposition (2.1)). We shall therefore give the proof of existence and

uniqueness for P. in full detail, in spite of the fact that most of the

1
techniques used, are similar to those of [6]. A more detailed application
of these techniques can be found in [5]. In order not to disturb the main
argument of this Section we shall give the proofs of our intermediate

results, called propositions, in Appendix A.

For the derivation of the integral equations in PZ* we shall make use
of the Green function U(x,&;t) for the Neumann problem in the quarter
plane'{(x,t)|x > 0, t > 0} for the heat equation, given by

U(x,83t) = K(x—E,t) + K(x+g,t)

where



ZZ
exp [- it 1.

K(z,t) = —
2Vt

Note that U(-x,-g;t) = U(x,&3t) = U(x,-g3t) for all x ¢ R, t > 0. In what

follows we shall use the notation

Hu) () = u_ (0,t)
f(usw) (X’t) = F(u(x,t) ,W(X,t)),
g(u,w) (x,t) = G(u(x,t), w(x,t)).

If we write

+00
t —
R+[u,w](x,t) =+ J f U(x,g;ee(x)(t—r))f(u,w)(g,r)dgdr
- 00
L+ h(x,t) = i_ee(x) J U(x,O;eS(x)(t—T)) h(t)dt
0 0
s, (xt) ==% f Ux,E5e_(x)t)x(E)dE
0

then u(x,t) may be expressed as (cf. [6])
(2.4) u(x,t) = R, [u,wl(x,t) - L, H(u)(x,t) + S + (x,t), (+x > 0).

Integration of the second equation (2.2)2 with respect to time yields
t .

(2.5) w(x,t) = p(x) + I g(u,w) (x,1)dT.
0

Continuity of u(x,t) at x = 0 requires (from (2.4))

t
(B @ ) /gar =
0 /m(t-T)

Nl
— 8

0
(2.6) K(g,et)x(£)dE - f K(g,t)x(8)dg +

© t 0
+ f K(E,e(t-1))£(u,w) (E,T)dEdT - j { R(E, t-1) £(u,w) (§,7)dEdT.
0 0 -

~rt O

O



Equation (2.6) can now be solved for H(u)(t) in terms of u,w and x. If we
change the order of integration in (2.6) and calculate the Laplace transform

of (2.6) we arrive at

— o -1
(1+/e) B _ 3 J x(€) (pe) “expl- E/—R- 1 dg
2vp €
0
0
2.7) -4 [ x(«i)p"% explE/pldE +
? 0
- -1 - -1
+ 3 J f (&,p)(pe) * expl- & /—%-Jdi -4 ff(a,p)p Zexplevplde
0 )

where f denotes the Laplace transform of a function f (we surpressed u and
w in the notation) with respect to its last variable and where we have used

the identities [1]

! 1
(;) 2 exp[-2(ap)?]

[ e Pt a
f — expl- EJdt,
5 /t

F: 2
1 -1 - -
expl-ap?] = larm ? f t 3/ze pt expl- %E Jdt.
0
If we multiply (2.7) by 2Vp and invert we finally find

2v/r (1+/e)H(u) (t) = .

0

-3/2 % 2 2
-3/2
L [ Ex()exp [-,2lag + 7/ f Ex(E)expl- £-dE +
0 -
(2.8) ¥ lj J £t-1) "2 expl- =5 1 £(u,w) (g,1)dTdE +
€ 00 be (t-1)
0t
2
+ g(t—r)_3/2 expl- —E——-] f(u,w)(g,1)d1dE
Xp 4(t-1) ’ ’ :
- 0

For convenience we shall denote the right-hand side as 2/m(1+Ve)H[u,wl(t).



After substitution of the expression (2.8) for H into (2.4) we arrive at

the equation
(2.9) u=R_[uw]-LHuwl+s, +x > 0.

which, together with (2.5) will be denoted by Problem P2. We define a

solution of P2 in the following way.

DEFINITION 2.3. The vectorfunction (u,w):R x [0,T] + R x R" is called a

solution of P2 on [0,T] if and only if

(i) (u,w) € BC(R x [0,T] + R x R")
(ii1) (u,w) satisfies (2.5) and (2.9).

Let us first list some properties of H[u,w]l(t). We split H in a part Ho(t),

which does not depend on u and w, and a remaining part Hl[u,w](t):

Hy(t) = e320ma + /o717

(2.10) © 2 0 2

1 g g

= J Ex(8)exp (- 7—)dE + f ex(8)exp (- 7)dEl,
0 -
(2.11) H1[u,w](t) = Hlu,wl(t) - Ho(t).
PROPOSITION .2.1. Let h, = ___Z______ Then the following properties hold.
Y (1+/¢)
. Iyl
@ )] < ny LR, £ >0

t

(ii) |H [u,wl(t)] < 2h0/€ £l t >0

Rx [0,t]’
(iii) Let § > 0. For T > § > 0 and ae(0,}) there exists a number
K = K(8§,T,a) > 0 such that for all tl e (0,T) and t, € (§,T)
(2.12) |H (t.) - H (£)] < K |t -t |
: 0'"2 N R i A U
1
(2.13) [Hl[u,w](tz) - Hl[u,w](tl)l < Kltz—tlla.



Observe that by the Lipschitz continuity of F there exists for each
constant M > 0 a constant LM > 0 such that for t > 0 and for any pair of

vector functions (ul,wl), (uz,wz) satisfying

(2.14) ||(u]._,wi)||]R M, i 1,2,

x [0,e] =

we have

PECu,wp) = £Quy,udlp [o,t] = Ll Gapsw)) = (uy,w)IR = [0,¢].

The following proposition is a consequence of chis observation and (2.8)

PROPOSITION 2.2. Under the condition (2.14) we have

IH][ul,wl](t) - Hl[uz,wz](t)l <

< 2h LM/E Il (u,w)) - (uz,wz)“R « [0,67°

We need the above estimates in the proof of local solvability of P2.
As a preparation for this proof we isolate from the right-hand sides of

(2.5) and (2.9) the parts which do not depend on u and w:

uo(x,t) = - LtHO(x’t) + Si(x,t), + x>0,
(2.15)
WO(X,t) = lll(x), x ¢ R.
Define
(2.16) ¢ = 2||XII]R + |I1p||R

We shall operate in the following function space, defined for ty > 0

F, = {(u,w) e BC(R x [0,t,1 >R x R")|
£, 0

I(u,w) = Cugawgdl g (0,61 © *



which is a complete metric space with respect to the norm I -l

R x [O,tOJ'
On Fy we consider the following operator T.
0
P[u,w]l = Ri[u,w] - L, Hl[u,w] + ugs +x >0,
t
I‘[u,w]j+1 = woj + J g(u,wj)dT, j=1,2,...,n.
0

Obviously, fixed points of T in FtO are solutions of Problem P,. Now the

9
following proposition holds.

PROPOSITION 2.3.

(1) There exists a time ty = t0(®) such that T as a mapping from FtO into
Fto s well defined.

(ii) There exists a number N > 0, N = N(®) such that for any pair
(ul sWI ) (uz 9W2) € Ftov

(2.17) HP[ul,WIJ - F[uz,w il 7S Ntoﬂ(ul,wl) -

27 R x [0,t, (uZ’WZ)"]RXEO,tOJ

LEMMA 2.1. There exists a time ty = tO(Q) such that Problem P, has a unique

solution on [O,tO].

PROOF. By Proposition 2.3 there exists a number ty > 0 such that T is a
contraction on Fto. Hence T has a unique fixed point in FtO which is a

solution of P2 on [O,to].

We shall show that this solution of P2 is smooth enough to be a
solution of Pl’ in two steps. First we shall show that it is a generalized
solution of Pl as specified below. Then it follows in a standard way that
it is also a classical solution of Pl'

Let I be a bounded open interval of R with O ¢ I and let QT =1 x (0,T)

for T > 0. Consider the differential equation

(2.18) Lu = u, - ee(x)uxx = h(x,t)

where e is given in (1.2) and h € C(aT).



DEFINITION 2.4. By a generalized solution of the equation Lu = h on QT we

mean a function u:QT -+ R with the properties

(i)  wu_e CQp)
(ii) For all n € Cl’l(aT + R) with n(x,t) vanishing on I\I x(0,T)

and n(x,0) = 0 on I we have

t
J u(x,t)n(x,t)dx - J [ u(x,T)nt(x,T)dxdT +
01

I
t
+ [ J [ee(x)ux(x,T)nx(x,T) - h(x,t)n(x,t)Jdxdt = 0.
01

Let us first verify that u is C]—smooth.

PROPOSITION 2.4. Let (u,w) be the solution of P2 on [O,tOJ. Then
u_ € C(R x (O,tOJ -+~ R) and uX(Oi,t) = Hlu,wl(t) for t > 0.

THEOREM 2.1. Let (u,w) be the solution of P2 on [O,to]. Let t e (O,to) and
T = tO-E. Then for h = fo(u,w), u(x,t+t) Zs a generalized solution of the

equation. Lu = h on Q-

PROOF. It is quite standard to prove that u, given by (2.4) satisfies (2.19)
for Ic (-»,0) or Ic (0,»), t € (z,to). Part (i) in Definition 2.4 for

u(x,t+t) follows from Definition 2.3(i) and Proposition 2.4.

Now let u be a generalized solution of Lu = h in QT =1 x (0,T), where
0 ¢ I. It is well known [2;p.224] that if for some a > 0

h e Ca,a/z

Q)
then

(2.20) e c2e 1+"‘/Z(QT)
PROPOSITION 2.5. Let a > 0 be a HOlder exponent for the initial function
¥(x) = w(x,0) and let t « (O,to). Let 1 be a bounded open interval such that




10
0 ¢ I. Then

(1) w(-,t) 7Zs HOlder continuous with exponent o on R for all
t e [O,to).

(ii) PFor all B € (0,1), u(x,*) s Hlder continuous with exponent B
on (E,to) for all x € I,

(iii) w_e C(R x [0,£0] > R).

By this proposition and the Lipschitz continuity of F we have that f(u,w) €
€ Ca’a/Z(I X (E,to) for any t e (O,to) and I as above. This implies that the

u-component of the solution of P2 is in 02+a,1+u/2(1 X (z,to)).

We shall now state a local existence result for Problem Pl’

THEOREM 2.2. The unique solution (u,w) of P2 on [O,tO] 18 also a solution
of P. Moreover if o 78 a HSlder exponent for Y(x) then for t e (O,to) and
any x-interval I, 0 ¢ I we have
. (:2+0L,1+0t/2(I “ (;’to) > R),
(2.21)
weclx (t,tg) > R,

with W Lipschitz continuous in t for x e I.

PROOF. By (2.20) and the corollary to Proposition 2.4, u satisfies (2.21)1
for all t « (O,to) and I ¢ ]K,Awhen 0 ¢ I. Since t and I are arbitrary, the
smoothness of U and U required in Definition 2.2 follows. The smooth-
ness of u follows from Proposition 2.4. Since (u,w) solves P2, u and w are
continuous on R x [O,to] and by (2.5), the same results hold for W . By
the Lipschitz continuity of G and the fact that both u, and LA exist we
have that g(u,w) is Lipschitz continuous in t. Hence wt(X3-) is Lipschitz

continuous for x € I. The verification of (2.3) is standard.

To conclude this section we shall extend the local existence to a glob-

al one. Thereby we shall make the following hypothesis.

H: There exists a number K = K(l X"]R , Tyl R) such that for all



11

T > 0, a solution (u,w) of P1 on [0,T) satisfies

(e, < K.

x [0,T)

Thus we assume an a priori bound for solutions of Pl' In Appendix B it

is shown that this hypothesis is true for three typical examples.

THEOREM 2.3. Suppose H is satisfied. Then for every T > 0 Problem P has a
unique classical solution on [0,T) with regularity properties as stated in

Theorem 2.1 where to 18 replaced by T.

PROOF. A Corollary to Theorem 2.2 is that the solution (u,w) of P1 for fixed
t e (O,to) has the same regularity as the pair of initial functions (x,y)
(i.e. bounded continuous with § € Ca(li - 155) . If we replace t in (2.2)
by t' = t-t, for t, € [0,t.) and put u'(x,t') = u(x,t
]+t') then the corresponding problem P

l+t'), w'(x,t") =

= w(x,t ' (i.e. with initial. functions

x'(x) = u(x,tl), v'(x) = w(x,t])) has a class;cal solution (u',w') for

t' € EO,tb) for some to', only depending on K, introduced in H. This result
follows by the same arguments as used above to prove Theorem 2.2. Hence by
repeated application of this theorem the local solution of P, is extended

1
to a solution on [0,t1+mt0') for any m ¢ N and global existence follows.
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APPENDIX A: The proofs of the propositions in Section 2 ‘

PROOF OF PROPOSITION 2.1.
(1) Ho(t) is majorized by

Iyl < 2
-3/2 _" [0, 3
1 -
IHO(t)I < it h, [———— I g expl 46t]dg +
€
0
0 52 _1
- = < 2 Iyl
+ "Xn(—m,OJ J £ expl 4t]dE] t h0 x5
(ii) An explicit expression for Hl(t) follows by subtraction of Ho(t) from
the expression for H(u)(t) given in (2.8). From this expression we find for

Hl[u,w]

2

£

3/2 .
expl 4e(t—r)]deg +

(]
[H Cu,wl(e)| < 4 g IEN ro,e1%

oO+—38

t
f&(t-r)
0

t 2
+ I f g(t- T) exp[— Z%E:f)]deE
- ()

szho/t— I £l t > 0.

R x [0,t]°

(iii) Assume t, = t, and split the integrals in the expression for HO(tZ) -

HO(tl) in the following manner (we take ¢ = 1, for simplicity)

t23/2 Ex(ﬁ)exp[- g Jd& 13/2 I ix(&)exp[- ]d€
0 0
-1 [ -1 3 1 £
(A1) =t [— expl- =—]1 - — expl- =—1J&x(&)d¢t
2 b /Eé 4t2 Je 4t]
1

Tt -t 2
+ J l tz L Ex(s)exp[- JdE

5 12»/{1

In the integrand of the first part we apply the mean value theorem;
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2 2
1 g 1 £
— expl- =] - — exp[- =—1] =
vt 4t2 Yt 41:1
2 1
2 2
-5/2
(A2) (tz-tl)[—%r + %‘]T / expl- %?],

for some T between t and ty. This gives us the factor |t2—tll times an
integral J and in view of (2.12) we must show that J./E} is bounded for
t, € (0,T) and t, € (6,T) for T > 0, 6 € (0,T). The integral J is composed

of integrals bounded by

2

expl- %—T-:ldg, ie {0,1}.

i _ -3/2-1 2i+1
J = “X"]R T f £
0

| over [0,2((%4-i)t])%), J2 over [2((%~Fi)tl)%,
3 1
over (2((54-i)t2)2,w). Then J

We split J' in integrals J

1
2((%4-i)t2)2] and J increases if we replace

3 1

T by t1 and J3 increases if we replace T by tye Calculation of the resulting

integrals yields that Ji/E} is bounded, i = 1,3. In J2 we use that

2

xpl- 21 < (6+40) ">/ 27 g Zanpl - %- il

-3/2-1
T 4t

2i+1
3
and again we find after calculation that the resulting integral is of order
-1 X
O(t’ 2). The second term in (Al) is easily estimated by majorizing yx by
Il
R
Finally we note that if t1‘> t2 the proof of (2.12) is easy since in

this case t is bounded away from zero.

To prove (2.13) we split the integrals in the expression Hl[u,w](tz) -

H][u,w](t]) in the following way
t

o 2 2
J = J g(tz—s)—3/2exp[- Z%?-:EY] f(u,w) (§,s)dsdg
s 2
00
[t -3/2 g2
(A3) - J E(tl-s) expl- Z?E—:E)] f(u,w)(&,s)dsdg
00 !
=J, +J

1 2
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where
? b2 _3/2 2
J2 = J f E(tz—s) exp[- —=—— ] f(u,w)(&,s)dsdE
0 t] 4(t2—s)
Evaluation of J2 with f replaced by "fHIKXEO,T] yields
< 4l £l :
3,1 = 4Vl g ro, 13- (Ep7E "

In the integrand of I the difference B(tz—s) - B(tl—s) occurs where

B(t) = t_3/2exp[—£2/4t]. We shall use the relation

-%%-a 2

2
(A%) B(ty=s) = B(t,=8) = (t,-t |37 + 4&°| Hi— expl- 2]

for some T between tl—s and tz—s where a ¢ (0,1). This relation arises

from application of the mean value theorem with respect to the variable

|t—s|a to B(tz-s) - B(t]—s) together with the inequality

[le,=s1® = [e,=s|%] < |e,-¢ |

Then a further estimation of J1 can be given along the same lines as in

. -1
the estimation of J' above, where the absence of a factor tlz.is due to the

extra integration with respect to time.

PROOF OF PROPOSITION 2.2. This proof is entirely analogous to the proof of

_Proposition 2.1 (ii).

PROOF OF PROPOSITION 2.3.

(i) To begin with we shall estimate “(uo,wo)ﬂli X [O,tOJ. For x > 0, the
expression (2,15) for U, consists of an integral in terms of H0 and an in-
tegral, of which the value depends on X. For the first integral we use

Proposition 2.1:

t l /z h t 4
U(x,0:e(t-1))H (1)dt| < — lxl J
IEJ 0 R N
0 0
<

hy Vre I g -
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The second term in (2.15) is majorized by

1 - (x=E) - r_(x+8)
I —_— J exp[-——=="1 + exp[--—=2— 1dg
R 2Vmet ! bet bet

Iyl r 2.
R f Jndn = Iyl
Y

=00

Similar inequalities hold if x < 0 and, by the definition h0 we find

< 2l .
lugl g « [0,t,] < 2ixlg

Obviously Hwoﬂ = lhpll]R and hence

R X [O,tO]

I (uO’WO)"]Rx [O,tO] <9

and as a corollary

(u,w) € FtO = I (u,w)I ®.

< 2
R x [O,tOJ
To prove that T is well defined we must verify that (u,w) e FtO implies that

IT(u,w) - (uo,wO"]R>< [0, < 6.

Let K be such that |F(u,w)|, lGj(u,W)I < K for all (u,w) € Fto. For
x>0 and t < ty we have for P[u,w]l -u

|r[u,w]1<x,t) - uo(x,t)[ <K |U(x,&;e(t-T1)) |dedT +

OY———r O
o—— 38

t

+ € J IU(x,O;e(t-T)) Hl[u,W](T)‘dT
0
t

+ 2K t

s K¢, 0

where we have used Proposition 2.1(ii) and the definition of ho. This

inequality also holds if x < 0. For j ¢ {1,...,n} we have

lF[u,w]j+l(x,t) - woj(x,t)l <K ty:
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and therefore, for to sufficiently small (t0 < T'(u,w] € Fto. The

2
K(3+n)"’
other conditions in the definition of FtO’ for I'(u,w) are easily verified.

(ii) If we apply, in the expression for I‘[u],wl]l - I‘[uz,wz]1 the Lipschitz

continuity of F and Proposition 2.2 we arrive at a relation of the form

II‘[ul,wl]l(x,t) - Tlu, , w,] (x,t) | < M(T, + I,)

for some M > 0, where I1 and 12 are integrals which can be estimated using

the arguments in the proof of (i), leading to (2.17).

PROOF OF PROPOSITION 2.4. The first derivative u of u for x > 0 is found by

differentiation of (2.4)

(x-£)2

3/2 [ (x=g)expl- 4e(t—r)] +

[e(t-1)1

t

1
u (x,t) = - f
X 4/170

o——-38

+ (x+E)expl- & (E) 1. £Gu,w) (€, D)dr +

2

3/2 expl- ZE%E:?T]H(U)(T)dT +

le
t

(A5) + J [e(t-1)]1

0

‘/TT

- ___1__ (€t)

4/n

B2 [ (e expl- B8 5) 1+ Gerg)expl- 5) {=*8) 934 (e)ae,

oO———-38

provided that this expression exists. For t < tye f is bounded and the first

term in (A5) can be majorized By

(x-‘c:)2

£l F
—Bx L0503 [ [ (oo ™2 Gerprenpl- ETEL )
0

4/

o+—38

2
+ (x+&)expl- (xtE) ]ldzdt~

be (t=-1)
(A6) to
) ZHfHRXEO,toJ[ i’E=4“f"RX[0,t0]_/t_0
Jr Vet  /me

In a similar fashion, the third term in (A5) is bounded by K"ﬂFR//E for
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some K > 0. The second term is convergent for x > 0, by Proposition 2.1 and

if we let x + 0 we arrive at

t
2
XE J [s(t-r)]—3/2 expl- —_ H(u) (t)dt =
2/ 0 be(t-1)
1 ( e_ 1 [ x2
= — H(t) f —dn “:T'[ = (H(u) (t - ) — H(u)(t)I1dn
yr 2 /E vr 2 Vn ben
X
Let Z__

+ H(u) (t), x + 0,

by Proposition 2.1 (iii), for t > 0. The first and the third term in (A5)
tend to zero as x + 0. For x < 0 we find similar results, including
ux(x,t) + H(u)(t) as x 4+ 0 for t > 0. The derivative u is continuous for

Xx# 0 and t € (0,t0] and by the above observations, also at x = 0 if t > O,

PROOF OF PROPOSITION 2.5.

(1) Let Xy sX, € R. By the Lipschitz continuity of G we find from (2.5) for
any j € {1,2,...,n} and t € (O,toj ’
ij(xl,t) - Wj(XZ’t)| < viGxp) - wj(xz)l +

. t[Lu|1u<xl,;;.> =Gy g * L G ) = ws G ]

0,t

’s
'to 2 [O,toj

for some constants Lu and Lw' Hence, w is Holder continuous in x with ex-
ponent o for small t, t < t1 say. However, we can repeat the arguments on
[tl’Ztl] and so forth. Thus w is Holder continuous in x ¢ R for all

t e [O,to]. As a consequence, f(u,w)(x,t) is Holder continuous in x with

exponent o.

(ii) Suppose t, <t and x < 0. By (2.4) we may write for u(x,tl) - u(x,tz)

u(x,tl) - u(x,tz) =
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| V—/— ©

8

[U(X, E;tl_T) - U(X:E;tz_T) ]f(u’W) (E,T)dEdT

3]

8§ —O

U(x,85t,~1)£(u,w) (E,T)dEdT

[

— F rtY— t O rt

(A7)

+

[U(x,O:tl-T) - U(X,O:tz-T)]H(u)(T)dT
0
t,

- U(X,O:tz—T)H(u)(T)dT

[,

1

0
+ J [U(x,é:tl) - U(x,E=t2)Jx(£)d€

=00

il

II+IZ+13+I4+IS'

If we replace in I,, £ by I£l and evaluate the resulting integral
2 ]RXEO,t0]
we find that 12 = O(tz—tl). Similarly, using Proposition 2.1, we can majorize
I4 by
£
K f dr . _K (t,=ty)
1x1/7 11/t

1
for some K > 0. In the integrand of I1 we apply the mean value theorem with
respect to the variable lt—TIB, B e (0,1) to U(x,E;tz-T) - U(X,E;tl—T). Since
B < 1, the resulting integral is convergent. We have applied the same
technique in the proof of (2.13) in Proposition 2.1 and similar to that
proof it follows for I, that Il = O(Itz-tllB).

In the integrand of 13 we apply the mean value theorem with respect to
the variable t-T to U(x,O:tl-T) - U(x,O:tZ-T). The resulting integral does
converge since x # 0 and as a result I3 = O(tz-tl). Finally, using the mean
value theorem in I5 in a similar fashion as in 13, it follows, by the

boundedness of x that I, = O(tz-tl),

3
(iii) This statement follows from the continuity of u,w and G, and equation
(1.3).



19

APPENDIX B: A priori bounds for solutions of Problem P1

In this appendix we shall show that the assumption of boundedness of

solutions of problem Pl’ as formulated in hypothesis H, holds for the follow-
ing three examples:

(i) The bistable equation:

F(u) = u(l-u) (u-a), 0 <ac<},

(ii) FitzHugh-Nagumo equations

F(u,w) = u(l-u) (u-a)-w, 0 <a<},

G(u,w)

ou - YW, o,y >0

(iii) Goldstein-Rall equations

1
F(u,w) = wl(l—u) - wz(u + ifﬁ - u,
2 b
/klu + kzu k3 1 k4wlw2\
G’(u,W) = \ /
k5w1 + k6w1w2 - k7w2
ki > 0, kz >> k1 >> k3 > k4, k1 >> k7 > k5 >> k6.

which were of interest in [3] and [4].

Recall that the initial functions X and ¥ are bounded.

We shall make use of a conditional comparison principle which is a

modification of Theorem 3.1 in [4]

THEOREM Bl. Let

¢,u,p € BC(Rx [0,0) > R) n CZ’I(R\ {0} x (0,») ~ R)

satisfy for all T > 0 and x ¢ R\ {0}
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¢ <u<vyon [0,T]= N < Nu < Ny, ; e (0,T]
where N is a differential operator of the form

Nu = u, - es(x)uXX - Fo(u;x,t)

where F . € C][’O’O(]RXIRX R - R) . Moreover let ¢, u and Y satisfy

0
¢X(O+’t) - ¢X(O._’t) >ux(0+9t) - ux(o_,t) 2 IIJX(O"',t) - UJX(O"",t)
t>0
¢(X’0) < u(x,0) < \P(X,O), xe R,
Then
o(x,t) < u(x,t) < Pp(x,t), xe R, t 20,

Note: This theorem differs from Theorem 3.1 in [4] in the sense that here
we have R as x-domain whereas in [4] we selected x from an interval [a,).

Also F0 may depend on t.

PROOF. Following the proof of Theorem 3.1 on an interval [-y,») and on

an interval (-~,y] for y > 0 we find that (¢(x,t) - u(x,t)) (W(x,t) - u(x,t))
vanishes at some point if and only if (¢(0,t) - u(0,t)) (W(0,t) - u(0,t)) =
= 0 for some t > 0. Then if t is the smallest time for which

(¢(0,t) = u(0,t))(p(0,t) - u(0,t)) vanishes, application of the ordinary
unconditional comparison principle (Lemma 3.1 in [4]) to any set of the
form {(x,t)|u <x <B, 0<t <t} will yield a contradiction as in the

proof of Theorem 3.1..

LEMMA B . (Example (ii)). For example (ii), there exists a number M such
that for every solution (u,w) of P, we have

Iu(x,t)l < M,
(Bl)
o -
lw(x,t)| < Tyl o + Y x e R, t > 0.
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PROOF. For M we choose a number such that

M = max{l, IIXIIR, lepllm}

(B2)
M+ f(x M < 0.

< |a

This is possible because f(u) ~ - u3, (Iul > ®),

Then, as long as |u(x,t)| < M we have

t
(B3) w(x,t) = w(X,t)e—Yt +0 [ u(x,T)e_Y(t_T)dT
0
>-M- %-M,
which yields
v —e (®u - £
o
< u ee(x)uxx f(u) + w+ M+ > M
< - f£(M).

by (B2), and similarly
u, - es(x)uXX, - f(u) =2 -f(-M).

By Theorem Bl [u(x,t)] < M and together with (B3) this implies |w(x,t)| <
< Iyl 2 M.
Iy R~+.Y M

If, in the proof of Lemma Bl one assumes ¢ = 0 and ¢(x) = 0 then one

arrives at the following Lemma.

LEMMA B2. Let
(B4) F(u,w) = u(l-u) (u-a) = £(u), 0<ac<}

Then there exists a number M = 1 such that for every solution (u,w) of

Pl we have
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(B5) Iu(x,t)l < M.

In the situation of example (iii), the Goldstein-Rall equations, we
shall verify hypothesis H under the additional condition that the negative
values of wl(x) and wz(x) are not too large in absolute value. This is the

case one is usually interested in.

LEMMA B3. Suppose for the Goldstein-Rall equations that the initial function
v(x) = (wl(x),wz(x))T satisfies

(B6) ‘Pi(x) Z _%+ P> i=1,2

for some p € (0,%). Then there exists a number M such that
lu(x,t)| <M,

(B7)

lwi(x,t)l <M, i=1,2, xe R, t=0.

+ +
PROOF. We shall select numbers p > 0, U and WE such that

U“<X<U+
(B8)
- +
We <oy < W
and
+ -
(B9) ' + F(U ,w) <0, w., =2 W

and on the boundary 3D of a trapezium shaped region D in the (WI’WZ) plane

as sketched in figure Bl the condition

oG
(B10) E\; <0

holds for all we 9D, U < U < U+ and where é%— denotes any directional

derivative in an outward direction at w.
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By (B10), w(x,t) cannot take on values on 3D and therefore remains inside
D. Then it follows by (B9), in a similar way as in Lemma Bl that U(x,t)
remains between U and U+ for all x ¢ R, t =2 0.

Let |x| and |¢i| for i = 1,2, be bounded by K. We shall select the

numbers U and W; such that they satisfy

(B11) U" > max{1,K}, U~ < min{K,- 1—10-}

and

(B12) W€ (b o+ dogsmd +0p)s i=1,2,

for some fg € (0,p). Then F(U+,w) < 0 for LA 2 W; and F(U ,w) > - pOU— +

0(1) for LA > W;. Hence, by choosing -u sufficiently large, (Bl11) can be
satisfied.
Let L be a number satisfying
+2 +4

(B13) L2 kl U=+ sz .

+
Then, if we choose W1 > K such that
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+
(B14) (£k4 k3)w] +L <0
then for U < u < U+ and v, > W;.
+ + +
(B15) G](u,Wl,wz) <L - k3Wl + §k4W1 < 0.

By (B6) it follows that

(B16) Gl(u’wl’WZ) > - k3W1 + §k4W1 > 0.

By (B6) the term k6 w W; in GZ(WI,WE) is positive or small in absolute value,

compared to - k7W2. Since k5 < k7, if we choose Po small enough (and there-
fore W; close to W;) then

+
<w, <W

(B17) GZ(WI’WZ) > 0, W1 < W .

It remains to be shown that along the part of 3D given by a line segment

(B18) wo- W+ Y, Wy) =0, W <w <W

the inequality

G, + vG

1 < 0, U

IA
[=

IA
[en]

2

holds for suitable choice of y and W,

We have

Gl (u,W] ’Wz) + YGZ(WI !Wz) =

= - wz[(k4 - Yk6)W1 + yk7] + R(u,wl)

where R is bounded for u and v, bounded.
If we take y < k4/k6 then for W; sufficiently large we have that

G, + G

1 < 0 along the line segment given by (B18).

2
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