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Invariant manifolds for Volterra integral equations of convolution type
by

0. Diekmann & S.A. van Gils

ABSTRACT

In this paper we develop some elements of a qualitative theory for non-
linear Volterra integral equations of convolution type. Our starting-point
is a local semiflow associated with the equation and acting on a space of
compactly supported forcing functions. Within that framework we discuss the
variation-of-constants formula, the saddle point property, the center mani-
fold and Hopf bifurcation. Some equations from population biology get special

attention.
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1. INTRODUCTION

In this paper we study the behaviour of solutions of nonlinear Volterra
convolution-integral equations near a constant solution. The basic tool in
our analysis will be a certain procedure to associate with the equation
a local semiflow or, dynamical system on a function space. Contrary to the
usual situation in the theory of delay equations, the elements of this state
space are forcing functions (and not initial functions). Once the construc-
tion of the semiflow is clarified, we will follow, as much as possible, the
general lines of the qualitative theory of ordinary differential equations
(HALE [20]), functional differential equations (HALE [21]) and parabolic
partial differential equations (HENRY [29]). At some points the specific
situation requires special arguments (see, for instance, Theorem 4.4 and
section 8). Moreover, we try to give sharp results and easy proofs.

The paper consists of three parts. The first contains the definition
of the semiflow, a discussion of the linear case and a derivation of the
variation-of-constants formula.

The secorid part contains the construction of the stable and the un-
stable manifold corresponding to an equilibrium with no eigenvalues of the
linearized equation on the imaginary axis (the saddle point property).

As an application we discuss the existence and uniqueness of positive solu-
tions, defined for all time, of certain equations arising in population
dynamics and epidemiology.

The third part deals with the situation where some of the eigenvalues
lie on the imaginary axis. We present the construction of a center manifold
for an equation which, possibly, depends on some parameter(s). The result
is then used to prove a Hopf bifurcation theorem. Subsequently, we derive
an applicable formula for the direction of bifurcation and we show how this
direction is related to the stability of the periodic solution. As a speci-
fic example we discuss the equation

1 1
x(t) = y(1 - f x(t-t)dT) J B(t)x(t-t)dT
0 0

in some detail. This equation arises in mathematical epidemiology [17,181].



In all parts some version of the variation-of-constants formula has a
central position.

Finally, let us try to describe the place of our work within the exist-—
ing literature. Local semiflows associated with Volterra integral equations
and acting on forcing functions, have been mainly studied from the point of
view of topological dynamics. The emphasis then is on the analogy with non-
autonomous ordinary differential equations (o.d.e.'s) and infinite delays
are not excluded. See [37,38].

On the other hand, there exists a wealthy qualitative theory of func-
tional differential equations starting from a local semiflow acting on
initial functions. See [21]. Part of this theory describes nonlinear auton-
omous equations in close analogy with autonomous o.d.e.'s. Moreover, it is
widely accepted that an important special (and relatively easy) case is
formed by equations with finite delay. Once the special case is fully ana-
lyzed and understood, one knows what to look for when generalizing to in-
finite delays and one can concentrate on the subtle technical difficulties
involved.

In this paper wé demonstrate that one can build a qualitative theory
of (autonomous, finite delay) Volterra integral equations along the lines
followed by HALE [21,25,26] and others, but within the framework of the
semiflow acting on forcing functions introduced by Miller. This idea seems
to be new. The main point congists of some reflection on the interpretation
of "state" and '"forcing". Once these notions have been clarified the tech-
nical difficulties are minimal. The resulting theory treats equations which
would otherwise need the much more difficult theory of neutral functional
differential equations and, in addition, the use of a first integral (see
HALE [261]).

The ideas presented in this paper are also applicable to Volterra inte-
gro-differential equations. In the linear case this is related to the work
[36] of MILLER. It has been observed by BURNS & HERDMAN [3] that, for linear
equations with infinite delay, the two semigroup constructions are related
to each other by duality. In [14] this point of view is elaborated in the
context of the standard linear retarded functional differential equation

with finite delay.



NOTATION
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0
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fS(t) = f(s+t)

Laplace transform : E) = J e-th(t)dt
0



Part I : VOLTERRA EQUATIONS, SEMIFLOWS AND THE VARTATION-OF-CONSTANTS
' FORMULA

2. CONSTRUCTION OF THE SEMIFLOW

Let B = B(t) be a given nxn-matrix-valued Lz—function with support
contained in [0,b] for some b, 0 < b < =, Let g : R" > R” be a given
Ck—smooth function (k 2 1) with g(0) = 0. The translation invariant equation

b
(2.1) x(t) = J B(1)g(x(t-1))dr,
0
admits the constant solution x(t) = 0. We are interested in the behaviour

of all solutions which are near to this constant solution in a sense to be

specified. 7
Equation(2.1) is non—anticipative: the value of x at time t0 does de-

pend only on the values of x(t) for t < - So we can define an initial
value problem by prescribing x(t) = ¢(t), t0 - b < t‘s tO’ and solving (2.1)
for t > ty- Note, however, that in general

b

x(t0+) = J B(T)g(¢(t0—T))dT # ¢(t0) = x(to—).
0

This observation clearly showé that a continuous initial function is possibly
mapped onto a discontinuous function by translation along the solution.
Consequently the definition of a semiflow via this mapping (as it is usual
in the theory of functional differential equations, cf. HALE [21]) faces a
serious difficulty. Although one can overcome this difficulty (HALE [261]),
we propose an alternative construction.

Behind the notion of a semiflow lies the idea to describe how certain
objects (data), which single out a unique solution, evolve when time pro-
ceeds. It has been observed by MILLER [37] and MILLER & SELL [38] that in
the theory of Volterra integral equations, forcing functions are such ob-
jects.

So consider the equation

t
(2.2) x(t) = f B(t)g(x (t=-1))dt + £(t), t =20,
0



which we shall frequently write in the form
x=Bx* g(x) + f.

For a given function f, say continuous, there exists a unique solution x
defined for 0 < t < w(f). For each s € [0,w(f)) we define T(f,s) by
s
(2.3) nN(£,s)(t) = £(t+s) + J B(t+s-1)g(x(t))dT.
0
This definition is suggested by the fact that N(f,s) is precisely the forc-
ing function in the equation satisfied by the translated function xs(t) =

x(t+s). Indeed,
(2.4) x, = B % g(xs) + II(f,s).
The uniqueness of solutions then implies the semigroup property

(2.5) H(H(f,sl),sz) = H(f,s1+sz), 5158 > 0, s,+s

2 *sy < w(®).

In this setting it becomes nontrivial to distinguish between an initial
value problem for an autonomous equation and for a "truly" forced equation.
In the linear case this distinction has been discussed in [13]. We repeat
some of the arguments concerning autonomous problems here. We postpone a
description of forced problems to section 4.

If (2.2) is derived from (2.1) with x specified on [-b,0], i.e. x(t) =
¢(t), -b < t < 0, then f is given by

b

£(t) = j B(t)g(¢(t-1))dr.

t
In particular, we observe that f vanishes for t = b. This motivates us to
choose as underlying state space X, to which f belongs, a space of functions
with support contained in the interval [0,b]. Note that this property is
preserved under II(.,s) (see (2.3) and recall that the support of B is con-
tained in [0,bl).



In order to avoid technical difficulties with the substitution operator
generated by the nonlinear function g, we want the elements of X to be

bounded functions and, finally, we need that translation is continuous. So

we are led to define

X = {f BC(]R+;IRn) | £(t) =0, t > b}

provided with the supremum-norm topology.

For a definition of the concept '"local-semiflow" we refer to MILLER
[37, p.153] or MILLER & SELL [38, p.4]. The following theorem is a corol-
lary of Theorem 1.1 in [38] (in the notation of [38] we take the compatible
pair (G2,A2), see Theorem II.3, and we observe that the mapping (1.5)
changes neither g nor a; we remark that an elementary proof is possible if

one assumes that g is globally Lipschitz). In particular the theorem ex-

presses that I is continuous.
THEOREM 2.1. The mapping 1 defined by (2.3) Zs a local semiflow on X.

For given f ¢ X, formula (2.3) defines II(f,s) in terms of the solution
x of (2.2). Conversely, one can bring out x again by means of the bounded

; n
linear operator a : X - R

(2.6) a(f) = £(0).

Indeed
s

(2.7) o(lN(f,s)) = f(s) + J B(s-t)g(x(t))dt = x(8).
0

In subsequent sections we shall frequently suppress the dependence on
the function f in the notation. So instead of II we use X-valued functions
F(s) = N(F(0),s). Nevertheless it is enlightening to keep I and its defini-
tion in the back of ones mind.

In this paper we concentrate on equations with a nonlinear function
"inside" the integral, cf. (2.1). This is less restrictive than it seems,
since many equations of a different form can be transformed to (2.1). For

instance, the equation



1 1
x(t) = (1 - J B! (1)x(t-1)dr) [ B2 (1)x(t-1)dt
0 0
is equivalent to a two-system of the form (2.1) (see section 12; this ob-

servation makes some of the work in [16] redundant).

3. THE SEMIGROUP ASSOCIATED WITH A LINEAR EQUATION
For given f € X the equation

(3.1) x=B*xx+ f

has a unique solution given explicitly by

(3.2) x=f-Rxf,

where R, the so-called resolvent, is the unique, matrix-valued, locally

integrable solution of

(3.3) R=B % R - B.

loc

For future use we mention that B * R = R * B and that R ¢ L2

MILLER [37].

(R ). See

+

In this linear case the mapping N(f,s) is defined for all s = 0 and

can be written as
(3.4) n(f,s) = T(s)f,

where for each s, T(s) is a linear mapping of X into itself. Using (3.2) we

find the explicit representation
(3.5) (T(s)E)(t) = f(t+s) + (Bt- B, * R) * f(s).

So T(s) is the sum of a shift-operator U(s)



(3.6) (U(s)E)(t) = f£(t+s)
and a ("smoothing') operator V(s)
3.7) V(s)E) (t) = (Bt - Bt * R) = £(s).

On X, U(s) is nilpotent for each s > 0 (and vanishes for s = r) and V(s)
is compact. Formulas (3.5) - (3.7) unambiguously define the action of T(s),
U(s) and V(s) on any locally integrable function. We shall use the same
symbols to denote the extended operators. Clearly (3.7) implies that the

support of V(s)f is contained in [0,b]. The following result is useful.

LEMMA 3.1. For each s € R, V(s) s a continuous linear mapping of

loc n .
L2 (Igj R ) into X.

. . . . .
PROOF. By Holder's inequality and the inequality "hl*hZHLz < "hluL]"hZHLz

we have

[ V(D) (&) = (VD) ()] PBe Byt ro,01" e ro,s10 TR ro 67

Since translation is continuous in L2, this is all we need. [
Next, we summarize some properéies of T(s).

THEOREM 3.2. {T(s)} forms a strongly continuous semigroup of bounded linear

operators on X with infinitesimal generator A described by

D(A) = {fe X| f is absolutely continuous and £'(+)+ B(*)a(f) is

continuous}
(3.8) (Af) () = £'(£) + B(t)a(f).
The (closed) operator A has compact resolvent and

(3.9) o(a) = P_(A) = {1] det (I- B())) = 0}.



SKETCH OF THE PROOF. The semigroup property is, as noted before, a conse-

quence of the uniqueness of solutions. The explicit representation (3.5)
shows the linearity, the boundedness and the strong continuity. A formal
calculation indicates that the infinitesimal generator is given by A and a
justification is obtained by using the fact that D(A) = R((XI—A)—]) and
(\I- A)_lf = f: e_xsT(s)fds for Re X sufficiently large. The problem

(A- AI)f = h leads to a first order differential equation which can be
solved explicitly for f in terms of h. The free parameter f(0) can be chosen
such that f belongs to X if and only if det(I- ﬁ(l)) # 0. So if det(I-B(})))
# 0 the resolvent can be cons£ructed explicitly and it is easily verified

to be compact. If, on the other hand, det(I- ﬁ(x)) = 0 then (A- AI)f =0

for some nontrivial f € X. We refer to [13] for a detailed proof (in a

slightly different setting). [

We emphasize that the spectrum of the generator coincides exactly
with the roots of the characteristic equation det(I- B(A)) = 0 because we

restrict the semigroup to a space of functions of compact support.

THEOREM 3.3. One can decompose X as
X=X_0X,®X,

(with corresponding projection operators P_, P, and P,) such that

0
(1) T(s) and A are completely reduced by (X_,XO,X+),

(i1) the spectrum of the restriction of A to X_,Xq»X, 18 precisely the
subset of PG(A) that belongs to, respectively, the left half plane,

the imaginary axis and the right half plane,

(iii) X0 and X, are finite dimensional and on these subspaces T(s) can be
naturally defined for s < 0 such that the group property is main—
tained,

(iv) for any e > 0 there exists a constant K > 0 such that



—c)
IT(s)fl < K e(Y+ €% I£l for s <0 and £ « X,
(3.10) IT(s)el < K /3Nl for —o < s < wand £« X,
IT(s)fl < K e(Y—+€)S I£l for s 2 0 and £ € X_

where

2
[}

inf{Re A | A ¢ P _(4), Re A > 0}

=2
]

sup{Re A I A€ PG(A), Re A < 0}.

SKETCH OF THE PROOF. Since A has compact resolvent there exists for each

A€ PU(A) a smallest integer k = k()) such that N((A- AI)k) is the finite

dimensional generalized eigenspace corresponding to A, and
X = N(@a- D)%) @ R((a- AD5).

Both subspaces are invariant under T(s) and A. With respect to a basis the
action of A on N((A- AI)k) is given by a matrix D (with A as its only eigen-—
value) and the action of T(s) by exp(Ds). This defines explicitly the action
of T(s) for s < O. \

The characteristic equation det(I- ﬁ(k)) = 0 has at most finitely many
roots to the right of any line Re X is constant (because of the analyticity,
the fact that ﬁ(k) -+ 0 as Re A » + =, and the Riemann-Lebesgue theorem).

We define X _ and X, as the direct sum of the generalized eigenspaces cor-

responding to those X € P_(A) with Re A > 0 and with Re A = 0, respectively.

o
Finally, X = AQA R((A—Al)k(x)), where A = {) € PG(A)| Re A = 0}. Except
for the estimate on X_ all statements of the theorem are now evident. This
estimate on X_ follows from a Lemma of HALE [21, section 7.4] and the fact
that T(s) is compact for s 2 r. [J

We remark that one can equally well decompose X according to a sub-
division of PO(A) relative to some line {A! Re A = constant}, and that in

this case appropriate analogues of the estimates (3.10) are valid.

The appendix of [13] contains a detailed description of the elements



11

of N(A- >\I)k and R(A- AI)k. Moreover, in [13] the adjoints of T(s) and A are

determined (though in an L, - L_ context). It appears that the semigroup

1
constructions on, respectively, initial functions and forcing functions,
are related to each other by duality. This point of view is developed more
systematically in [14]. These results are useful if one wants actually to

construct the operators P+, P, and P_.

0

The projection operators extend to L -functions with support in [0,b]

1
(and hence to the columns of B). Moreover, the range of the extended opera-

tors P+ and P, is contained in X (even in D(A); see section 10 for an example).

0
There are at least two ways to see this. Either one can use an explicit

representation of P_and P, in terms of solutions of the "adjoint" equation,

0
or one can first discuss the semigroup, the generator and the spectrum in
an L]—setting (see [13]).

From (3.5), (3.3) and (3.2) we deduce that (cf. (2.7))

(3.11) a(T(s)f) = £(s) = R x f£(s) = x(s).
Putting £ = B and using (3.3) once more we find
(3.12) o (T(s)B) =-R(s)
(we define the action of T(s) on a matrix-valued function via the action on
each separate column).

If f € X_, then x = a(T(-)f) decays exponentially. However, this does
not follow directly from the representation x = £ = R x f. Therefore, moti-
vated by (3.12), we introduce

(3.13) R (s) = —a(T(s)P_B)

and we derive a representation in terms of this function. But first we prove

another auxiliary result which is the key point in the next section.

LEMMA 3.4.

s
(V(s)f) (t) = f (T(s- 1)B) (t)f(r)dT
0



12
PROOF. From (3.3) and (3.5) we deduce
(T(s)B)(t) = Bt(s)+ Bt * R(s) - Bt * R * B(s) = Bt(s) - Bt * R(s).

Combined with (3.7) this yields the result. [

We shall frequently suppress the variable t and write
s

(3.14) V(s)f = J T(s-T)B f(t)dr.

0
It should be noted that this identity makes sense for any f ¢ L}OC(Ig_;BfI)

and that V(s)f ¢ X if f « L;°°(ng_;nf1) (Lemma 3.1).

LEMMA 3.5.
(i) R =B=*R -P_B
(1) (T(s)P_£)(£) = (P_ U(s)E)(t) + ((B_B)_ - B * R) * £(s)

(iii) For s 2 b, a(T(s)P_f) = -R * f(s).

PROOF. (i) From the definition of T(s) (see (3.4) and (2.4)) we infer that

R 1is the solution of the equation Y = B * Y — P_B. Alternatively, one can
define R as the solution of this equation and then derive (3.13).

(ii) By (i) and the definition of T(s) we have
(T(s)P_B)(t) = -R_(t) + B * R_(t) =
—R;(t) + B % R (s+t) - B, *R (s) = (P_B).(s) - B, * R (s).

Next, T(s) = U(s) + V(s) and Lemma 3.4 imply that
s
T(s)P_f = P_U(s)f + f T(s-t)P_B f(t)dt
0
and a combination of the identities proves the correctness of (ii). Note
that we have changed the order of integration and application of the projec-

tion operator. For a discussion on this see the end of section 4.
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(iii) is a consequence of (i), (ii) and the fact that U(s) = 0 for s =2 b. U

The definition (3.13), the fact that the columns of T(b)P_B belong to X
(Lemma 3.1), the semigroup property and the exponential estimate (3.10) for

“Gy-* et is absolutely

T(s)P_ jointly imply that the function T - R (1)e
integrable on R, for any € > 0. It is this property which makes Lemma 3.5
useful.

As a side-remark we mention that R admits an interpretation in terms
of Laplace transforms. The function Rf i= R-R corresponds, under inverse

lﬁ(x) in the closed right

transformation, to the singularities of -(I- ﬁ(k))_
half plane. Compare for instance with [32]. Alternatively, one can describe
+ . .. . .

R in terms of quantities related to the generalized eigenspaces of A= AL

and A"~ AT, with A e P_(A) and Re A 2 0.
4, THE VARIATION-OF-CONSTANTS FORMULA
In our approach a "forced" linear equation is an equation of the form
x=Bxx+ f + h,

where both f and h are given functions. Here f belongs to X and represents
the "state" at time t = 0, while h describes the forcing (so there are no
restrictions on the support of h). In this form the initial time is t = O.
More generally, we denote the initial time by ¢ and theinitial state by F(o).
Our aim is to derive a formula which expresses the state at time s, denoted

by F(s), in terms of F(o) and h.

THEOREM 4.1. Let h € C(R3;R"), 0 € R and F(o) ¢ X be given. Let

x:[o,®) > R" denote the unique solution of
4.1 X, = B * X + F(o) + ho'

For each s 2 o define F(s) by

(4.2) X, = B * x F(s) + hs'
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Then F(s) € X and
' s
(4.3) F(s) = T(s-0)F (o) + f T(s-t)B h(t)dr.
o
PROOF. Recalling the definition of T(s) (see (2.4),(3.4)) we observe that
F(s) + hs = T(s-o)(F(c)+-h0) = T(S—G)F(0)+-hs+ V(s—c)hc.

So Lemma 3.1 implies that F(s) ¢ X. Moreover, by Lemma 3.4,

s=0

F(s) T(s-0)F (o) + T(s-o-T)B hG(T)dT

T(s-0)F (o) + T(s- t)B h(t)dr. g

Q+tV——n O-—"F—

One can as well use (4.3) to define F(s) and subsequently bring out the

solution of (4.1) via the operator a. More precisely, we put
(4.4) x(s) = o(F(s)) + h(s), s 2o,

and we shall show that x thus defined satisfies (4.1). Applying a to (4.3),
with s = ¢ + t, and using (3.11) and (3.12), we see that

a(F(o+t)) = F(o)(t) = (R » F(0))(t) = R x h_(t).

On the other hand, by (4.4), a(F(o+t)) = x(o+t) - h(o+t). Suppressing t in

the notation we find
X, = F(o) + h0 - R *x (F(o) + ho)

and hence

los]
*

»

]

B % (F(q) + hc) - B xR x*x (F(o) + hc)

-R * (F(o) + hg).
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A combination of the last two identities yields (4.1). So we conclude that
(4.1) and (4.3) are "equivalent" in the sense that (4.2) expresses F in
terms of x such that (4.1) implies (4.3), whereas (4.4) expresses x in terms
of F such that (4.3) implies (4.1). This kind of equivalence between a con-
volution equation in R" and an integral-operator equation in X will be used
repeatedly.

Formal differentiation of (4.3) yields the inhomogeneous ordinary dif-

ferential equation
(s) = A F(s) + Bh(s).
So we have shown that there is a one-to-one correspondence between the mild

solutions of this o.d.e. and solutions of (4.1).

Our next objective is to apply the result to a nonlinear problem.

THEOREM 4.2. Let the solution x of

(4.5) X, = B * g(xo) + F(o)

be defined for t € [o,w). Define F : [o,w) >~ X by
(4.6) F(s) = T(F(o), s- o).

Then F 18 continuous and

S

4.7) F(s) = T(s-0)F(o) + f T(s-1)B r(a(F(r))dr.
(0]

where

(4.8) r(x) := g(x) - x.

Conversely, let F : [o,w) > X be a continuous function which satisfies (4.7).
Then x defined by

(4.9) x(s) = a(F(s))
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satisfies (4.5).

PROOF. The continuity of F defined by (4.6) is a consequence of Theorem 2.1.

Define y = g(x), then (4.5) can be written as
(4.10) Yy = B * Yo + F(o) + r(xo)

which is of the form (4.1) with h = r(x). By (4.4) x = o(F) and hence we
obtain (4.7) from (4.3). Conversely, by the discussion following Theorem 4.1,
(4.7) implies y0 = B * yO + F(o) + r(a(F))c, where y(s) = a(F(s))+ r(a(F(s)))
= g(a(F(s))). Hence (4.9) leads to (4.5). [

COROLLARY 4.3. If g(x) = x + o(|x|), |x| ¥+ 0, then T(s) Zs the Fréchet
derivative of N(-,s) in £ = 0.

PROOF. Fix s 2 0. The solution x depends continuously on f:

sup |x(t)] < c(s)l£ll.
0<t<s

So for every £ > 0 there exists a & > 0 such that |r(x(t))| < e C(s) Ifl

provided I fl < §. Consequently, for those f,

s
In(f,s) - T(s)fl = “ J T(s-1)B r(x(t))dtl <
0

s
eC(s)I £l sup J | (T(t)B) (t)] dr.
0<t<b
0
The result follows from
s
2
< I8l | IrI .
f|(T(T)B>(t>'dT =L ro,p1 " I8l L2[0,b](l+ R tho,sl) .
0
Once again formal differentiation yields an o.d.e. in X:
dF

(4.11) 15 = AF + B r(a(F)) = F' + B g(a(F)).

In the third part we will analyse the situation where B depends on some
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parameter u. In particular it will be necessary to linearize with respect

to both the "state" and the parameter, say at p = 0. In terms of the o.d.e.
(4.11) the procedure is as follows. Let for each u ¢ Dfn, B(u,*) be an nxn
matrix valued Lz—function with support contained in [0,b], and let g(u,+) be
a mapping of R" into itself. Defining r(u,x) = g(u,x) - x we regroup the

terms in (4.11):

dF
ds

F'+ B(0,°)a(F) + B(0,*)r(n.a(F))+ (B(u,*) - B(0,*))g(u,a(F))

AF + B(O,')I(U,W(F)) + (B(U")_ B(O,‘))g(U,G(F)):

where A denotes the generator corresponding to p = 0. This procedure suggests

a version of the variation-of-constants formula which we now prove.

THEOREM 4.4. Let T(s) denote the semigroup associated with B(0,:). Let ¢ € R
and F(o) € X be given. Let the solution x of

(4.12) X, = B(u,*) * g(u,xc) + F(o)
be defined for t e [o,w). Define F : lo,w) ~ x by
(4.13) F(s) = T(u,F(0),5-0)
then F 1s continuous and
S
(4.14) F(s) = T(s-0)F(o) + J T(s=t){BO,-)r(pn,a(F(1))) +
o
(B(u,*) = B(0,*))g(u,a(F(t)))l}dr.

Conversely, let F : [o,w) > X be a continuous function which satisfies
(4.14), then x defined by

(4.15) x(s) = a(F(s))

satisfies (4.12).
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PROOF. The general formula can be obtained from the special case ¢ = 0 via
the seﬁigroup property. So without loss of generality we put o = 0. Moreover,
we write F(0) = f.

Let R denote the resolvent associated with B(0,+) then, by the defini-
tion (2.3) of I and the representation (3.5) of T(s),

[

F(s)(t) = £(t+s)+ (B (u,*) * g(1,x)) (s)

l

(T(s)E) (£) + (B (u,+) * g(u,x)) (s) - (B,(0,+) =B _(0,+)* R) f(s),
(here a subscript denotes translation with respect to the second variable).

In this formula we substitute f = x- B(u,*) * g(u,x) and we regroup the

terms as follows

F(s) (t)

(T(s)f) (£) + ((Bt(u,-)+ (Bt(O,‘)— Bt(O,’)* R) x B(u,*))

* g(1,2)) (8) = ((B,(0,+) = B_(0,+) % R)* %) (s)

S

= (T(s)f) (t) + [ (T(s=1)B(u,°)) () g(u,x(1))dr+
s 0
- J (T(s=1)B(0, ) (t) x(r)dT.

0
Using x(s) = a(F(s)) (by (4.13)) and g(u,x) = x+ r(u,x) we obtain (4.14),
with 0 = 0 and F(o) = £f.
Next, let F be defined by (4.14), with 0 = 0 and F(o) = £, and x by
(4.15). Applying o to (4.14) and recalling (3.11) and (3.12) we obtain

x=f-R* £-R * r(u,x) + (B(u,*) = R * B(u,*) +R) * . g(u,x).

This identity is of the formy = R * y withy = £+ B(u,-) * g(U,x) - X.
A local contraction argument shows that necessarily y = 0 and consequently

(4.12), with 0 = 0 and F(o) = £, is satisfied. [

In conclusion of this section we discuss the decomposition of the

variation-of-constants formula. The projection operators described in
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Theorem 3.3 commute with the integral from ¢ to s in (4.3), (4.7) and (4.14)
(indeea, this boils down to the interchanging of the order of two integra-
tions) and with T(t) for any 1. Thus, for instance, applying the projection
P_ on X_to (4.3) we obtain

s

P F(s) = T(s-0)P_F(o) + J T(s-1)P_B h(t)dr.

o

Similar identities are valid for any of the projections and each version of

the variation-of-constants formula.
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Part II : THE SADDLE POINT PROPERTY

If A has no spectrum on the imaginary axis, the decomposition of X as
described in Theorem 3.3 gives a very clear picture of the asymptotic be-
haviour, as s » * «, of solutions of a linear equation. In this part we
shall show that, locally near zero. this picture remains valid for a non-
linear equation with g(x) = x + o(|x]|), |x| ¥+ 0. An analysis of the case
where A does have spectrum on the imaginary axis is postponed to the third
part.

In the nonlinear situation invariant manifolds replace the invariant
linear subspaces of Theorem 3.3. We shall construct these manifolds and de-
termine their properties in a number of steps. Our argumentation is inspired

by HALE [20,III.6; 21, 9.2].
5. THE UNSTABLE MANIFOLD
Our first step is the construction of a pseudo-inverse related to the
linear problem for bounded functions on R_. More precisely, for given
h € BC(E{_;HJl) we want to describe those functions F e BC(R_;X) which satisfy

s
(5.1) F(s) = T(s-0)F (o) + f T(s-t)B h(t)dT, -0 < g < s < 0.
o

THEOREM 5.1. The expression

s s
(5.2) (Kh) (s) = J T(s=1)P_ B h(t)dt + f T(s—-1)P_B h(t)dr
0 —o

defines a continuous Llinear operator K : BC(]{_;I?I) + BC(R_ ;X). Moreover,
F = Kh satisfies (5.1) and any F e BC(R_ ;X) which satisfies (5.1) is of the
form ¥ = T(-)¢ + Kh for some ¢ € X_.

PROOF. By Lemma 3.5 (i) and the definition of T(s) (see (2.4), (3.4)) we

have
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Define
z(t,s) = f (T(t)P_B) (t)h(s-t)drT.
0

Substitution of the identity above and some straightforward manipulatiomns
lead to the estimate

|Z;(t1,81)- C(tzasz)‘ <
{(+ IIBIIL [O,b]) [ lR_(ltl— tyl+ 1) - R (1)]dt
1 0
ltl_tzl
+ nR"nL](O’m) IB(0)|do} sup{lh(t)| |t ¢ R_}
0

+ (1+ "B"L][O,b]) J IR—(O)|e_(Y_+€)0ngup{lh(Sl+T)~ h(32+1)]x
0

—(y_+
e (v- E)T’T ¢ R_}.
A similar estimate holds for the other term in the definition of K and joint-

ly these estimates show that K is a continuous mapping between the indicated

spaces.

Next, put £ = Kh. Then, for s 2 o,

o o
T(s=0)F (o) = J T(s—T)P+B h(t)dr + f T(s-1)P_B h(t)drt
0 -
s
= F(s) - f T(s-1)B h(t)dT
o

and we conclude that (5.1) holds.

Finally, the difference of two functions satisfying (5.1) satisfies the

homogeneous equation

(5.3) F(s)

T(s-0)F(o), - < g <s <0,

Taking the X_- component and putting s = 0 we deduce, using the estimate
(3.10)



12 F)l < e Y-*E%p_p (o).

So, if F(o) is bounded then necessarily P_F(0) = O and we arrive at the
conclusion that any BC(IR_ ;X) solution of (5.3) is of the form T(+)¢ for
some ¢ € X . On the other hand, any T(+)¢ with ¢ € X, is a BC(R_ ;X) solu-
tion of (5.3) indeed. [

Recalling that in the nonlinear problem h is replaced by r(a(F)) (see

Theorem 4.2; r(x) = g(x) - x = o(lx|),|x| ¥+ 0) we introduce a mapping
F : BC(R_;X) x X, > BC(R_;X)
(5.4) F(F,¢) = F = T(-)¢ - K(x(a(F))).

Clearly F(F,¢) = 0 if and only if
s
(5.5) F(s) = T(s-0)F(o) + J T(s-1)B r(a(F(t)))dT, -0 < g <s <0,
. ) |
and P+F(0) = ¢. We now show that the BC(R_ ;X) solutions can be (locally

near zero) parametrized by ¢ € X+.

THEOREM 5.2. F ¢ Ck, F(0,0) = 0 and %g(0,0) = 1Id. Consequently the implicit
function theorem implies the existence and (local) uniqueness of a Ck—func—

tion F*(¢), defined for ¢ sufficiently small, such that F(F*(¢),¢) = 0.

PROOF. The term K(r(a(F))) is the composition of two continuous linear oper-
ators K and o and the substitution operator r : BC(]{_;IJl) > BC(R_ ;Rn)
defined by r(h)(s) = r(h(s)). Clearly r is Ck in this sense as well and its

derivative in zero vanishes. Furthermore, F is linear and continuous in ¢. [

The unstable manifold is the image of the mapping U : X, > X defined
by U(¢$) = F*(¢)(0). Since F is Ck, so is U. Furthermore P+U(¢) = ¢.

THEOREM 5.3.

(1) Im(U) Zs Znvariant in the sense that for ¢ sufficiently small
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(5.6)  F (6)(s) = URF (¢)(s)).

(ii) Im(U) Zs tangent to X, at zero: %%(O)w =9y .

(iii) There exists a positive constant L such that, for sufficiently small
§ > 0, U<s a diffeomorphism of the ball of radius § in X, onto the
set {f € Xi HP+fH < 8 and there exists a solution of (5.5) on R_ such

that F(0) = £ and IF(s)l < LS, s < 0}.

PROOF. (i) Suppose F satisfies (5.5) then so does F(++ s) for any s < 0.
Hence F(F,¢) = 0 implies F(F(:+ s), P, F(s)) = 0. It follows that (5.6)
holds provided we make sure that P+F*(¢)(s) belongs to the neighbourhood of
zero in X, for which the uniqueness assertion of the implicit function
theorem holds. Since F* is Lipschitz (even Ck) this is achieved by taking ¢
sufficiently small.
(i1)

dr* oF,-1 3F _ dF*

—_ = —(EF) ) ;ﬁ;-(O)w =T()Y ,

au oo HUce)-ol
adiivrs Oy = w::-—_jnﬂr_--+ 0 as ¢l v 0.

Since U(¢)- ¢ is precisely the X_- component of U(¢) and ¢ the X, - component,
this expresses that Im(U) is tangent to X,.

(iii) The statement (iii) is just a reformulation of the (local) equivalence
of (5.5), the equation F(F,¢) = 0 and the condition F = F*(¢). L has to be

a Lipschitz constant for F* on some neighbourhood of zero. On account of

nkad
%5{ (0)y = T(-)y and (3.10) one can choose, for instance, L = 2K. [J

We say that F(0) admits a backward continuation if we can find o < 0
and F(g) € X such that (5.5) holds for ¢ £ s < 0. We have found that a suit-
ably bounded backward continuation on R_ exists if and only if F(0) e Im(U)
and that there is at most one such continuation. However, in general back-
ward continuation is not unique (not even in the linear case) and there may
be many backward continuations on finite intervals.

In the linear case bounded solutions in fact decay exponentially. This

property is, as we now show, preserved under nonlinear perturbations.
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THEOREM 5.4. For each e > 0 there exists M = M(e) such that Ffor l¢l < & with
8 sufficiently small

"F*(¢) (S)" < Mu ¢“e(Y+— € - \)(5))8’ s < 0.

A

Here v(8§)+ 0 as § + O.

PROOF. s
PE () (s) = T(s)¢ + f T(s-0)P,B r(a(U(R,F*(¢) (1) )))dr.
0

be a Lipschitz-constant for U on ¢l < & and

]

Put z(s) = IPF" (4) ()I, let L

L2 a Lipschitz constant for r on |x]| < L]6. Choose for any € > 0 K as in

(3.10). Then
s
z(s) £ K e(Y+_ e)s z(0) - KLILZHP+BH J e(Y+- e) (s-1) z(t)dT,
0

and by Gronwall's inequality

(v,-e- k., L IP Bl)s
z(s) < K z(0) e * 12+

We can choose L1 and L2 such that, as § ¢ O, L1 remains bounded and L2 + 0.
Finally, the estimate for "F*(¢)(s)“ is obtained from (5.6) and the fact

that U is Lipschitz. [

F* is a Ck—function of ¢ but, as our next result shows, likewise F*(¢)
is a Ck—function of s. This is due to the fact that T(s) is differentiable

on the finite-dimensional space X_.

THEOREM 5.5.

F*($) e C5(R_;X).

PROOF. Put y(s) P+F*(¢)(s) then

]
y(s) = T(s)y(0) + f T(s=t)P,B r(a(U(y(r))))dT,
0
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and consequently

y'(s) = Ay(s) + PB r(a(U(y(s)))).

In terms of coordinates with respect to a basis for X, » this is a nonlinear
o.d.e. with Ck right-hand side and therefore the solution is Ck+]. Since
F*(¢)(s) = U(y(s)) and U € Ck the result follows. [J

Finally, we make ends meet and interpret our results in terms of solu-
tions of the so-called limiting equation
b
(5.7) x(t) = f B(t)g(x(t-1))drt
0
THEOREM 5.6.
(1) Let x be a solution of (5.7) on (-»,0] with |x(t)| < § for some §
sufficiently small. Define £ € X by £(t) = f: B(t)g(x(t-t))dt. Then
f e In(U) and x(s) = a(F" (P,£)(s)), s < O.
(ii) Conversely, let f e¢ Im(U) be given, then x defined by x(s) =
a(E*(p, £) (s)) satisfies (5.7) on (-=,0].

This theorem is nothing but a combination of Theorem 4.2 and Theorem
5.3 and it gives a parametrization of those solutions of (5.7) which are
defined and suitably bounded on R_ . The translation invariance of (5.7) is
reflected in the invariance (5.6) of U.

Theorems 5.4 and 5.5 imply that these "infinitely old" solutions of
(5.7) decay exponentially and are Ck—smooth. It seems to be difficult to
arrive at the smoothness result by other means (at least without additional

assumptions on the kernel B).
6. THE STABLE MANIFOLD
Starting from the continuous linear mapping

L : BC(R, ;R") = BC(R, ;X)
S

s
(Lh) (s) = f T(s-1)P_B h(t)drt + J T(S—T)P+B h(t) dt
0 o
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one can give a characterization of the BC(I&_;X) solutions of (5.5) in a
neighbourhood of zero. The analysis proceeds along the same lines and we

confine ourselves to a formulation of the final result.
THEOREM 6.1. There exists a Ck—mapping S of a netghbourhood of zero in X_
into X such that

1) there exists a positive constant L such that for small § > 0 S <8 a
diffeomorphism of the ball of radius § in X_ onto the set

{f e X| IP_£l <6, n(f,s) is defined for all s = 0

and I1(f,s)l < L8},

(ii) Im(S) Zs tamgent to X_ at zero : %%(O)w = 9,

(iii) Im(S) Zs Znvariant under T :
I(f,s) = S(P_H(f’s))

for all £ e Im(S) with IP_£l sufficiently small,

(iv) In(E,s)l < Miflexp((y_+ e+ v(8))s), s 2 0, £ € Im(S), provided
lp_£fl < §. Here v(§) + 0 as 6§ + O,

(v)  the solution of x = B * g(x) + £ <s defined for all t 2 0 and satis-
fies |x(t)| < §, for some § sufficiently small, if and only <if
f ¢ Im(S).

COROLLARY 6.2. (exponential asymptotic stability) If the spectrum of A
belongs to the left half plane then any solution of x = B * g(x) + f with

f e X and V£l sufficiently small converges exponentially to zero.

We remark that the solution of x = B * g(x) + f with £ € X satisfies
the limiting equation (5.7) for t = b. So also the stable manifold Im(S)
gives a parametrization of solutions of (5.7), notably of those which are

defined and suitably bounded on R, .
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The subspaces X _ and X_ admit, in general, a further decomposition in
T(s)-invariant subspaces characterized by growth rates of T(-)¢ (see the
remark following Theorem 3.3). Similarly the manifolds Im(U) and Im(S) con-
tain submanifolds which are in one to one correspondence with solutions in
some BCn—space. Again the construction of such a submanifold can be based
on operators like K and L, defined on the appropriate spaces. We formulate
one result which we need in the next section. We emphasize that this result

holds equally well if some of the eigenvalues lie on the imaginary axis.

THEOREM 6.3. Let n be any positive number such that A has no spectrum on

the line Re A = n. Let Q denote the direct sum of the generalized eigen-—
spaces corresponding to the eigenvalues of A with real part exceeding n.
There exists a Ck—mapping W of a neighbourhood of zero im Q into X such that
Im(W) coineides with the set of f e X which admit a backward continuation on
R_ belonging to some neighbourhood of zero in BC”(I{_;X). Moreover, Im(W)
s invariant in the sense that for f e Im(W) and Hqu“ suffictently small

F'(£)(s) = w(PQF*<f><s>).

Here F*(f) denotes the backward continuation through f and PQ the canonical

projection on Q. Finally, Im(W) Zs tangent to Q at zero.
7. INFINITELY OLD POSITIVE SOLUTIONS

In some problems from population biology (cf. [2,12]) one has a scalar
equation (n = 1) with a nonnegative kernel B such that
b
J B(t)dt > 1.
0
In that case the characteristic equation
b
f B(t)e M dr = 1
0
has a real, positive, simple root A (sometimes called the Malthusian para-

meter) and all other roots satisfy Im A # 0 and Re A < A*.
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The eigenfunction of A corresponding to 2" is
: i
(7.1) d(t) = eA t J B('r)e“k*T dt.
t
The corresponding solution of the linear equation
b
(7.2) x(t) = f B(t)x(t-t)dT
0 *
is x(t) = a(T(t)9) = eA t and this is, modulo translation, the only positive
solution of (7.2) defined and bounded for all time t < 0 (this follows from
Theorem 3.3 and the fact that Im A # 0 for all A ¢ U(A)\{A*}).
Choose n € (O,K*) such that no eigenvalue A other than 2\* satisfies

Re X 2 n. According to Theorem 6.3 we can associate with the nonlinear

equation
b

(7.3) x(t) = J B(t)gx(t-1))drt
0

(with g(x) = x + o(|x])) a one-dimensional invariant manifold Im(W) des-

cribing the BCn(I{_;X)—solutions.

THEOREM 7.1. Im(W) consists of two submanifolds and each of these is in one
. . o n

to one correspondence with the translates of a sign-definite BC (R_;TR)

solution of (7.3).

PROOF. We concentrate on positive solutions.
Step 1. Since Im(W) is tangent to span{¢} we have lW(e¢) - edl = o(lel),

e + 0. Therefore
a(W(ed)) = e + o(lel) >0

for small positive €.

Step 2. Let, for some § > O, F*(W(6¢)) denote the backward continuation in
Bc”(ng_;x) through W(8¢). Let P denote the projection onto ¢ along
R(A-12"1). Define z(s) by

P(E" (W(84)) (s)) = £(s)¢,
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then z: R_ - R is a continuous function and z(0) = §. Furthermore, £ can

not vanish since then, by the invariance relation
*
F (W(s9))(s) = W(z(s)9),

F*(W(6¢)) would be identically zero. So z(s) > 0 and z(s) ~ 0 as s + -=,

(In fact ¢ is the solution of an ordinary differential equation & = A*c+-o(;L
£(0) = & and consequently ¢ is monotone increasing in a neighbourhood of

the origin).

Step 3. Combining steps 2 and 3 we find
a(FXW(36)) (s)) = a@W(z(s)$)) = t(s) + o(lz(s)]) > O

for s sufficiently close to -». So the backward continuation is positive for
those values of s. Finally, the fact that (0,8] ¢ R(z) implies that
F*(W(6¢))(s) fills "half" of the manifold. More preciéely, we conclude that
the backward continuation through W(e¢) with O < € < § is obtained by an
appropriate translation of F*(W(6¢)). Upon applicatioﬁ of o we obtain the

stated result. [J

In the linear case we found that every positive solution, defined and
bounded on R_, is a translate of exp(A*t). In the nonlinear case we now
have a similar existence and uniqueness result, but the uniqueness is, un-
till now, limited to positive BCn(B{_;IK)—solutions. However, it so happens
that any positive solution "on'" the unstable manifold is in this class. In
[12] the necessary a priori exponential estimate was given, but as was
pointed out to one of us by H. Thieme, the proof contains an error (which
cannot be repaired easily). In [15] Tauberian methods are used to prove the
estimate for integral equations which are not necessarily of Volterra type.
Here we shall give another proof, based on ideas of H. Thieme, but completely
rewritten in the language we have developed in the preceding sections. We
refer to a forthcoming paper of H, Thieme for similar results in the muéh
more general case of Banach-space valued functions.

We start with some auxiliary results. We shall write £ = 0 for some

f e Xif £(t) 2 0 for all t € [0,b]. Throughout we use that B > 0.
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LEMMA 7.2. The resolvent R is nonpositive and there exist & =2 0 and § > 0
such that

-R(t) 2 8§ for 1 € [E,E+ 2b]

"PROOF'": See the proof of Lemma 2.1 in [15]. The basic idea is that -R =
Z:=0 Bk*, where BX* denotes the k-times iterated convolution of B with it-
self. For the present inequalities the sense of convergence of the infinite

sum is irrelevant.
LEMMA 7.3. If £, 2 £, then T(s)f, = T(s)f,.

PROOF. This follows directly from the explicit representation (3.4), the

nonnegativity of B and the nonpositivity of R. [J

LEMMA 7.4. If £ 2 0 then, with & and § as in Lemma 7.2.,
b
A*s
T(s+&+2b)f > § f(t)dr e d.
' 0
PROOF. By the representation (3.4) and Lemma 7.2 we have

(T(E+2b)f) (t) = —Bt * R % £(§+2b) =

b &+2b-t1
= j J B(t+&£+2b-1t-0) (-R(0) )dof (t)dT
0 0
b b b
> § J f(t)dr J B(t)dt = § J f(r)dt ¢(t).
0 t 0

The result then follows from the semigroup-property, Lemma 7.3 and the fact

that T(s)¢ = exp(A*s)¢d. [

THEOREM 7.5. Assume B Zs bounded and let x be any positive solution of (7.3)
defined on R_ and such that gEEn x(t) = 0. Then x € Bcn(I{_;]R).

PROOF. Choose € > 0 such that the positive real root A*(e) of
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b
(l—e) J B(T)e—ATdT =1
0

exceeds n. Choose § such that g(y) = (l1-e)y for 0 <y < y. We may assume
that 0 < x(t) < § for —» < t < b (if not we first translate x). Define for
s <0 b
F(s)(t) = f B(t)g(x(s+t-1))drT.

t
Let Te(s) denote the semigroup associated with the kernel (l1-¢)B and define
similarly ¢€ as in (7.1) and 8(e), &£(e) as in Lemma 7.2. From the variation-
of-constants formula (4.7) induced by g(x) = (1-e)x+ g(x) - (1-€)x we con-

clude that

F(s) = Ts(s—c)F(c)

and by Lemma 7.4 we subsequently obtain
b
F(s) = &§(¢) [ F(o)(t)dT e
0
Application of o then yields (put s = 0)
b
J F(o) (t)dt < constant.e
0

It remains to convert this estimate into an estimate for x. Let L be a

¥ () (s=0-E () ~2b) "

.-
2 (e)o

Lipschitz constant for g on (O,;], and let R denote the resolvent associated
with the kernel LB. Then X < LB * x, o+ F(s) and therefore xSSiF(s)— R* F(s).
Taking t = b we obtain

b

J i(b—T)F(s)(r)dT

0

x(s+b)

IA

IN

b
constant f F(s) (t)dr
0

2 (e)s

IA

constant e
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(here we use that, since B is bounded, R is bounded on [o,p1). 0O

One can sharpen Theorem 7.5 by stating conditions which guarantee that
lim x(t) = 0. Let y be defined by

to>—x

b
~ -1
y = inf{y > 0 ] g(y) < ( f B(t)dt) ‘y}.
0
Then any solution of (7.3) which also satisfies 0 - x(t) < ; for —o» < £t £ 0

necessarily has 1lim x(t) = O (see the proof of Lemma 4.2 of [15]).
t>mco

In the population models the only relevant solutions are the nonnegative
ones. The results of this section show that there is, modulo time-translation,
one and only one biologically meaningful way to leave a neighbourhood of an
unstable trivial equilibrium (here '"trivial" means that there is no popula-
tion at all). In [12] it was shown that in a certain well-defined sense
(involving translation) solutions of x = B x g(x) + ef with £ > 0, converge
to the positive solution of (7.3) as € + 0. This approximation can be used
to derive that the positive solution is monotone increasing, at least on an
interval of the form (—W,to]. (see T12]). Whether or not it remains increas-—

ing (and positive) as t - +» depends on global properties of g.
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Part IIT : A CENTER MANIFOLD AND THE HOPF BIFURCATION THEOREM

If A has some eigenvalues on the imaginary axis, the stability charac-
ter of the zero solution is sensitive to perturbations in both the linear
and the nonlinear part of the equation. We shall introduce a parameter
into the equation in order to incorporate perturbations of the linear part.

We shall construct a nonlinear analogue of XO’ called a center manifold.
The construction requires a modification of the no-linearity outside some
neighbourhood of zero and, as a consequence, some matters like uniqueness,
differentiability and relationship with the original equation are much more
complicated than in the case of the stable or unstable manifold (see [44]
for a detailed analysis of these questions).

Nevertheless a center manifold and the o.d.e. associated with it are,
as is well-known, convenient tools in the analysis of the Hopf bifurcation

problem (cf. [4, 5, 27, 35, 39 p. 195-206, 401).
8. DEFINITION AND ANALYSIS OF A PSEUDO-INVERSE

Let Q be a compact subset of R™ with zero in its interior. For each

e Q, let B(u,*) be an nxn-matrix valued L,—function with support contained

in [0,b]. Let T(s) and A denote the linear zemigroup and generator associated
with B(0,°). Assume that some of the eigenvalues of A lie on the imaginary
axis. Define X, P and y with lower indices +, — or 0 as in Theorem 3.3.
Choose some number n in the interval (0,min{y+,—y_}).

Motivated by formula (4.14) we introduce the inhomogeneous linear

equation

s
(8.1) F(s) = T(s-0)F (o) + J T(S—T)B(O,')h](T)dT
o

S
+ J T(s—1) (B(u,*) - B(O,-))hz(T)dr, s 2 0,
(0}

and a mapping

s
(8.2) K(u,hl,hz)(s) J T(S-T)P_B(O,')hl(T) dt +
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+v

s
T(S—T)POB(O,')hl(T)dT + f T(S—T)P+B(0,')h](T)dT +

+

T(s-t)P_(B(u,*) - B(O,*))hz(r)dr +

+

T(s-T)Po(B(u,') - B(O,'))hZ(T)dT +

T(s=1)P (B(u,*) - B(0,-))h, (t)dr.

+

g O ——0 §——n O—0

THEOREM 8.1. For fized v, K(u,*,*) 28 a continuous linear mapping of
BCn(Bi;Dfl)XBCn(BR;]fl) into BCn(Bi;X). Moreover, F = K(u,hl,hz) satisfies
(8.1) and any F e BC" (R ;X) which satisfies (8.1) is of the form F = T(*)¢+
K(u,hl,hz) for some ¢ € Xy
The proof is based on Theorem 3.3 and Lemma 3.5 and it is completely

analogous to the proof of Theorem 5.1. So we omit it.

In subsequent applications we shall need continuity and even differen-
tiability with respect to u. Of course one can make the dependence on u as
smooth as one wants by making suitable assumptions concerning the dependence
of B on u. However, we want to include in our analysis the case where some
parameter is a ''delay" (for example, take n = m = 1 and B(u,*) is the char-
acteristic function of [0,u]; also see HALE [22] and HALE & OLIVEIRA [23]).
For that reason we want to have weak assumptions concerning the u-dependence
of the kernel.

For each p € Q, B(u,*) defines a mapping of C([O,b];ﬂfl) into R" as
follows: b

Y > f B(u,t)y(t)dr.
0
We assume that py =~ B(u,*) is differentiable in this sense or, more precisely,

we make the

ASSUMPTION: o
U J B(u,t)dt, o € [0,b],
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i8 a Ck—smoqth (k 2 1) mapping of Q@ into NBV([LO,b]; R,

The projections P, and P0 are, with respect to some basis for X, and
Xo, given by integral operators with a continuous (even analytical) kermel
(see section 10 for an example and [13] for the general case). Hence our
assumption implies that u H-P+B(u,-) and p HPOB(u,-) are Ck—smooth. We
conclude that all difficulties are concentrated in X_—components.

Our assumption is not strong enough to achieve that K is differentiable

with respect to u. However, it so happens that the mapping

akK : @ x BC"(R3;R™Y) x BC"(R;R") +~ BC"(R;R")
is at the same time more important than K and more smooth than K. We can
prove

THEOREM 8.2.
oK is C<.

PROOF. We know already that oK is linear and continuous in h] and h2 and
that P+B(u,-) and P0
mapping of @ x BC"(R ;R") into BC"(R;R") defined by

B(u,*) are differentiable. It remains to prove that the

(u,h) = f a(T(t)P_B(u,*))h(s-1)dt
0

is differentiable.

On account of Lemma 3.5 (ii) (take t = 0) the integral consists of two
terms. A proof of the differentiability of the first term f; a(P_U(t)B(u,*))-
‘h(s-1)dt can be patterned after the corresponding proof for the second
term
R (t-0)B(u,0)h(s-t)dodt =

[
0
J R (1t)B(u,0)h(s-t-0)drdo.

So we only give the latter. Moreover we confine ourselves to the case k=1.
Let z(p,+) € NBV([O,b]; ) be the derivative of pw= fo B(u,t)dT.
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Then for each € > 0 we can find § = g(e) such that

b « ag
enlsl f J ar K (mya ) f (B(1+8,0) = B(1,p))dp = £(1,0) Th(s=1-0) |
00 0

A

g
vM(éfmmwm)—Mmmmm—umw).
[0,61 ° ¢

sup f IR (1) ||h(s-t-0|dT . e_nlsl
0<0<b 0 :

- b
f IR ()" dr . e™ . "
0

IA
™

§. 0O

IN

provided §
9. CONSTRUCTION OF A CENTER MANIFOLD

Let g(°,+) be a Ck—mapping (k 2 1) of Q x R™ into Ifl such that
g(u,x) = x+ r(u,x) with r(u,0) = 0 and %%(u,O) = 0. Recalling formula (4.14)

we are tempted to introduce, for instance,
(W,F) > K(u,r(u,a(F)), gu,a(F))).

However, in general growth restrictions on F are not reproduced by r(u,oa(F))

and g(u,a(F)) and consequently this prescription does not define a mapping
between the right spaces.

In order to remedy this shortcoming we modify r(u,+) and g(u,-) outside
some neighbourhood of zero in R" . Of course we then need to interpret the
final results with the requisite care.

Let & : ﬂ{F+-IR be a C -function such that
(1) E(y) =1 for 0 <y <1
(ii) 0 <g(y) <1 for 1 <y <2

(iii) E(y) =0 for y = 2.
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Define, for some positive parameter § which will be chosen to satisfy suit-

able bounds later,

T = rwedz
on | S
g(1,x) = g(W,x)EC5)

We are interested in '"small" solutions of

b
(9.2) x(t) = J B(u,)g(u,x(t-1))dt, -® < t < +=,
0
and therefore it is reasonable to first study solutions of the modified
equation
x(t) = (B0, t)x(t=1)dT +
(9.3) (B(u,7) = B(0,1))g(x(t-1))dr +

B(0, )T (x(t-7))dr.

According to Theorem 4.4 we can equally well study

S
F(s) = T(s-0)F(o) + J T(s-1){B(0,+)T (u,a(F(1))) +
(o)

(9.4)

+ (B(us+) = B(O,*))g(u,a(F(1)))}dr, o < s.
Subsequently Theorem 8.1 shows that this problem is equivalent to
(9.5) F = T(:)¢ + KGt,T(a(F)), gu,a(F)).
However, as stated before, in this form we are not assured of differentiable

dependence on .

Suppose F satisfies (9.5) then x = o(F) satisfies
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(9.6) : x = a(T(')¢) + GK(U,?(U,X),E(U,X))-

Conversely, suppose x satisfies (9.6) then F defined by F = T(*)¢ +
+ K(u,;(u,x), g(u,x)) satisfies (9.5). Therefore we concentrate on (9.6)
which may be viewed as a rewriting of (9.3) with emphasis on BCn(I{;HJI)—
solutions.

Define

G : BCY(R;R™) x @ x X. ~ BCW(R;R")

0
by

G(x,us¢) = x = a(T(*)9) - aK(u,;(u3.{<),§(u,X))

)

BG (0,0,0) = Id. Hence the implicit function

then G ¢ Ck, G(0,0,0) = 0,

theorem implies:

THEOREM 9.1. There exists a unique Ck-jvnction x = x*(u,¢) defined on a

neighbourhood of (0,0) in Q x XO such that G(x*(u,¢),u,¢) = 0.

REMARK 1. We emphasize that X gives a parametrization by u and ¢ of "small"
BCn(]R;]fl) solutions of (9.3). These are also solutions of (9.2) if and
only if in addition Ix*(u,¢)(s)l < §, =» < 5 < », Note that x*(u,O) = 0.

REMARK 2. The mapping x* can be made global with respect to ¢, at least for
small u, by choosing § in the definition of T and E sufficiently small.
Indeed

3G, ~ o~ _B(aK) 9T _ 3(aK) , ~ ~ g
BX(U’r,g) = Id ( Us,T, )3X 3h2 ( 3,8 3x °
™ a(uK)

and for small §, 9% is small, whereas for small 1, (u,7,g) is small.

Hence %g-can be made continuously invertible independently of ¢ and conse-

quently x*(u,-) can be continued to a function defined for all ¢.

We define

(9.7) F Gi,8) = T()o + KGLTLx (1,8)), gQ,x (1,6)))
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and, finally, the center manifold as the image of

C: 0 x XO + X, where

(9.8) C(u,9) = F (1,6) (0).

Note that F~ and C are Ck with respect to ¢ but not necessarily with respect
to p. On the other hand oC(u,9) = G(F*(U,¢)(0)) = x*(u,¢)(0) is Ck with
respect to both u and ¢.

Reasoning exactly as in the proof of Theorem 5.3 we deduce the tangency

relation € (0,0)y = ¢ and the invariance relation

¢

(9.9) F (1,0) (8) = CQuLPGE (1,6) (s)) .

Note that now

P (0,6)(s) = T(u,F*(1.6) (0),8-0), S = O

where T is the semiflow associated with the modified equation (9.3). So

"invariant" refers to I.

In order to arrive at an ordinary differential equation we put

(9.10)  y(s) = PoF (u;4)(s)-

Then s
v(s) = T(s)y(0) + J T(S-T)Pb{B(O,°);(u,aC(u,y(T))) +

0

(B(u,+) = B(0,))gu,aC(1,y(T)))}dr
and consequently
(9.11)  y'(s) = Ay(s) + PyB(0,+)T(u,aC(u,y(s))) +

Po(B(1,*) = B(0,+))g(1,aCu,y(s))).
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In terms ofAcoordinates with respect to a basis for XO’ this is a nonlinear
o.d.e. with a right-hand side which is Ck in y (and also in u). Hence y is
a Ck+]—function of s and therefore x*(u,¢)(s) = oC(u,y(s)), is at least
Ck—smooth as a function of s.

In certain situations the smoothness with respect to s adds to the
smoothness with respect to p. By this we mean the following. If k = 1 in the

1

foregoing then o € C° and

20.C
‘gu— (U’¢)

Bx*
7“? (U,¢)(0)

1

(26" w02, 22 w,0),1,00) ().
It is possible that the right-hand side is differentiable with respect to
u although G itself is not C2 with respect to p. For instance, this happens
if g(e,°) is C2 and if.the mapping
b
U f B(u, )Y (t)dr
0 .

is two times differentiable uniformly for { in any bounded subset of
Cl([O,b];Igl). Here "uniformly" refers to the convergence in the definition
of differentiability and, in addition, it intends to express that the deri-
vative depends continuously oﬁ the C]—norm of Y. (Again we have in mind
examples like n = m = 1 and B(u,*) 1s the characteristic function of [0,u].)
Since g(+,°) € C2 also implies that aC is C2 with respect to ¢ we conclude,
using (9.11) and the formula for %%g-above, that under these assumptions
aC(s,*) is C%. These arguments are inspired by similar ones in HALE [22].

In conclusion of this section we shall be concerned with the attractiv-
ity of the center manifold in the case that X, = {0}. This property is very
helpful if one wants to show that for fixed yu = 0 the stability of the zero
solution is completely determined by the stability of the origin with re-
spect to the o.d.e. (9.11) (cf. HALE 251, HAUSRATH [28] and the references
given there) and, likewise, if one wants to show that the stability of a
bifurcating periodic solution is determined by the stability of the corre-

sponding solution of (9.11) (see section 11 and [39, p. 195-206; 40]).
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THEOREM 9.2. Let B be bounded and suppose that X, = {0}. For each € > 0
there exists u = u(e) and § = §(e) such that, provided |ul| < wand § <8,

any two solutions F] and F2 of (9.4) on [0,s] which satisfy POFl(s)='P0F2(s)
necessarily also satisfy

IR F (s) - BFy ()l < ke "9%IR F (0) - 2_F, (0

for some constant X = K(e) independent of s.

The extra assumption that B is bounded is not absolutely necessary.
However, it makes it possible to estimate T(s) (B(u,*) - B(0,*)) etc., in the
supremum norm and, as a consequence, the proof of Lemma 2.3 in [1] applies

without modification.

LEMMA 9.3. Let B be bounded. Then there exists u > 0 such that “(C'POC)(U,¢N’
is bounded uniformly in ¢ and |ul < u.

PROOF .

(C-B,C) (18) = J T(1){B_B(0, )T (w,a(F* (u,4))) (-1) +
0
P (B(H,+) - B(0,-))g(1,a(F (1,4))) (1) }dr +
0
f T(1){B, B(0, )T (1,a(F " (u,¢))) (1) +

P, (B(u,*) - B(0,*))g(m,a(F (1,4)))(-1) }dr.

We know that E(u,-) and ;(u,-) are bounded by constants which depend con-
tinuously on § (the modification parameter) and u. Because B is bounded we

may estimate T(s)P+(B(u,-) - B(0,+)) in the supremum norm. [J

COROLLARY 9.4. (Attractivity of the center manifold). Let B be bounded
and suppose X, = {0}. There exist positive constants k and U such that
IC(R F(s)) = F(s)l < Re™*°
(9.4) and K is a constant which depends only on P_F(0).

, s € R and |ul < U, where F is a solution of
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PROOF. First we observe that by the global Lipschitz character solutions of
(9.4) can always be continued to +. F and F*(u,POF(s))(-—s) are solutions

of (9.4) and the conditions of Theorem 9.2 are satisfied. Hence
1C(,BGF(s)) = F(s)l = IF" (u,RF(s)) (0) - F(s)I =
53 (F*(u,POF(s))(O) - F(s) <
ke =" F* (4,2 F(s)) (=s) - B_F(O)I,

and for ¢ sufficiently small y_ + ¢ < 0. Finally we use the preceeding

lemma. [

REMARK. If X  has positive dimension one still has the same results for
solutions which remain for all positive time in a certain neighbourhood of

the origin. This is sometimes called "local'" or "conditional" attractivity.
g y

COROLLARY 9.5. Let B be bounded and suppose X, = {0}. For u and § suffictent-

ly small any solution of (9.4) defined on R 1lies on the center manifold,

or, in other words, satisfies
F(s) = C(u,PF(s)).
10. SIMPLE EIGENVALUES ON THE IMAGINARY AXIS

In this section we make some preparations for the study of the Hopf
bifurcation problem. We omit the (elementary) proofs. In [13] some of the
underlying ideas are presented systematically. First of all we derive a cri-

terion for simple eigenvalues in terms of properties of the characteristic

function
b
-AT
(10.1) A(p,A) =1 - J B(u,T)e dt .
0

LEMMA 10.1. The following two assertions are equivalent:
(1) 1iw 7Zs a simple eigenvalue of A

(ii) there exist a column n-vector p(0) # 0 and a row n-vector q(0) # 0
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auch that

(a) A(0,iw)v = 0 Zmplies v = cp(0) for some c ¢ €,

(B) w A(0,iw) = 0 Zmplies w = cq(0) for some c € C,
oA

(v) q(0) 37-(0,im)p(0) = 1.

Throughout the rest of this section we assume that iw is a simple eigenvalue

and that p(0) and q(0) are as in the Lemma 10.1.

LEMMA 10.2.
X =NA-iwIl)sR(A- iwl)

and the associated projection onto N(A- iwl) Zs given by

(10.2) Pf = p<q,f>
where
(10.3)  q(t) = e™F q(0)
t
(10.4) p(t) = ™t - J e T B(0,1)d1)p(0)
. 1? 0
(10.5) <q,f> := J q(-1) £(1)dr
0

If iw is a simple eigenvalue, so is -iw (recall that B(+,+) is real-valued)

and the corresponding projection is given by 5<i,f>. The definitions

_ q
(10.6) @ = (,D), w=&)
allow us to represent the canonical projection onto N(A- iwI) & N(A+ iwI) by

(10.7) Pf = o<y, f>

We observe that
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(10.8). PB = o¥(0).

Furthermore we note the relation

iws
. /e 0
(10.9) T(s)e = o { _ims>.
0

We end this section with a formula for the first variation of the

simple eigenvalue with respect to u.

LEMMA 10.3. The equation
Au,\)((0) + ) =0, X e € e R(A(O,iw)),

has a unique solution X = A(W), ¢ = t(n) such that A(0) = iw and ¢(0) = 0.

These are Ck—functions and
\ C\BA
AT(0) = —Q(O)SE'(O,lw)P(O)-
11. HOPF BIFURCATION

The most important conclusion of the analysis in section 9 is that all
small solutions of (9.2) are, for small u, described by the o.d.e (9.11).
Consequently results from the theory of o.d.e.'s yield results for the
Volterra integral equation (9.2). In particular the vast collection of re-
sults about Hopf bifurcation (see [4, 5, 6, 7, 31, 35, 42, 43], several con-
contributions in [39] and the references given there) carries over.

In sections 8 and 9 we have formulated sufficient conditions on B and
g such that the right hand side of the o.d.e. (9.11) is a Ck function of
and ¢ (in particular we recall the remarks some lines below formula (9.11)).
In this section we assume throughout that k = 2 and sometimes that k = 3.
Moreover, we limit ourselves to the case m = 1, that is, u 1s a scalar
parameter. The only work thét remains to be done is to relate other assump-—

tions and quantities connected with the o.d.e. to assumptions and quantities
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expressed in terms of B and g. This is a matter of calculus and in this
section we perform the calculations for the simplest case. We shall use the

notation and the definitions of section 10.

THEOREM 11.1. Assume that

(1) k=2

(i1) + iw are simple eigenvalues of A and * iwl ¢ o(A) for £ = 0, and
£ =2,3,4,....

(iii) Re(q<0>§—ﬁ (0,iw)p(0)) # 0.

Then there exist Cl-functions u*(e), ¢*(e) and p*(e) (with values in, respec—
tively, R, XO and R and defined for e sufficiently small) such that () =0
and 0*(0) = 21w ' and such that x" (" (€),6"(€)) = aC™(e),P I (e) 07 (€),))
i8 a p*(e)—periodic solution of the equation

b

x(t) = J B(u,t)g(u,x(t-1))dr

0
with w = u (e). Moreover, 1f x 18 any small periodic solution of this equa-
tion with u close to 0 and period close to 2ww—1 then necessarily u = u*(e),

the period is p*(e) and modulo translation x = x*(u*(e),¢*(e)).

PROOF. According to the well-known Hopf bifurcation theorem for o.d.e.'s
(see, for instance, CRANDALL & RABINOWITZ [7]) we only have to check that
(iii) implies that the relevant eigenvalue of the matrix M(u), describing
the linear part of the o.d.e. (9.11), crosses the imaginary axis with posi-
ive speed. With respect to a suitable basis for X

9 (al) _
30 (0,0)y = a(¥),

o Ve find, using

M]l(“) = iw + <q,B(u,*) - B(0,*)>p(0) + o(n)

iw + q(0)(A(0,iw) - A(u,iw))p(0) + o(W).

As in Lemma 10.3 it follows that M(u) has an eigenvalue A(u) such that
A(0) = iw and
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A1 (0) = -q(0) % (0,1w)p (0).

(Of course this eigenvalue of M(u) is identical to A(p) found in Lemma 10.3,
but a proof of this fact seems to require many more arguments). So indeed

(iii) is the appropriate transversality condition. [J

As in the case of o.d.e.'s we have the symmetry relations
* * * * * * * *
wo(me) = w(e)so (me) = o (e), ¢ (=) = Py(u (e),¢ (e), zp (€))

(see [7]).

Our next goal is a formula for the third term in the Taylor expansion
of u*(e) (note that the second term necessarily vanishes). It is well-known
that the sign of this term determines whether or not the critical Floquet
multiplier of the bifurcating periodic solution of the o.d.e. exceeds one.
Hence, under some further assumptions, the stability or instability of the
bifurcating periodic solution can be concluded from an evaluation of the
formula which we shail give. As a by-product we obtain a formula for the
third term in the Taylor expansion of p*(e).

It is known that the direction of bifurcation can be deduced from the
stability of the origin of the o.d.e. with u = 0 (see CHAFEE [4,5]). The
stability analysis goes back to the work of LIAPUNOV [33] (see also [34]
and in the case of retarded equations HALE [25] and HAUSRATH [28] and the
references given there).

Let z(s) denote the coefficient of p in y(s). Then from (9.11) with
p = 0 we obtain

(11.1) = iwz + q(O);(O,aC(O,pz+-§§+-v)).

gz
ds

Here v denotes the remaining component in XO’ if any. Let gij denote the
. . 1zJ . . . .
coefficient of ?ﬁ%T-ln the Taylor expansion of the right-hand side at z = 0

v = 0. Following HASSARD & WAN [27] we introduce the quantity

_ i _ — _1 .1
(11.2) ¢y =25 &0 811 ~ 281y 81 T 3 802 8p2 73 8oy
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THEOREM 11.2. Under the assumptions of Theorem 11.1, but now with k = 3,
we have '

Rec.

pe) = - — e +o (82)
Rer' (0)
Rec 2
p*(e) = 2r (1 - (Imc. - ! ImA'(O))E— + 0(82))
w Rer' (0) w
3*(8) = eZR'eclE + 0(82)

where A'(0) = -q(0) g% (0,iw)p (0) and where B*(e) is a characteristic multi-
plier of the bifurcating periodic solution of (9.12).

PROOF. If * iw are the only eigenvalues on the imaginary axis the result

follows from HASSARD & WAN [27, formulas (9), (10), (13)]. If there are

other eigenvalues on the imaginary axis which, however, satisfy the non-
resonance condition (ii) of Theorem 11.1 one can follow the approach of
CRANDALL & RABINOWITZ [7]. This leads at first to formulas which look quite
different. However, some perseverance, some knowledge of the theory of
o.d.e.'s and a lot of paper is all that is needed to rewrite these in the
required form. This is the way we proceeded . Alternatively, one can also
transform the equation into ﬁormal form like in SCHMIDT (42, section 4] and
apply the inverse transformation to his formula for the characteristic

multipliers. See also CHOW & MALLET-PARET [6] and STECH [43]. [

COROLLARY 11.3. Let the assumptions of Theorem 11.2 be satisfied and assume
in addition that

(1) + iw are the only eigenvalues on the imaginary axis
(ii) Rex'(0) > 0 and Rec] # 0.

Then the bifurcating periodic solution is asymptotically orbitally stable
with asymptotic phase as a solution of the o.d.e. (9.12) if and only <if
1) > 0 for small € # 0.

PROOF. The o.d.e. is two—-dimensional and 8 and 1 are the only characteristic
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multipliers corresponding to the linear variational equation associated with

the periodic solution. The result follows for instance from HALE [20, chapter

vil. 0O

By Corollary 9.4 we know that the center manifold is exponentially
attractive if there are no eigenvalues of A in the right half plane (and if
B is bounded). In this situation the stability of the periodic solution in
a full neighbourhood of the origin is in fact determined by the stability
within the center manifold. A very elegant and simj le proof is given by
HASSARD, KAZARINOFF & WAN [39, p. 195-206]. Although the assumptions that
they make are not satisfied here, the proof of this part of their work can
be carried over literally. See also NEGRINI & TESEI [40].

Corollary 11.3 and the remarks above show that the Principle of Ex-

change of Stability holds. (see [7, 41]).

Finally, we shall express c, in terms of p(0),q(0), Fourier transforms

1
of B(0,*) and derivatives of r(0,-).

LEMMA 11.4. Assume k = 3, then

32r 2
gzo = Q(O) —'7 (O’O)P(O)
9X
2 2
8oy = 1(0) == (0,0) PO
90X
82r _—
9X
33r 2
g, = 4(0) == (0,0)(p(0)",p(0)) +
' 9X
2 -1 % azr —
2q(0) 2% (0,0) (»(0),8(0,0)” (1=2(0,0)=3(0)¥(0)) == (0,0) (»(0),p(0))) +
90X h:e

2 _ N 2 2
q(0) 2% (0,0) 3(0),4(0,2iw) L (1-8(0,2i0)-3(2i0)¥(0)) 2% (0,0)p(0)7) .
90X X
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PROOF .
Step 1. Using the definition of g; ij in terms of the Taylor expansion of the
right-hand side of (11.1), the fact that ——-(0 0) = 0 and — BaC 0,0y = a(y),
we find from a straightforward calculatlon the first three 1dent1t1es as well
* 33r 2 ——
8y, = 4(0) —5 (0,0) (»(0) ,p(0)) +
9x
2 2 oC
2q(0) 2 (0 0)(P(0), (0,0) (p("),p(0))) +
3X od
2 2
9 37 al
1(0) == @), —5
9xX 9¢

Step 2. So we have to determine the second term in the expansion of aC(0,¢)
with respect to ¢. From aC(0,¢) = x*(0,¢)(0) and the equation satisfied by

*
x we deduce that

P 2
: °‘ZC 0,0) (¥,>¥,) = ( f (DR B(0,) % (0,0) (a(T(-1)y )0 (T(-1)¥,))dr+
a¢ 0 %

C2
+ f T(0)P, B(0,)25(0,0) (a(T(-)¥,) ,a<T(—r>w2)>dr>.
5h:4
0

Step 3. Next we recall some identities from the linear theory. The formula
fg e_xr T(t)fdt = (AI—-A)_lf holds in general for Re ) sufficiently large,
but also in the particular case that f ¢ X_ and ReA 2 0. Similarly we have

(\I- A)_]f (use a

for ReA < 0 and f € X, the identity fgw e_kTT(T)de
basis for X, and evaluate the integral). Furthermore, we mention that
a((AI- A)_lf) = A(O,x)_] £(\) (see 13, formula (5.5)] or use the identity

above, formula (3.5) and the resolvent equation (3.3)).

Step 4. Combining steps 2 and 3 and using a(T(-T)p) = e—lep(O) and (10.8)

we find
5200 -1 82r 2
¢ a((2ivI- A) " (P_+P)B(0,*) —5 (0,0)p(0)")
3¢ 9x

2
A(O,Ziw) (I A(0,2iw) - @(21w)W(0)) ~(0 0)p(0)2
BX
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iwT

and, using in addition that a(T(—T)E) =e p(0),
BzaC - -1 ~ Bzr -
255 (0,0)(p,p) = £(0,0)” (I 4(0,0) - $(0)¥(0))2%5(0,0) (p(0),p(0)).
o¢ ox

Substitution of these identities into the expression for 891 obtained in

Step 1 yields the desired result. [J

In principle the formula for ¢ is obtained by plugging in the results
of Lemma 11.4 into the definition (11.2). It turns out that some simplifica-

tion is possible.

THEOREM 11.5.

3

¢, = 40 2% (0,0 ((p(0)%,5@) +
0x
‘Bzr -1 azr —
+ q0) 22 0,0 (©, 10,07 - 1 2L (0,0 (p(0),50)))
X 90X
2 2
+ 300) 25 (0,003, (4(0,2iw) " - DEL (0,00p(%).
90X 9x

PROOF. The identity

_— l —_—

= - 28, 8 - ) =
20 820811 811811 3 802802

2 2
1(0) 2% (0,0)((0),4(0,0)”" (0)¥(0) <5 (0,0) (»(0),5(0))) +
0x 90X
2 L 2
19(0) 220,00 G, 2(0,2iw)”" B2iw¥(©) 2L (0,0)p(0)?)
X ox

is a straightforward consequence of the definition (10.6), the formulae

5O = (-iw) 1A0,)p(0), B = (+iw) 140,15 (0)

and Lemma 11.4. [
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12. AN INTERESTING EQUATION

Let

B](T)

and let BZ(T) be a nonnegative L2—function with support contained in [0,1]
and such that fé Bz(T)dT = ]T The equation

1 1
(12.1) y(t) = v(1 - f Bl(r)y(t-T)dT) f B, (1)y(t-1)dr

0 0
arises from a model for the spread, in a closed population, of an infec-
tious disease which confers only temporary immunity. (see [17, 18, 19]).
Here BZ(T) describes the infectivity of an individual which was infected
T units of time ago and immunity is lost exactly one unit of time after
infection. The constant vy is proportional to the total population size.

The equation admits the constant solutions

= - -1
y1=0’y2=1_Y-

For 0 <y < 1, §] is stable and ;2 is unstable. As y passes through one,
(i.e., as the population size reaches a critical value) the endemic state Yo
becomes positive and at the same time it takes over the stability of the
state ;1 in which the disease is absent from the population. This is the
well-known threshold phenomenon.

In [17] the question was posed whether or not the endemic state would
retain its stability as y is further increased. The following answer was

found.

THEOREM 12.1. 4s vy Zncreases from one to infinity, exactly as many pairs

of conjugated roots of the characteristic equation

B,(1) + (1-9)B, () = 1
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pass the imaginary axis as there are n € N for which
' 1
bn = J BZ(T)Sln(ZﬂnT)dT > 0.
0
They cross from left to right with a positive velocity, the upper one in

the interval ((2n—1)7,2nw). Moreover, they are simple.

In [18] GRIPENBERG gives a bifurcation theorem which, after some minor
modifications, converts the information of Theorem 12.1 into existence re-
sults for periodic solutions. Similar results are given by CUSHING [9,10, 111].
Gripenberg also gives a formula for the direction of bifurcation and he shows
how this direction is related to the modulus of a quantity which may be inter-
preted as a Floquet multiplier.

We shall now demonstrate how the problem (12.1) fits into the framework
of this paper. We are interested in the behaviour near the constant solution
;2, so we introduce z =y - ;2 and we rewrite (12.1) as

1 1
(12.2) z(t) = (l—y) f B](T)Z(t—T)dT + J BZ(T)Z(t-T)dT
0 0

1 1
-y f B](T)z(t—T)dT [ BZ(T)Z(t—T)dT.
0 0

Next we introduce

1

xl(t) = (1-vy) f BI(T)Z(t-T)dT
(12.3) 1 0
xz(t) = J BZ(T)Z(t-T)dT
0

and we find, using
(12.8)  2(6) = x,(8) + x,(8) = y(1-1) "' x (B, (£)

that (12.2) is equivalent to the two-system
1

(12.5) x(t) = f B(y,T)g(y,x(t-1))dr
0
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with
: ' (1-y)B (1-y)B
(12.6)  B(y,1) =( ! a
B, B,
and
X X. X
(12.7)  g(r,%) =( ’)- a-n™ (2 )
x2 N x]x2

(Note that the representation by a system is not unique but that this does
not influence the chain of reasoning). A simple calculation shows that the
characteristic equation associated with the constant solution x = 0 is pre-
cisely the one in Theorem 12.1.

If b_ > 0 for some n ¢ IN we are in a position to apply Theorem 11.1.
Unfortunately, it is not known whether pairs can pass the imaginary axis simul-

"in resonance" (i.e., such that condition (ii) of Theorem 11.1

taneously and
is not satisfied). However, if some pairs pass simultaneously, the largest
one satisfies the non-resonance condition (note that at most finitely many
roots can pass simultaneously) and Theorem 11.1 yields the existence and
uniqueness of a bifurcating periodic solution (with initial period in the
interval (n_l,(n—%)_])). We conclude that at least one periodic solution
bifurcates if at least one bn\> 0 and that countably many periodic solutions
bifurcate if countably many bn > 0 (note that all bn > 0, if, for instance,
B, is decreasing).

Theorem 11.2 applies as well and Re A'(0) is always positive by Theorem

12.1. So it is useful to evaluate the expression for c, given in Theorem

1
11.5. Some straightforward calculations lead to

(12.8) c, = YZ{ ! (ﬁ

_ _ (iw)ﬁl(zim)iﬁz(iw)|2 +
1—(1—Y)B1(2iw)—32(21w)

1
ﬁz(im)ﬁz(Zim)lﬁl(iw)lz) +

(1:1)2 (Iﬁz(iw)lz'Re B, (iw) (B, (iw) + g1(1“)/51(0))} "
I

- (1-Y)B} (iw) - B, (iw)
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Using the identification b0 = y-1, A= Bl’ a = B2 we conclude that (12.8)

and formula (2.18) in GRIPENBERG [ 18] are related by c, = iyzc(w). As a

1
consequence the expressions for the second Taylor coefficient of the charac~
teristic exponents differ by a positive factor (due to the different para-

metrizations; besides we think that a factor 2 dropped off in the formula for

$(O) below (4.17) in [181).
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