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stelt 1-1 cer krﬂnme in Jf?voor ent is cen par ameter op die kromme,
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De geocdeticehe lijnen hangen dus alleen af van ifx). Wordt een nieuwe
parareter 4. ingevoerd
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‘Lhect dan cen sffine pars smeter van de geodetische lijn., De algeme-
ne oploccins von (A.1.6) heeft de vorm

r
A,1.8) 7 o= C £ dt + 42_ JC»‘:rLOJc}k constanten

¢

en de¢ 2fiine parzmeter is dus vastgelegd op de plaats van het nul-
punt en ccn constante factor ne. Je affine parameter stelt onz dus
in steot ven segmenten op écén geodetische lijn een “lengte'..verhou-
ding invariznt vast te lcggcn.

¥en kan vragen de f-k zo te trancformeren dat gzodetlsche 1ij-
nen gc.em.tlc ch blijven, btel dat {;,,\»F ?\+B‘}‘ net Tfu)\} 0.
Dan mortTj A cen affinor zijn (volgt uit de transformatiewijzc deor
r*x bij ccordinatentraneformat1cs) en blijkens (4.1.3) moct ;elden

M A K
a9y Pt df_,_ /é t(”j?&
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en hieruit volgt dat A dancn alleen dan een affine parametecr voor de
nieuwe ovecrbrenging is wanneer ﬁkdwgkzo in elk punt van de kromme;
dat is dus wennecr F“ de kromme tangecrt, Is de affine paramctcr op
alle gecodstische lijnen invariant bij d¢ transformatic dan is PA:C’

en omgckeerd, Dus: Een symmctrische overbrenging is vasbtgcelegd
door de gecodctische lijnen en de affine paramcters op dezc,

§ 2. Constructie der normaaslcodrdinaten voor ecn punt in f

We nemecn hicr verder aan datd de [TLeenFQH 15(EQ)} ﬁ..gcn F
is vlak of cen £¢llnu16n er codrdinatcnstelsels bestaan waarvoor
f—} = in ieder punt., Het is gemakkelijk in een Fb,ecn gtclscl
te oonctrucren waarvoor fr,A:t) in één cnkel pupt‘gx . Het stclscl
heet dan in éK geodetis cp. Een heel ecnvoudige manier word aangcege-~
ven in D blé? 581). Aan Veblen danken we een algemene methode waar-

bij ook ten aanzien van de afgeleiden van L“a nog aan zekecrc cisen
worcat voldaan.

In n.men we een willckeurige vector f ?Lcu en laten deze
van N-1 paramoters afhangen op zodanigec wijze dat aan elkc richting
1n‘§ éen vector is toegevoegd, Nu denken we ons door % elle geode-
tische lijnan getrokken en kieczen op elk van dezc een afflne para-
metor A zodat in :
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en met bcnulp daarvan kan nbnctslh}lnrg berekecnen
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Door herhaalde differcntiatic van (A.2.2) vindt men zo alle afge-
leidcn in EF 3
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Met behulp van deze afgeleciden kan na in ecn /JZ(t )in cen reok:
worden oztyiki;}d d§K 'g ) 3
: - ‘5K( )'z I (17")7("‘01 +MK My Mg )
A,2,6) g " 'Ztk /g\i /\{é{’ ‘L’“é E §L lg&)}x@é z! Z“

Indien deze reeks convergeert blijkt een puntgvan een 27(§ ) VG-
zeer te worden vastgelegd door WCf als door g . We introddccren nu
een nicuw cobrdinatenstelsel’ ﬁ{)

1) D = cursus differentiaalmectkunde 49-50.
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en nemen voor het gomak E =o . I)an gaat (A 2. 6) over in
k 97‘: {m"’ f‘zl*‘: Jy tl«t“
el S R
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Door diffcrentiatic van (4,2.8) en (4.2.9) verkrijgt men _:_Lg'gk
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Maar nu is de keuzo van het codrdinatenstelsel (K] vrij, Mcn ken

dus, (R) conmeal verkregen zijndc ook van (K) uitgasn cn moct den ne-
tuurlijk in (4.2.8) weer (ﬁ)tcrung&nn. Ook (i.2.5) geldt voor icder
cooralnatcnstulscl dus ook veoor (ﬂ Jen uit (L.2.8) vindt men derhalve
bechalve F i (0)=0 ook

A,2,1
3) IJP i (o) = o

voor allc waarden ven p cn daaruit volgt in verband met dc dcfinitic-
vergdijdg van deze uitdrukkingen ook

7 £
A.Z"“q‘) a(J.Pf' [J_';J.jl‘) =0 voor E =
f
£,2.,15 3 jp‘..B *1‘;‘ =0 voor é = O
Nict alleccn Verwljn(,n dus in ¥%o a%lc. F mair bovendicn ook alle

gesymretrizeerde afgeleiden van de q‘ naar dc 5 van icderc ordce,

Do aldus verkregen codrdinaten (8} heten nasr Veblen (Preoc.Fat,
hcad. 8 (1922) 192-197)dc_normaalcofrdinatcn in H ten opzichte ver
 ¢n_bohorende bij het cosrdinetcnstelsclidzij zijn cen veralgeo-
mening van de¢ door Hiemenn in cen ?/,n geintroducecrde normaselcodrdi-

naten, (Litteretuur Einf. I blz 100). ,
Houdt mcn . vast maar worden de €K getransformecrd in

dan krijgt men ¢Cn ander stclaol(g'} behorende pij (k). In plaate van

(A42.7) komt dan:




4.2.16) g"*""s*’f"x..c Ayl = A &

waarin dc 9& conaztantcn zijn. Ondcrgacn dua dc E ecn willckeurigo
trencfornatic dan ondergacn Ceo ﬁ cen lincairc homognne trensforma-
tic wmet constante coefxiciantcn dic numerick gelijk zijn 2:2n de
wearden van AX in ﬁ

Do normaaLcnoraiﬁatun ten opzichtce vanrg beclden de pun%un

dcﬁ<H in 17(£;)e@neerdui%ﬁg af op de punten van de loealc Cq;V”ﬂ
. Iﬂﬂcah £y 2ijn dcrg recchtlinige coBrdinaten on het punt van
ﬂnhmt %f normealcodrdinatcen ; hocft als boecld het punt met rodlus-
vector in dec F}.

Uit (4.2.11a) volgt dat de maatvectoren wan (k) in £ genenval-
len mel de meatvectoren van (ﬁj. us zijn ook de kentallen van ieder:
g;ggﬁppjg”gg'EK ten opzichte van (xj en(ﬁ) numeriek gelijk, haaruit
volgt echier:

Is _ven een stel getallen 1n’§ bekend dat zij zich bij over-
gang ven ff} tot {ﬁ Ytranformeren als de kentallen van een arootheid
(affinor affinordichtheid) dan zijn deze getallen kentallen van een
-grootheid_wasrven de kentallen t.o. ven (K en (K') numeriek% geliik zijn
aan die $.0,v. (A} en (A) resp.

Van deze eigenschap hebben Veblen en  .Y.Thomas zecr slegant
gebruik gewsakt ter constructie van de z.g. normealaffinoren, De
{nu niet gesymmetrizeerde) afgeleiden'derl}?f
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transformeren zich blijkbaar bij de overgang tot{g7lineair hor.ogeen,
dus als de kentallen van een affinor, Dus zijn de aldus gedefinieerd
groothedenfy inderdaad affinoren. Men lette erop dat in het algemeer

. . A
g ij Jid + (%N, Jrmr dift }§*
Deze normaalafflnoren beborende tot de overbrenging {ﬁh treden 0.&.
cp in de reeksontwikkellng

£4.2,18) % /\/,u, ;’Tgk‘gk' Nk,k,j‘«:ﬁ"‘ L
waarven de eonvergenﬁie door T.Y.Phomas (Invariants of gensralized
spaces, Cambridge 1934 blz. 126) onderzocht is, Uit de definitie volgt
dat icdere normaslaffinor symmetrisch is in de eerste P cn in de
leatgte 2 covariante indices, terwijl/over alle covariante indices
tot nul leidt, menging
Nu hebben we de normaalaffinoren allecn geconstrueerd in
K . Maar hetzelfde kan natuurlijk in elk pun: gedsan worden., Het

bezwaar is alleem dat men dan telkens kertallen t.o.v. cen ander
cobrdinatenstelsel krijgt, nemclijk het stelsel van nornaelcotrd i-
naten t.0.v. d2t bepaalde punt, We willcn liever de kentallen t.0.¥7.
(¥} bebben, Natuurlijk kan men deze berekenen door opvolgende dif-
fercniiatics van ol




4.2.19) l“ H‘“f F Il o pt

naarg y daarbij 'hclkc,na gebruik mekende van (4,211 a,b). Voor het
eenvoudlgstc gevm} vindt men dan in &Kna enig ger@kcu

~h \ vukh
¢cn dus, un nu pelailg voor alle punten in Tf(é k)
- K - K -
A02021) ﬂ".,/u)\ b VI/’}‘ u/wh—?\{;ulﬂ);
Maar deze weg is voor de hogere gevallen zeer lang. Beter gaat het

met boehulp van de kromtegrootheid 7?%}," en hasr covariante afgelei-
den,

§ 3. be nomaalaffinoren en afgeleiden van de kromtcgroothcid,
Asncezicon de i nul zijn iné“ is aldaar (verg. D blz, 55)
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Dasr cchiwxr N(WUM =0 Cn Ny[/u/w = 6 kan N/“;\ uit dezc vergelijking
wordcn onzclost: M

» K
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ce e R K Lo K
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covariesnt dan ontstaat in E

b
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omdat wcer alle termen met l" wegvallen en dus queral

A
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K
4.3.7) \Vhl v/m KN w}/:}/\ J
Gebruik makcnde van Nt’M‘““) =03 l*’ VZ/“" K oon Nv v},)q kan
men wecr [ oplosscn

4.3.8) N;{?M/axx =7 VMP %) A) k——,‘% Vo T\?\)U&MK}
Verdcrop gaat het nict zo genmakkelijk omdat cr dan rcobis

afgeleiden van f: optreden,dic in ) nict nul behoeven te zijn.
We kuwnncn echter toch belangrijke gegevens vcrerjgun amr




de vorm van dc betrckkingen tusscn de N l:”» cn de opvolgende efgo~
leidcen vanp. Algemeen geldt

‘ e K
A.B.g) VyP o VM ‘Rgﬁ), o . a f‘k/g)\ +
k
wearin % staat voor tcrmen dic alleen de |, , on hun afgclciden tot
dc ordc P bevatten, Schrijft men deee vorgelijking t.o.v. (ﬁ) dan
ontstaat

, i " " ‘f}
8300 Y G R = a Mgy T %

en hicr steat % nu voor tormer dic gehool bestran uit oveorschui-
vingen van NS met cen valentic € pa+2.
Gaan wc nu weer terug naar (KY dan komt eor overal

£.3.11) ;vy L GR W z/\/,,,m/,_?,x . ¥ |

De vorm van qz;i'ezr, vergelijlking kan nog procicser omgchreven

wordcn,.ir Laten we N gschrijven voor de normaalaffinor van dc valcntic
@ on R qvco:c' dsc (V-9)- dc covariantc afgclcide van PW,,A . Jan zicn
wij dat Ren R ecnvoudig worden uitgedrukt in N o N [Fesp. laer
in P trccdt bc}halvc f‘/ ook ecen ovorsg{h%iving van N ¢n f‘/ op. In

7
R trceds op N en de overschuiving V1V cnz. als volgt:
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e algemenc regel is dat in R allecn dan ccn term met I\IH

kan optreden indien

h.3.13) V= Ut .ot - A(u-)

en dat cr in zulk cen tcrm prccles U-! overschuivingen VoOIr-
komen c¢n wel zo dat celke N met elke andere [N over ten hoogstc €l
index overschoven is, en dat clke N in ccn product van mccr Ns

in tcnminstc eén overschuiving betrokken is. pr |
pry :
Uit (A.3.11) kan N wcrdun opgelost als functic van R en

!
lagere Ne , Om it te bewijzon merken we op dat in



, een term

e

/ worden omgezet in een som van: een isomeer van R

b oad
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drie soorten termen voorkomcn, zulke met AN aen het eind

£.3.15) ARVRRNEIS
_zulko mct één ¥ in de laatste twce indices

rl N K
4£43,16) N)/P...v,/_rv?\
en termcn met twee V's aan het eind

. . K
A.3.17 Ny . v, A vy
) V" 2/‘-/ (R by

Wegens ‘de symmetric van N in dc cerste p on in deo laatste
2 indiccs doet de plaats der indices er verder nicts toc, Ecn torm
van dc tweodepg‘oort kan met behulp van (4,3.11) wordern omgczet in
een som van: R y;een term van de eerste soort)en termen dic allcon

[
lagerc N's vevatten. Een term van de derde soort kan evenzo/ven de

f
tweede soort en termen met lagere N's , Zet men dan weer dic term
van dc tweede soort om,dan verschijnen tcnslotte in (i.,3.14) de
term (4.3.15) met een zckere cocfficicnt, cen som van isomcren van
|

mot zckerc cocfficientcn ¢n termen met lagerc Nsr. .« Worden

die lagere .ng n¢t’ zo omgezet dan zien we dat tenslotte de . N's xun-
nen worden uitgedrukt volgens een tobel dic er net eender uitziet
als (3.12)

Z2¢y Z=
on o<

. b € 9 Y
4.3.18) N R, RR
7 + 4.5
N R, RR
enz. v
‘dus in het algemeen in termen met R..R en u-r overschuivingen

waarvoor (4.3.13) geldt. De omkering ven (4.3.11) heeft dus de

vorm

i
n | * K 8] — . 'K\ VA i
[\}VP"X))/L{/\ ::OL (Vup"VM’P\yJ/\ /) LA >\ 1‘

4,3,19)
waarin o(() staat voor een polynoom, lineair homogeen in de
isomeren van Vyp,. VV,-RV/MK en waarin % staat voor een asantal ter-
men die elk door (U*/} -voudige ave&‘schuiving en het toevoegen van
een constante coefficicnt uit R.Ir ontstaan, waarbi] Q,f;),,) v, alle
waarden ’ny/‘/ doorlopen dic aan (i.3.13) met ¥ = > +Y4 voldoen,

§ 4, De symmetrische Fr. . |
De kentallen van de /Y ing ten opzichte van {l{) zijn tenslott-

o
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niets anders dan de afgeleiden van de C:f (zelf nul 1n;>)naar de_ %“
Daaruit volgt dat men ult (A.3 19) zeer waardevolle informeties kcn
halen over de funectie J.[é ) in 3ﬁq§)J. Indien b13voorbeeld‘§ens
alle covariante afgelelden van F@ug met oneven valentie in §= nul
zijn, da volgt uit (4.3.19) en (i4.3414) dat alle MNe met eén oneven
valentggégg% zijn, Die met een evenivalentle kunnen nog termen bevat-
ten dle h of twee of meer factoren Ii bevatten, Maar dan volgt uit

(4. 2 18) dat de functie [I{ 1ntf/$h) ven teken verandert indien men

é‘ vervengh door - £ . Dit D tekent echter dat de I, invariant is
voor de uransformatle E --5 of zoals men zegt symmctrisoh is
t. o v, het punt E;L—cj « Inderdaad, eenﬁveld met de veldwaqrd? 1
é heeft na spiegeling aan het puntffg =0 %de veldwaarde -~V 1in
_ER s £2DZ bZlGn een llgnelement d?—clﬂ 21oh spicgclt in een
llanelemcnu ~d§ in ._5 volgt dat cl! 1n 5 zich spiegclt in een
vector met te@engesteld teken 1n--é1

Omgekeerd, is de H 1qﬁezo zin symmetrisch t.,0.v. g“ den moeten
blijkens (4.2,18) de H<, met oneven valentiec nul zijn in § en uit
(4¢3.12) volgt dan dat ook alle covariante afgeleiden van 7ﬂwh” met
oneven valentie aldaar nul 213n‘

Is ecn ﬁ% symmetrisch t,0.v. alle punten in een 27{#) dan
volgt hicruit dat dit dan en alleen dan mogelijk is indien de afge-
leiden ven R met oneven valentie in alle punten nul zijn, Mear
dit is allcen mogelijk indien alle afgeleiden van [Y overal nul wor-
den, Een dergelijke Hn heet Symmetrisch, Duss:

. .—/-'v-'K
Len anﬁ dan en allcen dan symmetrisch indien /euuh

covariznt constant is.

'd
§ 5. De_reductiestellingen in F%1.
Het proces dat geleid heeft van de Gﬁz tot de normasalaffinoren
‘werd .door Veblen en 7,Y.Thomas (The Gecometry of paths, Trans, um,
Math.Soci 25 (1923) 551 - 608) ook toegepast op een willekeurige
grootheid, Stel dgt we van de een of andere grootheid (affinor of
affinordichtheid) de kentallen hebben gevonden t.o.v. (F) Leat de-
ze gesymbolizecrd worden door , iaarbij we alle indices ondcrdruk-
ken, Den zullen de afgeleiden

L,5.1) ;{43 c% enz.

in het punt é* 21ch}%13 de overgang van () tot(%ﬁ}tramsformoren als

de kentallen’van grootheden. We hebben boven al gezien dat zij dan
inderdazd kentallen van grootheden zijn. Wij nocmen deze grootheden
de eerste, tweede cnz, normelc afgelcide van CP (bij V.éen Th, ex=—

~ . EK iy eyt
tension)., De normalc afgeleciden vormen velden daar men 5 rillckeuriy
kan verplaatscn, Men lettc er op dat dc UJH)~de normale afgclcide
niet gelijk is aan de normelc afgelcide z?n dg P~de efgclcidc, De
normalc afgeleiden worden genotccrd met YL"QQU“’ enz, De ccrste

¥

normale afgeleide is gelijk aan dc gewone covariante afgclcide, b.vV,
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4,5,2) V,UN'::: /,fé Vifu"' = Hﬂﬁ DJU = Hﬁ& {7}"” = ?;u r

Magr voor &c hogerc normale afgulciden gest 4it nict meer op, b,.v.
geldt in §¥
oD

K ‘mli 4
b gt AT
—4
4,5.3) "}'g(r) ), vhew r) I ;)
Y K AN - K

/":&/"o /U/y”‘a
en om@et de unitkomst de invarisntc vorm hceft geldt zij oversl,

Op deze wijze kunnen alle coveriente efgeleiden wordon uitse-
drukt in normale afgelciden ven dezclfde on logere ordce onm horasol-
affinoren wet cen velecntic dic tem hoogste gelijk is eon 2 4 do
ordc ven diffcrentiastic, Omgekeerd kunnen cvenzecr Je nornle ¢ fge-
leiden worden uitgedrukt in coveriente efgelciden van dezelfdc on
legere orde cn normaslaffinoren met ccn velentic niet hoger dan
2 ¢ 4c orac van differentietic,

N:ﬁuurk?jk kunnen in beide gevallen de ffS wecr wor ¢n ultge-
drukt in F?édaﬁan zijn covariante afgelciden, Men kan hicrvean helc
tabellen ontwerpen cn bij Veblen cn Thomes vindt men cnkelec van de
tebellin, Zondcr dic tebellen te kennen kan men nu cchtcr 21lecn
uit het foit dat deze omzettingen mogelijk zijn belengrijl. conclu-
sics trcklen toen fanzicn van de diffecrontianl comitanten van con
overbronzing CLA .
o~ Ic cr cen overbrunging C;A met 6;27-— 0 gegeven ci beatact
cr een grootheid (affinor of afflnordichtheid) waarvan Ge kerhiellen
zich laten uitdrukken in de E;;.en hun afgeleiden tot de orde B den
heet die grootheid een differentiseclcomitante van de orde P vin de
overurensing. F?%“A is b.,v., een differentiaclcomitante von ce orde
1. We beschouwen meestal alleen die comitantern wier kentallen zich

algebreisch in de 6;§en hun afgeleiden loter uitdrukken, Is een
differertiaclcomitante een scalar of scalaire dichtheid den cpreekt
men dikwijls van absolute differentiszlinvarisnt resp. relatieve
differentizelinvariant,

de gebruiken nu het cobrdinatenstelsel ﬁj voor enig punt é”
en dru'iten ge kentallen van een lfferantlaalcamltant% t.0.v, N}
uit in de F en hun afgelciden. In het punt E is QJ‘ = 0 en kan
men de oavolbende afgeleiden vervangen door bTOHunédfn N . Aangezicn
dit voor ieder punt kan worden gedaan heeft men nu ook d¢ kunbellern
van de coamitantc t.o0.v. (k) uitgedrukt in de (K)-=kentall.n ven dc

N's o Jcze kunnen cchterwor worden ultgedrukt in de (W-kentellen

van R ¢ zijn covariante afgceleiden. learuit volgt de cerelbc redue-
tiestolling

alle differentiaclcomitentin van de ordc P ve.. cin &/ avcy;gﬁv“h




X
geleoiden tot _on met de_orde p-/ .

Ig cr in een f, ecn stcl groothcden e{;,,‘,,qﬁm(i‘ndices onder-
drukt) gegeven, en is cr cen frootheid waarvan de kentallen zich
latcn uitdrukken in

le, de 1;% en hun afgcloiden tot zckere orde

2e, dec kentallen der c_%)'s cn hun afgeleiden tot zeckere orde

. [ S Wbt

l}’}i ¢n de velden 4’p~-,¢m* Mecestal beschouwen we weer comitanten
wicr kcntallon zich algebraisch in de aangegeven ar umcrnten laten
uitdrukken, We nemen cerst weer het cobrdinatenstelscl (ﬁj t.0.7.

en drukien de [f) ~kentallen van de comitentc ait in do F ¢, hun
afg.lciden, dc {R}—-kcntallcn der C}D’s en hun afgcleiden, In het punt
(E,“ vervangcen we na weer de afgeleiden der f—f door opvolgendc
rf‘s en dec afgcleiden der d)'s door normelc afgeleiden der d‘s-'._& » Jaarop
gaan wc ocr over tobt het algemene stelsel (k) en hebben dan de (k)=
kentallcn van de comitante uitgedrukt in [K) ~kentallen van dc N
de Cf>’s n de normale afgeleiden van de 4)'5 . De N'c kunnen weer wor-

den ongezet in R cn zijn afgcleiden en de normalce afgeleiden van de
c})'s kunnen worden uitgedrukt in de covariantce afgeleiden ven de

d)'s cn R wet zijn afgeleiden, Daarmede is de tweede reducticstelling
bewczens:

Alle differentiaalcomitanten vean cen symmetrischc_overbr.nsing
en cen santal vclden c}),,...,djm (indices omderdrukt) zijn gewone col !l
tantcn ven de velden R,¢,. ¢  ¢n hun covaeriante afgelcidcn,

Is Q;h} 0 dan behocven we alleen 5),',;“: f;f% to beschouwen
als een van de gegeven velden, Daarmede hebben we dan de derde re-
ducticstelling .

Allc diffcrenticalcomitanten van eccn_algemenc overbroensing en
een santal velden &,,. . dn(indices onderdrukt) zijn gewone comitan—

ten van do velden Loa (de krombegrootheid voor de symnetrische
overbronging ’;k)-z @3) )y S50, b ¢n_han coverisntc efpeleis
den met botrekking tot de overbrenging [uh .

Hicruit lcidt men weer gemakkelijk afs
Alle diffcrentimalcomitanten van cen algemenc overbrenging on cen
sanial vclden cb,, : d’m {indicecs onderdrukt) zijn gewonc conitanten
van de veléen Ryx", Sua " .-, Prion han covariante afgoleideny
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W et 4 s Mot s

§ 1 N, Groeven, Onder een groep wordt een verzameling van clementen
HD.C,.. verstaan waarvoor een 'vermenigvuldiging' is gedefinieerd zo-

danig dat

1. het prdduot van twee elementen steeds weer tot de verzameling be-

hoorts

2. er een element ,de ecenheid,bestaat zodat

1N, 1) JH =H7= A

~voor icdere Aj »

3. er tot elk element H een invers element A bestaat;
1 N. 2) AR = AR
4, de associatieve wet geldt

1 N. 3) (AB)C = H{(rc)

Zijn de elementen transformaties dan is J de identieke transformatie
en (4) is venzelf vervuld.
Enige definities:
a) Abelsche groep: HEB =BA ;
b) Ondergroep 14 van groep {i is een groep 1/7 waarvan alle ele-

nenten elementen van {% zijn, en waar dezelfde “productide--
finitie geldt; ‘

¢) Homoloog heten twee elemgp’cen H en 9' indien er een element
R bvestaat zodat A =REAR

a) Twee ondergroepen heten hoioloogz wanneer zij door B;”%’ ,en
B...P in elkaar overgevoerd worden. Symbool /- //7':,7)177.3;

e) Een ondergrocp /¥ is invarient inf] indien 4 = HIULH voor

icdere H 3 (een andere neaam is normazldeler)

) é} en CZ’ heten isomorph wan- B .
neer &r een correspondentie tussen /N.P C,. en H’;Bifj....bestaai
zodat als H bij A en B’ bij B behoort, steeds HB' bij
RPB  vehoort. De isomorphie heet holoddrisch als de corres-

pondentie één-8énduidig is en anders meroddrisch.

(Dikwijls worden in deze betekenissen ook de ’bermex?j%ﬁ_og_ orvh]
resp. homomorphie gebruikt.)
Enige eigenschappen: '

1) Ondergroep van onderzrodp van 00] is ondergroep van & $

2) Doorsnede van twee ondergroepen van 4 is ondergroep van/’] ;

3) Doorsnede van twee ing invariante ondergroencn is in %inva—-
riante ondergroep; (

4) Invariante ondergroep van invariante ondergroep van /}7 is in het

algemeen geen invariante ondergroep van ﬁ] .
el
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Voorbeelden:

(1. Permutaties van 2 dingen (2 elementen)

2. Permutaties van 3 dingen (6 elementen),
ein- holo&drisch isomorph met de groep der 6 transformaties van 1
dig variabele

‘ ’X::.X;'X::T%‘.;;'x:%}‘-;'x-:;%";'X-;.i*)’ ’7::-;?—‘_-7

3. Draaiingen om een npunt in een vlak. ~' elensnten afthankelijk
van 1 paraneter;

ein- 4., Bewegingen in een vlak, 3 nparameters;

dig |5. Draaiingen om een punt in de ruimte. 3 paramcters:

con- {6, Bewegingen in de ruimte, 6 parameters;

tim T. Projectieve transforuaties
in 1ijn 3 parameters
in vlak 8 parameters
§ in ruimte 15 parameters

In deze eindige continue groepen laat zich iedere transforuatie
vanuit de identieke transformatie bereilen door continue verande--
ring der parameters. In de gemengde continue groepen kan dit nict,
voorbeceld:

{ g - o L
8. Draaiingen om cen punt in cen vlak en spiegelingen aan cer liin

geom door dat punt, 2 definitdovergelijkingen elk et 1 paremeter:
mengd '
con— Yo om XOChLo 4 " st o
tinu ‘
'lf = F X%rha & y ceg of
De transformaties van een oncindige transforuatierroep laten zich
nict mct behulp van een eindig acntal parameter wastleggen., Voorb.:
9. g
4 o .",*/ Dr
on~ r =iy lox 7y
33..1‘1- H Dy \? = O
i ’ oy, ‘ L 72 PRy
g y =gy o ¥y
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§ 1. Finite continuous groups.

An . - parametrical finite continuous group in the sense of Lie
is a set of elements between which a "multiplication" is defined and that
satifies the following conditions.

a) The elements are in one-to-one corrcsoondence with the points
of an }?[ 2*’\ in an ’< with the coordinates 'lix"‘ x= 1,7

b) If the d.ement T belonge to 1;"" and Tu to C' the product
7;)-;,74,73 belongs to the set and the 0% are conbinuous (or analytic)
functions of the 'r[ and t”

¢) There is an elemc,n‘b 'Cf called "unity" corresponding to 32
such that 1. (n = TQ - T for every choice ofT .
__ 4) To every To, there belong“ an clement T, such that
Ly T- E Ta;: . Its coordinates are continuous (or analytic) funct-
ions of the ')‘z“ .

e) [T T; Q*T*‘;/TETA)

The elements are often transformations in 71 wvariables but this
is not necessary. From the definition we scc that only elements of the
group are considered in a neighbourhood of unity. This neighbourhood is
often called the group germ (Gruppenkeim).

We identify cach element with its corresponding point in )('z
This X, is called group space. _

To cvery pair of clements S, 7 +there belong two elements T4a

and 57 T . Two pairs &, T and &, T, are called

X en

L

-}

-
[

— e b

(+) - equipollent if 1 o = [, &
(=) - equipollent if &1 = &

From ‘chis we got the following deductions:
1. If 5., T, ;5,7 are (+)-cquipollent three of these transformations
determine the fourth uniquelys
2. If 5, T ;4,T, and 5, T,; % T, are (+)-cquipollent, the same holds for
S'-Ti 53 -T.'} i
3. If $.7;5,T, and T,U{ ;T ,l4 are (+)-equipollent the same holds for
5;”; 5.;“. H
4. If 5, TS Lare (+)-equipollent, then =,,%,; T,,7, are (F)-equipol--
lentg




I , 2

QY(Tj can always be mapned on an 97(r such thau 'E' is the image
~of ], and that all pointpairs of FUT) are mepped (+)-cquipollent
on the pointpairs of 37(1) ;o on FUT,) T, ) T )
6. If (?7(1} is mapped in the same way; we get the same result as by
mapping #7(T,) on Ty} in the sane way.

If a pointpair 7- hy+d7 is given there exists for every choice
of 147 in an ?/7q}) a (+)-equ1pollcnt p01ntpa1r'T% iq+d7 . Hence,
using for instance the (+)-equipollence we get for every choicec of a
vector V*dt in ?&d we get a vectorfield ¥’al in ??(z,) . That means
that the (+)-equipollence fixes a displacement (III § 2) for contra-
variant vectors in ’97(2“) . According to the conditions 1, 2, 3, 5
and 6 this displaccment or connection is linear in the sense defined
in III § 2 and its paramcters f;; can be easily computed by using "
linearlyindependent (+)-equipollent vectorfields. In the same way the
(~)~equipollence gives rise to another linear connection with parameters

ﬁ; . The curvature affinorsof both connections vanish because in both
cages there exist % 1inearly 1ndependent covariant constant vectorfields

- *
’\\... ¢ -—-é'
1.1) /Ys(mu = \'[ f{ + A %’;; %’]'3 =0
The connecaonsare 1n general not symmetric.
> a?
1.2) SZ{/S - [_EX{))] _-r_/)

If a curve contains a pointpair R,S and the first point T of a
(+)-equipollent pointnair T, U , it may happen that it contains also
the point (4 . If this is the case for every choice of R, S and T +the
curve is said to be a (+)-geodesic. In the same way (-)-geodesics can bz
defined., If a (+)-geodesic contains | and VT it contains also vt ,

‘VgT .ete, Taking v infinitesimally different from J we see, that a
(+)—geode81c is identical with a geodesic of the connex1on. fﬂz and

that for every choice of V' the points T, ¥ T, vT1.1 T etc. have the same
distance if measured by means of an affine parameter on the geodcsic

(of. III § 6). Now if we take YT -TW it follows that V' T=TU?* ete.
But this implies that a (+)-geodesic is also a (-)-geodesic and that the
affine parameters for the (+)-connexion and for the (-)-connexion are
the same, Using this parameter the equation of the geodic must have the
form

L C{QJ &
1.3) d———% -+ 13/5 Z cfdﬁz" = O

and from this it follows that
) & Aet

1.4) 3/5 F)’M = }(“z}

are the parametersof a symmetric connection that can be obtained by syum-
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metrizing the (+)wconnection of the (-)-connexion. This third connection
is in general not integrable and its curvation affinor )

- o ek
1’5) \ P{‘;J,b - A \){V r{l + ILMJ ]

i/

plays an important role.

If in % we fix local measuring vectors g’; 36; a b=1, .
these vectors can be disvlaced (+)-parallel to all 901nts of XN . Then we

’

get in X, a new coordinatcsystem («), that is in general non holonomic and
for which

x - 3G X a
The gﬁ are (+)-constant (= covariant constant for the (+)-conncction),
hence
T q X Tx e

1.7) a = %e—;ﬁ:}}'frgﬂ_ylxﬁ € o
and

e e e e e

a . a Y 4 | : e t‘.\ G
138) (}L’Xt"ﬁ} = _._7% ch ':,)/ Q/S ! N Cg/ :’:;M&C;)Q‘q
L
~ A ;

In the same way a (-)-parallcl system ¢ ;¢ ; R, "% can be
introduced., Then we get another non holonomic coordinate system (A) with
1'9) R 4 x 1A A
and

} A § a2 A ewf A
1 b, e — 4 ¢ el M ¢
110) i Ly =pl =~/ Cep Sf g »oTen Yo .

Now we will prove that the ( and el are constants
The equation

1,11) T T

represents a transformation of the elements of the group by which a
one-~to~one correspondencc between the clements and their transforms is

fixed., If for |l =221 Clemente amo +olen we get a group of eclement trans-
formations, the first parameter-group and the transcuszetians of this

Jroup are in one-to-one correspondence with the elements of the originai
group. For the trunsformatlons of the group the following oropositions
can be proved easily:

a. If 5 7 1is transformed into %, T, the peirs $,7,S.7T are
(-)-equipol7ent and the pairs &,'%; 7,7 are (+)-ecquipollent.
b, If §,.7,;5,7, are (x)-equipollent their transforms arc also (+)-.

equlpollcnt,



4
The inversions of these propcsitions are alsgo

In the samec way starting from the transformation ?-\ lthe second
parameter group can be obtained. For this group the samnc holds as for

the first group if (+) is changed into (F).
. “.-»7,\Tu

Su - ”'\“ \
Vo)

\’—'4_“' |

|

——— e VT o-—‘—"l T
g * —

For every choice of £ and dt +the fielda £ cdt is (+)-constant,

/

Us

nence the pointpairs 7 n +ec# are all (+)- equlpoll=nt In the sane
way the pointpairs %%, % +(¢4t arc all (~)-equipollent. Hence the
transformation 77*~ " »eﬁﬁ is & transformation of the first oarameter
group (inversion of (a)) that leaves invariant the fields %
%4

tion (b)) (and of course %5 ) and in the same way #"- +¢%t belongs

o

(proposi-

to the .second parameter group and lecaves invariant ?” and Zr .

A »
Thet means that the Lie derivatives of g"anﬁ. €, with respect to g’
and those of %“ and éﬁ with respect to gu vanishs:
1.12) Y Yy o n Tx 4

- . .’) eq_‘ _;'ra _‘.xQ( - ___e [ q‘:‘~ - __.)’ Ir_—! H
O = % ' 5 7 i 4 & S /I
or .
+ —
-0 _ """"yn —
113 o=
and consequently +
g TSR
1.14—) ~-1J//5 = - ~—’:/x/$
From (1.4) and (1.13) it follows that
+ -
1.15) AN R
4/4 - )n':ﬁ, T /4,‘:
hence, for every quantity q; (indices suponressed)
- - s ~

1. l6) 2 %(}_—\ — \/!/4:1 + \/7, & »

+ / L oL ES

e Q[ o BRI} *
For -2 E&g equal to +2 5" we write from now on also COLt =0
By mixing over gh/ we get once more (1.4)

Exercise, If QP symbolizes the Lie derivative with respect to ‘?“ ’

prove that:

fq‘

):.fi

/4

I

(%3 .
If the fields €y are invariant for the transformations %“at
(8
the same must hold for the rotations Z&Q’QA} - Hence anply:mO the

general formula for the Lie derivative {D p.47 (7.16 - 21) | we get



!

b Q c b « N C \ £ P ,"\ f
X Y ~ - o¢ i ? e e
‘é CI(;\ C‘.\) \...[}, (?.',',_‘ - ‘ch {}CR ([\ j,, t’_,\ -+ ’(,) C(}/ Cﬁ <3 +
a6y Y e < 8
+C ¢ e’é‘ eﬁ [d'ﬁ + £ L‘,}' &‘f‘ ‘j/} %2 =a
. . o . )
or, because of the vanishing of the Lie derivatives of Zp . with respcct

to €*
8 S .
1.18) )ob Ct(_l} =6,
: -
In the same way it can be proved that the ¢,, are constants. If for
convenicnce we take the local coordinate systeas (a) and (A) in '2“
identical we have in that point

Yo A .
1.1 A * = . *-~n cbA [ -8 neb a
9) ILCAB = g = + A SCB :CR a ~)CL7 = - £ oo ('k)"
hence
t. A ehA _a
1.20) Cop =-dcpa €5y )

in all points because of the constancy of these parameters. The quentity
ES?A“ has the remarkable property that its components with respect to

(@) have the same values in all points of X, and that the same holds

o LY

for its components with respect to (A). Because all cémponents {"oh

and lcg vanish it follows that
t

1.21) [ :7 ~ o t...y
V ...)(yﬂ = ‘V(Ks ”1 = VJ‘ 53,/? = QO

Apart from any considerations about grouns we ask now whether it is
possible to have in an Xy a non-holonomic system (4) with mcasuring

- a . . . =3
vectors ;W ; €, satisfying equations of the form

) a < £
1.22) e B = - C‘._:h é&,eﬂ ’ C(fb’ =0,
with J;7¢z-1)  given (not nccessarily constant) coefficients & .

ch
Necessary and sufficient conditions are that  the integrability conditions

of (1.22) are satisfied:

N
¢ = (I S "V‘-/']"' ¢ (e ;) S T
-23) + 2 ey =(d; d s B
| “ch e ) ,3] =% G b]}e' -Areﬂ*
} . ol EaEN
~/X C_‘ 'ee[p J +C’(;\'C ¢ é[/y A‘:‘é’ Bd‘:{c:ll-.{;’:"
or
‘ o .
1024) b[:d ('46_7 + 'EelfC C’_é}s =



If these conditions are Satleleg“lf the :g are regular in a

point 4, ,to every set of vectors cE_“ é‘;,& there cxist fields in an
%{4)”‘*) satisfying (1.22). ' |
: Secondly we ask, whether thcre exists an infinitesimal transforma-
tion A dt leaying the fields 6(/3 invariant., Necessary and sufficient
cbndit‘ions are that the Lie derivatives of the é",f; with respect fo

o« 3
¥ vanish:

S ot @ "
1.25) O= 4r’)’<)i€4 + (3/}, C}q’)' -
/ 4
boe oo £
= -1 C}’QC.( e'(},gﬁ t i [t _{)
oxr
— 3 ’b"a = CF -z,"ff

The integrability conditions of these equations
. qgf Lo g 8
Q.—_(}q,'cm;/)q 3_7 + c,/ (/ J+Cc£ o =
1.27)

P

a d ¢ e . c 4 { o
:{Bd<°,g)v‘e[//,%]+ccgtdéf} e[r/,ﬂ, 4l Cae v Sy =

'\ «@ , @ . € } i L £
= [’ C/r//J; "/1 c( "/c‘-/l ec Ldﬁ / Cete (cgl v e(}j’é
and these condiftions must be identically satisfied if A independent
solutiona exist. Hence we have as necessary and sufficient conditions
from (1.24)

I

& S o e A
1.28) Ad Cog T 0 Cpy ™ [}5 ¢ e == E Cf"ff C"{]E
and from (1.27)

&,

1.29) Ug C'ﬂ’e —-K/ c«‘(’ = =3 [_"f;/f “Lre

But we see immediately that these conditions are equivalent to

-—,.‘ V : - _._.i
1.30) a) e, = constent ! b\)cfde 5'4?@ S

If these conditions are satisfied, to every set of V',‘,l{leS 7% in a given
point of X, there exists a solution velid in an "97/7 ). If 4 inde-
pendent solutions are chosen as the contravariant measuring vectors

g“‘ s B=y, .o - of some in general non-holonomic coordinate system
(A), we have from (1.25)

[~
1.31 A _ ey, E

and accordingly



, . L .
1.32) ((’\Z’B‘é)() &, = .,,a-’f(a’ré;)eaeg

or |
1.33) | ) (3/3 é‘x e ?ied/ C)D( 2}6
hence
. \ /l; 7 A H

1034‘) E/‘ /y_, — /1:{. (é ,f/ /3 (:( Q(’\
or

,g R :4 —- ‘ " E
1-35) % \) = -::, I:‘};} _L. >

| %y Caj 4' “n pyejﬁ

i
The fields < being invarient for the transformations

o - . . .
§ s the fields §“ are invariant as well, Hence the Lie derivative
of 5“ with respect to «* vanishes:
/ B

1.36) D WP e
$70 g ~ 870 8" =

and this has as a consequence that the fields &% anad 5% are inva-
riant for the tranfformations g“d% . But we know already that T in-
dependent fields € satisfying (1.35) and invariant for % 1ndenen—
dent infinitesimal transformations can only exist if the fg% ' are

constants satisfying the equation

1.37) ! £ v A
Cree C@E =

. . R .
Now if we choose the measuring veetors § in such a way
. . . X . . .- . 5
that they coineide with the the E in any arbitrarily chosen point of

XQ we have in that point A7 =// and accordingly
1,38) a A mr/ A Loy
en ‘cge Ccf

But then the same equation holds in all points of X, becaus~
the %ﬁ3 are constant. Accordingly also (1.37) holds, as a consequence
of {(1.30 b) and (1.38)., Note that there is a difference between the

Xh considered here and a group swace because in this latter space one
point corresponding to the identical transformation is Tixed.

After this intermezzo on sets of vectorfields in XH‘ return-
ing to group@pace and the first and second paraneter group, we way ask
whether A &1t represents an infinitesimal transformation of the fixr
parametric éroup. Necessary and sufficient is the.invariance of the
fields EM .

é *\ : x
1:39) Yot



But this equation can only be valid if the f are constants,
In group theory it is usual to introduce the operator H/ ﬁ
as a symbol for instance f for the infinitesimal tramsformation
Ny — % +§,°‘di‘ . For the operator M, fp . Hg . always [H, Hé)
(without a comma) is written. Because of

1.40) e =-retel oy €q =1 e¥e

<
it follows that
14 1-‘ ' : . }
41) | (FL “Z} = Hﬂ;
and in the same way it i1s proved that for the second pargmetric group

1.42) ( \,.

o e = WG R dyh

c& A
The equations (1.41, 42) are called the structural formulae
after Lie of the first and second parameter group. Cartan called

(1.8, 10) the structural formulae of these groups. These latter formu~

lae were established first by Mﬁauz*er1 . Lie starts from infinitesimal
transformations and this is the reason why he looks at the matter from
the contravariant side. On the contrary Cartan starts from systems of
Pfaffians and his point of view is therefore entirely covariant. The
rather fine dualism between the two points of view was pointed out by
Cartan.

We gather.the following results:

An (- paramctrical group being given, there exist in group
space two anholonomic coordinatesystems (&) and (A), satisfying the
equations (1.8), (1.35), (1.41), (1.42) and (1,30). There arc two
groups of point transformations in ‘Xi , the two parametrical groups,
whose transformations are in one-to-one correspondance with the trans-
formations of the given group. The first leaves invariant the fields
of measuring vectors of (A) and the second those of (a).

Conversely &q%u—t) constants C§} = (@gflbeing given
satisfying (1.30 b), it is always possible to construct in an arbitrary

Xh an’ anholonomic system () satisfying (1.8) and (1.41) and another
anholonomic system (A) satisfying (1.35) and (1.42). The sz& are the
symbols of infinitesimal transformations of a group of point transfor-
mations in X, leaving invariant the fields of measuring vectors of (A)
and the same holds for the H; , ~with respect to the measuring vector
of (t1). The transformations of these groups can be brought into one-to-
one correspondence in an infinite number of ways.

Besides the two parameter-groups there is a third transfor-
mation group connected with every group. The equation

1) Maurer, 1888,
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1.43) T Uty

represents a transformatiom of the elements T-of the group, If for
(A 21l elements are taken we get a group called the adjoint group of
the given group. Because of

1.44) VUTH T = (ru) 7w

this group and the given group are isomorph but the isomorphy need not
be holo&dric. In fact, two elements U, and [, may exist such that

1.45) W, TUS = U, T

This is the case if and only if there exists besides j another ele-
ment that is commutative with respect to every element of the group.
All elements of this kind form an invariant subgroup called the contre
of the group .

Let C be such an element, then the trandformation ({ | O
of the adjoint group corresponds not only to U but also to CH .,

A transformation of the adjoint group transforms every sub-
group into a2 homologous subgroup that is identical with the original
one if and only if this subgroup is invariant,
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Als voorbeeld nemen we een transformatiegroep, de groep der

homogene lineairc puntiransformaties in een &,
1.45 a)

K o
'x nT AX*

K . .
De T.;\ zijn de parameters der transformatie dus is el
De parasmetergrocven zijn

- fe x ‘ ‘
eerste: ‘T. A= ,/1,{,7”":';\ tweede: Tf,\ = T’f/: U“’,’ A

Zij zijn holoddrisch isomorph met de groep.
Do geadjungeerde groep is

' -
1.45 b) “T?A:;Hff 7o Uty

aangezien X Q’\ voor iedere X commutatief is met icdere transformatic
van de groep correspondcert de transformatie (1.45 b) zowel met het
element ‘?i',";*van de groep als ook met alle elementen & U ‘TA . De iso-
morphie is dus mero&drisch. Een infinitesimale transformetie van de
cerste (tweede) paramctergroep is van de vorm

eerste: T, = (’H,&;*Hfﬁ rif‘)T’.Q,\ = T%, s U"f/, TC, A4t
1»4'5 C) . < p
tweede: 'Tk,\:T.;\+T.f21_,\d7",

en een infinitesimale transformatiec van de geadjungeerde groep hecft de
vorm
'K b : £ o g €

1.45 a) .
= TTL + {'“k,qrﬁr ~T’,‘,, p“p o )CH



§ 2. Finite continuous transformations groups.
Till now we did not in any way suppose that the originally given
group was a group pf transformations.

Let us take now an r-parametrical group of transformetions in n variable
K
1 K= 4...n

2.1) " 2/’”/?;7“) %= 0.7

K

First we have to meke sure that the can be solved from (2.1)
The necessary and sufficient condition is that the matrix of the 2 f'l
has rank 7, . Secondly it is necessary that the ‘})“ are essential,
that is, that therc do not exist eguations of the form

2.2) )("”/(é*:,,?a'} = (F"K/_é",‘sm(‘ﬂ;’}} . RV A A

Prom (2.2) follows that
2, K o K N 9

and because the rank of Sﬁ is < 7' this implies that there
exists at least one set of functions (7%  such that

U@{,Vo() 1’/&5“ =0 and consequently:
2.4) U n™) "/57“/_?',"7“) =0

Conversely, if an equation of the form (2.4) holds, the /!ﬁ", ?}“) mast
be functions of the gk and~the solutions of the equation

2.5) U ﬁ{fs;“} K (%) =0
But because an equation of this form has at most 4-{ independent
solutions the ’I?“ cannot be essential., Hence the 4/"‘ in (2.1) are
essential if and only if no equation of the form (2.4) exists. From
now on we suppose that the '?)“ are essentizl and that 07;" corresponds
to the identieal transformetion, Then there is a one~to—-one correspon-
dence between the transforiintions of the group in a2 neighbourhood of the
identical transformation and the points of the Y’Z of the 47“ in an

sl 1;:‘) . |

We only consider transformations of this group germ. For every

definite choice 4)“:47“ the equation (2,1)

2.6) L )

represents a definite transformation T:;.) working on the gk . Othex
values "]“‘ x '2“ give another transformation 73/5

2.7) ’g"" - f’k(‘gv’ 7};()

k o . ® x
of the (g . If '?Z is changed into %) +g!r,« we have

8 dgk = (Dﬂ{k) % ?a« 5{47;?
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In the right hand side of this equation the éK can be eliminated by
means of (2.6), Then (2.8) represents the transformation of 3“: T,.? ;"
into Tw;z,‘?u,; K, that is the trensformation T‘;i m,,}T;{' working on the
't¥ . This“transformation corresponds to the displacement fdn™  in
the point %% in group space. In the same way

2.9) d‘}k = /:)67(*7&:77"& cf’?ﬂ

after the elimination of the ¥ represents the transformation

7;71 +dy 7;7:‘ working on the ! and corresponding to the displaccient
5417“ in the point z“ in group sjace. If now

2.10) -@'*M %.. _ Ty,-uy; -,:77

then §I1?°'~ in m* cen be transformed into gi';?“in 4;3“ by a (+)-porulel

displacement. Hence, introducing the coordinate system (=) in group

space, we have f* 7%= 34170'; a=4y,.. " , Now

t

2.11) 5= [2,'E" RS (%) ctnt
£ //si),y.f:%x ¢ (%) ¢y
and
né K 2
2,12) <l = (bﬁ gk)f;]orxa;;t Qg/’/f) ‘7"7‘

after elimination of the of represent one and the same transformation,
working on the 3” in (2.171) and on the '%K in (2.12). But this is only
possible if the cxpressions

_— K
2.13) _:_‘g def /)ﬁg)ﬁﬁ
after elimination of the ‘EK y depend only on the :E"' and are independent
of the 47“ .
There cammot c¢xist relations of the form

2.14) et —TX

_.'.‘._Jza

4
with coefficients ct which are independent of the ‘Ek because in
that case there would exist a relation

2,15) ot Q/ZP 2 szo
and we have already proved that this would imply thot the parameters
were not essential,

Collecting results we have the first part of the first fundamentel

theorem of Lie
I. 1) If the invertible transformations

2.16) igk :/n(g*: 47«) x o 7 ’?

with 1 essential parameters 4 form a group, therc exist 4 function
[t ¢ ‘

RPE(mB) ; Det(hN7) 40  andnt functions = ; {’g)) for which no

equations exist of the form < ¥ :{,"" =0 With coefficients ¢4 indope

dent oftgkand for which




2odt) | b =/-~pmﬁ,=m°')

Starting from the inverse of (2.16)

2,18) EP = %'“/3?' "?Q}

instead of (2.1) it can be proved in the same way that

2.19) o & = T R ey
Prove th=t

2.20) = - 33 Zey)

Exercise

Prove that the Tunctions “-g(gf) and Hﬂ/qf)can be obtained Ly
algebraic operations and differentiations from the equation (2,16).
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Eerste opgave:

_ X | .
De transformatie ’EK..__); voorgesteld door (2.19) is ook
een transformetie van de groev en kan dus ook worden geschreven in de

vori

2.208) ,%K :./ K(’ gk, fz"’) \

waarin de 7/“ nu e codrdinaten van dat punt van de groepruimte zijn

dat de cmrzl&:er:mOr voorstelt van de door !“ voorgestelde transformatisz.
Dan is echter nu ook (na eliminatie der LE‘( )
U
d _ ==kl plrox
2.20 b) 353 ° =, H /Z)
2
en dit geeft in verband met (2.19)
~ — K A ) a"?r‘ — A a’\
2.20 c) -—-R*g)/},s(’f() Y ¢ (8 ) 1)
7
et i i - D “..’ g
Kiz=t men nu hierin ’7 17 s, dan wordt ook 472 = 770 en
m ‘:_zlly en er volgt
2
(8 = ) A § ()
2.20 a) (g - g (47 } B =

v —
'a = ")

Tweede opgave

Ga uit van twee op elkander volgende transformaties
2,20 e) '%“ / ( ,,,/
en 1
“ , 24
2.20 ) //§ .8%) —/k/ét 6°)
Houdt men S en F) constant dan is
v f A e [
2.20 g) N R I i) o
2Er 2 3 o b
K Ii
en nieruit laat zich _é oplossen omdat Def /,_aé. )%

| D'gA
2.20 n) “% %)d’ ( fk w{) %,,;
=L ('8 5) Yl (' 5

Geeft men nu aan de SM in (2.20_ h) willekeurig vaste waarden
dan. ontstaat er inderdaad ecen splitsing van & E" van de gewenste vorm

2.?0 i) Bp IEK: 99;(15/\) ‘/}/{{/7‘(}
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28y hierin zijn de functies q *73 afhankelijk van de keuze
X,

wor §% . Voert men in elk punt der en anholonoom cobrdinatenstelsel
in met behulp van de formules |

2.0003) : Hﬁ(ﬂ %*

44 srijgt men de vorm (2.17)

2,00 k) ‘oK Y ok om pnt — K
“ o B =g () Bain) = =5 e hiop

Verandering der geckozen waarden van de <5% komt neer op een verande-
rinyg der velden &%, €, waarbij deze velden (+)-constant blijven. Iz

. ok . .
bepaling van de —zen ;95 vergt dus alleen algebraische operatiesg 2:.
i

~

Adifferentiaties.
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Every infinitesimal transformation of the group can be written
in the form | s T,{‘ . According to (2.17) the working of this
transformation on the variables (§“ is given by the equation

2.21) )
dé “m“{rg r-ﬁ)

. . o, . . a
ilenee, if €7 is a (+)-constant vectorfield, € = constant, the most
geaeral infinitesimal transformation is

.;.:‘2) f b A -d — 5 o b
dgf = et TN (Ndt < e Tt

Ii» Lie symbol is
2.7 X:e{& ngf_{:? 2

We rave proved (cf. 2,14) that there cannot exist a relation o the
form v.‘{‘X{m with constant coefficients, but relations of the foxm
:4””) )(_{ =0 may exist. According to Campbell we call a set of in-
Tinitesimal transformations connected if they satisfy a homogenecus
linear equation and dependent if the coefficients in this relation are

constants,
If the (+)-constant field e is given, the streamline of

thls field through ,7 arises by (+)-parallel displacement of the vector
in 47 in its own direction. A parameter ¥ on this curve can e
chosen in such a way that in all its points

2.24) Eijum:engifn

aud that £-0 in 47 . The transformation corresponding to a g,e,neral
voint of this curve can be found in the following way. Leaving (5 " con-
stant we have in every point of the curve according to (2.17)

2,25 E‘_.;ﬁ_”,: Z?/j{")e'g

oAt

hence for * sz o0

gk K
2.26) ( Eeb
gk
(% ::E; ('g’))e{’:. 6‘{)({;”:-

By differentiation of (2.25) we get

P g VL
2.27) o é e =F (1) 2ZltY ¢
dt 3’fﬂ

hence for €= o

2.28) ‘g_%; = /e 6)\/{)"‘5’( = X‘gk
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Going on in this way we get the series

2.29) [N AP T EXE g HXE

If this series converges we get a set of o4 transformaticns depending
o the parameter ¥ , all belonging to the given group. Ve use the
syabolical notation

~ X ) ) X %
2.30) Qr):;qf»,_r—'-:‘x.gzl—‘-f’x e
and
2.31) ‘QKquXéK
~
¢4 oI
o o) EX X thet)X

we w2e that these transformations form a one-parametric group Thi=a
sut ;coup is said to be generated by the infinitesimal transforuction
ow we go back to the %7 that was not a groupspace but posscurcd a
group of point transformations leaving invariant the measuring vectors
of the anholonomic system (A), “he point transformatlons in ¥, genera-
ted by the infinitesimal transformation <:695 =& ﬁ/ Iy of this
group are

2.33) J,r/a( :,70( 47'?_ ?‘/8(”{5)4/0(4:;—; +\-(€éﬂ(}?nu
- e*edﬁﬁqy
and by a suitable choice of the e{ and ? every transformation oi the
group can be written in this form. If, however, we keep '7“ fixed, say
47&..7 then(2.33) gives us all points of ’77(7“) as transforms
ol y“ and to each such point there belongs one set of numbers te?
I'his establishes a one-to-one correspondence between the points of
foQf) and the transformations of the group germ. That means that the
Y is now group spece and that we have got the same situation as if
we .14 started from an 7 -parametrical group.

The system of equations
_ {
2.34) aﬁ /ék = .:.;«_"\{‘)H/;h;“)
has thc solutions
] ‘(’ ' v w Vk‘fk ¥ o
2.35) AR AL B S
depending on the n parameters oK . Accordingly the system is totally

integrable and its integrability conditions must be satisfied identi-
cally. This means that
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—k
¢ =4

| Y
i.26) VE"

— il ¢ — '
= GH 20 0

it

Nept, (=4 2 =k 4 4 -k
ug,;'H/ﬂ —< ;fiﬁ“{ */zcc( -:'4)

2,37} % (Xc X{!) = Cca( Xa

2t proves the first part of the second and third fuadauental *recraon

B L 1

H

o

b ———

I, 1. If )(4 are the symbols of % independent infinitcsical
transformations of the group mentioned in I, 1.

2.38) Xo= Z0(°) 2

equations of the form (2.37) hold in the conctant coefficients

. a
ol s Gey =9

III. 1. The constants ¢J, in (2.37) satisfy the equarions

oA
11.30 B).

The second part of the first fundamcental theorem is the inver:s -
oL the first part:

I
I, 2. If a set of transformations of the (g ig given

2.35) B LHE ) s

with functions analytic and with Det /4, :é”){o in an 'T?‘I{Cgf,z “‘) depen-
4ing on r essential parameters #* and containing the identical trang-
formation {4}‘%’;{?‘) and if there exist r! functions Hf?('y;"‘} ; |
Det (Hﬁ} 40 analytic in am ’7?(’2 “) and 7 functions = '¢ (ﬁ")
analytic in an 77/t*) not satisfying an equation C’E? with coeffi-
cients ¢ %, independent of '§"’ and for which '

2«40) I o g

()/3 ’gk = .T.,{/g)) /_);/,;y}
in an ?? {rék, ’Z“) these transfornations form an I -parametrical group
germe

In order to prove this we remark that just as before accor-
ting to (2.40) the infinitesimal transformation 7;”,«,7 TJ}' working
on the ,’gx is given by

2.1} dE e TR Ry
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but it is as yot not sure that thig tranafcrmation belongs to the set.
Moreover, in the X, of the 47“ there do not yet exist any aequiyell&nw{?
ces or conncctions,

Now we try to find curves in X»‘ with a parameter ¥ such

{ ,

2.42) dit =l ZYg0) dt

r

w. o constantsg eé . Thercfore it is negessary that

ey f:._; df - I"};; El} r.h?ﬂ

: i __
bui Lecause there are no equations ¢ { e 0 with 20 fFficizan
inc . tvendent of ,E, this is only possible if

2044 At einbz e lat

Because ﬁ; has renk 7 in an ")’7{47 ) there exists in Shat regi .r. cn
inverse H . Hence in this region 4] is a solution of the egaar

2.45) ’i’l—- e ‘N7 tyt)

-

. y . =4 . .
For & given boundary condition #)”: 7. for #x0  there is onc and

only one solution for every set of values <%

2.46) ,7u= Lﬁ“[e",’i") ' q?“[e"if)}: 7:

U7 rhis solution is substituted in (2.39) the £ are expresseld for

SVEry 4?“‘ in an ’)’7/»2:‘} as functions of gk , ¥ and the
2.47)

€72 ¢R(cr, et g gri, et o) //gu,;a
It the eg are fixed, this equation represents a set of trensformatic.. -
bel onging to (2.39) and depending on one parameter T . ALl transion -
navions of the given set in an ?7{0;:‘} belong to one and only one of
thesc onesparametrical sets., According to (2.42) end (2.47) we have
48 AdEE =k g A gt _g¥ _[MTeh x| f

2.48) E.;:S.;:g; .,,,.{(g) ’g _gw..][/jlj for #xo0
The solution of this equation can be expanded into a series

in a neighbourhood of €20 . For *zo we have

B gy K85 e L) e
2.49) dﬁ.a 6~—*§/g) x_i

AEE 6 DU oo e
CE2 Y T AR Y

cdence
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The transfornmatisns of the '.;

N 3 .
2,51) £ bV
ﬁ, - *1 f ]

1 ok
1 (P Ve
P

£ e ¢ *f‘(g) iR
7 Az
form for overy s2b of valucs e‘ a one-parcnchrical group generated by
the infinitesiaal “ransfrration X . Hence, coiparing (2.50) and
{2.51) we sce tuas cvery hronsformetion of the ziven set in ﬂ/ ') can
be obtaincd by transforuc.: first {F iato 50 by means of the transfor-
{3t ,g by means of a
transformation ol & onec-navawmctrical oud ?”61} that can be obtained
by givink the 'e'f suitable values, Also we gce that, conversely, every
transformation oWeeincd in thls way belongs to the set. If we take
'7?"‘ - f) ® it follows “hat every transformation ‘T' of the set belongs to
oue of the one-pararetrical grouns (2.51) and that every transformatlon
of such a group bc long,s to the cet. Ao a corollary we get that T be-
longs to the sot., Tow fg ani T are votn arbltrary transformatlons
of the given set. Putg ft teing proved thu T-n and T-. belong to the
set. the set is a group.

mation I ap? b Lranalornine afterwardd

The gsecond part of tic second fundamental theorem is the
inv oot of the Tirst nart. .

1T, 2. 18 Ky = =g (f ") Ny are ike symbols of % indepen—
dent o .finitosimal transforma‘czons or “chc {k . satisfying the equations
_(_2“; #itu censtant coefficients ¢ :_theée transformations are the
infipa 'fmma,-‘_*‘r“mcsformatlons of an Y4 —parametrical group germ.

In crder to prove this we remark first that the identities:
2.52) (xc,,(xc Xg_-})) =0

can casily bc verificd and that they imply that the () satisfy the

identities (1.30 b). Now we have already »roved that according to these
identities and the constancy of the &, therc exist in the X.,_ of the
auxillarv variables 42“‘ ~} functions A, {”2{1} satisfying the equations

2.53) dy By =- 7 &2 HQH/}] , pet (Ag) 4o

But from (2.37, 52) it follows that the integrability conditions of the
equations

\ fek N— A ¢ &
2,54 ’é _ ! R
ot = =76 Rl
are identicelly satisfied. Hence these equations are totally integrable
and thcy have solutions of the form
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2o B SR B

DC—’J‘ (()A vgﬂ'} % 0 'F(Jf ’3‘]%: ?jﬁ&

valid in an '37(3“) and depending on ] parameters §° . That finishes
the proof because according to the fundemental theorcm I. 2, (2.55)
represcnts an Y ~parametrical group, and the Xk are infinitesimal
transformations of this group. As we see an M -parametrical group or
at least its group germ is wholly determined by Y independent infinite-
simal transformations, It is said to be generated by then.

The second part of the third fundamental theorem is the inverse
of the first part.

III. 2, If / “f,"{t—d) constants Ccag - (‘(fgj EXe satisfy
equations of the form (1,30 b) there always exists an “{ -parametrical
group germ with™ infinitesimal transformations XZ satisfying (2.37).

In order to prove this we construct in the }% of the auxiliary
coordinates ?2 in an (27{7] ), the fields éip satisfying (1.22). Then
the M infinitesimal podint transformatlons 1 ??"4—§%df with the
symbols Hé satisfy (1.41) and in consequence of II. 2, they generate an

% ~parametrical group germ1)2)

- v 3y

1) In the proofs of the three fundamental thcorems given here we made
use of the existence theorems of the theory of partial differential
equations. For our purposes this is the natural way because sets of
partinl differential equations are just what we are interested in. But
it is not necessary. Freudenthal .roved 1938....{(Jdber. D.Math. Ver.
XLIII (1933) p.26) that it is possible to use only the existence
theorem from the theory of ordinary differential equations.

2) E.Cartan has shown that the original proofs of the fundamental theo-
rems given by Lie failed if one does not confine oneself to a group
germ. Cf. Cartan 1930...., 1937... p.189 (Comptes Rendus 190 (1930)
p. 914, 1005; Théorie des groupes finis et continus 1937).
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The transformations of the adjoint group show two different
aspects in the Xm of the ﬁk . Let us assume first that T ana d are
noint transformations ok ek
T § — ;

sk U gk
%E"‘ 'g 2.56) =k
U
.i/ =K Then we have
¢ 2.57) § :?/(3 = 217:5 = UTU g

1t | transforms ¥ into | ) ¢ then 'Uf“ is transformed into 2('{”
by epplying U Ut oo €. mn the»‘special case that Z’TU"; T
T and W arc commutative and | is said to bec invariant for the trans-
formation u Fow let us assune th*»rbT is a peint transformation and
WU a coordinate transformation " y y

T ? —2 lé

54 L
| 2.58) o
U: § - g*

“n o' Then we have #
,f){g 2.59) ‘g"’:?_{?”: ?,!Tsk: UT?I"%K

HmceT deseribes a point transformation with respecet to (K) and
UTU" descrides the dame transformation with respect to (K).

The adjoint group is always a group of point transformations
in roup space. Honce we may 2sk how this group works on the infinite-
sir nl transformations of the underlyln group. Such a transformation
corrcsponds to a point 7}“ +e cl% in g,roup'snac;. Let ¥X bc some vec—
tor given in '?7 then by (+)—paralle,l displacement we can get two vee-
torficlds g7 and U™ with % z% %= %  in '} Q'“ is (+)-constant
and "L is (-)-constant. ’IZ -~ "N .»'1 %t 1s an inflnltcsa.mal transfor-
mation of the first parameter group and 47 — 7% U™ d#¢ one of the
second paramecter group. If we apply the first transformation and after
that the inversion of the second 4?‘5‘_... 7["‘ -1+ we get an infinite-
simel transformation of the adjoint group. All three transformations
correspond to the transformation of the underlying group whose image
is the point g“wv"dt .

Now by the first infinitcsimal transformation € is displa-
ced (~)-parallel from )™ to ’0 -rv *{t . Its components in this new
point are therefore es_ f}-{; e‘n v d T . By the second infinitesimal
transformation this new vector is displaced (+)-parallel back to 'Q“ .
The result is a vector in 22 with the components
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2.60 -
) Eu-.g:f ‘v (lf <+~ {/5 e "U’é/f[t = C e 15{/} eﬁ?f{dt

a
The & means that the transformation-ef the anholon®mic components e is

1i1 »ar homogeneous:

¢

a

-
2.61) de® = & Sc'gaeéaf‘?c{t = e gt ebucdt

and that

v2)  Npz Bty o BN et eyt s Y

are the symbols of the infinitesimal *rensformetions of this linear
homogeneous group. This group is called the 1linear adjoint group. The

1nf1n1t631mal transformation @“‘/( of the l1linear adjoint group is

said to correspond to the infinitesimal transfcrmations v X% v h_{‘}(,
U{ /?{ = Uéﬁg c/$ and ’)fgﬁgﬁgﬁ of the original group and the two

parameter—-groups. | ’

According to (1.30b) we have

_'l ~‘£ 7[)(
(yc Vﬂ) = A L—icc le:}} 9& = e cfft:‘cd_]ﬁeae:

= Cééf‘gk

and this implies that in the case where the linear adjoint group is M- para—

metrical its structural cors tants are the same as those of the given
group. But as we will see later it is not necessary that the linear
adjoint group is Y~paramétrical.



Voorbeelds De groep van de
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draaiingen om een punt in R, . Laten #/, "?z

en ?’13 de drie hoeken van Buler zijn en gi, g‘, (és orthogonale cartesische
godérdinaten inR,. Dan ontstaat de transformatie door de opvolgende

draaiingen
_over 73 om
over ')7' on
over /7’ om

Overzicht der indicess

In ’PS

de 3-as van 2 naar 1
de nieuwe 2-88 van 1 nsar 3
de nieuwe 3-as van 2 naar 1

In groerruimte

K A s 7,4,3 K pp= 1A, 3 holonoom
G,J,f:\,’f\.,'& ‘
anholonoom
A, %,C = .Y
& ow
¢ E-’. <3
£ £ 3
ict ,
}, cos nfeos p* cos 3. egplces pRennt sinp'cosm?
-5¢n 72‘1‘ sin ?3 wsie nlcasnl
2.6%a). fg" cosng sin 7}* Cos 123 - -cos ' sin 93 sen s sin m'sin q??‘
' tfos 7},‘3"'* ??3 oos ‘rgz“cas -313
3 s ' 3 o ? i a3 ‘ '
- Sn N cos y sy M cos
of in verkorte notatie
3 13 £
i
'E cfoted _gled ek SOV s'c?
2o 63b) e
5 'efedscdeld -c'stedeted g X S
el
£ - sted g's? ¢’

De cmkering ontstaat door '7‘,42",7;3 te v&rvangen door -7, -7)3. ~1}?~
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(Contrdle:r (2.63b) en (8.63c)

diagenaal)
Tabel van Bﬁ’{‘{K .

|

,gf

clele?d _stsl

's3os’e?

s'ct

-

20b -

g
L
o'sted rotg? -s'c3
_c'stsdecdpt g's?
s'st ¢’

zijn elkaars spiegeldeeld t.0.v. de hoofd-~

3 7
7 tgv?c)\
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A s 14} 1
3 Sl ﬂ,‘ S,)’s ¢ ¥
(Det = o*)
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> O +§ e}
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Tabel van b@gx
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){sg“z 1 2 !
§ Mﬁ%&M”N*h“ - I
. i
.. ; ‘“ESC! ES 3 Ecs*gzsg
2.631) 9 3 3 / 3 1 : 3 2 3
A [ RS I Y SN s's’ 4+ £0¢'e
£e¢-8 fo -§ 2 §
3 gx - o
met ecn mogelijke ontbinding
TR x| 2 i o E Aal « X 3
- ey
1
2een | o |88 el e e s s ey
- a) b) c)
2] | § 2 |sdielst) e ] A | e |sYs, -c's’/s’i
* 2 ,
YL E | -E | o 3 o | 0 / 3 1o o1 /|
(Det = st) (Det ="'fs' )
alleen voor sin r;r'#o
Hieruit volgt voor H; en H?
o ) (N 3 A7 \ y 3
—— .»}._...._.__....,
bl oredeted | Adwe'stet | L'l U LetsdecicRed | osheicle?sd | el
2463h) 2.6%1)
Lo Lsitaclerdd | Aetoglstgd | ogls A | ddec's'ed | cedocers? | st
’ ] [ ! ¢ i
. 3 s'eh 5's > ¢’ £ -g'c3 s'sd i e |
. Vergelijkt men dit met (2.63f.c¢) dan volgt dat de overgang van het stel-

sc1 (a) tot het stelsel (A) in ieder punt van de groepruimte de vorm
he.Tt van ecn draniing t.e.v, deze lécale codrdinatenstelscels. Voor
';‘xz: 0 krijgt men de identiteit dus (a) en (A) vallen da r samen.

De infinitesimale transformatics X, zijn blijkens (2.63e.a.)




X o= TV = £ -8

2.033)
A= és ' "'£’€§
£ - 5%
dus
2.63k) (%)= =X, (oyern?)

Deze transformaties zijn wel onafhankelijk mnar omdat g )/ + §1‘X { X
niet omverbonden.

De enige kentallen van ¢.;° . die niet nul zijn, zijn dus

‘e ] 3
2.631) CH\‘ =-0 7 = -\ {cycl.)

Hieruit volgt veor Eg°:

Ezgg vl 3

2.63m)
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§ 3. The geometry of group_ space.

Gathering results we have in group s»ace
1. the integrable but not symwetrical (+)--connection

2. the anholonomic system (1) whose measuring vectors are

(+)-constant.
3.1) |
] ,ga« * ;._}2 = .
3u2) -+ i
L ol P S a0
™ aA/?: T e }IG } ., (\y:‘fd- ‘{"‘r(},j 8 -
303) -+ -+
o — % A _C X &t R, C 4
. at-d, e[a = Iu;&] € = Jfffs Ex = - /}\ Cc{f é’x % .
3.4) -
— & £ . Y g
3-5) -t
. I*E% =0 .
3. the integrable but not symmetrical (-)-connectionj
4. the anholonomic system (A) whose measuring vectors are
(-=)-constant:
3.6)
. '9“'_:* H:; 4 B:; \,_,'(. .
R o] ’ .
3.7)
= T A
) De¥. b oy A Fu S
3.8) -
A - A o a
x b« v 1B B
y AM’ W= G‘m =g Cx =0 Conty )
3.9) -
o B ™ DU o
3.10) A
‘ Fem =0

5. the relations



3.11)

3.12)

3.13)

3.14)

3.15)

3.16)

2{ ;’Qd :fs)( - X - N
o X _E
g = st == g = - S
<

.0 ca ¥ a NCRa A
CC‘G N S(‘ = ch T - a.c*ﬁA s

A C&A vel¥ ‘\Cé‘A A |
¢en = fona Cet = “cna “ef

= only 'n 2 o .’.
" 7 3 /

& a
Crde C¢1e =°

6. the symmetric but not integrable connection

LA = g + L

" X s oo - -
=gy =l = Tht-5p" = Ty -Sp

7. the first and the second parauneter-group of point trans-
formations with the infinitesimal transfor.wations
Hf; = Hf 3,6 and HQ: /?,f 3/& and the finite transforma-
tions T UT and T=-TU .

8. the adjoint group with the finite trensfor ations
T 4T U'and the lincar adjoint group working on the
infinitesinal trangfor.iation e{{X£ of the groun

cle® = E ;% W= et «i','f;('/f,m?)l

From (11), (1.21) and (1.30b) we get for the curvature affinor of f}"ﬂ:l

3.17)

o =% o T
F&xﬁ = 1 D[c? "J,Vj,s +2 [[J :ﬂ’n;’z =

'+"‘o< Z--u ~ "u,—f:&
= Rﬁ“,{/s - 7 Boter s -
t ™ +. . £ .. ¢ ; g
- Xlpggy S RSPl g =



“+ 4 -+ + w ¥

+ ,
' ' 13 (_,.,tx C c *§
- -7 i/: ﬂ” - A M}‘;ﬂ" Qéﬁ + 4 “(elg} .'),),J!.‘ =
* . CrE LM R IR 4 VRPN S :
= ’/I CJ‘J C;ﬂ ‘f/;\ Qf,’(‘jf\ C'y]!a - “/‘? L"AV Cg/; N.
and from (1.21) it follows that '
3.18
) 7Ry

Hence (cf., III § 6) all differential comitants of group space are ordi-
nary comitants of C()J/;«. This has as a consequence that all these comi-
tants have constant components with respect to the anholonomic systeus
(a) and (A).

Moreover, according to (3.18) group space is symuetric with respect to
all its points (cf. III § 6).

Every transformation of the group ger- can be generated by an infinite-
simal transformation e"’Xt and can accordingly be written in the form

3.19)

/ E.K ! £y <K ! 2, ¢ Aok
. é = £ ~r‘—_y~‘ﬁe /(grg +3-.Tt [e Xf)é o .
Hence the "{ numbers teg can be taken as holonomic coordinates in group
space. "riting t?[”‘ for these new coordinates we get
3.20)
: URESP D R LI S S AP SR :

The measuring vectors ? and e coincide in ’q . Now we talke thea in

such a way that thgycoincide also with the g_‘"\‘" in that point. Then ac-

cording to (2.24) we have in every *o:.nt “T{“ = % and in ’g“ we have
e J‘;‘ e® . Hence (cf. III § 6) the '}2‘1 are the normal coordinates in

X; belonging to the point A% and the coordinate system ().
Because of ©

3.21) ’ o
. C('rj'n = 3“2 e "t —..—.A‘N edt = & f:: clw(rx For ‘?[Qf:‘?'x

the four coordinate systeas {x), (a), (A) and (&) have in “)7“ the same
measuring vectors. ¢

If the e® are subjected to the transforuations of the adjoint
group and if 1 remains constant, the ’)}”’ transform in the same way as
the % i.e. linear homogeneous,



The adjoint groun worke on the finite transformations of the
given group just in thc same way as oa the infinitesimal transforma-
tions, provided that normal coordinates with respcet to %% are used.

o

In IIT § 6 we have derived thc relations between ordinary

coordinates and noruwal coordinates. Taking w w/— /.7 instead of

KAw=1s..m ando,B,¢= /. 7 instead of £ /j=1,..n we get from
(6.12, 13)
3.22)
o, % N BT '

. 72 :frq’7 ’, Jﬁ(u)‘ 4/ 7} 3’ ‘12!'“ )(g\ :J ?277 ‘7,-0
3.23) ot w LA X 2 d

a ; 24 o g
. ’?2 :5‘3( 4/°‘+/?!(}0( A,}I/g(‘?}‘? Ui "“éTfs‘ac A(m{/g(“ mEmea

with (ef. III (6.10a, 14)) {a(2.5, 10)%

3’24) & joft ‘ (\ o
<l — O -L
s = gy P g, T wps '
X -
. Ny =Ty ,
¥ - &
¢ Alﬁ&g,’% = ‘[2 (;?fﬁ w3 l?(h JC ]/3)’? *
3.25) ~
™ — O < — — X
: Npgge= Tonan v lnpor, o + :
6 S N s st o
. ( a/? mv’ Ye ity '
Instead of III (6,18, ;9,‘ 19a) {A(2,13, 14, 15)} we have here
3.26) o \
. Y M y
'3027) — O
. a(flp‘., tc*-;)'-qg) =a | for ’ym:a .
3.28) ”
. a(q;u”.ac', 1{‘;) = O ) .




—

From (3.22, 23) we may get i?z and }K} . But in group spacc we can get
very simple cxnressions for Qé‘ and /;& and fron there we can get H&
and H/« beccuse H( and i),@ ere already kmown.

In every point of a geodesic through 7} we have at one hand

3.29)
. ((ﬁm = o dt 2 f:, oA ” ot .

but at the other hand

3.30)
: B = By :

Prornr this it follows because of .FM!',‘ o .. ’}}U(

3.31) .
. f7“9§ ~f7m8“

- e *

though f3§ :cﬁi only in f?“ . By differcntiation of (3.31) we get

o

3.32)
3 a \ 0 G
. /'? ()C”l:)?’ + HC‘ ot A\Q

Now (2.52) is valid for cvery choice of the coordinate systum (w),
hence also for (d):

3.33) , ot
: e My = -4 S fes | y

If this is substituted in (3.32) we zct

3.34) et a na
) _7(': Aol + DH + R, =4q

For differentiation along the geodesic holds

3.35)

do_enby d42 8 ¢ )= bl
hence, fro. (3.34) (cf. (3.20) and (2.61))
3.36)
. d; a ’{ﬂ J‘D): Ré&g:-/'?é Ec'a i
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4]
We remark that A (.(a):.c?é’ and comparc (3.36) with the ordinary diffe-
rential equation

&

3.37)

d x B - : - /)
. Tt (%-x) = %K AR IR0 .

whose wellknown solution can be written as a scries

3.38)
X = X e“t; = ¥ [t th + 3 uzﬁiann)
) T o %M B 1 ‘ ar -

Prom this it follows that

3.39)
: Ay - Sf/})é’..}i? E4T v BOE 4R ) .

is formally a solution of {3.36). It has been proved that the series
converges and gives a solution if the absolute values of the (g, and
the e?a do not exceed a certain liait. The inversion of (3.38) is

3.40)
X = g£§*- X [i+A xt +,Xw3ﬁq+~')
* o ewb__x o i 2 ¥
with
3.41)
q9 Bq
- . )\q ":("'l) -5-;;'* -

1)

where the ]39 are tle¢ Bernoulli nuubers
By =1 B, = é ; 132::;g
3.42) B, = o, By=- Be =0
By = s By=0 By=- 10
This gives the inversion of (3.39)

3.43) RG =8 (Ap 2Byt + 2 EfCE - )

T T S Tk T I S

1) Cf. Pascal Repertorium I p. 437.
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A ~
In the sanc way scrics for [, and H:‘ can be found. They have the
sane form as (3.39) and (3.43) with A k¢, dinstcad of s fe,. and t
instead of £ , 'F being defincd by

3.44)

»

‘= A def ¢ A
&B = & ‘Ccn N

P L e
Now in ,,)u we have CCG A :wc?gi'i Cef hence
3445) )
i *’f\ ‘f}’) LS
- t;’} w e Ba t { -

Accordingly we got for H: and f’}g

| M e g
o RE <200 (Rp+ i £47F v EJCE 1R :
. B - c"é”i (R w7 E; 4 v b E5CE ) ,

=4 a
a NIRYINER N
. a) ) ...-..,.,,..,,...) ; c) H =4 P e
/-51 £’ §Erta T T
3.47)

o’! L’f L y o A &’?ﬁ; E t i
. b) -..M__,_._..w____,) ,J‘ d) /Y » WY J?:' ™
{ £% 4 I 5 YEREE N g

Prom these equation a remarkable conclusion may be drawn

g £( ~Et 2 () -Ft "
-Fv eV 1 X ’

3.48)

. v AL =38 () 38 (ARG« Bt o B E ")
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Et - £t " . . ‘ : |
Now e and ¢ are lincar transforaations belonging to the group
generated by the infinitesimal transforuation £4% 9, Jthat is the
linear adjoint group. Hence

In every point of Xy the measuring vectors of (&) transform
into the measuring vectors of (A) by a finite transformation of the li-
near adjoint group.

The matrie notation can be used for the computation of the

E‘g . From (III 6.20a) {_A(E.'IZ)& we gct here
3.49)
NV N v
' I = " Nogy™ +h 7 Na,;),“ oo .

and according to (3.17) snd (III 6.28) [a(3. )t the first term of the
right hand side takes the form

3‘50) D'P e gt .. PR 1
: 7 M RAed) */é 7 Cr}(cu ‘53311 g

The normal affinor of wvalence 5 is zero and the normal affinor valcnce
6 can be written as the transvection of two factors 7‘?’9;};‘” as was
discussed in III § 6 {A § 35 , and these factors give four factors

CC?: . But this result can be obtained here much easicr by
means of a serics. Because the ‘f/* are (+)-constant ve have

3.51)

-+
or ot a
. r&g - Qa D{L Rg .
£ stands for the matgix e;‘Cc'gg . Hence if we write |- for the matrix
?ECC'g % = 020 Je C.p and Cc for the matrix cc'g“ A , We have
3.52)

From (3.39) we have

3.53) .
: ﬁg,,é*g,(/-} G PP o Pl

a
ra .

hence (taking into account the non-commutetivity of (. and R 1)

3.54) a . * a
. DCUQ?;' :3\3('1’}”%*3‘?@73"*3?‘??:



- a
l f '5:)2 o “,/‘) J .,,,i ‘-‘:}2 }
T T =0 T L (Df,/z

and (notec that thﬂ‘factorl}“ in (3.51) comes at the right hand side!)

3.55)

. (0 /Qg} m: .

: :Jf‘;‘ﬁ {/*/;ﬁ'c w CPv jPCf C Py PGP
: =y PR B s Pagg PR :
LSNP ey Pe g P PO
: oy PUCe Ll Py G PR, PGP € PR g
i :SEZS{JQCC-AQ Py Pl Y G P ) PP R
‘ d A 7y € 2y hel gy T te T,
R {4 Cop ™ -ty €0 coq " Yoy et eed T
: e ’*»e«c;df’w‘za,fzc 0 4 .
. g ] e e B e .
: -y 7m 7: e, ¢ "’71; ‘\f:z e, d, “ é‘f;c',a ooy ‘

Hence, making use of the fact that (") and (0) have the same measuring
vectors in 47“ we get
&

9, 9, . e
3.56) I;g ="/2¢,cz, /ﬂ"? §ad m) */ﬁs ”,f Snl led -~



8 .9 o
¥ 2 .
. “‘/ﬁt{ 7 7] E-n',h gn")l 4 »
\
¢ qﬂ; ﬂy ”9, _.a;':; R+ 4
' Thy NG5 ™ Snyd, - ‘
..f’ ..% o
. ~ly "™ "Smo TSeo t .

From these written terms all venish by mixing over ¢4 except the third
one, hence (cf. (1,30b)).

’ L - »
. ,;Z, = led) T é N Sy Ceyp T o Terms of an odd
degree %3 in /rl"‘
in accordance with (3.50) and

3.58) o1 * o
. CC‘A = _ 42 ’[f'&] = *
, A S
' = /w'? M Sey $n Pluy f '
N .D . s o & I
. +7M " 17.,,7‘”2 ,C, %[ :S%lg} ’)1 SI’}»D&O{ + terns of an even

deusree );,‘-{ in '}7“
)

By a reflection at the point ’70( a ficld with the value #% in r?)‘i'

is changed into a ficld with fthe value % ~_-y% in .»®, If 7% are
the (a)mcomponents of the field in 72“ , 1t follows from (3.39) that the
y* i X are not egual to - but that 4 :,(}A . The reflection

of a (+)-parallel dlsplacenent of #% over o(o?”’ in *27‘* ig a (~)-paral
lel displacenent of fu over ..dag:" in ../ag” . Hence the reflection of
a (0)-perallel displacemcnt of 4 over 6117"‘ in A)“‘ is a (0)~parallel
displacement of U over _»:!47“ in . J?"f . Hence, taking a (0)-dis-
placement we get '

3.59) o 5
. cly? = ...oh?(‘ fggm(ﬂ/a)’vz = du? - _ olvz(‘ld\ (..4; )(-vz}

or

3.60)




es that in the series of (A only terms of an odd degree
“occur. Taeking a(+)-displacenent in y e et

3.61)  da¥= . %:’((79)4'3’:_-(1 M=o dy ....m( "2) )
or

ot — X
3,62) fen (%) = - I (-%°)

hence (cf. (3.11, 12)

3.63) ¢y “(n?) = i1 ()

and this proves that in the serics of C‘P'j,m only terms of an degree

; o
in ’7 ocecur, ot
v

9,00
ki

—ed o1

ue s_q}m

tu*wﬁﬁfu‘“
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Voor G; = H: 3’; H/;’ vindt men
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Men lette er op dat er kentallen zijn, die voor =0 onecindig worden.
De reeksontwikkeling van Veblen (A (2.6)) is dus in dit geval niet
bruikbaar.

De vergelijkingen der geodetische lijnen worden

2
d ' 4+ Sim ,)}1 e.!.,,]}. gﬂf:{)
63b) t dt dt
3.67 3
: | d7ph cot 4)74.115’.2?3.._&.. dn’ dnd | o

dt dt siay! gt at

dlef dnl d + 7"%“”L-— )
ST ffz‘: L cob p? - T =«
Deze vergelijkingen zijn in de mechanica bvekend als de beweginzgsverge-
lijkingen van een homogene bol die om de oorsprong vrij kan draaien.
Langs een geodetische 1lijn is

3.63¢c) %—,—E_ﬁ: /‘7: e , €“ = constanten.
en dit wordt hier
d”?’ SN S | A o™
. E‘_{- ™ iR "7/ € ¥ cCcos ’? ¢
3’:'63"6‘) 5&?‘2} = S 47'!:;1“«(‘ 173 é‘t -cot «)1 & 0/7‘ &-" s ‘:’3‘
deﬁ cos 0) 4 aim 21
— L S fE'
cld s'm’q! “)mn';

en dit zijn de cerste integralen van (3.63c)



Formule (2.63%m)
rijen en kolommen.
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is blj vergissing geschreven met verwisseling van
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3.63h)

3.631)

3.633)
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Uit (3.40) vindt men gemakkelijk:
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Voorts geldt
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met (3.17) en (2.63 1)z
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De tabel van F}t wordt verkregen door vervanging van qm doorw?“ (vel.
{3.63h)). Dat geeft juist de gesniegelde van 73.63g).

Door vergelijking met (2.63h) vinden we 4’1“ als functies van 4}" (Hier-
mee is dan dus ook het stelsel (3.63%4) ongelost voor krommen door Wfﬁ)i

cos7)~ c.osp+q} (,_MSP) squ gM(sm {J*(! Lo P) ;”;S&

> . PR . ﬂi’}i
2.63%) cos 71" {"715”7 +-1f?; [’*“Oﬁf)}/ﬂ'ny’;SiMf = Wi’;f.’ +- ip.,f,(:- mspﬂ/smq??

i
+

L1

: 7 oin “"z‘i “"3 7
T (i fﬂf’[)}% sinm’ sinm’= g-?)' "}Sf"'“"'p“‘i‘} (x-wsp)}/s:‘n‘r;

e

cosaf:-?ryif";}’ +
De tabel van 92 (3.631i) wordt, in verband met (3.63e):

a
H?) N A ! %
2 \

T . T ) 71‘ i ,—j" i 3 -
7 §¥E*%¥J“§?ﬂ 3‘“W*%¥pd )al%ﬁﬂ-;?ﬂ%ﬂ

3 Tyl ‘" T o A
T e T e |7 T

Vervanging van 'Q door - q"(d.iq spiegeling t.0.v. Ge . ,yoﬂidiag‘,onasljv
geeft weer ﬂ . 21

(-] |t - T )
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Voor £ (3.631) virden we.

ot
Hé N ot ' | _
£

>
Lot

- . . -

3 DN 7 [d e . g Tank _P_ P / 2 "’ZT’)"}; a "‘)'E
A -e(‘o'f‘-g--f ]?) ({—-—ic{)‘(’-}«.) —/L/? 1-??_2, (] l(‘o’!"—i S /,Ln’t ....I,O_,i_ (/-l_cz‘f 1.)

s i nInk oIl
3:63v) % fhmP e L0 (12 oot grcfgi-Ltpﬂ. {1-%09‘5%) K tu-w_{?p?(;-fimg)

5t
X, 278 7 mAgd S 1,1
B ”7$ n71+ ’?P)f(u%mﬁ'%) In'+ %’?‘ /l—-%cm"%) %Cut{_ 4,*’% (‘Q%w{l%)

Vervanging. van '7‘“do'or -mf(d.i. spiegeling t.0.v. de hoofddiagonasl)

zestt weer AY .
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§ 4. Invariants of 2 transformatlon Broup _in_the Yi of_the :g;_

In the y;,of the f we have the following invariantss

vaaﬂiant functions of the g

iunvariant subspaces

invariant fields

invariant systems of partial differential equa-

tions.

1. Invariant functions 1)

A function '?QéKE_ is called invariant

2) i

4—.1) \x‘g(f\._“/“ %b—-o

The infinitesimal transformations )( are independent but they may be
connected, IT c?<.% is the £-rank of_ﬁjg the function (f is a solution

of a systen of<7 independent partial differential eguations,.
Because of

— ’) & o & T
4.2) % -—-[c )Wl .._..2; c“ /X Xg}-— cp Xo = Y ¢ _’/: ’;.l

the sysgem is complete (cf., II § 5}, it has 4L4}‘independent solutions
é),,.,lfq and every solution is a function of these 41*3 .

1) Lie-Engel I p.211 ff.
2) Eisenhart uses the term absolute invariant.
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Zijn g}‘ ; y:i,..q lineair onafhankelijke vectoren dan zijn de

oplossingen van het stelsel

2 R
4.2a) Q{y! 2 {{:,-(,é*‘}:p
(

tevens oplossingern van &e(i} lineaire vergelijkingen

4.20) oo oMy

. ‘ﬁ . ;44"» N .
iz v ‘fl} .«l*»LP:: (fqif a!’[u )-(zu § =0

i *

Zijn deze vergelijkingen elk een _evolg van (4.2z) dan heet het stele
sel (4.2a) volledig., Het kan worden bewezen dat het stelsel dan N-¢
onafhankelijke oplossingen heeft en dat iedere onlossing een functie
van deze mn-q is. Is het stelsel niet compleet dan voegst lien de on-
afthankelijke vergelijkingen uit (4.2b) aan (4,2a) toe en verkrijgt zo
een nieuw stelsel dat weer oo dezelfde manier behandeld wordt. Tenslotte
krijgt men altijd na een eindig aantal stagopen of een volledig stelsel
of een stelsel van n vergelijkingen dat alleen de triviale oplossing
Y = const bezit, Literatuur, zie b.v., Phaffs Problem Hfdst. III. In
het geval dat (4.2a) een volledig systeem is bestaan er vergelijkingen
van de vorm

AR %J = Pyr (E )

Het stelsel van M-q oplossingen vormt, constant gesteld, de vergelij~
king van een stelsel o9 X%@ en (4.2a) brengt tos uitdrukking

dat de E5 die door de vectoren 2" wordt opgesnannen wet de plaatse-
1lijke Eé semenvalt. Het Eg -veld is aus X, ~vormend en de noodzalke-

lijke en voldoende voorwaarde hiervoor is dat het st lsel (4.2a) volle-
dig is, ~ .



Equalizing these M -¢ functionz to constants we get the equations of
a system of o02"¢% X? “ each of which is invariant for all infiniteai-
mal transformatiors of the group. In order to prove that each X‘?. is
also invariant for all Jinite transformations

¢.3) =119

of the group we consider the transformations of the one-paranetrical
subgroup generated by efXg . For these transformeilions we have accordirn
to (2.17)

K —k K K
4.4) Sf__’gf. - = l!(ff)\) e gcﬁ’; N ’g »ré for t=o
hence, in consequence of (4.1)

K eny @O('ER)
The invariant ‘ can also be derived easily frow the finite
equations (4 3) of the group. According to (2.17) the rank of \ﬁf
is 4 and Q has the rank ¥ . Hence from the theorem of e11¢n1nutlon1
we know, that from (4.3) just M-g independent equatlon betveen {
and ’§ can be derived from which 7- <Z of the S (sultably chouen) can
be solved

4.6) ’; - /ifrg) =7, m-g ;¥ =7-9+,..7m

of
Now we know that there exist ‘?1~(£ invariant functions & o= f,--~??~2

f -
and thus ﬂ-—cz equations

or o
X
.7 © () - ¢’
4.7) © (€)= ¢l
and this set of equations must be equivalent to (4.6). Hence if in
(4.6) we give the :gx constant values ¢7,.. .. e7 it follows that

’ k
4.8) &F“(ef,rg ) = constant -
and in thisg way we have found for each choice of the Cﬁ? ) get of ine
dependent invariant functions. | |

. o o BT

1) P.P. p.42 IR.S. theoren VII‘.
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.a-a-——-u—»...-s-—«-.“u-a-.oA._ - o

N

A set of indenendent functions ?’(5 ) ie called relative invariagﬁ“
if the equations

PN - - ;") ——
4.9) PR AR S
is a consequence of
X
4.10) ‘f/ =
This means geometric.li; that the X& represented bv (4,10) is invariari

for all transiorxxt*w 3 0of the groun. To the one -paranetrical subgroun
generated by E'Xg helonTs a ﬁistem of o 'curves of Xm, the stream-
lines of the vector [ieid &° =, and (4.9) ex»ressesg that the
X is built upmstreanlines and that every streamline havin:  one
p01nt in conmmon WLHltuN‘Y lies wholly 1n.)§
The group 1nterbhatpes the points of the xzemm we inay ask for the
group of the transfor.ations of these voints. Let

4.11) é“qu)x({?ﬁ) H #:\,...C\l

K acf K
B‘- ‘_‘_—:—_, D’; = connecting quantity of rank cz .

be the parametrical equations of the X% and let 5}@ -‘/- ) be
the 1nf1n1tes1ual point transfor.iations in corresponding to )(g~

. Then ve have on the X, for a function 7@Q§ }
..j@Qﬁ (/ /} and for the subgroup generated by eg,X£

4

)
tCu -

{ — ‘

dt —¢

but at the other hand

olf £ ) o Ak
4.13) ot = ef}’f’aﬁj %u/
honee
4,14) y J —_ wf:

1; Lie~-Inzel I p, 202 %,
2) Tiscnhart, Continuous _rouls, ».53.
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In general such an equation can-not exist because the K —domain
of E_; doesnot coincide with the K -domain of Bf, But in our case the
X is invariant and its tangent E‘Z is the support of both domains.
That implies that in this case the ny can be solved from (4.14).
The easiest way to do this is to taie ceus gft {suitably-chosen)

as parameters on the X"l/ . Thoen A’ = 7. 2 and consequently

K vk - 9 — M
4..15) Bﬁgc}g \)é f J:_{: ::O,...:nﬁ:
That means that we get the yé by dropping in :“:/é 2{, all differentia-
tions with respect to §q“ .gﬂ . The groun of point transforma-
tions in )( found in this way,and called the group induced in Jhas

the 1nf1n11:e33.zual transformations y/ with

4.16) [XW) = Cc"‘(;’& Ja

but the /{o need not be independent. Taike for instance the case where the
Xg are connected U) (5 ) Xy =0 " Then it way occur that “the
[gk are constant on X?' . Now supnsose the induced group to be.
M -parametrlcal AR CEN
Then there must be N~7%' relations of the form

£

A _ , _ m?
4.‘17) | /g Yo =0 S P -7,,~.,7 2
with constants gﬂ . PFrom this it results that there exist ’z'-'g’ relsa--
tions '
4.18) C t Xg -0

JE
valid in all points of the )(2 . But this implies that there exist
#-%'  independent infinitesimal transformation of the original group

leaving every point of X?, invariant. Of course these transformations
form an (V-*(')aparametrical subgroup. Hence:

The group induced in an invariant X is '(’«-Daramotrlcai 1f
and only if there exists an ['1 ’f)-—_para;netrlca.l subgrour, leaving each
Eg;@t of X 1nd1v1dually invariant.

Any point (§ is transformed into the points

419) | f (:SE OZ )
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depending on * parambters 0?‘31 . If ‘I'U is the rank of 2}3;‘" it re-
sults from the theorem of elimination that there exist just 7-¢ inde-
pendent equations between the 5 These equations renresent an X
through » called the fmallesst invariant subsvace of ﬁ . Obviously
this Xq‘ is smallest invariant subspace of everyone of 1ts points. In
all these points the ranks of 3/3‘@ and w,g are cqual to (4 . Hence,
in order to find all invariant sub.;paces of a group we have only to
construct all points where _—_ é has a rank g for all values C]d "t .
For each value we i‘md either an invariant XC" or a subspace congisting
of invariant X 5

A group 13 call ¢d transitive if the rank of ,,_5 is m in all
points of an JZ(E ) If the group is transitive, to every set of
two points Pand@ in a sufficiently small fé‘l(f ) there exists at
least one transformation of th:z _roup transforiing Pinto ® . For a
transitive group MM 27 . The sroup is called g;_z_xx_p}l_tg‘apgsitive if M=,

3. Invariont contravariant vectorficlds.

A contravariant v‘_ctori Leld can be looked upon as an infinitesi-
mal transformation §“~ > ;, + 7\ Hence invariance of infinitesimal
transforaations is essentially the same problem. Now we .ray ask for

a, invariance to within an arbitrary factor;
b. invariance to within a constant factor;
c. complete invariance.

If 73‘ is subjected to the infinitesimal transfor.aation X =

= e( iy ] E)ﬂ of thce group, we know alrecady that the increase of the field

is the negative Lie¢ differential of 'K with respect to e’ = (

—_ ~ X Al _— A
4.20) _...»{HQZ“: -.eé_:.}g()/u/{ ot 28 %u::..g ot

k.
Ifrz considered as an infinitesiwmal transformation its symbol
is R det 'K’“ /“ and (4.20) can be written in the form

4.21) c('Z:(ZX)c(f

Instead of one vectorfleld ’Z we take now a set of p vectorfields
'\AJ D 2 P and consider the cases where the ('7\ X) depend linear-
1y on the '1, .

o

1) P.P, p.42 [ R.S. theorem VII }
2) Lie-Engel 1888.1 I p.228, 237.
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Case a (invariant complete systeas) ').

4.22) (’( X}_o( (<‘K)7

This equation expresses that the EP ~field spanned by the /3 vectors ’/’J}
is invariant. In the special case where the equatlons t@ 0 (Pta form

a complete system the EP‘S form a get of ©€Q ”DX: S . In this case
there exist equations of the form

4.23) | (”Ky%%)::ﬂy’;(g“}?(

and the equations of the XP’S are obtained by equalizing the solutions
of Z ﬁpxa. to constants. Now according to (4.22)

b

4.24) %Xﬁ);w”(g) 0+ X% o

and this proves that LU )’JI’ is a solution of X‘y‘{“ =0 if (.;/: :70 is a
solution. Every solut:.on of the complete system is a function of
m-p independent solutions, hence X transforms the set of all sclutions
in itself. This proves once more that the set of all co™/F X/‘ (but not
every }( individually!) is invariant for X .

If a group has an invariant complete system (that is an inva-
riant set of MM"PX; 5 ) it is called imprimitive and in the other case

primitive, If a group has an invariant Xp it can not bé transitive,

but an imprimitive group may be transitive.

Now we will prove that a complete system which is invariant for
every infinitesiwmal transformation € Xg of a group, s also inva-
riant for all finite transforuations of the group. If (fﬁ/ ) H
ot= /. ,?,/Q are m-p independent solutions of %J'?D:n ', X transforms
the set of all solutions in itself and accordingly there exists an
equation of the form ‘

4.25) ng( = ‘;;/52’)

Hence from (4.5) we get

‘ o' (EP) )
+.26) %sg’(f(gk)i é’”“(}) wfi l’b/sﬂ(/jgk)

_TLierBngel 1888.1 I p. 220 ff\ ;ﬁ(g ) = Wé’;"), for ti=o
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and fﬁom thid equation the m/’f”) can bc solved as functions of the
lf(é; ) and a parameter t f~This gﬁsression docs not contain the
Kk explicitly but only in the form ?/%“} and this provee the oro-
position. ‘

There exists a kind of practiczl rule that "everything" invarian-
for the infinitesimal transformations of a group is alsco invariant for
all finite transformaticn of the group germ. In an Yintuitive® (= not
rigorous) way this is quite clear, cvery finite transformation being
obtainable by applying an infinitesimal transformation an “infinite numbor.
of times"., The rigecrous proof always goes the same way aswe have seen
now in two examples., Bul the practical rul: has only sowe heuristic
value and the rigorous proof must be ziven in c¢very special case.

1)

Case b

4.27) (Zy XJ = V\;ZX : K§ = constants XY= L. R

For P:\ not only the stream lines of 5&“ are invariant but the
whole field ‘l“ caonly get a constant factor. If on each streamline a
parameter § is fixed by the equation %ﬁ/&s=: K} , the parameter on
any streamline ig fixc¢d to within an additive constant
For general valuecs ofib every 7& revresents an infinitesiual
transformation generating a one-parametrical group. But in general the
75 together do not generate a group., The transformations syxy with
constant coefficients 53 generate each & one-oarametrical groun. Thesc
transformations together arc said to form 2 linear ser (Schaar) of in-
finitesimal transformations. LiQZ) has oroved that this linear set
always generates coft transformations. In the special casc (hat the
R? though not building a grouv are transformations of one and the
same group this is obvious because in the snace of this group every
one-parametrical group is rapresented by a geodesic through qf” and
these gcodesics form an XP in an 9?77“). ¢
If the infinitesimal transformations syz are subjected to the
infinitesimal transformation X we have from (4.21)

4.28) C( SJZ_S < $y[ZBXJ€HJ = &Y K;

. &
Here the S’j were consideredas constants and the 7,5 were transformed.

o

1) Lie-Engel 1888.1 I p.246 ff.
2) Lie-Engel 1888.1 I p.62.




But we can interprete the result in another way by looking upon the
K . ‘ X
!15 as a kind of fixed measuring vectors and considering the 53 as
. . i \
variable components of the variable vector syxdl . Then we get

£.29) der = Ky ¥at

Now we consider the onc-paramctrical grou, generated by thce infinite-~
simal transformation ka?gfff‘éh for svne fixed values of the e‘.
Then the transformation of tho &k is given by (2.31) and any field
4’“ having the components GJKO,E%). for f,: N is transformed into

a field /Uk/'f;, Ev) dencnding on €. TLet s”;(; be such a ficld for a
definite valuc of T . If 1 chang:s into teod and if the :L; arce con-
sidera#as measuring vectors, ds* is given by (4.29) and this leazds
to the differential equation

4.30) o ) _ Ky st
at

with the solution

4.31) s*t) = (e¥T)y s%0)

it

from which it is evident that the linear sct of infinitesimal trans—
formations is invaridnt for all finite traunsfornations of the group Zerm.

A finite transfor.ation of the onc-paramctrical groun gonerated
by S%o) gcy has the form

,gk ¥ Sy(u) ‘:(_y gk
- ¢

4.32)

with some parameter U . Now if a finite transforuation of the group ge~
nerated by )( is applied, the transformation (4.32) is tranformed
into '

p—

r33) ‘:gk__ efus"(t) Zy,gk

and this is a finite transformation of the group generatea by S*t)ﬁa.; ek
Hence the one-parametrical groups generated by'syzb for all diffqrggtg:fﬁa
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values of the 37 are interchanged by the transformations of the given
group. That proves that (4.27) is the necessary and sufficient condi-
tion for the invariance of the linear set §74y for all transformations
of the group and also for the invariance of the set of all one-parane-
trical groups generated by §'Z, for different values of ihe S7.

If the TZ, generate & group (4.27) is the necessary and sufficicn:
condition for this grcup to be an invariant subgroun.
As a corollary we get that a 11ne,ar set generates a group if

and only if it is invarient for all/fis own infinitesimal transforma-
tions,

Case C. (commuitative transfornations).

4.34) ()

The infinitesimal transformation 7, and SZ'Z are comuubtative

4.35) LA = Rk f

How we consider two finite transformations of thc one-parancitrical groups
. (‘ \
generated by 'Z and by ».7.2' and apply these one after the other

k gk K 2 ¢k
'€ :E +f%,§ +fﬁ22,§ A

SETE IS SUPRD & 8 APSRELY B LY S
R Uit T Zg . 7~t’~1’*7ﬁ

‘ * ‘....‘._ ‘
e

Then we see tha'b also th& flrllte traﬁcsforlaatlons arc comxuuai,lvo
The finite transforma?t:l@ns L.ncrated by 'x - are comaubtative ’
w1th thp flnite transform&’czano ge _;erated bj M, if and only i;f‘('z{;, %1):<:.»'

Il
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Invariante functies.

De operatoren [, X, X, (2.63j) zijn onafhankelij:
niet onverbonien (pag. 13); er geldt nl. de betrekking

(45&) 51 X,\ - 54 X,i‘ +- 53 XB =0

Invariante functies worden dus gevonden door oplossing van het stelsel

. X»\‘f 3§23351~‘..£331«P=c ‘ .
(4.350)
: Xagp = é "9 = ‘

Alle oplossingne zijn functies van één niet-triviale oplossing {(pesg.
32a), Meetkundig is reeds duidelijk dat

A
(4.350) p= ETEE L EE
een oplossing is - hedgeen bevestisd wordt bij substitntie in (4.35b).
De jinvarisnte onderruimten zijns

(4.354) E7674 828 + 88 = const

Relatief invariante onderruimten (pag. 34) zijn er niet, behalve
de invariante bollen (4.35d), immers dm elk punt van 7?3 vullen de
stroomlijnen een 2-richting en die raskt precies de bol door dat punt,

§
i

De op de eenheidsbpl geinduceerde groep wordt als volgt bepaald:
we nemen colirdinaten 3’? (R=A,% )¢ -

. ' §7= sStm 3* cos tﬂ | \
2 * ) .

(4.35¢) E'=cos y .

Sog o §3= sin yhgim g ‘ %

. s 3
en vinden voor Bi=%§ s

BX i { 7 Z 3
{
 , , ‘ 4\ . ‘1 N '}‘ ! . %
-Stnyisin y Q cos Y siny
4035f) y -t
5 'k 1 e e o wd 4 ‘

: o8 Y eny Y ~Stn Yy .} gim Y eesyr




s W

= 4@b )

terwijl —{£ wordt:
. w i
K 3 7 2 3
—¢
A o ~sin yleiny® cos y*
(4' 355) . silm \Jﬂ &in \,{i\ 0 -COSE{‘ Sim qu'
3 ~cog y* os Y sim q* o)

zodat 9"" tenslotte de gedaante krijgts:
Q

R 8 4 A kN
Ma
‘ A {cosyreot yh sim y)
(4.35h) SRS -
Y -1 0
Y —aim <j1 cot \j?‘ Los 31
Duss
Y, = ¢os 31 cot :.J')‘ o * sin L.;'\Q.k
(4.351) Yo = ~ 9

‘ 33 = = &im 'j cn'l'\39 + Cos ‘j.‘%\

De operatoren }}6 zijn, evenals de Xg s wel onafhankelijk, niet onver-

bondens

(4.353) cos gt Y weot Y —simyt\ =0

Dit was te verwaihten daar de rotaties in P in (1,1) verwantschap staan
met de bewegingen op de bol. Er is dan ook gaen niet-triviale ondergroep

die de bol punt veor punt invariant laet.(vgl. p. 35 ondersaan),

Invariante contravariante vectorvelden., °

a) Invariantie op een factor na. Het veld

'KK - LF(EV)SV

waarbij P €é€én oplossing van (4. 35b), is invariant op een met-—conmv ]
;‘stan‘te factor nag

(4.35k)




- 40¢c -

(4.35.1) (BXa) = = (%) 878y == (Xologp) %
De invariante onderruimten worden gevonden uit

(4.35m) §ay +Fy ~Fav=

k;Pmcet dus een homogene functie van graad nul zijn, dus is k}J een
L)
functie van de twee oplossingen §3/_§2 en f‘/g?:

(4.350) b=% (e 5y

De rechten door de oorsprong zijn dus invariant bij Z .

b) Invariantie op een gonstante factor na. De velden e*, e¥, e'met
7’1
de operatoren 'l'x (x=72.3): J

(4.350) %, = %E:« , Zx-,:%jz , % s ‘%fa

(toevallig een groep) zijn ijvariant op een constante factor na:
(4.35p) (Zy x¢) = Ky %,

waar

g -7 -2
/‘(_1.1‘ :Kg-& :ng - +7

(4.35q) ,
a ..
. K™ = Kiy = K=

Door de transformatie e{"Xg gaot dus 5" Zx over in (5“+—a15") 7\.,( met

[4.357) o $*= s Ky e ut
dus
(4.358) ds’= (Fe - g%t ot (cyel)

De eindige transformaties zijn, als we Kc schrijven voor de matrimx van
KX 1

(4.35%) A ec); sY
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Dear nu KQ&X:- gatei " (2.63.1), geldt:
el - 4
(4235u) e Kyl "= dyaeey e é‘ya E°
zodat we vinden door vergelijking met (3.63h):

S

(4.35v)
. E.. (et +e” e irete ){1'

Op de $X(infinitesimale translaties) worden dus dezelfde transfor-
matieeuitegvoerd als op de frf‘ van een element der rotatiegroep bij
toepassing van de transformatie van de geadjungeerde groep behorende
bij fe®(pag. 28 bovenaan).

Daar bij toepassing van het element van de geadjungeerde groep beho-~
rende bij 4?“:, 3T te® de geodetische 1lijn door ;™= o en 47 =8%%p
zijn plaats blijft vinden we hier als corollarium:

Bij de rotatie ¢°X, is de rechte langs de vector

(4.35w) ¥ = 3‘: et
de rotatie~-as,

Door als speciaal geval te nemen e":«:, eo ye=1, en 8%1,5% oy Sz
en te letten op (4.35v) en (3.638) vindt men gemakkelijk:

. 's7 < R:\‘t = F}?! = cosp = cost
(4.35x) '52 = n,% = Q'; ) é-%‘ﬁ 4{5: sint
« ‘53 - R: =" n'; =~ 0

dus de rotatiehoek is t . Samenvattend vinden we dus:

De cobrdinatenm™ van een eindige rotatie in Ry zija numeriek
gelijk san de kentallen van de vector " in R, wearbij de rechte
langs v "de rotatie-as is, en de lengte van +"de rotatie-hoek.

¢) Volledige invariantie, Men neme nu voor tf({")in (4.35k) een oplos-—
sing van (4.35b), b.v. tp(f")d Den is dust

(4.35y) 7§74 + 8y + By

de operator; hij stelt voor een infinitesimale gelijkvorm cheidastranas-
formatie,
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§ 5. Invariants of a group in group apace” .

In § 3 we have seen that the differential comitants of group space are
the ordinary comitants of cé;k"‘ and that accordingly all these comi-~
tants have constant components with respect to the anholomonic systens
(a) en (A), The infinitesimal transformation of the linear adjoint
group corresponding to the transformation sef\'g (5ig = constant) of the
group is

5.1) vy ys = ete i

e~ represents here the radius vectar in the local E., of ?]‘ . Hence
(5.1) represents a homogeneous linear vector transformation in this ',
An example of a finite transformation of the linear adjoint group 1is
the transformation of the ¢* into the ¢* in a local E,of a point of
group space. Now the invariance of a quantity for a linear homogeneous
vector transformation is the same as the invariance of its comvonents
for the corresponding coordinate transformation. In § 3 we have al-
ready seen that the components ¢, are invariant for a coordinate
transformation belonging to the linear adjoint group. Hence it is ul-
ready sure that the quantity cc'g“ is invariant for vector trans-
formations belonging to this group. This can be checked as follows. Let
S, % stand for _sfei*  Then

#* = (A - 5 at)et

5.2)
wg — (A + Sy at)a

is the transformation of contra~ and covariant vector by (5.1). Hence
the traneformation of ¢;z¢% is given by {(cf. (1.30Db))

e P S | cd .oa ca .. d
dccl‘!“: (Sc Cdd ""S{ Ceel - Sa €t ).-_%'t:

-

5.3) A a )
== 5%(c Vet regateiat- gy epd) At -

= Q.

Now ¢;.* being a comitant of the linear adjoint group and the adjoint
group itself being fixed by c.% , it follows that the comitants of
ey and the comitants of the adjoint group are the same. Hence

1) Lie Engel 1888, 1, I p.270 ff.
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The differential comitants of group space are the comitants
of the linear adjointigroup.

There is a set of comitants of ¢;% that are very important
for the theory:

a) 9L = C{_'Lc
5.4 b) Iba =< ¢ At
c) Geba = €% i ?
They are all invariant for cyclical permutations of the indices.

Hence ¢, is a tensor.

If a fomitant of ;% is transvected by one or more factors
e? and if the expression is equated to zero we get an equation that is
invariant for the linear adjoint group as was proved by Cartan. Ve prove
this here for the transvection #%’ecad:

e ec = - : o @ !
1t { p b c ) Eeft 'D“.-'bcd e“e¥ _ 'bpvgc ol
oyt S

+ S;Q'Df‘_bed ee¥ h 5% P‘f-bce eted_
5.5)

ob -c o ah
~ PTlex Setete”s Py

cr-d,e
cedge:

- - / géﬂgff* S{'{#g) p:‘eid e%eq,

This property can be used to form invariant equations from the set (5,4)
by transvecting with factors £9. If only one factor occurs and if the
equations are consistent, they represent a flat subspace of qu through
the origin and are invariant for the linear adjoint group.

To every point ¢* in the local £, of 47"‘ corresponds the point
of group space with the normal coordinates f;"“: o”f e? . Because
the e¢ and the ozf" transform in the same way, to an £ in the &,
through the origin corresponds an XP in group svace congisting of
ocoP? geodesies, each representing a one-parametrical subgroup. In
normal coordinates this XP is given by #n-p homogeneous linear egua-
tions. Let the normal coordinates be chosen in such a way that these
equations are N

5.6) . !/7/!6:0 K af,ﬂi},(jz Fat .1

and that the "pms wy, v, p = 7,.. 5 can be used as coordinates in

the X5 .
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An X, is geodesic in R, (cf. IV....) if and only if every
vector of X, remaines in % if it is displaced pseudoparallel along
X . Let #” be the vector and let 49*¢ be the displacement, Then

4% and dq“ﬁ;a « For the pseudoparallel displacement we have:

5.7) d?“m_l}‘zm “’zd"‘;n:’%l:'ﬁzi 7“1‘## N f)%:?,ﬁ
and rfz!#must be zero, Hence

A
5.8) };9% o

in every point of );aand this condition is necessary and sufficient.
That implies that according to the expansion (3.57)

A& A
>+9) Smip Gwyg =0

7.

is a necessary condition. But this equation expresses that f;-m?}"g'{c;,,,;zﬁrg
is alternating in dbz&and because the same expression is also alternating
ina® , it is alternating in-wpow . Hence (cf. (1.301)) (5.9) is
equivalent to

RS | .
5.10) Smep Guwg  =o
Now we will prove that (5.10) is not only necessary but also sufficient.
Every term of the expansion (3.57) (ef. (3.55)) contains one factor £,
and an odd number of factors P, for instance P2, P> | If this ternm

is written out we get for its contribution to {;0,“, :

a4 .. oy <. N P/ Sy o

/ : . LA 2 3 3 v Ay et S

. " ",:a/’ tw Sl ey ‘"?lzﬂ) vt, A Sepey TSy X .
LY

. A " %19{:;‘[5_ ) *
5.11)
- ﬂ',_,..-ms‘: 7.‘:“’1 »
. O = T, B .
. P o= FEL LA .

Now it follows from (5,10) that f, cen be written instead of »¢ . [l
by the same argument £3 can be written instead of 4y, m#tm
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results from (5.8) that the whole expression (5.11) is zero because
the last factor is. The reasoning is independent of the odd number of
factors P and of the place of (Cp in the vproduct. Hence (5.9) has as a
consequence that not only the first term in the expansion aff};%vanishm
but also all other terms.

The Ep in 7" corresponding to the #p (5.6) is spanned by vec-
tors g° . Hence the one-parametrical subgroups (geodesics) constitutin.
the X, are generated by the linear set of infinitesimal transformations

X, .gf“ﬁ&)n( . Triting out the exvpression ( ){”(Xw ,&,) we get

o

(Yo (o 2pl)= s p 5 ™ X

. ,’“’,f@ =7, .. b

5,12)

Hence (5.10) is the necessary and sufficicnt condition that (X (Y, l,’gq}/'}

depends only on )’:,-J yﬁ 1 .
It may happen that already ( 4,, 44 ) depends only on J:r,.. %5
Necessary and sufficient condition is that gae;,,,’@: o, That ncans that

194
the Xp represents a subgroup with the structural constants cﬂ",,; i

0f course the ’YP remains geodesic but in this soecial case it has another
a4

remarkable geometric property. If the vector 7,2 =0 1is displaced
(+\ or (-) - parallel along the Ap we have

. | C[drm_—:_-rfdn;“flfxi,’{ct;xmd-«?“mz: .
5.13

Mo & Caie Co™ L, :
- =~ t;p,u, /7 it ...%.C?P,ﬁ, ofnz s ) P
hence
5.14) do 2 A cf;@/‘gdazﬁv“/

Now we use the expansion (3.58) (cf. {(3.55))

5.15) Cy e e T

and remark* that all terms contain one factor Cc and an even number
of factors P, for instance P(, P .

If this term is written out ite contribution to is

5.16)

1) Gartan 1927 L PQ 72 ff.
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Be,éause of E:P‘h ”{Czu , instead of o, we can write _:ﬁ:o, and by the same -
argument ;,%9# instead of ¢, and f4 instead of of, . Then we see that the
last factor is zero and therefore the whole expression. The reasoning
is independent of the (even) number of factors P and of the nlace of
the faector (. . Hence the XP represents a subgroup if and only if it is
not only geodesic, that is (o)-parallel in itself but also ¢+)- -parallel
and (»}—Earallelﬂ.

If the vectors 2% are subjected to the infinitesimal trans-
formation_ of the linear adjoint group corresponding to~ X?,:*:-.‘-' Z Séﬁ we
get

5.17) _ ~ 3
s T, 0] 1 :7}..73.

Hence gp',p',,%-.-.c is the necessary and sufficient condition that the
Ep spanned by the £ * is invariant for those transformations of the
linear adjoint group that correspond to the infinitesimal transforma-

tions of the linear set belonging to the £p itself. »

It may happen that not only ( Xy Xz ) but also ( X; X, 9
depends only on Xy,..., X5 . That means that the E pis invariant for
all infinitesimal transformations of the linear adjoint group. But in
§ 4 (case b) we have seen that this means also that A7, .. XF generate
an invariant subgroup. In this case the X of the subgroup has another
remarkable propefty. in X we form a (+)- constant field o “ ;v ’lg__,o
Then the components 4% are constants and J*'v =4 Now we have

— or 4+ -
Fat = don (R ) vy s

5.18)
R gd &
hence
™ 4 e AU
> = Cay ol g
5.19) N
& Qr/@‘-‘ cofn/té’ w"’l

and accordingly the p-direction of the XP is not only (-)-constant for
displacements in the XP but for all displacements. In the same way it
can be proved that it is (+J- constant,

)

~~~~~

T) Cartan - Schouten 1926 w»»» Verslag Kon.Ak.v,7et. 35 (i926) 287-3¢3
p. 397.
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A (-}-displacement is also a dragging along a (+}-constant field (cf.
exercise on p. 4 bottom), and holomity is invariant for the process of
dragglng along, hence the [a;—fleld dragged along generates auf‘°X f

That Proves that an )% in X} through n represents an inva-
riantvsubgroup if and only if 1t is gcodesic and {+)-parallel and
{(-y-parallel in itself and if every Xp that is (4)-parallel to it is
also (-)-parallel.

This property is clear from the voint of view of group theory
The er parallel to the one through 7 are the co-sets (Nebenklass en)
of the invariant subgroup ccrresoondlng to the ﬂ} through ﬂ? » This is
clear because e.g. a i+)-parallel displacement is a dragglqv along a
-y constant field (p. 4 bottom) and that is an element of the second
parameter group (p. 4 middle). _

Every set of equations linear homogeneous in £“ formed by means
of comitants of ¢.¢% represents a flat manifold in £, invariant for all
infinitesimal transformations of the linear adjoint groupn. Hence this
manifold and the corresponding manifold in Xﬁ represents an invariant
subgroup. The following invarianf subgroups are important

a. Thé group of 94

If gefo this group is (M- 1 )-parametric
b. The centre

5.21) ' efcep P =o

This is the group of all exceptional transformations (cf. § 4.), The
centre is abelian and vanishes if the linear adjoint group is - parame-
trical.

c. The first derived group represented by the support of the
«~domain of ¢/p% , If ¢ is the a-rank of c p® its equation is

5.22) LA S

Its infinitesimal transformations are those transformations of the
group that can be written as Lie brackets. It has the property that it
is generative by the commutators of the infinitesimal elements cf the
group: be T amd U two such elements and ee’Xg and /6)({, their operators,
then to TU T™' U~' there corresponds the operator 51‘f£[X;&d:fJ/€;é%{

Sy

baad - —— b

1) B.L.v.d.Waerden, Moderne Algebra I 1930, p. 32 ff.
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e

~
3

| This group is contained in the group of 9 - In fact

ST, e e el ¢ T .6 o
. 5'23) c“(ﬁ &ga = Ce Cda (:__G{;d ccc.xd‘-c'dc Cha =2

It may happen that a group and its first derived group are identical.
Prom the definition it follows that the first derived group of a sub-
group is a subgroup of the first derived group of the group itselii. Let
Xa s oo Xom be the transformations of an invariant subgroup. Then ({mﬁ#
fpeA,.w) belongs to this subgroup and (XPXq) s Poqs A, ... belongc

to its first derived group. Hence, in the identity

5.24)  ((Xpxa)Xa) + ((XgXa)Xp) + ((XaXp) Xq) = 0

the last two terms belong to the first derived group of the subgroup
and this proves that the first derived group of an invariant subgroup
is an invariant subgroup of the group. The following propositions are
obvious. ‘ )
The first derived group of a subgroup is a subgrqgg_of“the
first derived group of the group.
The first derived group of an invarisnt subgroup is an inva-

riant subgroup.

- The first derived group of the first derived group is called
the second derived group, etc . All derived groups are invariant sub-

groups of the group under consideration.
d. The group of gg, .

is (n-q)- parametrical if ¢ is the rank of 2ba ang vanishes 1if g,
has rank ~« .
d

e, The group of ¢, ;™ 94,

2

5'26) é‘cﬁéc‘gc(ﬁe =0

cha 1S always a

Obviously this group contains the group of4ﬁgq . C
trivector. In fact I

"

* GCGO( 7 eta Cet Cec()écfda: . .
5.27)

N S . . ..
. = -Che Cao f Qfa - Ceédc KA.{ C,ﬁ’n €.

. o= =2 Grdge =2 Jratey .
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“because gcea, is invai*iant for cyclical pexm’céﬁ:é;@ns:
5.28) Jate = Jrabe *Jabs -

§_6. Properties of integrable groups._

If we form the derived groupvs of a given group it mey hé.j;vpen
that the provess stops because the derived group of the th derived
group is identical with this latter group, If this is nc” the case the
last derived group is zerc and the last but one is abelian. In this
special case the group is sald to be integrable, Every abelian groud
is integrable and so is every two-parametrical group. In fact, if (X, XQ-
= «Xy+pX, 1+ We have (X (= Xy +h X ) =p (a X ep X0 ) 5 (K (X% P}y = (ot Xy %0 |

e prove the proposition:

An M-parametric group Zﬂ is integrable if and only if it is
possible to find a sequence of groups (/;;'7 R (f,  such Fhel

50“/;) is /anparametrical and anv invariant subgroup of (% w1 /g{i 4. =

Let % be integrable and its c]—th derived groun & 7) e

¢-paremetrical, Then every transformation of [.é/“’"J not btelonging *to

[;/ (4} determines with (y("') an (S$+i)-parametrical group, and this group
though not necessarily an invariant subgroup of C'('7/‘z is always an inva-
riant subgroup of (,7(‘7"'). - »
Proof. Be X, , .. X, the operators of 7(9) and X4, .. X¢ those of ( - (sct)
then , because 0]‘” is the derived group of Q]C"'} selp®so for " 424, t,

Hence: ML= o, .t

1. the (s+}-parametrical set generated by X4 ,.. X, is a
group,

2, this group is an invariant subgroup of a1} .

A transformation of % not belonging to the (s+1) -parametrical group
determines with this latter group an (s+ 1} parametrical invariant sub-
group of %""lcontaining the (g+)-parametrical group as an invariant
subgroup. Proceeding in this way for all values of ¢ we get at last
a sequence of groups Q} g e _.00/,‘,_ such that always [+ » is an inva-
riant subgroup of %b,t and that 2, n is an invariant subgroup of ﬂ/ﬁﬂf
- if no derived groups occur between %’P and %’/’* ¢
Conversely let there be a sequence [{77» ‘y'é , such that

0(1]/3 is always an invariant subgroup of /QJ}H, . If X, ,.. X, are the
operators [/gp and Xy, ... X?‘“ those af VOJPH y then, because Q//’
is a group C.;%'=s for ¢ 8=4,..p and because p is invariant in
OJM;: C‘;Q,@PH:O fOI‘ /é’:: ’\}.‘Y) [ ile‘ C‘C-'épp‘\“ %U fOI‘ 8,6: )\xu“r\-’\
(either ¢ or & must be ¢ p+1 I ) which espresses that the derived group
of OJP“ is contained in 03 p , hence the first deri--ed subgroup
of 0}«( is a subgroup of 0],,-, , the second is a subgroup ¢f é;{,,_z end
so on., Hence it can never occur that one of the derivatives is its own

¥
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‘derivative and the group must be integrable. .
If the mquence 0, ... ], is known the system (a) can be
chosen in such a way that X, belongs to q,, and X, to @fz etc, Then
we have for thc:z integrable group

(X %) = et %

6.1)
(X4 X2} = et xg seqnt Xa S(XL.X%\ =i g - e Xy

and accordingly

(XPXPA»'Q‘):C-P.P;{.Q\XQ‘ N +)o$ \:AJ\)...M—«\;
6.2) | |
g=A, . prt-l M

It is remarkable that the centre, the group of 9t and the group of
Cc'i;“‘ 14 ©f any group are always intefgx'ab.’l_e1 . The proof of thesc
provositions is rather long and makes use of the theory of elementary
divisors applied to the matrix e_cc;c'é_o‘ . So we can not bring this
proof here though we need in the following the integrability of the
group of 9¢, -
§ 7. Simple and semisimple groups.

A group is called simple if it does not contain any invariant
subgroup. It is called semi-simple if it does not contain any integratle
invariant subgroup. Hence a simple group is also semi-simple. As the

group of %60. is an integrable invariant subgroup it follows that for a
semi=-simple group q 44 has rank ., But this condition is not only
necessary but also sufficient. Ve prove that the rank of 9 da is always
<4 1f the group contains an integrable invariant subgroup. If such
a subgroup exists, either it is abilian or one of its derived groups in
abelian, This latter group is an invariant subgroup of the group in
question, Let ‘X,\ ,.- Xy Dbe chosen in such a way that XP Sps AL
belong to this invariant subgroup. Then we have

7.1) CS‘{I“::L»_‘ Q-.“k:o PP g %E AL X LM

and consequently
. e .. .. 0 _ .. b .,C[‘
7.2) Yap = Citede” meg P epl = Cqgtaph =0

and this proves that the rank of g4, i1s (*, Hence the 7roupsyaste
of-sémi.simple groups have a Riemannian geometry.

1) cf. Eidenhart 33.1, p. 173.
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f}e?.éﬁis;s.?.ezg,za Ry« - e
Be kentallen l@ en F& zijn tot nu toe niet be-
rekend omdat de zeer bewerkelijke berekening hiervan enigszins verkort

kan worden met behulp vang) .« Uit (5.4) en (2.63.1) volgt gemekkeliak
voor 96& dat

(7"2&) g,n :311 = )33 = =k N 311: Y927 934 =0

De rotatiegroep van "R is dus half-enkelvoudig, Daar de overbrenging
niet verandert bij vermenigvuldlglng van de fundsmentaaltensor met een
constante factor, nemen we liever in het vclgende als uitgangspunt

(7.2b) M=%2=81=13 Fnu= §un=9%21=°

Dit doet geen geweld aan asn (5.4), en geeft tevens aan een een-
voudige meetkundige betekenls. In verband met (2.638) volgt hieruit

voor %[wt H

. — . ) 7

Uit (3.63u) volgt nu voor ?Zﬂ’

'S P 7 ‘1 - L0
a gr7’= 2 S L 1ea ER) ey
(7.24d)

- ,;;10,:« I-Cosp
337 = P‘l [1-—9\ % ) (eyct)

en voorjm"z’uit (3.63v):

-y , b :?-47‘? p'X : )
‘ 37:/2:65.03.,.%?(/_7_&*“&) .
(7.2¢e) - ]

—TI. & ¥,
‘ 3 _170;2_ (- AT.?;;;;) | .

In verband met de komende berekeningen het volgendes A
l. We zullen, waar dat doelmatig is, qm in plaats van (q”‘ schrijven.
2, We zullen eveneens soms Egm of X“zzetten voor 4% . Het verplaatsen
van de indices hier is natuurlijk juist een overschuiving met . o in
Moo . Deze hebben de wearden J),. Alle optredende grootheden - in-
clusief «2“— transformeren zich bij overgang teot een ander stel nor-
maalcoordinaten in m™<, als grootheden in n"-o .

3. We voeren in de symmetrische matrix 73; “(ook te schrijven als
P*en Pao )3



me o8 7 7 3
(7.2£) RS mTnt mint
' 7 7wl ,,?2,72_]01 ar® w3
3| aa 7S | aImipt

Deze heeft (vgl. b.v. (3.63e)) de volgende eigenschappent

(a) »’»\2?’ ‘Pg °C 2o |
() PR o B

4) Ve schrijven ter afkorting:

etef I~cos i O_'i{ )'3(
O(m/%a(f-i._;aaj)) D(P____-ZE.

(7.28) def . Q'L
{3 = ;:-1 ( - é /—50.5;) )

5) We kunnen (7.2d,e) nu afkortend schrijven:

Nm = (}wa + X (p-?n

(7.2h) 501?; - c}mz "’“/3 'Pm?’

=

6) Ye merken op dat

(7.21) . 2ap= M
(7.23) % Poa = 138 eo+ Madla-® Mo dbo
We berckenen'nu )¢ uits
(7.2k) o = 2 3‘“}(4« 92,8+ 909 -%902.)
7 = yz(é“”"qum’}{‘]a“‘p&& » NP -2 27, | =
(7.2.1) =4 ((’mz&/&@mzﬁ) fﬁd""p (P2 e+ Pay o~ Poyy ) +

+0{(€/4]bq 552,..‘20?(\3\&9 -2m; )‘mg)}:
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= h P (L% e + P =Py ") 0§ (g0 3E a8
(70201) , 3, - 2 . ’ . yd ~8¢
T hopp -t 0P - pim R )f/z“ﬁ(e-‘%m”’a 2y P

Nu vinden we gemakkelijk met enig rekenwerks
5 = B B pper P e
= @*(pr/ﬂzyzuﬂa %wp/gpi”)-f(o;;}s(_iww Zlozfp”‘;- M@p):
T (1 ety ) 4 (P 5 pestgty ).
7= 7= (—ww Kope sk ogp )+ T’ /—w K )z
(rozm) = - P (1- G crtyth) m‘Wn;'i/f"[w “—-""f*fwfg’%)
i g /"?u*/zf‘*p)*”? it (~eoprsy %pp” = ppp) =
= =) s T gt @ e Reopeotyh ).
= 79T’ (~aup RGP pp)=

&7
le,
I

- 7 ”7 47"( V/!ﬁv%;;-ff,pcafi%).

Ve andere Fs worden uit deze gevonden door cyclische verwisseling
der indices.

Ye berekening van de overige grootheden levert nu niet veel
moeilijkheden meer. ¢ci”™ kan het best worden gevonden door uit te
gaan van het feit dat taa een trivector is. Nu is, als gﬁq de
eenheids-trivector is (vgl. (2.63.1) en (7.2b))

(7.2n) Ceba= ~lpg 3 3o - Lagor 7 Canz=-~7
dus:
(7.20) Cirr = A eqpq= — 4" ; A= clet(RY

Daar A 76 (A 7'=1 voor Mm% =zo,vgl.{(3.63u)) vinden wet

(M) e 3 9 "Tr)/:f-} 4]T’V Z; 47-3—"',7? co [__ 56
L. ¢37F = ~\/ (?/(o) - {9\3(/;1059) + X (1-3' 5))2(( to
(7.2p)

. = —2(=5) :
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dust
.- ¥ I3 /1-co "?3-"73. -—__-f”'5 N
Cry =-2§ /?ﬂ’ = —1 — i //- ) Leyelh)
(20w iiensy ) M(/—z&) cesel)
iz =-4%9 o = - yet

+
We vinden dus voor D(f = f;;,ﬂ ~hea”

P ALy 8’145./04,ijr*/)+(~77fp“"(14 Uy oty )
gL f“{/~§-")“7 ol p 1432 p ity )

(7.2r) :—; ..01/»2/1 %Cafg/l)-b;w [/-‘2—-‘—551"} o w7y ;)"[Héiﬁ@ /_»cofgf‘/)
Fﬁf - 7,04["%“*9/&)% 31{_)9—{/-11”;;1’)1#014”7"/’7:‘.[’!»&5}——"1’—/)::;!‘3%}
r;_g Y i%.’gf (i-2 ’;Ig;iﬁ’} + 7 ntnl (H-%Dfﬁ—/mf‘y%)

De kromtegrootheid vinden we als valgts ™" ig een trivector met

(7-25) ci-ij = A o - "Z I-cosﬂ

dus {(vgl, (3.17))
(T.2t)  Ri ™ =- Can <=~ fy (RERE . A2RY)

waaruit volgt:

(7.2u) Riaz %= -1 (M’m-ﬁng

dus

Ca_} )
R LA, —Cen P /r7 . /""'ng »
P 7 »(P"N :A?iir -—Pc—7:§+/x -L/B_f, (’-Q /01 )

H
f
gy
~
'\l’ .
Y
|
R
~
i
4

g ““.'T 0?2473.— /..cos/s)
(Rﬂ.?i :—?273 = 71?2‘5 = gz -—---i- (["2-—-——‘—‘““102

De and&fe kentallen worden hieruit gevonden door cyclische verwisseling

der indices.
Uit (7.2t) blijk$ dat de groepruimte een ruimte var zonstante

krommldg is.




- 4% =

Wat betreft de comitanten van qid kan het volgende worden opgemerkt:
deze behoren tot het stelsel van de comitanten van de trivector e en
van g, eng“" Daar al deze grootheden invariant zijn bij rotaties, d.w.z.
een richting kan in jedere andere richiing worden overgevoerd, hebben de
comitanten geen richtingsvoorkeur. Alle grootheden gb ,gba sgcha 440 €tce
zijn dus nul of hebben de maximale reng in alle indices. Fr zijn dus geen
bevoorrechte richtingen , dus cok geen invariante onderruimien door s
dus geen invariante ondergroepen.

Dit lastste wordt ook als volgt duidelijk: De rotatiegroep van R, laat
ook een rotatiegroep om,ﬁﬂzo toe omdat dit een ruimte van constante krom-
ming is. Dit blijkt doordat de g in (7.2d) bij orthogonale transformaties
niet veranderen. He groepruimte representeert dus ook zijn eigen rotatie-
grdep om<7@u>. Uit de (1,1) correspondentie tussen de rotaties in de groep~-
ruimte en in’Fg , en uit het feit dat in'?% alleen bollen om de oorsprong
dus géén onderruimten dd4r de oorsprong - invariant zijn (p. 402) volgt
dat er in de groepruimte geen invariante ondergroepen zijn. De rotatiegroep
ven R, is dus enkelvoudig.

In de algemene theorie, en ook bij dit voorbeeld, hebben we ons be-
perkt tot de kiem van de groep, Op norma~lcoordinaten blijken nu echter
alle voorkomende reeksen analytisch voortzetbare functies te zijn, en dit
is een reden, te kijken hoe het gaat met grote rotaties. Een rotatie over
27 redialen komt overeen met de identieke transformatie; is hiervan iets
terug te vinden in de groepruimte? Daartoe de volgende bes chouwing. Men
merke op?

1. p is de booglengte langs de geodetische lijnen door %"%o .

2. een rotatie over een hoek £ correspondeert met een vector van
lengte p in de groepruimte (p.404).

3. Het volume van een bol met straal R in de groepruimte is:

_ R R
. — be - — &
(7.2W) ‘ IS(P) :j \/Cy 01427 c(.ngp‘dolg = f‘!'ﬂ'p’:')\ (’——-{%—;—P} df}O = 877"] {I-—CDSF) rlP
PR o G _
4. De oppervlakte van een bol met strael ® is

o G(R)

(7.2x) E{‘P): o7

=3I {1-cosp)

De oppervlakte van een bol met straal a7 is dus nul, d.,w.z. alle ro-
taties over een hoek av hebben, onafhankelijk van de rotatie-as, hetzelf:
de beeldpunt. Identificeren we dus het punt 7"=0 , dus p=0 , met p=aT,
zo dat tevens de corresponderende maatvectoren g“ en 00k g“ van de lo-
caslruimten geidentificeerd zijn, dan hebben we daarmee een vlckomen (1,:
correspondentie tussen de rotaties in Fg en de punten van de aldus gecon
strueerde ruimte verkregen.
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Het gelijktijdiz t6t dekking brengen van g“ en g“ is mogelijk doordat
zowel voor P=o als P9yt geldt Fﬁ:&ﬁ (vgl.(3.638)).

Men vergelijke dit proces met het afbeelden van de rotaties in
op een rechte lijn, en daarna het "oprollen" van die lijn om een cirkel
met omtrek .

Enige andere groepen waarbij de berekening van de versehillende
grootheden niet te ingewikkeld word¥, zijn de volgende:

a) De bewegingen in R,
* X :zCos nz" -y &im qt‘f e ,,2’7\

. 'Y =sin of +y cos fr[’ +-’Q3
b) De projectieve transformaties op de rechte lijn:

'Y — .K:..IEZ._ .
X1




B. Meetkunde der eindige continue transformatiegroepen.

’§' 1 N. Groeven, Onder een groep wordt een verzameling wvan clementen
A,B,C,. verstaan waarvoor een ‘Rrermenigvuldiging“ is gedefinieerd zo-
danig dat

1, het product van twee elementen steeds weer tot de verzameling be-

hoorts

2, er een element ,de cenheid,bestaat zodat

1N, 1) | A =AY=H

voor iedere A; - »

3, er tot elk element H ecen invers element H bestazty

1 N. 2) AR = AR

4, de associatieve wet geldt

1N, 3) (AB)C = H(BC)

Zijn de elementen transformaties dan is 7 de identicke transformatie
en (4) is vanzelf vervuld.

Enige definities:

a) Abelsche groep: HB =BR ;

b) Ondergroep 1/ van groep z}7 is een groep Zf7 waarvan alle ele-
menten elementen van (} zijn, en waar dezelfde “product“de—
finitie geldts )

c) Homoloog heten twee eleme;}lten H en zQ' indien er een element
R vestaat zodat A'=BAR ;

d) Twee ondergroepen heten horoloog wanneer zij door 7?:R‘> _en

B...F in elksar overgevoerd worden, Symbool (- Z/?'_-_ﬁ%’iB;

e) Een ondergroep /7 is invariant ing indien ¥ = HIUH voor
icdere H ; (een andere naam lS normaalideler)

) {7 en (] heten isomorph wan- . .
feer dr een correspondentie tussen /LB C,. en HiBiC"i....bestaat?
zoda% als H bij A en B' bij B behoort, steeds R'B' bij
HE %behoort. De isomorphie heet holoédrisclg als de corres—
pondentie één-Eénduidig is en anders meroddrisch.

(Dikwijls worden in deze betekenissen ook de termen isomorphi:
resp. homomorvhie gebruikt.)
Enige eigenschappen:
1) Ondergroep van ondergroep van 0’/ is ondergroen van Vs s
, 2) Doorsnede van twee ondergroepen van 4 is ondergroep van 7,
3) Doorsnede van twee ing invariante ondergroevcn is in &
riante ondergroen;

4) Invariante ondergroep van invariante ondergroep van 7 is in hot
algemeen .geen invariante ondergroep vanf[ . ’
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" Voorbeelden:

(1. Permutaties van 2 dingen (2 elementen)
2, Permutaties van 3 dingen (6 elementen),
ein- holoé&drisch isomorph met de groep der 6 transformaties van 1
dig variabele
. i N - ' '
'X:.X,'X-:.-,-;'; D= Xl 'x:.-;L ;X =J-x )'.-:.7“{-;

3. Draaiingen om een nunt in een vlak. on' elemanten afhankelijk
van 1 parameter;

ein— 4, Bewegingen in een vlak, 3 narameters;

dig {5. Draaiingen om een punt in de ruimte. 3 parameters;

con~- |6, Bewegingen in de ruimte, 6 parameters;

tiou 7. Projectieve transformaties
in 1lijn 3 parameters
in vlak 8 parameters
{ in ruimte 15 parameters

In deze eindige continue groepen laat zich iedere transforumatie
vanuit de identieke transformatiec bereilien door continue verande-
ring der parameters, In de genengde continue groepen kan dit niet,

voorbeceld:

%. Draaiingen om cen punt in cen vlak en spiegelingen aan cern liijn
gem door dat punt, 2 definitievergelijkingen elk met 1 parameter:
mnengd '
con=- Zom XCOs 3+ 4 sin o
tinu "

'(j - F XSiha * § ers o

De transformaties van een oncindige transformatiesroep laten zich

nict met behulp van een eindig aantal parameter vastleggen. Voorb.:

9. ' .
on- r o= foey) Tox af}j
(s &e Tl } R N ~ o - O
di@ 'y ;;Gf()(, \‘\} L‘f/‘;}y b%(j%



