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In differential geometry in the large, we treat the 
following problemi 
What are the relations between the local properties and the 
global properties of a space?. 
There are two main problems in-differential geometry in the 
large, that is: 
(1) Problem of prolongation: 
We are given a small pQrtion of the space. Prolong it in such 
a way that we get the whole space. 
(2) Problem of metrization: 
We are given a topologicral space, find a Rie'll'la.!lnian metric in 
such a way that the whole space is metrized without singula­
rities. 

In a certain extent, these two problems are converse 
to each other. We mention here an example of the problem which 
belongs to the problem of metd.zation: 
What are topological spaces which we can metrize by a metric 
whose sectional curvature has,at all points and for any 
2-direction, the same sign? In this statement, by a sectional 
curvature at a point 1; and for a 2-direction~ we mean the 
following: 

In a Riemannian space, we_ take a point ~ and a 2-di­
rection if at this point and we consider all the geodesics 
passing through V and being tangent to~ • Such geodesics 
constitute a 2-dimensional surface Vi. passing through --P and 
being tangent to i• • The Gaussian curvature of V1 at ·? is 
called the sectional curvature of the space at the point "'P 
and for the 2-diirection -ri' 

If we d~:p.ote by K \) .u AK.. the covariant components of the 
curvature tensor of.the space, the sectional curvature k is 
given by 

where ru_+<.: .-id '\J~ are two unit vectors orthogonal to each other 
def1ning the 2-direction. 

In the above mentioned example, if the sectional cur-
-va.ture is constant, we get the famous Clifford-Klein's space 
:problem. Clifford-Klein's space problems can be considered 
also in affmely, projectively or conformally flat s:pace~,.~,Q 
illustr·ate the problems in differential geometry in the la:pg~ 
we wish to mention first of all~ 
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pome results_~11..-9la~~~~-differential geometry in the.large. 

It seems to us that almost all problems in more modern 
nifferential geometry in the large have their origins in these 
classical results. So we shall give here a rather extensive 
collection of the classical results. 
W.Blaschke (1924), For any two points on an ovaloid, there 
exists always a shQrtest line which joins these two points and 
the shortest line is a geodesic. Here we mean by an ovaloid 
a closed convex regular analytic surface which has positive 
Gaussian curvature. 
W.Blaschke (1912), H~Weyl (1917)~ If we can deform an ovaloid 
continuously and isometrically, then it is a motion of the 
ovaloid as a rigid body. 
a.Bonnet (1855), When the Gauss curvature~ at every point of 

an ovaloid satisfies , the geodesic distance be-
tween two consecutive conjugate points is i 11 a. • Here by 
conjugate points 9 we mean the fbllowing: Consider a geodesic 
on a point A on it. Suppose that a point 1:1 starts from A and 
goes in one direction of the geodesic. A point .. b on the geo­
desic is called a conjugate point on the geodesic if, for 
the point ? which lies between geodesic arc AB , the geodesic 
A--P gives the shortest distance between A and ·-p for the suf­

ficiently small variations of the geodesic arc (relative mi­
nimum), but for the point -p which lies on ·1, or on the prolon­
gation "f t\ "B in this direction, the geodesic arc A? does 
not give the relative minimum. 
C.Caratheodory (1912), The locus of the conjugate points of 
a fixed point on an ovaloid has at least 4 cusps. 
T.Carleman (1921), We are given a closed space curve C of 
leng1h Land we assume that, passing through the curve C , 

there exists a surface S of the minimum~ area. Then S is a mi­
nimal surface. We denote by O its area bounded byC. Then we 
have 

Li. _ '-\ n 0 ~ o 

and the e~uality occurs if and only if the curve C is a cir­
cle. When the curve C. reduces to a plane curve we get the ans­
wer to the classical isoperimetry problem. 
Gauss-Bonnet (1848), 

,\ S "~o s x, = 'l.{i-p) 
\J2.. 

where v._. is the Gaussian curvature of the surface V1. 9 the 
volume element, X Euler-Poincare characteristic and f the 
R.:enus of t.he· •sur.faae. 



D.Hilbert (1900), There does not exist an everywhere regu­
lar analytic surface without frontier which has negative 
constant Gauss curvature. 
HeLiebmann (1899), Any regular closed surface with constant 
Gauss curvature is a sphere.(Consequently a sphere is rigid). 
Any ovaloid with constant mean curvature is a sphere. 
H.Poincare (1905), Every ovaloid has at least three closed 
geodesics on it. 
J.Steiner- W.Gross (1836, 1917), Between the area O and the 
volume \I of a ovaloid, there exists the relation 

o~ _ 3fo-rr\J1.. ~ o 

and the equality occurs if and only if the ovaloid is a sphere. 
We now come to the more modern differential geometries 

in the large and we will classify these geometries according 
to the topics treated in each branch as follows: 
(1) Complete spaces. 
(2) Behaviour of geodesics. 
(3) 

(4) 
( 5) 

(6) 

Spaces of negative sedtiohal curvature. 
Spaces of positive sectional curvature. 
Harmonic integrals. 
Curvature and Bett,i numbers. 

( 7) Gauss•-Bonnet formula. 
(8) 
( 9) 

Complex man if olds. 
Almo8t complex manifolds. 

(10) Holonorr.y groups. 
(11) G~oups o= transformations. 
( 1~~) Imbedding problems. 
(13) Fibred sp~ces. 

We will mention some typical results obtained in each 
of these bra~- •::hes of differential geometry in the large. 

( 1) Complete S:Ql:3.~· 

A Riemannian space is said to be complete if it satisfies one 
of the four following postulates. 
(i) P,o:~;t]J._l..?,.te _of ;n.easuring. We can measure on each geodesic 
any length starting from a fixed point on the geodesic. 
(ii) Postulate of infinity. We call a diyergent line a one­
to-one cont-f..nuous image of a half-line in which, to any di­
vergent series of points on a half-line, there corresponds a. 
divergent series of points on the line in the space. Then 
the postulate of infinity can be stated as followsg Any di­
vergent line of the space has infinitely long length. 



(iii) PostulatJ; of Cauch~- A Riema.nnian space is a metric 
space. In fact, we can define the distance(A~)between two 
points A and~ as the infimum of the length of curves which 
join these two points. Thus we can define the fundamental 
sequence of Cauchy as follows: If a sequence of points~ ;·P~ 1 .... 

satisfies the condition 

( -p ,yr'\. Y "'- ) ➔ 0 { "''- , '"I\, ~ 0 ) 

we call this sequence fundamental sequence of Cauchy. Then 
the postulate of Cauchy can be stated as follows: All the 
fundamental sequences of Cauchy converge. 
(iv) Postulate of compactness. Any bounded set of infinite­
ly many points of the space admits at least a point of accu­
mulation. We usually express this fact by saying that the 
space is locally compact. 
E.Cartan adopted the fourth postulate and called a normal 
space a space which satisfies this postulate. 
H.Hopf and W.Rinow proved the equivalence of these four pos­
tulates.Moreover they got. 
Theorem . We can join always two arbitrary points of a com­
plete Riemannian space by an arc of minimal geodesic. Recent­
ly G.de Rham gave very simple proofs of the equivalence of 
these.four postulates and of the above mentionGd theorem of 
Hopf and Rinow. 
(2) Behaviour of Geodesics. 
A generalization of Bonnet's theorem to a complete Rieman­
nian ~pace was obtained by Synge (1935), Schoenberg (1932) 
and My~rs (1935). 
Theorem. A complete Riemannian space whose sectional curva­
ture for any point and for any 2-direction is greater than 
a positive number k. is a closed space with diameter less 

/ 
"'ti)~ ~0•5-

than 1T Vl., • We can reduceYof this theorem to that of 
corresponding theorem in a two-dimensional space by the 
following lemma due to J.L.Synge. 
Synge's lemma. The Gaussian curvature of a portion of a 
surfa~e V~ which passes through a geodesic of an ""--dimen­
sional Riemannian space V~ depends along the geodesic only 
on the ruban of planes tangent to V1. along the geodesic. 
This curvature is less than or equal to the sectional cur­
vature of V'n. for the tangent plane of \/,._ • The equality 
occurs only when the ruban of tangent planes is obtained 
by the parallel displacement of a vector along the geodesic, 
the tangent plane being determined by the tangent to the 
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geodesic and parallelly displaced direction. In the two-di­
mensional case, we know the following theorem: 
Theorem. The arc of geodesic joining two points A and '11 such 
that any solution of Jacobi's equation 

( K : Gaussian curvature') 
~jJ+ ~'\.~:,:: 0 

l'.I .._.. ~ d.'f fa_-:, s : arc length 
has at most one zero-point in the interval A~ is an arc of 
geodesic which realize the relative minimum of the distance, 
that is, which is tho shortest among the curves joining A 
and]. and lying in a sufficiently small neighbourhood of the 
geode sic. 

On the other hand, we have the following comparison 
theorem of J.C.F.Sturm (1836): 

Theorem Suppose that we have two differential equations 

fl}" + t<_ (s) "i' = o 1 (-,) 

i' + L(.s) r:t. ~ 0 (l.) 
It c.on.sc,t.1-'ti,r~ 

in which '\($) ~ \_, (s) , then the distance between tw9vzero-
c.,,1~4;,,.t ..... e 

points of (1) is shorter than that between twoYzoro-points of 
(2). But, if L(s):: ~:;:constant) o, then we have, assuming 
11..,::. o for s .... o 

1i 
and the distance between ~~~ ... ~? .. loints is VK , Thus com-
bining above two theorems, we get the classical theorem of 
Bonnet. 

Now take a c0mplete Riemannian space whose sectional 
curvature for any point and for any 2-direction is greater 
than a positive number ~ and fix a point O in the space. 
By a theorem of Hopf and Rinow, we can join any point ·--p 
of the space to point O by a shortest geodesic. Take a di­
rection at G which is not tangent to the geodesic and dis­
place it parallelly along the geodesic. We consider then a 
2-dimensional subspace which passes through the geodesic and 
whicli%angent to the vector field parallel along the geodesic. 
Then by Synge's lemma, the sectional curvature of the space 
for a point on the geodesic and for a 2-direction tangent 
to the subspace is equal to the Gaussian curvature of the 
subspace along the geodesic. Since the sectional curvature 
of the space is supposed to be always greater than k 1 and 
consequGntly this geodesic which is also a geodesic of the 
subspace has a point conjugate to Oin the interval ir/Vii.._ ,..... 
But 0-P is the shortest geodesic, and consequently we have ,..._ 

0 P < rr /~ • This prnvc£' the generalization of Bonnet I s 
theorem~ 
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( 3) S-Pac..£.s __ of ne,KatJ_v_c_, l3 e 9t ional curya ture. 
If the space has sectional curvatures always negative for 
any point and for any 2-direction, then, by calculating the 
second variation of the length of a geodesic, we can prove 
that any geodesic arc rGalizes the relative minimum of the 
length. 

On the other hand, E.Cartan (1928) and S.B.Myers (193~ 

proved that in .a simply connected space if there exists a 
point 'P such that it has no conjugate point on any geodesic 
passing through it, that is, any geodesic passing through-P 
realizes a relative minimum., then the space is homeomorphic 
to the Euclidean space. 

Thus we can state~ 
~ A simply connected space with negative sectional 
curvature is homeomorphic to the Euclidean space. ,Ye will 

~h,~ 
quote here some orVintercsting theorems on the spaces of ne-
gative sectional curvature obtained by Preissmann (1942). 
Theorem Any geodesic which docs not pass through a point-P 
of a space of negative sectional curvature has a point which 
is the nearest to -P . From this point, two branches of the 
geodesic move away from --P mon§>tonously to the infinity. 
The.Jll'..em Tho sum of the anglos of a geodesic triangle in a 
simply connected space of negative constant curvature is less 
than two right angles. 
Theorem In a space of negative sectional curvature, there 
exists at least onE closed geodesic of any type of homotopy. 
As a consequence of the first theorem, we remarlc here 
f~eorem All the elements of the fundamental group of a spa­
ce of neJative sectional curvature are of infinite order. 

(4) Spa9,_§_s_of positive section1,3,l curvature. 
We must mention first of all Bonnet's theorem stated at the 
beginning of (2). 
Theorem A complete Riemannian space whose sectional curva­
ture for any point and for any 2-direction is greater than a 
positive number k is a closed space with diamsroor less than 

n f \.ilz . From which we have. 
Theorem The fundamental group of a closed space of posi-· 
tive sectional curvature is finite. Before stating the follo­
wing theorem, we define the orientability of the space. If 
a manifold of cl.ass C "· can be covered by a system of coordi­
nate neighbou,rhoods in such a way that if any two coordinate 
neighbourhoods ( 3 .)(, ) and ( J x,' ) ovGrlap ~hen in the over­
lapping domain the coordim:i:k transformation 
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has always the same sign. Now S;ynge proved the following 

theorem. 
Theorem An orientable closed Riemannian space of positive 
sectional curvature and of even dimension is simply oonnected. 
We now define the extremLty1 of a space. We say that a se­
quence of points 

--;-,, -.) -~ 
t1,1:i. r~3)····· c1; 

diverges to an extremity if, for any partial sequences 

'£,>'{,._, ~3)'"' 

1\.111'.l) ~3,·. . 
taken from (1) and for any compact domain i), it is always 

possible to find tho curves joining 
,.r) ·-:--. rn -R 1r. c) 
'-(. 1 \. c "\ '\ :l -C l 'tc '.l. ~ '-l, ~ to f\., l ' ... ' , 

which have exeept a finite number of exceptions 3 no common 
points with u . Now wo can state the following theorem of 
Preissmann (1942). ~ 

1.h.£9,.L§fil An open space of positive sectional curvature cannot 
have more than one extremity. We call a space with pole a 
space which contains a point -~ (pole) such that all the geo­

desic rays issueinf from1> are minimum geodesic rays. 

Theorem The sets of poles in a space with pole of positive sec­
tional curvature ie bounded. 

(5) Harmonic Integrals. 
An n-dimensional manifold of class C "l.. can be covered by 

a system of coordinte neighborhoods UoL. If, from any covering 
by the coordinate neighborhoods of the manifold, we can choose 

a finite number of coordinate neighborhoods U ;_, 1 ~ 1\.L ~ l. 1 .... U, N 

whose union covers entirely the manifold, we say that the mani­
fold is compact. 

Now an exterior differential form of degree~ 

1 '\ ,d_1A'\ .J'-1'.;Al. '\.A.~ p( '-r /\, >. >.. . A p _..., /\ -.,.. ;:, /\ . · · {\ d. ~ 

is called harmonic form if the rotation and the divergence of 

the antisymmetric tensor '\Ji\,"-~ ... )... 3 vanish, that is, if 

"'(A <f' ,\ 1 /\ l.. .. , ;\.p) ':l O, 

o,.,A "I <O 
c p. 'T;,.. ,\..'l. . · · · /1. ~ = 0 



8. 

where (J denotes the covariant derivative with respect to the 
Christoffel symbols. 

Now we can state the famous theorem of W.V.D. Hodge. 
Theorem. In an orientable compact Riemannian space of class C'L 

where~ is a sufficiently large integer, the harmonic forms of 
degree p form a vector space whose dimension is equal to the fth 
Betti number of the space. 

Take an exterior differential form 

<p -::- T: <y' A ' A A ... A ~ -0. ::>· I " d. f' l. /\ . • . )\ d.. l A ~ 

We define the exterior differential d.Cf of q> by 

d<f s ti_ 'vc_At.r,. 1 ). 1 ... x~J d'.3.).A~JA1J\. •l\<:t)>.'f' 

Now denote by (fl A I A :i. ... ). p the centravariant components of 

"PA
1
A~ .... ,\i.then we define the *-operation on ~ by 

* 4' "' 1. ,l , A :i. ... "·1 A i .,, ... >.. '1\.- ~ t\."\"" 1. .. · >-r .d.. "!/" , t ~ .I\ .. f\ d..}. A n 

and call ... , 4-1 the adjoint form of~ , where ~ ,\ 1 .. >.. "'- is the unit 

n-vector of the Riemannian space. 
The global inner product of two forms ;-y and 'f of degree 

p is defined as 

(4-'t'}-..1 'ft\(*',-') 
\J'L 

We define the exterior codifferential ~\.flof ~ by 

b ~ = ( - l )"'\ p -\- ~ "t '\ -if ,d. ~ ~ ' 

Now it is easily proved, by an integration by part, 

If an exterior differential form ~ is harmonic, we have 

d.. ~-:.: 0 , D o'f.,, 0 , and consequently 

D>. ~ = d. & 'f + ~ J.. ~ -:. o. 

Conversely, if we have A <f :: d. & ~ ..- b ~ ~ -::c. o , then 

o :;:,(~'P.,<\1)= (d.bq>)!f)-t-(6d.~>4l). 

But, on the other hand, we have 

(d.b~,-.\l) .(bq,,)&cv), 

(&d'R>~) =(<:\.~,d.<,p)> 



and consequently 

( 6 ~ ., I{)) -= ( d. a;; ,) .d. 4l) -t- ( S -~ ) 6 ~ ) = o·, 

from which, since ( d. f) ti. 4>) ~ o, (bcp) b~)~ o, 

(ct~) a.'¥)= o.) cs~, b<n-=-o 

which show.r that 

Theorem.A necessary and sufficient condition that a form f 
is harmonic; is 6 ~ -= o. 

-9-

The expression D Cf> certainly contains the curvature tensor 

of the Riemannian space, but the curvature tensor of the space 

does not appear explicitly in the works of G. de Rham and 
W • V. D. .{odge . 

We shall give here, as an example, the expressionD~ for 

a covariant vector ~ .,\. 

First d 41 is given by 

vJJ,..c.p,i_- \J).1µ. 

and consequently & ct~ is given by 

2~µ. '\l-0('V1J.~A-"vA'f)J..) 
Next Sf is given by 

1a,;µ 'v-.,<t)..L 

and consequently d.8<\' is given by 

VA ( ~~r'- \]~qi~). 

Thus, for d. 6 c.p + s d ~ , we have 

-% ~ µ.. [9-.; vµ. 'I/ A - -.::::J\) V>.. ~ u. --1· 'CJ,\ <Q..., ~ ~1 
= ~ \1 }A, C v \) 'y fl'- (fl~.... y__ ~~- )A."L 'f .x.J 

-=- ~vµ V,; Vv,. <f A - '{,._',._)4. 'fl~ 
' 

where "h.._: is the Ricci tensor of the space. Thus we can state 

Theorem A necessary and sufficient condition that a covariant 

vector <f> A be harmonic, is that we have 
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For a general antisymmetric tensor, we have 
Theorem.A necessary and sufficient condition that a covariant 
ant isyrnmetric tensor co 

TA,.)A.l.,'"Af 
be harmonic is that 

iv;tV,)'vJAq>A,,-l. ... ).. _LP K•x 
p r. .. -i As q>)..-, ... )..s ,.::ic. \ \ 

- "s •" ... "'tt 
+ E 1 ... p K .. de_ 

"t)S At '),,.s 'f-\, ... A't.-1 G"At.~ 1 .,,As.1 (As ... , ... ,)..t>,.. o 

The applications of the theory of harmonic integrals to 
complex spaces will be stated later. 
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( 6) Curvature and Betti numbers. 

On applying Hodg0 1 s theorem, we can obtain some ralations be­

tween the curvature and the Betti numbers of the space. 

First of all, we shall ~uote here the famous theorem of Green: 

TJ1eorem: For an arbitrary continuous contravariant vector field 4f?v.. 

in a compact orientable riemannian space V,n. , we have 

= 0 
.) 

where cl:vdenotes the volume element of the space. As a corollary to 

this theorem, we have 

Jheoremg For an arbitrary scalar field Cf' in a corn.pact orientable 

riemannian s:pace \J""', vve have 

J . Cl A.I~: V ,,\ 9~ u? ~ 'V s: 0. 
Vn d 

Now applying this theorem to ~'Li we obtain 

'l., Svlf\, l ~ q;A~ '\./;\. QI( 4 ~ ~,~, ( v ,,\ ~) ( "{ lj) ~ clv- ==- c 

Thus if ~A....,__ \l;,.._ \/"-, Cf~ o everywhere in \JY\ , by the above theorem W( 

must have q'\~ {]A\,/¥... ~:.o, and consequently from the above formula, we..,. 

But '1A K(\l,\ (\'J('\Jl\ tp)~ o for 

consequently we must have 

is, ~= const. Thus 

a positive definite riemannian metric, and 

1A.)<(VAt)lV-t i_p)::-.o, from which V>.. 'f::. o , ~h,.~· 

Theorem~ If a scalarfield~ in a compact orientable riomannian space 
I -

\]'(\, satisfies ci,,A"'-\/AV·'i..lfl ~ o , thentp' is a constant, and ~Av..\j>..'-ly.,1-rO 

Now suppose that 4· is a harmonic vector, then we :!:.ave 
,\ 

<fJ )J., ~ ~ \) J-A C{) >, - ¥-_ :t Gf ~ -::: O 

We now calculate '! v_µ. 'v-v 1;;.. ( ~'>.. cf;,,..) , then we have 

cf'!'- Q,,ll"-("1' <.p,i_)~ '.l.'\'•~"»-V,Y,_,_ 'RA"' '-<j'µ.Cl,q,')('l}'- 'i'A) 

-:.: 1 l K,\ I'-'(\ If~ -t- ~ "µ. ( \/\) ~A)( \7 µ. ~A~ . 

Thus if the Ricci curvature KAi'ffi< is positive definite, then we 

have ~ 'l,u. 'y~ v µ.. ( 1.r/· <f i\)~ o and consequently 

KA.II;. ~,\ ~I( -= o 
,\ 

which gives <p == o • Thus 
Theorem~ If the Ricci curvature of a compact orientable riemannian 

space is positive definite, the first Betti number of the space is 

zero. (S.B.Myers 1941, S.Bochner 1946). 



In the same way we can prove 

1.h..8-.Ql'...fila! If the g_uadrati2 form 
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K cp A."'-l.. ·AP <P v... ?-1 K. . ~ !li,>,>-:\·•·~r >-'I(. 
· AK · A :i.. •• ,1. y) ;- ~ "·" A 1\ • ~ , ·,A~ ... A p 

in a compact riemannia..'1 space is positive definite, then the Betti 

numbers -B\f> for r='\ /l, ' -~_,.vanish. 

As an aJ)plication of t1:is theorem, we can 1:irove 

Jheorem: If the curvatt:i.re tensor of a compact orientable riemanniar.1: 
suace 'ln. satisfies ... v . ,,.\jµw,\"' 

l( <'._ - l'\, \) ~~,\ ¥1., qi . .J. • .....C, < ~ 
C ( °t = I.fl" v.. ~ A'><- -: 

for any anti-sytrrnetric tensor <F,\¥.. where lt is~posi tive constant, then 

the Betti numbers -Br for p-= 1,l) .... v, _, vanish .. 

It is not known ii' this theore,.1 is true or not when we assu.me tha. 

( 1) is true only for any anti-syrillnetric tensor of the form u...A ,vi(_ u.'· '1'\ 

It may be interesting to compare this theorem with the following 

theorem which is obtained recently by H.E.Rauch. 

Theorerr.~ If in a complete rie:mannian space, the sectional curvature 

K( ~ 9 y ) at a point ~ and for a 2-direction "t satisfies 

-h\k ~ ¼. {1\ 0)~(-t 

for some constant 
~' , ~ ~,- '/ ' aJ...L. '( , VUlEre J<, , .J ,1 lS 

, some t ) o and for all P in the space and 

the root; of the equation sin 7T ,{T.-::: \fl~/ 1.. , jher1 

the simply connected covering space of the space is homeomorphic to 

then-dimensional sphere S~. 

( 7) Ga~S;::~onr~et f ormul3,, 

The classical Gauss-Bonnet formula states that for a closed sur­

face \/ 4 in a 3-dimensional euclidean space, we have 

\ '1 ) J Vii{.._ o. 0 -:: ~ · Tf :x_ 

where ·x_, is the Eule:i;: number of V l. 
H.Hopf (1925) generalized this theorem for a closed riemannian 

space V h. of even dimension which is a hyper surface in an n + 1 dimen­

sional euclidean space.In this case the theorem takes the form 

( 1) 

where k is the total curvature of \J 1\. 7 w ""- is the area of an n-sphe:r 

and ;.~is the Euler number of the space. The total curvature K is de­

fined for a hy:persurface as the product of the 'l'\. :principal curvature; 

and conseq_uently it ran be expressed as a pol;ynomial in the compont.;.t: -
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of the curvature and in components of the C 

tensor i),.K. • 

W.Fenchel and C.J3.Allendoerfer (1940) generalized the Gauss-Bonnet 
theorem for a closed ri manifold of e-1ren dimension which is 

a subspace of a euclidean e. 
Tll.e_q_r~i= In a closed riemannian manifold of even dimension n which is 
a subspace of a: euclidean e € ~+- 1,, , we have 

(1..) 

where 

To prove this theorem, C.B.Allendoerfer utilized two notions, the 
Kronecker index anrl the notion of tubes. 

1.hs_J~r,i es.li_§!_j..jlj. e ~. 

We suppose that at eaoh point of an n-dimensional riemannian 
ce \/t\ there are given n + 1 functions V ~ ( 1) of class C I satisfyin? 

z:._ V .i. Vi...: 1 • By means of this set of functions we can consider 

a continuous mapping of \/'Y\. upon the unit sphere S~\whose equation 

is ~ \J ;_ \J ~:::. 1 . This mapping is of a definite degree el • If we put 

v" ')._, V ... 

( 4 ) 
0 \I' (j" .. 

D - ... = Q ~. 
0~ .J 

the number d is given by 

( 5) 

This number .c\. is called the Kronecker index. 

\J"" 
c \) '\, 
--1 Qi 
'c \J .,\ 

0!~ 

If \/~ is a hypersurface in an ( n+ 1 )-dimens~ onal euclid oan space 

and the \/ ~ a.re cmn1)onent s of the normal vector 1 ,.,(';: have 

( l.:,) 

Bu.t if n is even, we have ),., -: '.l (). , and consequently 

lJ,,_ Kd.0 =tw~•)l. 

which is the Gauss-Bonn formula for a hypersurface. 
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!!}§l_tu9e~. 

Let -~~-= .,.\ ;_ ( ']:) be the parametric equations a subs:paoa V ..-. 
an (''V-\.+")-dimensi :)c1i e:~n ce, and"'Bai~ t 

vectors orthogonal to each other the subspace such that I~~ ~~~--l), 
where ~, j , ... :::. 1 i"· )V\-t~ ><..l~"l;'l., .. ~~nd ot,P>-:: IY\+'1), .. ""-+ti,., 

The tube of unit radius of the sub ce defined by 

~ L=: ~~ ( ~) + -B~ ~ l~) <>'-. l "'A) 

E td.. t ..... :::. 1 

where the \J A(A-=-")1. 1 ... , ~-1) are parameters on a ( ~ _.,)-))>hue 

the first and the second fundamente l Denoting by ~),. ;( and H; t 
tensors and by t the terminant 

l-t) 

\ ~t.._ bt_-. \ -.-----..,. ->we have 
~A ~\Jl!!I> 

I . -

-;:. 't '"'"' V\ .... ~ - '\ • "'A. ) 

where j~ is the Euler number of the tube, provided that n+q,-1 is evrc.. 

H. \"'eyl ( 1939) proved that 

( 8) 

where K is given by (3). 
Combining (7) and (8) 1 one gets 

But we know from topology that '/.... . .,. 1. Y1..• Thus we have ( 2) for q :-::. 
even. '.:Che p:::-oof for '9,, -odd is given by imbedding the subspace in e 

( N\. +i=t, +· 1) _ dimensional euclidian space. 

An intrin810 proof, that is a proof in which we do not utilize 

the fact that a riemannian space is imbedded in a higher dimension~~ 

euclidean space was given by Allendoerfer-Weil ( 191t3) and B.S.Cher:t '. , 

.A .• ,A .. Abramov I s theorem. 
1"''1 ~- '· ", -,;, ··- ' 

Let \I~~~ riem.annian space v1i th positive definite fundamenta: t ., · 

consider the a..ri ti-symmetric tensor field 

the t \ , 
:) I\ 1 • • • f\ !) 

be a compact 

e of Vn. 

are analytic functions of ~,l._1~ Oi1,1,. ~ A'I..>···• Le· 

orientable sufficiently many times differentiabl,: 

• If the integral 
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is independent ice of 9!-).~ , t,JA;l..i•"A\l is a topological 
invariant. It is not proved that all topologi invariants can be 
written in this way. 

( ' I\.J.T . -I ~ ~\.-:. _, i, A t Jc p A1A l. ... ,,.\. i:> 'Oll. .:s ,0\. ;, •• , 

~A r <1.,S p :!! l ''41/, '\ ) d. ~ ~I .1':tA:1, Ji~A.f 
Jc.p /1..11\.\. ... /\.yi, .5 0-5 ... 0.5 . 

we say that the fi "->.f" and 1w are equivalent .. We put 

and 
LC 1T (A, ..... 1\ ... Ap} 

,.,,, 
LCTT,\1)..)."' 11.\f'\. 

are only topological invariant up to an equivalence. 

( 8) QQln_IJ_:).e:x manif_qlli_ljgi~lerian si~-L• 

Vie consider a 2n-dimensional real manifold covered by a set of 

coordinate neighbourhoods. We denote the coordinates of a point 1> 
in a certain coordinate neighbourhood containing 1' , by 'tK_) :S '\ v.. .,_ \· ,'. 

If we put d,i;!. 
;.,i I( s ¥:. • ';;,, 1<. 

A.. :: '"\. + 4-_, 
we can regard 't .c. as complex coordinates of the point -P in the 

coordinate neighbourhood ( "I\ \.5 \It) • If we can choose a set of coordi-

nate neighbourhoods in Sl-tch a way that, when the point 1> lies in the 

overlapping domain of two ooordinate neighbourhoods {"-')and (y;_) we ha-

VE always 

( ) ) 

where f Ii(,' (._1.) are complex analytic functions of >-L '- and 

l. ~• d.:~ 'Y\ '( l -t\) (,' 

we say that the manifold has a ~onrokLan.aJ...YJ...:Lc stl:£_c~ or simply 

~ q_gmRl~_,..§_tru2t~.Putting 

ti~ ~Ifs ""t - ~ J'(, 
from ( 1) 
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where_ 5- ~ ( 'L.) denote the complex conjugate functions of ' l \(. . The i,t,.1<. 

and ff...~ can be considered as 2n independent coordinates 
tions ( 1) and (2) can be written as 

~::. 1 >'"~ ""'~;;) ···1~ 
,, 1' • _, -1 
"(\ ~ , ... , "('\,"' ,., ~ 

and the~ua-

with functions £ fi'. that have the special forms ( 1) and ( 2) • Each 

coordinate sy':'·'. ~·1 (l-.)obtained in this way is called a compl&.x coordi-· 
~!!''-~•·Clot I 

!!13-te system in contradistinction tovcoordinate systems (~i)that a.rise 
if the functions f ~1 in ( 3) are analytic in rl.. ~ but do not satisfy 
( 1) and ( 2). 

Because of this special form of coordinate transformations, the 
tensors and affine connections in a space with complex structure 
show ma.ny interesting properties which usual tensors and connections 
do not have. Geometrically the introduction of the preferred coord:i.-~ 
nate systems means that in the 2n-dimensional manifold are fixed 
1. the set of O'v Y\. n-dimensional manifolds 1...:. : o 
2. dit0 '-i.><- .... o 

3. the principal n-dimensional manifold 1--J... 'I(. ";lo ;;J-
A complex Manifold is always of class cw, that is, it is a real 

analytic manifold of even dimension. 
Sine~ the Jacobian of the coordinate transformation (3) is real 

and positive, a eomplex manifold is always orientable. -·""'-
In a complex manifold, we can define a special tensor r l which 

has, in any complex coorainate system, the components 

This tensor plays a very important r6le in the theory of complex 
manifolds. 

If a complex manifold is endowed with a hermetian metric 

I ( 5) 

which is positive definite, it is called a hermetian manifold. 
··- If we denote by \ ~ t} the Christoffel symbols formed with 

't ;,,~ : ( o - C} ).1<,) .oi'\. ~A-.<. =- o ; <ll'i -;: o 
~..\!(. 0 

by (Jj the co~,ariant differentiation ·with respect to \ ~ t \ , w:) 

e of cou.rse 

?1 <} i... ~ :: 0 ) ~u.\. Vt\ ~~ mot "1 r i. ~ -:: 0 
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If we have 

.( 6 ) \/ l C;l t ~ :: o ) \Ji r ~ "'- ?. o 

the hermetian manifold is called a kahlerin manifold. The condition 
(6) is equivalent to 

We quote here some results in differential geometry in the large in 
kahlerian manifolds. 

Bochner ( 1946): 

Tp.eoreIJ!.: In a compact kahlcrian manifold with 1\ 1K. v-l O' 1<. ) o , 
t~•,re does not exist a covariant vector field whose components are 

ccmplex analytj~ functions of complex coordinates except a zero vector. 

J.1:l.t?..91'..§fil: In a complex kahlerian manifold with l\ l \<.. ,._,- ~ IIJ ~ <. o ) 
tl1e:'e does not exist a contravariant vector field whose components 

are complex analytic functions of complex coordinates except a zero 
vector. 

Hodge ( 1941), Eckmann ·?,nd Gugge~eimer ( 1949) : 

.Tl1:.e:.o_r_~11: In a compact kahlerian manifold an anti-symmetric tensor 
field of the form 

A.J5 ' ' · - r -..,_;r , '- 0 0 0 l.)Y• - - ·) \. 1 \. l ' '' "'- p - \ A 1 A .t.' ' r,. f' ) ') ') • • • ) l A.'\ Al.••• ,\. ~ 

is harmonic ii and only if the components w A.,~1. .. ·.Lp are complex 
analytic functions of the "I.. I(.. and the components w_x 

1
~ 1 .. 1,are complex 

analytic functions of the 11.., v:. • 

Hodge (1941): 

In a co~"lpac-t ki:ihlerian manifold of complex dimension"\ , we have 

:for the Betti numbers 'B p : 

'Bo i "Bi ~ 'B \o\ ~ • ·, i 'Bl. t"t1, 

01 ~ 0 3 ~CK i .. . i "'B ~ t ~} J-r 1 ) 

and the number "%P+'l..-Bp ( p..j- 'l.1 'Y\) is equal to the number of linearly 
independent self-adjoint effective harmonic tensors (with constant 

ooeffients) of order \Q-,... ::i. • 

In this statement an effective harmonic tensor is a harmonic 

tensor 11.>f: 't ) satisfying 
... ~ l.". ~t, 

0 ;I 
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Using this theorem of Hodge 9 we can 0stimate the Betti num­
bers of a kahlerian manifold of positive constant curvature. 
J]leorem~ In a compact kahlerian manifold of positive constant cur­
vature, we have 
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8. Complex manifolds~) 
We consider a 2n-dimensional reel manifold covered by a set of 

coordinate neighbourhoods U(-r(',i;K.), where K,A.)JL, .. = 1,~, ... , n. 

If we put 

(8.1) l;"=Y't+L<;:1\ 

then we can regard (§1 ~s complex coordinates of a point in the 
coordinate neighbourhoods U( 'Y'J"'-, i;"'). 

If we can choose a set of coordinate neighbourhoods in such a way 
that; when a point Plies in the overlapping domain of two coordinate 

neighbourhoods U('l')\~K) and U'(,f'', i;,k') then we have always 

(B.2) sK.' = p:'(f'). 

where f "'< gi·~) 

and 

' 
nre complex analytic functions of complex variables §& 

(8.3) 

we say that the manifold admits a complex nnalytic structure e,r simply 

cnmplex structure and we call such a manifold an n-dimensional complex 

manifold. Such a manifold is of class c: 
Let Xn be an n-dimensional complex mrrnifold, then we define its 

conjugate :manifold Xn :"JS a manifold satisfying the following cond1tions 2~ 

The~" is a complex manifold related to the manifold Xn by a 

homeemorphism, mapping eauh point Pe Xn into a point PE: X11 , such that 
for each coordinate neighbourhood uc;K) of P, there exist3 a coordinate 

neighbourhood O (~ K) of f, whi.ch is the image of U(sl<) under the eon .. 

Jugation and which satisfies 

In the product complex manifold X 2n= Xn x X,,, the diagonal set of 

points (P, P) form a rea 1 2n-dimensiomi 1 real analytic submanifold and 

this submanifold is homeomor·phic to Xn• 

This submanifold has a neighbourhood that can be covere~ by a 

special class of coordim:ite s-ystems (s''\l;ii) in Xnx. Xn as follows,: for 
each coordinate neighbourhood U(f') of Xn, let Oofi<) its conJuga te coor­

dinate neighbourhood defined by (8.4). Then the sets Ux.U cover :::i neigh­

bourhood of the points (P,P) and for Bll'Y one such set, made up of points 

('P,Q) where ~Q E: U let 

f\P,Q) = f\P). ~i:CP,Q)= {i\o_) = ~~Q), 

then the points (P, P) of the diagonal subma nifold a re characterized by 

; the equation 
~~., 

:JB.5) SK= SIC· 
',,,, ··-------------:{ft"1} cf. J .A. Schouten: Rice i Calculus ( 1954), 388-420. 
/i'.2) E. Calabi: Isometric imbedding of complex manifolds. Ann.of Math., 
i: 58 (1953), 1-23. 
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We ca 11 this subm:rni fold the princ lpa 1 Xn of Xln· 

The transformation of coordinates in ~n= Xnx Xn has the form 

:'( 8. 6) 

·, rR' K' (8 6) rtmere -i- are complex conjug1te functions of f • The transformation • -

ftreduces to 
J(8.7) ~i.:•= +K'(~l(), ~K•= fK'<s.l<:) 
);:,n the principal Xn. 

The Jacobian of (8.6) is 

6 ::: 1 ~· I · l (}t ~· l 
! o~ K l o); iZ 

:)lhich is real and positive on the pr.incip2l X.11 • Thus the principal X11 

)end consequently the :::: omp1ex X11 ls always orientable. 

Nmv, when we hsve ln Xn :=1 function .f ( 11\,; K) analytic in 'f)K and 

:t;K we can consider it as a function of ;Kand 5i< which can be expanded 

· in power series of ~K and i;:< • Then subs ti tu ting 51e by ~K we can 

reg3rd this as a complex analytic function of ~K. and sK. 
Conversely, if we have s complex ,H18 lytic function Hsi(., l; i) of 

tK r:rnd ~,R- , this gives ::i function f ( 1;1·::., ~ K.) in the pr inc ipa 1 X.,. We 

say that +(€,\~K) Are semi-analytic in the complex Xn, 

In the following we assume that the components of nll geometric 

objects in X2.n= Xnx Xn 3 re analytic. 

If we have a function f(~K,f'·) in X11 , we consider this as a 

function f ( !; 1\; i<) in X:2n = Xn x Xn , then we can consider 

cif-1-f = af , ·o--L= ?lf . 
ai;.u . µ d5P. 

.Ltfter this partic:::l di1'ferentic1tion, we put 'sp. = l;µ. We call this 

•the p;::irtial derivatives of f(si-\ 51<.) in X 11 with respect to gic and s'R 
respectively. 

Now we define, fer instance, a contravariant vector in X~n as a 

geometric object which is repr'esented by its 2n components (vK, vR) 

with respect to each coordin2te system C;~,sK) whose transformation 

· law under (8.6) is 

(8.8) 

where ~ il<1 K.j K' Kl 
P.,~ = <\cs ~ AK = 0R,5 

/and consequently A~' :::ire functions of ~i< only and A~· functions of fl 
?only. 
d If a contravar1ant vector of X 2 n is defined at a point of the 

•i~rincipal X0 , that 1s, if vK:vK(~.~), vR::-vi\s.,~), we call it 
·,~'.~· 

,ta. contravariant vector of Xn-
1~1 Equation (8.8) shows that, if (v\-;.J~) nre components of a eontra-
,.,}' 

~?jreriant vector in X ~11 , then 
;1·( 

-t 



2'1 

(8.9) r K .... 
1,.0,'\J ) ) 

are also components of ccntr:=nn:n•1ant vectors in X!:in 

Through each point ( 5 .::, 5 i<) of X2.n, there pas a a Xn and a Xn. 

We denote the tangent planes to Xn and to Xn at (f\ ~i) by l:11 and 'E.n 
respectively. Then (v1\o) is the projection of ('V' 1\v-i<.) on 'en, and Co;,vR) 

is the projection of (-vl\:~'\J'i:c) on ln, 

Between a neighbourhood of X" and that of in, we have a mapping 
defined by ( 8 .4). This m,apping induces a mapping between~ and -gn .By 

. this mapping ('1J" 1\o) corresponds to (o> "-"'K) and (o~vR) coDresponds to 
· ("1.,•i\ o). This fact gives a geometr-1cal interpretation of the correspond­

ence between (,_,,K,1JK) and (~;i, _;;~). That is, we decompose first (v\v'i<) 

1ntc <v'\ o) and (o, v- i,:,) , then we c ons1der the images of these vectors 

under the correspondence between ~,, r:md i\, . 'fhus we obtain ( o, vi) 

and (:-.~\0) whose suJn is equal to (-,.;'i<, :()'J(.). We call (vR,vi<:) the con­

jugate of the vector ,~~.vR) 

If 

(8.10) 
we c2ll this vector a self-conjugate vector. Such a vector is tangent 

to the principal Xn. If we calculate the components of this vector in 
the real coordinote system (11K, t;") 

!£( '-""'+ vK-) , 

in X, we get 
n 

~ ( ~.J'". \J" K ) , 
::.. ' 

These are real for a self-conjug8te vector, So a self-conjugate 
vector is sometimes called a real vector, 

Mere generally, if a tensor 

satisfies the condition 

(8.11) T . (1(. 

"o/5 = 

T . °" 
');"_6 

,(i 
T --

?r,P.> 

(i:x.,/>,:f,,,.: 1,2,, .. ,nJ 1,:i., ... ,n) 

then we call it self-conjug3tc or reF:11 where oc=~ when c.:.::K. cind a.~K 
when o:.= K-. 

Now, as the equation (8.8) shows thnt when (uK,v°R) are components 
of 8 contravariant vector, ( i\Y 1'", _i,u~) ;:ire also components of a contra­

variant vector ,gnd moreover th:=it when (1J1<., ui<..) is self-conjugate., 

(~vK,-~~~) is also self-conjugate. 

This shows that the tensor F/x with 

(8.12) 

or 

components of a self-conjugate mixed tensor of valence two. 

If we put 

.13) 
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then the projections (v\ v;:.:)-➔ (v'C,o) and lvK, vi<) -co,,,-x) are 

respectively represented by 

(8.14) 
1 \ 

Now an affine connex:Lcn i.n X-:.n ·' is defined by (2.n)3 functions 

r·.:;, (;) and the covr:iPi imt di f'f-erent ia 1 of' a contravariant vector 
,)I"" 

is given b:l 

{ 8 . 15) 8 '!)Qt. ,., av~ + r r; cl 5 Y v l• 

or 

( ,.,, 1,.\ 
C .. 0; 

8 vi<.= d vK + ( r?~ v>- + r i,t' • ..,.~ )di::r + ( r R vA + r R_ ,.,.;1,;,) def'-
,..... I-'-" ~ JCi.'A p.x <;, · 

If we put the conditions cis,u= d;P-, formula (8.16) gives the 

cov2ri2nt differential of vc.. in the principal Xn. 

The transformation law of the components of the linear connexion 
is given bs 

(13.17) r o<.' Act..' 1 At 1, S rO! " A°' ) , , = \ .,, !-\'~, , t"' + V .,., "' <'/> O<, • ,-. 1-' • ,'"' 

But because of the special form (8.6) of the coordinate trans­

formation, (8.17) shows th21t 

(8.18) { 
~ ct th t r K r K r ~ r ~ r ";_ r _R en a p.X, µ:;i., ,u.A, µ).., P."- , • f'-7" are all transformed like components 

of tensors. 

In the following,we assume that 

(8.'19) T'\ 
~ I 

r i-:_ 0 ,R --l'i- rK 
,u.5-.. _ , , p.?,.. :;; 0 , : p_';.. ·= 0 ) p. "A = 0 . 

These equations have the following geometrical meaning: 

r~-o --µA - <E--· 

r ;.,._"' o ·-► -" rp:i, =o ~ 
,R --0 

__ .,., 
'P.'>-- - ~ 

fn 
'The 

T·he 

t., 

is par a 11 e 1 a 1 o ng X 11 . 

invari::mt X,;' s 

J.•,-.ui::ir~1~n+ -x· 's LI.\!·__. (':J" V al 

build by €11 are totally geodesic. 

build by c,, are totally geodesic. 

is par8 Lie 1 along X,1 . 

We remark here that the conditions (8.19) are equivalent to 

(8.20) 

This is geometrically evident tecause the !nC~n) is spanned by then ' 

eigenvectors corrccpc,t1'.:l~11g to eigenvalues -t-t-(-t) of FtSC',· 

Because of 'i71 A;,:o ,(8.20) is equivalent to 

(8.21) 

1) J.A. Schouten and D.,n::1:1 :r ·.+."'•'N" trbe!' unit~re Geometrie. Math. J\nn. 
103 ( 1930 L 319-3 >,s, 
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jugate vector) is displaced parallelly along the principal Xn, the 

necessary and sufficient condition that the result be also tangent 

to the principal Xn, in other words, that the principal Xn be totally 

geodesic is that II) holds. 

In X 2 n= Xnx Xn) a figure in one Xn and the corresponding figure 

in anotherXnwhich has the same components as the first one, are said 
to be equipollent. 

We also assume often 

(8.23) III) 

If we transport parallelly a contravariant vector v~=Cv\o) in 

~n along er\, we get 

or 
d \) ;-: ::: - d.s µ. r p.\ '\_)-A ' 

Hence (J.23) means that two equipollent figures are parallel. 
In a complex manifold, the f2ct that the components v~(w)\.) of a 

contravariant ( covariant) vector field are complex analytic functions 
of the ~K has an invariant meaning. We call such a vector field 

analytic. 
If we adopt a linear connexion which satisfies I) and III) the 

f9ct that vK and wA are analytic fields is represented by the following 

equations: 

(8.24) 

(8.25) 

'1p. uK = Op, vK = o 

'vp. WA :::: o j1. WA= 0 · 

If a complex manifold is endowed with a Hermitian metric 

(8.26) 

where 

(8.27) 

is positive definite, we call the manifold a Hermitian manifold. 

If we write (8.26) in the form 

(8.28) 

(8.29) OP <~h_K-::: 0 > 9Xti:::::: 0. 
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If we put 

(8.30) 

the tensor Ffo« has the components 

(8. 31) or 

and is a bivector. 
F F ·t F·c 1rom O<. 9cft>= - f-> 9£cx. we get by transvection with F~~ 

(8.32) F . e F· 8 
'31/!J:: ~ lo g cl 

because of 

(8.33) F · o.. F · e - AE. 
(I QI, -- ;i-· 

Now we consider the Riemannian connexion {a-ft,} of X~n. We have 

(8.34) conj. 

conj. 
0 

This connexion satisfies, of course, ~oS.,eoc=O but not necessarily 
0 -~ 0 

Ve F/6 - o , where v0 denotes covariant differentiation with respect to 

Christoffel symbols. 

There are many connexions which satisfy 

(8.35) 

and whose torsion tensor 

(8.36) 

does not vanish. From ~Y9~~=0 we get 1) 

a) r ;,_ = f'K~ 9 O[f-'-9;;.,.} p + s;;._ K - s·K. 
I-'- . r-. - s· K 

)I.' p- conj. 

(8.37) b) r K -P..A - gPK <\µ.'3p}11. + $'. K p,/\. - s. K. 
p.. I\ - s · K: -11.-µ conj. 

c) r /:x = 9PKaL7'i:lplft + 
~ .. K. .J-c s~- I<: conj. ~µ7'. - S,u-. j;. - >--' I-'-

d) r ~- = 
fi-7' 

sµ.:,/- - s·K p.. "'i,. -
s.:...K:._ 

/\- . ft- conj. 

Here the terms on the right hand side not containing s give the Rie-
mannian connexion {~} with the fundBmental tensor C3,,so:.. 

When s~;, O<. is self-conjugate, the linear connexions defined by 

(8.37) satisfy 'v~<J,l:>()(.=o and r;e.= r~ but not always 9'7rF,,t'= o. 

Among these connexions, the followings which also satisfy "il0 F/'\:. o 
are known, -·-------- -~ -- --
1i J.A. Schouten: Ricci Calculus (1954), P.396. 
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1°. If we assume that the parallel displacement of a vector in t,, or­

or t" with respect to rl; is the same as that with respect to {~} 
we find 

(8.38) 

a 11 the other 
rowicz ) ·1 ). 

2° If 

(8.39) 

K fK) -x: fK} r JJ-" = 1.,u.l\. f : i p,:>- = lp.i>. conj. 

componen~s of r~~ being zero. [The connexion of L1chne-

to (8.37), we get 

, ~ tl.,,. ti... t f r °" .... j -l "'"' i .P S h t a .LL ue o uer comp on en s o 1 'l,fJ ve .ng zero. tHe connex on 0.1. c ou en-
. Van Dantzigf ~ 
3° If we assume 5/",e:::: 5,;~l" (geodesics with respect to r~ 
coincide with geodesics with respect to the Riemannian connexion))then 
we get 3 ) 

{8.40) r ic PK " r ic. " pic '.), ,,,_..,,,_ = 9 v"-91-'-P) ['-A= ... g "cP,9pJX · 

When the Riemannian connexion satisfies 'V 1 Fi:,o<.. = o , the metric is 

called a K~hlerian metric. For a KI3'hlerian metric, we have s.~·rOI,= o and 

from which 
o<, a 6 -, 1.,, o or d,-.oc., IL= O. 

II. -1" J f _t - J. A ~> ir .Jo r-

This shows that there e:xis ts locally a :rune tion 4'c ~, ~) such that 

(8.41) a . "'.\ = a- a .. 4' . .., !-'- /\ 1'-'- ,... 

We quote here some of the results in the differential geometry in 

the large. 

Theorem (Bochner) 4 ): In a c ornpa ct Kbihlerian manif'cld for which the 

Her-mitian tensor R,rti-- is positive (negative) definite, that is, 

R,,_-L;,..'c:/i.,._,.;;..>o ( Rj.i.A.vP.,},-.'< c) , there does not exist a covariant 

(contravariant) analytic vector field except a zero vector. 
Thecrem5 ): In a c ompa:; t K~hler man if old., a vector <w;..,o) is harmonic 
if and only if wA is analytic in sK and (0,1.u?-) is harmonic if and 

only if w~ is analytic in §K, 
Therefore, since i:w;,._, w~) is harmonic if and only if (v.:i) .. ,o) and 

(o,w~) are analytic, (1.i.-':,,.,·c1...r;'") iE, harmonic if and only if~ are 

analytic in '€/' and w;;_ a re analytic in ~;;;. 

A. Lichnerowicz: Un th~or~me sur les espaces homog~nes complexes. 
Archiv der Math., 5(1954), 207-215. 
J.A. Schouten and D. van Dentzig: lac.cit. 
K. Yano: On three remarkable affine connexions in almost Hermitian 
spaces. Indag.Math. 12(1954). 

) s. Bochner: Vector fields and Ricci curvature. Bull.A.M.S., 52(1946), 
776-797. 

) W.V.D. Hodge: The theory of harmonic integrals and its application 
( 1940). 



'·'Theorem (Eckmann and imer) 1 ): In a compact :l<Nhler manifold, 

fa p-vector u..~lll.1 •• 0t:.p , whose non zero components a re only and 
""i-. , is harmonic if a only if components ... ;1.,P are 

.ena lyt t..t and w-· a re ana lyt 

fl ',J;h.eorem (Hodge ) 2 ): " 1 a ct KMh r manifold r-eal dimension 2n, 

ve 
iB'.lt4l, 

;li,. Ba. r ... 1 , 

Bp.-·2-Bp (p,,Ji n) equal to the number> of linearly independent 

with constant coefficients) self-conjugate effective hamon1c tensors 
valence p+ ~ , 

this s t an effective har•mon1c tensor means a harmonic 
tensor satis 

(8.42) ::: 0 O:' g 

Now if two vectors and~~ satisfy the conditions 
01" ..,.o. ·-

the i~ determined by is called an inva nt i~ or a holomorphic 
l~ and the sectional curvature be 
sec tiona 1 curvature. 

to such an~ a holomorphic 

For a holomorphic , we have 

K u 6v~u.,4'1.,,oc. 
~=----~h=&-~---•----

&ot':lir_,a-13 )u,!viu.,'1-vcx. 

Thus, if we assume thatJI at all points of the manifold., the holo­
morphic sectional curvature are all the same, then we must have 

(8.43) 

It can easily be proved that is a constant. Such a space is 
called a K~hlerian manifo of constant holomorphic sectional curvature~) 

The equation (8. ) can also be written as. 4) 

(8.44) )- F&.. 

1} B. Eckmann and H. Guggenheimer: Formes differentielles et metrique 
hermitienne sans torsion, I,II. C.R. 229("1949), 464-466; 489-491. 
W.V.D. Hodge: loc. cit. 
J.A. Schouten and D.van ntzig: Uber unit~re Geometrien konstanter 
KrUmmung. Proc. Kon.Akad.v.Wet. 34(1931), 4293-1304. 
N .. s. Hawley: Constant holomorphic cur'va ture i Canadian J. of Math., 
5(1953),53-56. . . 

) K. Yano and I. Mogi: les 1.ra rietes pseudok~hleriennes a courbure 
holomorphique constante. C.R., 7(1953), 962-964. 
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' 
~theorem (Bochner) 1): In a K~hlerian manifold of constant holomorphic 
i,.· 

fcurvature, for- a general sectional curvature K , we have 
, .. ,· 

( 0 < ~ k :Ji K .li k_ if 1/.t >O , 

::and 

if 

) 

}where the upperlimit in the firat case (lower limit in the second case) 
);~ 

~·1e attained when the section ia holomorphlc and the lower limit in the 

lt1rst case (upper limit in the second case) is attained When the inner 
1t•I 

lproduct of two vectors defining the section is real valued. 
fi~eorem: In a compact KMhler manifold of positive constant holomorphic 

:curvature, we have 

1) ~-~ner: Curvature in Hermitian Manifolds. Bull. A.M.S., 53(1947). 
~::,,.,.195. 



I 

\ 

r• ,:.) 

auch ·, ::5 

sue 

9,r,,, 

i ,-01~ c;r_.-,. .-, ·['' t ~ "- '~ ':., 

we s y th~t the 1ls s 

st r· 1 . .1\ .. '. t: cc ~ 

( 

com 1 x structurcJ 1 

{.~ \ 
\ ~ r.__ J (a) 

t. 

t 

• 1 r -~ 

"f•J 1n 

ss 

(-J 

n 
C) 1 r t.,h --·~,,~-

/!) F 

h 

,... . I'\ ·, 

1 

l 
l 

h 

1- ! 
\,. ,, .) 

i; K \ K, I ;. ) 

ff, ' 
()'(, 

) tf .. :i 

( \ 

J "'· 0 

,_1 utions 

lex structure nd c 1 

s stem with res ~t to J.. 11 

tt1 n in wh:ich 

VC 

t1 S {) 

:L comp x s cc. In 

ornp x 

t tl1r~c h be uceo 

t ce be C ·(~lass cu),tb.rr 

t the c t OrlS 

b) 

s. Fro-c.Int.t-; 



-30-

Conversely, if in □ 2n-dimensional space with □ n almost complex 
a+-r,--, ➔-urc F.h Jf cl:ciss C'w +-' - ,~ · • (9 6 ) ' (9 6 b) ._ v. ,,. " i. - , . , ,,ne cqun,:;ions . · .a ana . . are com-

pletc~y intcgrJble, we get, denoting the solutions of (9,6.a) and (9.6,b) 
by $K'::;: 's'~'(l;") = const, nnd §K 1 ::::5~1U5')= canst. respectively, 

(9.9) 

which s:1.ows 

6~h = i, F. h ~~ ~h =-~Fh o;~ 
05R' 1. o~ic' , o~ 1<:.' ~ o5K.' ' 

has the components (9.1) in the coordinate system 
we hc1ve 2 ) 

Thr,orem 9_.'1. In order thot cm 2lmost complex structure Ft of class cw 
be induced by a complex structure, it is necessary and sufficient that 
(9.6.a) and (9,6.b) be completely integrable. 

Such a complex structure is sometimes said to be integrable. 

Since the conditions of complete integrability of (9.6.a) and 
/9,6,b) are given by 

(Cec~-:. oh 
~ j i., u [ t Df,:_] = 

\_ sfB:o[ec~J = 

1 (N::h ·N::2F.h)-8 J l. - I, JL t - 0.) 

( ,,n .N .. eF.h) "§ Nj~ +'-•Ji. e, ::OJ 

' ' 1 -- h d , th t wr1e1'.'c.: 1~JL e:noces e: ensor 

(9.'1'1) 

we h'.:JVC 

The_~F_e~~-9.2. 3 ) In orccr th:1t ::rn olmost complex structure FLh of class cw 
be ~- >:::grc:ible_. it is necessAry rrnd sufficient that N_jt v,:rnish iden­
tic:illy. 

A Concomitant of the form (9.11) was found for 
f N · · h ·· 4 ) 1 J 11 N - h th N. . h . :::ase ~- lJCY-LUlS. ·l'C C: 1 ji. e lJen UlS 

~ijen~uis tensor s8tisfies the following identities: 

the most general 

tensor of Ft . The 

?) Cf. A. Li~hncrowicz~ G6n~~~lis □ tio~s de 1~ seom6trie k~hlerienne 
globale. Coll. de Geom. D11f.Louvn1n, (1951), 99-122. 

~ \ B Ec~ann end A. Frohlicher:Sur l I integrabilite de structures pres­
~omplex~s. C.R., 232 ('1951), 22 4-2286; 

. Ca lab:_ 8m'l D.C. Spencer: Completely integrable almost complex 
manifolds. Bull. Amer.Math.Soc., 57(1951), 254-255. 
A. Nijerihuis: X n_; -forming sets of eigenvectors, Indagationes Mathe­
rna:;icae, 8(1951)., 200-212; 
J .A. S choute:1; Sur les tenseurs de Vn [IUX direction principa les Vn_ 1 -

normales. Coll.de G~om.Diff.Louvain. (1§51), 67-70. 
B, Eckmann: Surles structures complexes et presque complexes. Geom. 
Diff.Coll.Inter.de C.N.R.S., Strasbourg (1953), 151-159. 
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oonnexion (9.16) satisfies 

(9.19) c,· Ii N··h 
-.)j~ =-~ j~ :0. 

Conversely if we can introduce in an almost complex space, a sym­
metric linear connexion such that 9j Fi h = o , then Nj~ h= o and the 

space is pseudo-complex. Thus we have 
Theorem 9.4 7) In order thnt an nlmost complex space be a pseudo­
complex space, it is necess;:i ry nnd sufficient that we can intr-oduce 

in 1 t a symmetric linear connexion such th8 t vj FL"= o . 
If an almost (pseudo-) complex ~ce has a positive definite 

wh1.ch s::itisfies 

(9.20) 

the space is called nn almost (ps~udo-) Hermitian space. In this case 
the ten8or Fu, <ief Fi.t 9th is antisymmetric in 1. tind h • A. Lichne­
rowicz ) has proved 
Th8orem 9,5 In an almost complex space, it is always possible to de­

rinc a Hernitinn metric. 
In fAct, let nj~ he 3 tensor whi h defines a positive definite 

Riom8nn1an metric to an nlmo3t complex space 1nd let 

r g 21) , F e F · ~ ) 
\i • 9j~-:;;; ½(a.Ji.+ j ·, aert • 

then 9jl defines another positive definitu Riemannian metr-ic and 
snt1sf1cs (9.20). 

The equation ( 9. 20) o nd tht nnt 1symmct ry of the tensor F ~h show 
th:it the trnnsformation vh ➔ F~hvl .;h:rnges n vector u"' into 1 vector 

~rthogonal to it and docs not ch~nge its length. 
Moreover, we cnn cnsily see th~t 

(9 22) L- de~ :. F' 
· • ,- J ~ h = ; v C.j • h J 

nrc components of an nnt1syrrunctr1c tensor. 

If an almost (pseudo-) Hcrmi tian spo ce sri tisf 1es Fj ~h = o , the 
space is called an almost (pseudo-) K~hlerian space. 

7) B. Ee kluB nn: l oc . cit • in 5) • 
w.v.r. Hodge: Structure problems for complex manifolds. Rend.Mat.Ser.V, 
11(1952), 101-110. 
E.M. P::ittcrson: A ch1r.1cttr1sGt1on of Krihler manifolds in terms of 
parallel fields cf ploncs. J. London M~th.Soc,, 28 (1953), 260-269, 

8) A. Lichnerowicz: Un th~or~me sur lea cs ces homog~nes complexes. 
Arch.der Math.,5(1954), 207-215. 
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B11ll.Soc.M8th.Fr2~ce, tc 8ppc3r. 
K. Yano and I. ~ogl: lo~.cit. :~ 

.~:.xnplex.c,s. 

10) A. Lichnerowicz: 
.,,~ ,,,,. ) 
I l 1 

,, (') ) 
~ ""'·~ 

K. Yano: On thr'E: e rem11 rk:1 t1v .J f .n.nc Gunr>exions 
spRccs. Iridr,gatl.ones M::ithem.0•,ti:~:H.::, to appt::er. 

in ::1lmost Hermit.tar: 

J.A. S;;hout,:;n ::rnd K. Yeric: i)n .:rn 1.ntl'Ui.st:.:: ,.:.:onnex:lon in art Xan with 
an almost Herm1tL11~1 st.ructi.lrr;c. IndagBtiones Mrithematicae., to appear•. 



.:: t.::·n t I}•:::·;,.::;:~ 1~ .. ~tiri t \f(:,.~ t, ::) t.,. : ~ G .:..)'./ ':1 r .. t] 11 t 'l ,: tor d c~ r l r;,:;.~d b::/ F ih u. h 1it1c~ fyype r-

p lnr1(:, r0prcsent:ir,g the _:::::,v,Jt•lrn1t vector Fn,1,.1.ri contJins the di.ract1on 

::-:y~.1.tJ·.·m. f . ..',,o ... IM'.·. t•'"'"'•~n-:t··-- t\,.·t·, '',"l'lt"''.'l\i'~'"l·,·,nt "(•-"•·~, .. .. h r·•::in::-1'1""1ly ""'ith ~ , - .. ~ Jl''l.,.;. \.\iii'-'':-'\- \.,. Jl,, v·..,l tl" ,,,l • ... ii" "'""\.,'I.)\ ...._ t,,h .... L,,,....,,.j,.._,;: ff 

(9.30) 

Next we 

get .:::t 

( ·9 ·~" ) \ • ~- I 

.,Ii d!:)1,.h 1_ •• ~ 
~- "!) ,\..,.11.,,, •J l,; 

t r- s n sport th c: co v ;1 r- j_ ~1 ,~ t v c :::: tot' F 4 huh parellelly with respect 
to ~hi" d~h • Then w,'.; 

We aas~m~ :h~t th~ tyµurpl.Jnc r~r~uscntiDS l?-31) e2nt1ins the 

d:tr•(>:~tir:r: rcr1 rt.::t~:cr~tlng; (:)lt}C)) f'c1~" ·yr~:; \lC:·ctor tLh 3r1d for .1r1y disr)lacement 

1 9 ·:i.3· \ 
\ •• j } 

This :onJition ~~n ~e 

7·· 
J ', 

( :'• > '} ' '" \ ·, , ,) -:: , We 

t 
\;! ':Lh"' () J 

' , T ·I N I F '' r· 
I.·~- "· .,_.! \.. ci - " , h r, 7: f · 
. ,. ! "" . ' ,I ~ 1,. ... ~·} , 

which 

ly with respect to the Riemnnnian connexion 1 end with respect to the 

• 1 i.nea r •..:onnexion .-n 
I , 

.I ~ 
whe r(: f. -~ s 

reape~tively from the point ,h to the point 
:sr :ix;i'i•nj.tcstmal. ';:hen we get £it sh+ u.h!;, 
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In a pseudc--1Cihhir.ian spa~e, we have 

Applying the Rioc1 f or1r,ula to Fi 11 , we get 

K hFt v .£Fh 
~it ~ :,::, "11..J i. t . 

, 9 \ t • 43 J K l.ji. t F ht ""' K -.; ht F / 

Transvecting ( 9. 4.2) with 5'" 1 we find 

K . t F h K . · · h f mt .1 1 K. ., h K · · h ) f mt 
'- t .. f..mt "" 2 \ Fo·r.f - Um 

from which 

K tF K' tf o \I:. fh + • h t~"" 1 

from which 

(9-46) 

,., ·· - K F'mF-f "J' - m f J ~ ' or 

Using these relations, w0 can ,rove 

~ Theorep .-2..• 7 _13 ~ If a pseudo-Kahlerian space is of constant curvature, 

then it is of zero curvature. 

:r)Le_o_r_q_r:ri_._3_._8 14 ). If a pseudo-lCa.hlcrian space is conformally fuclidian, 

it is of zero curvature. 
~ i:; \ 

'I·ll~_91:2 ... q_=--9...:_:_:_. A proj octi ve correspondence betrrnen two pseudo-I~ahle-

rian spaces i2 neceosarily affine. 
·16 \ 'J:Jlf:_O_~cm .... 9 ._1~. A confor1,1al correspondence between two pseudo-Kahlerian 

spaces is necessarily a trivial one. 

13). 

14). 

15). 

16) .. 

s. Bochner; Curvaturt:: in Herro. itia.n manifolds. Bull.Amer.Math. Soc. 
53( 1947) ! 179-195° 
K. Yano and Ltfogi: On real representations of Kahleria.n manifolds. 
Ann~of Nath., 61( 1'355), 170-189. 
s • .Bochner: see 13). 
·it. J. ',:estleke: Hermitian spaces in geodesic correspondence. 
Proc.Aner.l4ath., Soc., 56( 1954), 301-306. 
K.Yano: Surles correspondence :projective entre d'\lu:x espaces pseu­
do-hermi tiens. C~~~- 239( 1954)-
W.,J .·,iestlake: Conformally Kahler manifolds .. Proc.Ca.r11bridge 
Philoa.Soc. 50(1954), 16-·19. 
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~.LJ-.:..~_'-:!l!...)_~ 11 17~. A necer'.'sa.ry and sufficient condition that a 2n­

dimcnsiona.l pseudo-Iforn:itian spe.ce be conformal to a pseudo-Kahlerian 

space is that? 

{9-48) 

for 2n > !~, 

and for 

wt~ere 

2n = 4 

·1, f.: f. 1.- F ~ 
J J~n 

NtJW we put 

(9-50) 

We see that the Hf;;J 

(9.51) 

·- """ " ;::: "' \.,. · ._ 2 Ol', • - C J~ J .,j - , 

is zero if and only if Ki~== o 

Ftj 1-1 - l'K ''kJ--. 

:Moreover from th<:=! Bianchi identity, we have 

(9-52) 

On the other hand, we have 

(9.53) 

Thus: 

and that 

Theorem 9. 12. The tensor H~: is harmonic if and only if K:::: canst., 
J 

and it is effective (that is, f!<..iHlJ = o) if and only if K= O. 

~heo_r_enL.;l• 13. If, in a corn.pact pseudc-Kar..leria.n space, Kji. 1- o , 'K =O , 

then B:i.? 2.. ( Seo the theorem of Eodge at 'PG ) • 
.':1-Jl~.r..£!1L3 • 14, If, in a compact pseudo-Kahleria.n space KJL '::f- o , 

K"' const. :;:to and P. 1 -,:; 1 • then K, "" -~ ,,., , . 
- ' J• 2n :i,1. 

In a pseudo-Kahlerian space, we call a field t't satisfying 

(9 .. 54) 

a cc variant pseudo-analytic vecto:r field. From ( 9 .. 54) we can deduce 

(9-55) 

17) W.J.Westla~e: lee.cit. in 16) 
K.Yano: Geometria conforme in varieta quasi hermetiane. 
To appear. 
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which 1s a necessary and sufficient condition that a vector field vh 

in a compact orientable Riemannian space be harmonic, 18 ) 
Conversely if v,., is harmonic, then we have (9.55), from which 

(9.56) 

by virtue of F . h K. ! 
m h :::: K ~ h Fi, t • It follows from this that F ~ hvh 

ie also harmonic. 

Thus from 

and 

we get (9.54), from which 
Jhoorem 9.12,. In order that a vector field in a compact pseudo-Kahle­
rian space be covariant pseudo-analytic, it is necessary and sufficient 
that the vector be harmonic. 

Thus applying a theorem of Bochner 19 ), we obtain 
Theorem 9.16. If the Ricci curvature of a compact pseudo-Kahlerian 
space is positive definite, there does not exist a covariant pseudo­
analytic vector field. 

In a pseudo-Kahlerian space, we call a field u" satisfying 

a contravariant pseudo-analytic vector field, where .£ denotes the 
\I' 

Lie derivative with respect to vh. From (9.57) we see that if vh 

is contra variant pseudo-analytic, then Fi. h ,.,.~ is also contravariant 
pseudo-analytic. Horeover, if u.h and vh are both contra.variant 
pseudo-analytic, then denoting by £ and £ the Lie derivatives 

u. V' 

with respect to u.11 and vh respectively, we have .£ F/ • o and .... 
.t:.· F~ h. o from which (.£ £) F~ h = o, where (.£ .£) denotes the 
V vu. vu. 
Lie derivative with respect to the vector .£ u.h • Thus we have 

"' Theoreq 9,,. 17. If u.h and vh are 'both contravariant pseudo-analytic 
vector fields in a pseudo-Kahlerian space, then 

F -h ~ F'h ~ ..l' h ,,. h .I" F'h i. ..t:' F'"' i, i.u., L">.,r;;.u.:.it:.\.l.,..c ~i..t.,OII;. ~u. 
"' Fv V Fv 

are all contravariant pseudo-analytic vectors. 
In ah almost complex space, we have the following identity 

(9-58) 

18). K.Yano and S.Boohner: Curvature and Betti numbers. (1953). 
19). S.Boohner: Vector fields and Ricoi curve.tu.re. Eu.ll.Am.er.Math.Soo. 

52(1946), 776-797• 



:from which 

I11 ord(:,.:r tha·t ,:1?1 f1l1:r10 ~it co1·J.Pl(1:x s.P-1'.lC!O b::: psettdo-... 

(J.56) vanish for any vcctcr3 1~ 

If we put 

we have alBo thr;: follclring identity 

whure 

sat i sf ;:l'ir' .. g 

Thus '.\e have 

is ,3aid t:o be hybrid. 

,··•~~ .. 2 ·1 l 
)-I:..G_g:'_E.:fil.. s_._1..9.. ____ ~ A Vf:ctcr field 'vvi th a hyririd rotation is. always 
transforriE:>d cy into a vc~tor field whose rotation is also 
h~t~rid. if and only if N h.c. 

-- ,)' .. j ).. 

Now from (9.57) we have 

from which we g0t th0 foJlowj __ t\; tteore1:1i0 which hold in a compact 

ori.entable rseudo-Kahlerian s1)acc:. 

1 ·:=heo_£t::r:i_J .. • 20. 
fying v, v' _ ,,:, 

A ccntravariant ps0udo-analytic vector field uh 

is a killing vector • 
satis-

.. 
(. :Pt~Q£.e.:A..3_•_2_]... If tl:e srace has a negat i \"e defi:t,J.i te 1acci curvature 

th~re does not exist a contra variant r.,s13udo-a.nalytic vector field 

other than z;:;ro vector. 
Theorem O• Z2. If a vector it1 at the sam8 ti.me contravariant and .,. ---·-•-- ......-:.. ___ _ 
covariant );Seudo-analytic, then it is a covariant constant vector 

field. 

'.i:heo:r,_<~Jl_;J .. __ 2).• If a com:ravariant pseudo-analytic vector field v" 
satisfie;::, F ,h 9, v,.::. c ~ then f-::t·v' is a killing vector field. 

The...9rern q. :24. If a contrav:?.riant ::;,s(.;udo-analytic vector field vh 

satisfies 9'h v,,.rh;:;; v, F'h•:·,v 11 "' o , it is a covariant constant 

field. 

l n;e call a sectional cu.rvature deter10.ined by two orthogonal 

vectors u..h and F • ., u: the holom.orphic sectional curvature. 
22) 

11i1 \\! e can prove 

20). B.Eckrnann: lee.cit. in 5) .. 
2) ) .. ~ .• A .. Schouten fnd __ :~C.!ano: -~oc;ciJ; in 12). 
22) .. l\.eYano and r..rog.1 • .Loe.cit. 4-n oJ. 
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:1:~1}.1:_9_:t:..?.fil.. () • 22. If a pseudcJ-:J:ihlertan npacti he.,; a ccmsta.nt holoxuorphic 

r.:c•ctional curvature e.t any point I thtm the ~urvat1.tre tensor of the 
spac0 is of tho fo~J 

where k is a constant .. 

'.!:bt.or_tl.!!.-1:._~. Ir, a psuudo--I'.:ahlcr iar: srace cf .;::onfJtant holo:n.orphic 

curYa tu.re, a g1:-.neral ~,ect:i.cnal carvatu.rt~ dctEJrr1ini:d by tvrn orthogonal 

unit vsctors u.h and vh it, gi ·-rc'.n by 

is tl".c co::.,iuc of the angle betweel"! two unit 
Yectors • Thus 

for 
(9.64) 

'T',.,eore - '.) 2.., ;_~;_- _Di --4 • L <) Ir. ordc:r that, i.:n a J.:S1-;udo-Kahleri.an space I there 

exist always a two-d1r:-:.cnsional totally geod1::sic subspace passing 

through an arbitrarily gi ·.ren fOi:1t and being tangent to a.n arbitrarily 

giv~n holomorphic plan0 at ttis point, that is, to a plane determined 
by an ar'bi trarily gi v,::n ve:ctcr uh and , it is necessary 
and suffi.•::'il:nt that the space b:: of constant hol01::10rphic curvature. 

" Thec:i:_em 51. 2q,. In or::er that a ·pseudo-Kahl;;:rian space a&d t a group 
0 -f' Y 01"'t1'011 f'< wn-ic1, cn-r~"" a•··~v +t"-!f'~ v•c,c+o•' t ' ,.i.h '"'-·•rJr! ~-n ' at"' no1.·nt P-l! ,J.. .l.J.·V, ,.1...., r,,._ ... ~ .1.- Q ....... .y C•-",._, 1.Jt,fV \,. .. \J ,.1..1,,-:,'"' ;;:&.;.- ii., t1, ~ .,r;: ·.., 

~~ to any two -rectors ·"t'1 and · r::/ \i: at any point 'P , it is necessary 

and suffici£:nt t1:a.t t!1c epace t,. of constant holomorphic curvature. 

11:i&_o..r.:9..LL 9. ?:2· In a ps1.::"...:i.do-Ka1:l,;ria.n space of constant holomorphic 
curva-cure k > o , the dista:r..c(, i::0tween twc consecutive conjugate 

points on a geodesic is constant and is eque..l to 2... rr. 
\f[ 
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Theorem 10.8. In A 

cf '.'!~oti ::ms :ts ,, . 
,,, 

~QD~t~D'.LQ1J.L'Ya tu re. 

4) s. 
J 

le 

adml ts such a group, the '\.Tr, is t,f 

g:roupe d£•s tr,:msfornvn.i:::ms qut lf.fi.3Stmt 1nvar-!.nnt 
Cc U oqui! rJ::~ }\·,r,ol•Jg.i.,~ de St1:-:=i2bourr~- ( 19~;4). 



Studying the integr~t•ility cond1tione ('10.1,3) and 
/ 1t.r'°' 1h..' r~ni·i 
\ ,\.1 It " ', J j •--'-L. '-•' 

The0r2m 10,11. A 

S) S.Sos~ki: Gnomcl:ry ~r 
'i.Jr1 :t ·v _ J ;~~~) ( ·19ti(1) , ~~; ··; 1:J ·-

:1t>d ~Or'\fo-r-rnJ1 rn.ct:icr1tJ 1:)!~e rf:.:tgpe·ct­

.5) If 1 sp~~c ,,dmits 8l!Ch ~ 

, t !:C· 

7) .H.·,_;'t \✓':···,r\fS! ·.)n F1 tn~.ll1'(1 s c<;; v,·Jtt': ,_~; ··_;t}(:.,1.r:tt l 1 n t t-1~;:, r:.: l: "'- t."· 
t,UHng. ,Jo1.n·11. •,<if tJ, I.m:!011 '.··1H.t·,. :,:;,~, ·., ;:.,:•, ( 1 ) l~ 7 ) I •:, -· ') • 

]) .. 1'\f::;,r:tg~·.:llh:~ry ,?n 1-:~\ ,.. i'~\t·:1~;:·_\i':: rr-;-•·}ri:3± rrn· .. TtJ..<.Jr: r:.:;'J~:'-S Gt Sf't'"!f~~t1 C~Sw 
hnn. nf Math., 4ij (194J), 4J4_1, 

r F·;t~nl 1 s tha:,rc~ in the ,)r•J~r 
r~ ,i·•rn··,r 1r, n :~~~l~dy Ak~d. N~~k 

"'i- ' . 



Theorem 10.16. The moximum order of the complete groups of motions 

of those Vn's which are not Einstein spnces is ~n(n-1) + 1. 

Theorem 10.17. The order of the complete groups of motions of 

those Vn's whlch Jre diffcrent from spr:1ces of const8nt curvature is not 

larger thnn ;n(n-1)+2 

Now using the same meth 

Theorem 10.18. In a Vn 

ns w1s used by Wang, we can prove 

n ;1c L1 , there does not exist ::i group of 

motions of the order~ such th1t 

~ n(n+1)> 1- > ;n(n-1)+1. 

Thus it would be interc:citing to study the: Vn' 13 which ndmit n 

group of motions of the or'der 't,"' ~ n(n-- ·!) + 1 

For n = 2:, , we hn ve 

~ n(n+1) == 6, ~n(r:-1)+ i == LJ. 

By the theorem of Fubini., there does not exist, in a V3 , o com­

plete group of motions of the order 5. 
E. Cartan 10 ) studied the 3-dimensionnl Riemannian spaces admit­

ting a group of motions of the order 4, and obtained 

Theorem 10.19. The 3-dimensional complete, simply connected Rie­

mannian spaces which '-Hlmit r:1 g oup of motions of th0 orc.:ler 4, 1re 

homeomorphic to one of the following spaces: 

Euclidean spnce, topoJ.osicnl product of s straight line and a 
sphere, 

Space of positive constart curvature. 

For the g2n2rnl dimonsion1l Riemann n spnccs, I obtained the 

following 

Theorem 10.20. 11 ) In order th2t an n-dimensional Riemannian space, 

n > t-1, n * 8 , admit n group of motions of ti-1c order ~n(n-i)·H_, it j:3 

necessary 1nd sufficient that the~ cc he □ product of a straight lin 

and an (n-1) - dimensional Riemnnninn s CL of constant curvature or o 

space of negative constant curvJture. 

This theorem cont a ins two except iorv11 cases n ,.,,.q [rnd n"' 8 . 

S. Ishjhara 12 ) studied the 4-dimensional homogeneous Riemannian spaces, 

that is, the 4-dimensional Riemannian spaces which admit a transitive 

group of motions and he obtained 

10) 

11) 

12) 

E. Cartan: Le9ons sur la g6om6trie des espaces de Riemann, Gauthier­
Villars, Paris (1951), p.305. 
K. Yano: On n-dimensional Riemannian spaces admitting a group of 
motions of ord.er { n ( n - ·1) + i • Trans Amer. Ma th. Soc., 74 ( 1953):; 
260-279. ~ 

S. Ishihara: Homogeneous Riemannian spaces of four dimensions. Forth 
coming. 



Theorem 10. 21. The f' our-d 1mcn ~; umn l con nee tc:cJ ::-1 nd simply con nee t2d 

homogeneous Hiemannjrin ;>,p·Jccf::l ~, cc 1-1()rncomorphic to one of the follow1nc; 

srFl CC::S .. 

4-dimcnsion □ l Eucl1denn s cc. 

4-dimensional s ere. 

pro,Jectivc c lex s cc of complex dimension 2. 

product of two 2-dimension□ l spheres. 

product of n str□ ight line ond a 3-dimensionnl sphere, 

product of □ Euclidcon pl □ nc ond a 2-dimensional sphere. 

Por n:L!, we hr\VC 

; n(n+1)"" 10, ½n(n-1)+1 = 7. 

Ishihnr,: studied the ·v~'s whJch ,'dmit '.! gL~oup of motions of the orc10r 

9 or 8. He obtoin2d 

Theorem 10 .. 22. In ~1 V"l , thr-_ re docs not exist 7 G 9 of motions. If 

::, ½i '.lc1mlts n G 8 of motlons, the e;roup is trnnsitive and the spncc is 

2 KMhlcri3n space of const1nt holrnnorphic urvnturc. 

I sh 1 h 8 r· a p r·r) v, d cd f3 o th:-, t t 11 e: th c or c, m 1 0 • 2 0 j_ s v ~1 l i cl f or n "' Li . 

M, Oh:1t1 13 ) proved th t the, tl1, .. orun 10011+ of Montgoriit:.Ty ornJ 

S8melson is v:ciJirJ '1lr,rn or n,cEJ, ·1 nc.l corwcqucntly that the theorem 

10. 20 JS vn 1lr1 n 1st1 f'or n '" 1:., 

I. Mogl nnd m~1r::c1f ;Jtud1cd the: e;roups r:iC motions in 7 pr3euclo­

K."ihlcri;:::n spnc(, nnd ot!t'iinc .• .J: 

The:orem 10.:?]. I .i :-: 

motions which corry ev~ry h lomo 

ndmits n group of 

ic section nt nn nrbitrory point 

j_nto 8 ho1omorph1c rY;·ctiun ·1t :-in :-,r11:Ltr;::;ry point, the-:, spJce:, is of ho­

lomorphic constnnt curvnturc. 

~ O • Gr OU p S O f :;1 ff :'L YH:' J m1 p r U j CC t i V C m O t i On fl • 

In 'l 1_Jl 1 "(. IP I~aor•')V 14 ) rr·)·vc-J T J • . o -1 t,j 1.... \._ tJ C t .~· t.. 

Theorem 10.24. The mnximum order of the complete group of 8ffinc 

motions of tl1osc An"s whj_ch :-ire: not En ir; n 2 (n?:3) 

We cnn easily verify that th0 theorem is nlso true for n:2 

He proved in 1949 15 ) that the theorem is also true for an Ln 8nd 

r 

10.25, An 1-\1 whicr1 ,1dmits :=:i complete group of offine -------'-
Jtlons of the order n2 ls projectively Euclidean. 

'14) 

M. Ohnta: On n-dimensional homogeneous spaces of Lle groups of 
dirrrension greater th:rn incn-1). Porthcoming. 

I.P. Egorov: On the order of the group of motions of spaces with 
affine connexion. Dokl8dy Ak~d.Nauk SSSR (N.S.), 57 (1947),867-870. 

'15) I,P. Egorov: On groups of rn0ttons of spaces with frnymmetricol sf-
fine connexion. Ibidem, 64 (1949), 621-624. 



~i' ~-: ~: ··-; r, c· .:·~·1 ,•~ () ~ ______ .. _ 

l, '",I _,,., !' ..... 

'''"'f', 
','· 

·,n 
i-..)/ r·~··1D, !:,r~1)'\/ (1 tl':<;· Cty.~JI.c··\, .. -:1.t"lii~ tr~1\.:Cre!nS. 

/ ,,,, ,, 1· 
\ I , I ,; 

) r: 
( ~ ) 
\ ·•' I 

r,-,k, 
.l.. \ \ ~-

{ 1', ,•, '"1 ' 
,., ',) .. t i' ) 

(:X1.E1t:J 

In p ... rt J ,~- ':.: 1 ": r1 ., 

, \ 
J ' 

I 
J 

) 

1 t: ) 

it:l'Vf:~ 

(''! \ 
_",! ,..,. 

···'t· 

{ ,, '\ ·17 \ 
\, i \_i 1;', I 1 / 

h 
~ ~·~ \ 
' - i ·' 

for 

1·., .. nt,<:'.'i'' 

::ind 

' (}$1 \Tral'1c•?~:~n·u: G·cc;•1Jr:cs df·? r1-:·:t!'Vc1-:1 r;tc dc:s t}Sf)aces .'3 conne}\icix~i~ 
ii c~r~~tarl M1t0~atlceJ : (1 ~~), 387-444 . 

.. , '}" ) I (> f ~ 'Ee;() !"C>V' 1 (~ C> 1.11 (ic '(: ::t C•T"; :;~ 

:~~d. r-,u~ SSSR. (N.C.)~ 
f"',;,J. 

( ,,, ·) :~) /''j ) ., 

12) I.P. Egarov: A tenGor ~h~r~ctcrist 
~axirnum rn ility. l~c!y Aka~.Nnuk 

whic.;h 

St•,i:jJJ. 



Theorem 10. 30. We consider nn .An which admits an "f, -parameter · 

complete group of motions. 

(1) If "l> nl_n+1, 

(a) The sp8ce is projectively Euclidean. 

(b) The Ricci tensor hos the form ~"-"' _(n-1)€.w,u,w-;, .. , 

where cc=±i rrnd where w\ is a gradient vector, u.ri'..:::::o"w. 

(c) The vector w~ satisfies the relation 

( 10 . 19 ) V/-'- WA. := G W f1- UT71. 0 

where o- is n sea la r which is a function of w. 

( 2 ) We 
If 

If 
If 

3ssume 

'UY;>..= 0 J 

WA j O; 

v.J'"i-.. =f- 0, 

th,cit the conditions (aL (b), (c) are satisfied. 

the spoce is affinely Euclidc,cin. 

cr::::const.J we have 'c.::,.n2 1nd the:J group is transitive. 

er if; cor1st., we hcive ·z,= nsi_-1 Tnd the group is intransitivr::::. 

(3) The conditions (a), (b), (c) ,n'e e;quivcilcnt to the following ones 

which constitute a completely integr1blc system of partial differential 

2qu:citions: 

In a certain coordinate system, the components of the connexion 

a re g1ven by 

(10.20) 

(10.21) 

('10.22) 

( o<.) 

(/3) 

From (1) (a) and (b) we see th1t the; curvr:1ture R.,~t of the sp8cc 

is of the form 

('10.23) 

'Jnd hence the 

(10.24) 

This shows that the space is 1 so-c2ll(;(J 1,_ -space of the English 

of the curvature tensor was also obtained by School. The form 

Y. -ivloto 19 ) • 

From (3; we 

(-10. 23) 

see that there exists an An which admits a complete 

oup of affine motions of tl1e orde: r rl· or n 2 .. -1 _ 

Theorem 10.31. We consider .1n L11 witl1 a semi-symmetric linear con­

nexion r;_?\, 

(10.25) S -+ 0 1'-'- -r 

·:rnd denote the spn ce with the synunet ric U.ne2 r connexion r(~) by An. 

19) Y. Mato: On the affinely connected sp1ce admitting a group of affine 
motions. Proc. JapAn Acad., 26 (1950), 107-110. 

Y .. Mota: On a curved affinely connected space admitting a group of 
affine motions of m2ximum order. Sci. Rep.Yokohama Nat.Univ.,Sec.I, 
No.3 (1954), 1-12. 



(1) In order that the Ln 8dmit ~ complete group of affine motions of 

th0 order r?·, it is neccissr:r·y 2nc'l sufficiC;nl that 

( a ) th e An b c pro J e c t iv e 1 y f 1 ·1 t , 

(b) the R1cci tensor Rµ.;\ of the An he of the form 

(10.26) R,u~,= -(n-1):0 Sp.SA 

( c) in which the ve::c tor s;,_ sc:1 tis fies the equo tio:n 

(10.27) 
,---, 

Yp,S;,,."" CSµSi\., 

where vu.. is with rc:spect to r~K 
r · (f,"A) 

~na c is 8 const1nt. 

( 2 ) The c on d 1 t ions ( :;i ) , ( b ), ( c ) arc ~quivJlent to the following 

completely integrnblc systc:rn ()f rti7l differGnti8l equations: 

(10.28) (ex..) 

(10.29) (f3) 

(10.30) <o) 

From ( 1) we c,-cin see th,_;t the: curvntur(:: tens,Jr R,,r~ K of Ln is 

the form 
R~~;,K = 1 •. ~--c-.1)(·svA;_;_ _ sl'_A:)si\. 

From (2) we SC!e thc:,t there exists r~n Ln with ::i sic:rni-symmetr1c 

1ine7r connexion which 1dmits ~ motions of the ord0r 
/_} 

11'"· • 

. -Q A ' b. ,w,~~- ;:idmitting ,1 group of "1fi'in:; rnoti)ns of the or(Jcr z.~ n 2 _ n+ :5. -..:..:..-------"'-'"---'"'---...:....-------------------------
We consider the group Hn formed 

formntions 

the non singul2r Affine tr8ns-

(10.31) 1 K ,. k:vl\ 
X :::: ct)\...,..._ 

1nd denote its subgroups by 

HT 
n (.;!.~ D"'t (o.~) > o, 

pn a.,: • ( K) 
1 ' J Dei: a, 1\ = 

.1,'i! \ , K (.l.~ a~= ex.cl'~' Ol>0~1 

L ct,: a.' ., o.~:::: o., Det (o.~):: 1 0:.::; 2., ··:1 n, 
>- ' - I) ' 

L' aic 
;,._ ct,l(·:...: 1, a,~.= O_~ Det (a.~).:: I ·., ex.,~ ?.., 

' 
tl..) 

M 0. K o..,"! Cc'~ =- 1:)::i De.t / ;.;:_ \ ,l 
(7\.,:, ;..2, n_, 

/\ ) >V, \..0,:,.. _I .. , •, ? ) 

M' a,K ~l' >O;i Cl~ ·c 0_, Det (et~) =- 1 .' c,. c;; :2 , . ·; n, 
:\ ! 



(1+6)t 
0 0 

! 
e 

0 ebt 0 

I(b) a.~:::: 
I 

0 0 ebt / 

20) H.C. W□ ng and K. Yano provE:d the following theorems. 

Theorem 10.32. A closed □ nd connected subgroup of the order 

~ n 2 -2n+5 of Hn is, except for ,1 coordinate transform:.=ition, eqw:::l to 
f th H ·t- D K !'JI I - M' \ T( b) ' I one 0. e group, n~ 'no x·i, Kx , KxL, Kxl;, I(b_1;,,,L, - ,..L', L. /HlCL L .. 

Theorem 10.33. If nn An .1clmits n group G of nffine mot1ons of the· 

order 't ~ n 2 __ n + -s , for the isotropy group· G(P) c1t .·:J point P , the 

order of G( P) , the group l-'i of ,J ffim:: motions, the ordr:r• of G , and th~: 

structure of the spact, we h1ve unly the following cn&es: 

Isotropy group 
G(P) 

.i' 

f 

I K;,,,M 

K,M' 

K ~- l_' 

I(L) ~ L. 

Order of 
G(P) 

,, 

n2 •. 1 

n ..... n 

" 

Group Order of Str~cture of the spnc2 
G G An 

tr::1nsitive n!.l+n R ~fl..7'. K::: 0' 

" 
,, 

" " 

" " 

" 
.,, 

Ci.) 1+b:::O, 

11~. I 

20) H.C. W1ng and K. Yano: A clnss of 2ffinely connected spaces. 
To appear in Trans. Amer. M3th.Soc. 



L n2 ... n -·- '1 

,, 

l..' 

.•;_ ,, 

Y. Mota 21 ) proved, by 1 m~thod qujtc differ~nt from th□ t of Egorov, 

· tlk following thr)orE-::ms: 

Th0orem 10.34. An .1 with non v,nlshlnf curvnture t~nsor □ dmits ~ 

comp1f.::trc:, group of Jffj_nc nwt:l.ons of the moximum orcler if :::ind only if 

the 0-quc:tions 

(10.31) 

and we c1n finds coordin□ t2 systu~ 

with r~sp~ct to which the components of tht lin28r connexion orL 

·, l'l---1. 

::rnd the fini tc equntions c :· the :3rour :1 re give;n l~1y 

(10.32) 

or 

(10.33) ~ 
\. I ~ ~, - (, (l + s 

·,ccording :is th(:: roots c 1 c_rnd c2 rJf the qu1clr 1Jtic equ:::1 tion <sl+af,-1,,,<i 

lisfy c1 't:c 2 o~
2

; 1)c:cc 2 ::::c; ~-\Q,R,S r1cingconstents. 
23

) 

~. Theorem 10.35. In order thrt ~ pr0Jectiv0ly EuclideRn An 

with non vanishing curvature tensor 1 it 2 complete group of affine 
. 

----- .. d __. --- -----

~-'1) Y Mt l 't ~ . , 10,0. OC. CJ., 

22) Y. Mota: On n-dimcnsion~J. proj0ctivcly fl~t spaces 1dmitting a 
group of .1 ff inc motions of order ·[., > ~,) _ • ,Sci. Rep. of Yokoh.s1w0 

Nntion □ l Univ., Sec.I, No.4, In press. 
23) For r, §: s , we hove, ·c .. ,,;- n ·"' n·,. __ ·.i.n ➔ D • Consequc:.ntly occorchng 

to Theorem 10. 27, we do not nr_,0)d this ;J ssumption. 
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'.10.44) 

r:;3 -::> -

£1.0·-;\= -E1E;2.f\:X.A, d.'xA"" fat.!J)-_ ~ fo: 8 SC8l3r. 

1;"" n 2 _ n + 1 nnd the group is transitive. 



§ '11. Motions in a com act or-ientable Riemannian a ce. 
In this scct:ion, com.pttct orienta bl• 

R1em1nn1rn space with positive definite metric and· 
~ 

ds n 1)t1:; :'l. t by V 11 

We first remind of 1 thcor8m of Green: ... 
frhE;C•r>em 11.1. In 1:l yn, WE: ht>V~;: 

thcore~, w~ c1n pr~v~ thL follawing two th~orerns. 
~ 

In ~1 v(t ,, we hnv,;, 

... 
Tf1c·orcni ·;•·1.3~ If,, :t·n 8 '\7n i 1H0.-1 na'-.'f 1...'\f~~.(, eve rywhc re, then /' 

.Ot.ccO 

For nn nrbitrary 
iJn 3nd tht d1v0rgencc 

Par tw0 1rbitr:~ry ~ltcrn~ting t~nsors u~P 

of the e~me v0lancc o, w0 j~fln~ th~ glr)~l ~nn~,· 
~., ::,.nd 

produr::t 

V:,..p >,1 

(u .. ~,v) t,y 

,
Y'i),~,, 

t \.., ~ .. 

t 11.7) 

t!1t: metric ir:i posiU.vc d;,:f1n1.tc ., Wt 

(. t.t , Lt ) ,.. C• 

, • .r..._ ... of va lenc:e 
,, ~ "I 

p thi'~C)t•~!t! 11.1 tc: the 



tht.n we 0bt2in 
'l'h!::or€m 11 ),- • 

'l .. "~' 
(1'1.8) ( n t \ \no .. l,A~,v,1 + 

An ~1tcrnnttng t..t•·n:1·1 ~• ···''x~, 

sr,tiafies 
(11.9) Rot,,,, ... o, 

rr .. , irin• t. t~· .. r' ""' ·1 •1 ti ,, ,:i i=., ,/li?. 1H:.:O ,.:,., , • •, 

be harmonie, .!,t :ts n,·(:e!3a11ry ·ind zuf'f1.c1,,,nt th,1t 

1 '11 ,,•, /"'\ \ 
\ -$ ! , .... ., 

in '.l 

t(:nsnr wnich is the rotation of ~n alter-

We n•"'W <,,·r,r,,,q,, t 1"',t t·h,• ,,~· -....J ~ I,,., ,,◄ ~ t- ,_ ,_. \.,., . -L' ' ... , ~ .... , t \ 8dmits 1 ~no-parameter group of motions 

ther we 

''1•1 1:)') 
\ ' ' 0 ,;;:;.. ' 

nnd the op..: r1 t ~•rs 

r r''):fl wh .i Ch 

Tl·1is t1~==cns th:·)t .£ 
"\)' 

,,i ,·,•:,,01i'.1.·i• 
Pl ........ ,, ,I verify tr:·it 

1.14) 

,_. •i.•rmnut ··1 ti V8. 
... 

1n t~u ,; n h1rmonic tensor 

1s ~l.lso n tviMnonic tensor. But we 

., ·:., R.ot vf•· w , 
11 1 µ."F-·1 

Thus according to thf, tht:orem 11,6, Wt!: get 



'" \ 
'fl--•r,,-.,!'(•"''1 1·1 ,·,~ r:':' I•' ·~ ·~ ~.,:jr,•.·l ,. "~ '~r·i ,•~""'''-·',,,.4·_ •• Ill ,J. -, )r'\ f', .. ,;,,...,~~•--~•ll 

~~r1v~t1vc of n hnrnon1 ti~ne~r w1t11 r~spect to this motion vanishes 

!l_ t.'.) r"', ,· •••••·• ' .•• •11 1, ·,·,· ,, ...... ,, t·,·, ... ·, •,·,., -f-.,,·,' .. ',(:,, ,,·.:•,, ,n,•-~"',·•.1 -1 ,_;'~ .• ',,l t. ·'. ~ '·"! l·1•"'' -1...,_ •')1""'t. .~ -"'\; '\ff"'""' ... ..1-·\,- '.... " ·1d " K•l 1 ·11na .n : , ,, - .. • ' ~ • • • J , ., r •« \ '.,. , J ,;. \,· , ~ ,.. I,,·'.,>.\. "'' )\ ,.! , d .L •, Q 

vsctor v~, we find 

W·;; h:1 Vii 

Theorerr. 
,, '.l, l 

1"1.b • ... ~l In ·.1 , tht: :tm1er• product of a ha n·nor.ic v-ector 

v0rify ttic f0llawing tdcntity: 

from whi:h 

1 ,-; .,..., :1 ; . ..., ' ,,. ) 
\_ l \ o ; ·-·' > 

(1,·1 17' 
\ ., j } () :i 

,, 

... 
C'.'W'Jr'i.1 nt .. ;Jnst·JJ:·:t flcld. ln ·: V,,. wh,):-:c Hicc:1. ,.::.,irv'.:ltuN, is negative 

•)I: 

v,, with ~~\~G 1dmits a tr1nsitiv0 gro~p of 
?'!.Dt1CJr1r), t}'1en t':~1 t!·1e tt'tt.'Or·c·:.rn -1,·~uS~

6
~ ;-:~11 t·hc 'l 1::c~t\)rfJ gent:tr',~ting th~ tr~1ne-

'"' t':::lvc ~~roup ,Jf :r:0tL~r,s .0,rc 0:: 1)V~:!''i'Jnt ·~onst 01rit. This :n;;;:~ne thnt the Vn 

~its more th:rn 1, 1 inc:, r 1 y ind 2pt.ndEnt .; ovn r:1.ant constant v1;,,c tor fields. 
, e.:i +- r. ,·:. ---~:1' .. i ~ l r, (', ,..\ ·1 'l 't., ·,:~~ ., .• /"l l -t I'~ ·~ .. ~ n 

.J., ii,.,:~ ..... ,, .._ ~ ,, to"'. J. ..... 1 .. ,. ,_,... ·-· "·' ...... ~ • .,J l..1 ,.,1, ,,,. ,.., .. ,,,;,.. .• ,} t ... <-~ a. • :, 

--------------
~':) W. V .D. Hodge: ~rri~. theory and applications of harmonic Integra le. 

Cambridge University Press (1952). 
K. Yano: On hr<!"!non.1.•~:, and Killing vector• fields. Ann.of M;.~th.,55 
( 1952 L 38-!{5, 

-:i) S. Bochri,:r: V(.;Gt('~' :t':\elde on ci)tnr•lex ,'::nd rc:>11 m.3r,1i'olds. Ann.of Math.-_; t- .., 

52 (1950), 642-649. 
4) s. Bochner: Vector fields ~nd Ei~ci ~urv~turu. Bull.of the Amer.Math. 

i.1,~.,v.,. Sn(.' .. • • • _·:_,,:, I -1qitt~) .. , .. ,•,r; 7,·,,•, 
1•1 • ., • •. v . .• " - \, • ·n.. I i , •,. - :' ::. I • 
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that is, the vector vK gencrntes a one-parameter group of motions. Thus 
we have 

Theorem 11.12. In c:ird1..;r that a vector vi( generate a one-parameter 
* group of motions in :1 v,, , 1 t is ne:c<:ssnry and sufficient that vK 

satisfy (11.22). .. 
Suppose that a vn ndmits n onc-pnramcter group of affine motions 

generated by a vector v"' : 

{11.23) 

from which we obtain 

(11.24) p.."A ~-. n K K . IC "A 0 ~J vfA- v:\ V + ). \J = , 

(11.25) 

From (11.25) we see th8t 
and hence 

is a constant. But we have (11.1) 

(11.26) 

Thus nccording to the theorem 11.12, we obtain 

Theorem 11.13. 7 ) A one-pnrnmeter group of affine motions in a V" 
is a group of motions. 

A Vn, symmetric in thu sense of Cartan is characterized by the 
equation 

(11.27) 
from which we get 

(11.28) K ' p K' K 
TTW~ pµ.). 

K PK'' K K' f'K. IC 
- 1tu>t4 vpx - 1rwx 'Jlf'-P = 0 , 

(11.29) 

Conversely, suppose thnt (11.28) and (11.29) nre satisfied in a 
* Vn. Then., from a general id(;ntity: 

we get 

7) K. Yano: On harmonic and Killing vector fields. Ann. of Math • .,55 
(1952), 38-45. 
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A manifold with a }<'.)cal /\ M•structure er a 

::i.1e.:n if old c:.:verl'.!d by a i'.!M'.l}.).l .. etc !:let of 1rs.ar,Jrtngs <f' k !Uk ·-+ \\ c:f t:h.e 

above kind, any two of which art~ /\ -c,:,mpatible .. 'l'h~ hollH'.i 1:1m.crphic 

me.p:pinge are ca1le d /\ -C0():r.d~.na tB systerr.s, ,J\_-,l'_~tt.:r:1.ri_c_G_..!I§..l.~ 01· 

"uQ!t I'A ... -·.··1•,.,r,,..,,:-. :~'\l'P· .,.,,,, 
ti lo.oil .,..,,_:;~,~:...~L:.!.:.,:r..~'.; ... _~?,.,!-,~~~. 

In thE!1 gequel X will b~?. ;·~ /\ .,,,;1;.!:nt.f:.i.lcl. ::.ntk, of .£. will b(~ 

indicated by x; p~?int a of I{n v1ill be indi (!a'tcd by z; in pa:rti.c1llar 
th -1 t o ,,,, r ' .,_ ') e po ... nt , 1 ,...;, •• ,.J J l'':l , .• 

Two l't:fert•n<)1':•--::iysb:i,ns '+i, and ip, toth ~~c,vE,r.ing x c X: are 
.... ...,1 

Galled J.et:-eaui_WJ:ll!.t. at x l.f tl':o:ir :::·estrict:iona to some neiglfbour"· 

hoo cl of x are i denti:::BL The ,j et--eq'.d valenc-2 class of {x • ff' i} ia 

called § •. ...i.~t qJ_jc_iJ1_4 __ :~ .. 01· ... :'~ ,_:-j_e_:t and it vn1l be denoted b:, 

n :r: .l::R :Ls C.<lVtI'c.:d by f., 
, '· J . ;.. , Ot'l. t: f lb (1 :r1ottd b_y 

~ ,. ·"' ' "' . f' \ -· .; ' . ..,. I '"' l \·" }•, C, .,., ,:. ,., l ·f I z \ ;,,J\,....,; f,.;.,:, / .__:\-..-' , ..... ,, ,l,1,,1,.~.- .... "t; 4,,., ::: , \· /o 

tTets of this kind will scmetime:0 ·be cal.led .~:l.,.t_O-.iet~- If the b'Utt 

of a first jet coincict(!S ~1th th0 source of a second jet, then the 
pro duet can t)E, f ort;e d: 

'( f •' 'I J z .. ,,z.~; ,_-..:;..~) 
_) I ,:: ! 

j ( z2 t X; f f ) = 

The jet with source obtained fr~n a (unique) 
translation t E: !\ iB di:•no'ted by 

h".9..l2..<2.§!J~~-1-91L_l, The jets of the kind ,j{C,O;f) forn a group A • 

'.ie intro duce a non.-Ha U13dor:!.' topolcgy in A wi tr: respac.it to a 
rS '\ m ri· ..r-., -ld hv ·r'-. i5,,,.-t•., -r·i 1•~ "". ,~_,, .. ,. 1 ~ - .. Q,..-, .l.'iJ :..,~, ....,.-,;,l~ .\:. • ..l. •. "l,,1.,.1, .• .., ......... U.t.,;, • 

a ne:.gb.bo·(;.rLoo d in t.. ::ic.1ns:u1·L31 ~)f all ~; (,'ts that can be represented 

by functions whose systems of d;3rivativcs u.p to the st\ at the 
e. ne 16li c•curhoc d in the su.i ta'ole number space. 

a u.niq_ue fac-

short: j _. ·\ ,\ •(' ! ,.,, •('\ "'1 ·(~! \ i. :::'., , :?.- .1 :::: 't Z, ~ 1., ; • ,) \ l/ 1 \~' ., • t C 1 Z ; 

2 ) "r1:e notion and w-ord jet Wi'J.fj :introdu.c6d by ]~r.:t.§~SP .. ~111. [1,2) • 



The mapping O~:J(zt,z;f) .,- j[,J,O;t(O,z•).,f~t(z,O)J is t ,,n~morpl::.ism 
.i 

of the pseudo-group of a1.n:o-j ets :::in~:o the group of ;jets with 
source = butt ;1 O. 

sa:me 

.P"OP9Si.1_~.2lL_!• If 
source x, th;.m the 

q,.., <f'?, <f., detert:tine three ,jets, with the same 
I ._ .; 

quotient .. ,auto-j o ts obey 

rt) - 1 ') .... ~ t' .-, ,. • ,'I'> tO - 1 \ -! l z z • tn I'll - , ) 
.T 1 ~-· J '\ ,,,. J t "-i ~?. 1 T 3 T 2 i • ,J \, "2 f . ·1 " T 2 T 1 ' 

and thi.::. product ru.J.r:: alee, bolds fer the ~.;nagos of these ji),tS 1.2.nder 

Ji, wLich we denote as follo~s: ,, 

j.-l,.j,,., 
.. ,1 C: ~., I 

fibre b',.mdle :s w:i .. th bat,e ~1-;1ac:e X f1.'.:)1',,) of t:11.J kind Y ~ro:rn G wti•.:!'.: -·-··--~·-~·-, .... __ ··•-··-~,., ... _ , _______ . ., ... --~-··-· ''"'"'""''•'·---- .... ' --- -.,- .. :..1- -· .... ,., ... ·- «,~ .................. " .• ••''"•"-"·•· _,,. .. ___ ... ", ....... --~,_,.......,;. .• ........ - .... - ......... , .. ,..t .. ,..-~ ......... , .... , ...... ,, ... 

is called the ,.,.eo1:10tric ~)bie(!'G bu.ndle over X cf the kind fy G hi • . ,._._. ___ ..•... ,4-•"··-t•-·---~,----· ____ .,, __ ,.,.,,.. ··- .......... , ...... , ........... --.,_. ...... ".,., ..... "··- '" .......... ~ ... ··-~ .. , ..... ,~ ... -.. .a.,· ... , .. •-·-·-· .. -·••·····-•-""-'·-··t-.. ::.J._ ... . 
·,r i C f,:1 ,-, . • -'P -, •·. f d . , 
.s1.. .s 0. , - .. l\ -n:l8.ll.lJ..O.LC! 0~ lElen.S.10!1 r1. 

Y ia an analytic m.ani:fo1d. 
G is a. Lie group of analytic transfor:i1ati,ons of Y. 

h is a conti . .nucus homomorphisr11. of ~ onto G~ 

The bundle is defined as fol1ov.;f·. 
/\ -r~-d',.,,.,pr.,,,-._S"'s-t:er,s ,·•0V1;"'·r1' nc-• ,...,.,... ..... ,.J,, _. ... ,,.,.~ ••. J lo..·..,; ,.1. .. , .... , .. ::::, 

In the set of triples ( i, x E lJ i, y E Y) Wf.! i.ntroduce thE! equi valerH.~~':.l, 

called identification: 
' . \ I . ) 
1, J.. 1 X , y i --- \ J , xg j :i y , i~()l\ Xil£U,(\)J, 

.l J in which 

J ... ~ -~ 
J---

7.,., ·- 'fl-1(:x) 
.J ' J 

3) If we require :rooraover tha.t 'the set of A -reference systems ie 
complete, that isi ia no·t contE.Lnc:d in a (A --•com1)ati.bla) bigger !let, 
thon the de:fini tions aru indepBndent of thF) :par·ticular eet of eu.bsc.r·te 

{U1} of' X .. 



r" 

An equivalence class is by definition a ~oint of the fibre bundle, 
,. __ ,_~ ----·-~-. ""'"'·=• .-.~-- ,_,,....,,.,,_,.__._,.,_ 

The equivalence classes with a fixed x form the fibre of the bundle 
at x. The bundle projection rr is the mapping of the fibre at x, onto 
x. The fibre is homeomorphic with Y. The mapping: 

class of (i 9xiy) --+ (xfy) 
is a homeomorphic mapping of 

rr - 1 ( U. ) on to U. x Y ( 1) • 
l. l 

The mapping: 

class of (i,x,y) - y 

will be denoted by q,:. "fe then have for b E rr- 1(ui) 

T7-1(u.) i 
Ui X Y 

~i 
Vi X 

y 
l - --:,.. 

b 77 b * 'Pi 
77 b ~ 

--'lo- X <pi b - <pi X (fl i b. 

-1 ) If b E 77 ( U . n U . : 
l J 

* * cp. b = g .. <p. b 
J J l l 

andf if b E 77- 1 (Ui n Uj n Uk) we obtain from 

j l . = jk .• j .. 
Cl J Jl 

hence, because his a continuous homomorphism~ 

gk i = gk j • g j i 

Also g .. is a continuous function of x. 
Jl 

The mappings (1) which fulfill all the conditions just mentioned 
define the structure of fibre bundle in the point set rr- 1 (X). 

~nr:9..9. [ 8 ]. The fibre bundle B so obtained is the object-bundle 
required in theorem i o If Y' c. Y is invariant under G, then X, Y 1 , G 7 h 
determine a unique object-bundle B' 9 which can be considered as 
imbedded in B. We call B' a subbundle of B. 

, A cross-section of B is called a g_~_Q.fil.§ .. !£.L~c_j__f.ield or 

£21!!:&.Ji£J£ obj E;L_c_!__o_f_1h£ ... 1LtAd. ( Y 1 G 1 h). One point of B: b e rr"" 1 ( x) is r called a geometric O,.Pj_~9..!, ~t x. rr- 1(x) will also be designated 

by Yx• 

Example~ 
Let /\ be the :pseudo-group of all C8 reversible homeomorphisms 

in Rn. · r be the invariant subgroup of b.. consisting of those jets 



that car:. 'be ob·tained :from hcmr•c.1.1◊rphii:,:nr~ of f. c h wt:.ich t.i.rE: ex­
:prt·n;acd by functions 

which ha.Ye the sam.e k--~h derlvt,ti.vi:rn fork~ C.,1,~.,l •sat the 

Z 4 -,. ::cs Z, 
_.!.., K 

G m A/r 
.... ,.. +'hr, .... ~ ...• ... ·- ,, 

,J 

'ihi::: obj QCt--1::'undlEi Il r.,c i:lef:l.nod j_:.:, a rn:u-:.ifo:.d c,f d:Lff0.,rer:tiabili ty 

class s-1- A Cr-el'oss-sect1on .i.n ~, (r ~ s-1) is ca11ed object (fi.eld) 
0 -..'-" ,., '· , ,.., C _... ,·• l ,., ,., ~·r: ·l , ,·,f' ' ' ... , ~ ·i' ri ., ·•' r• •. ' ' , ··t·" .. , i. .. ; 1 ~ ,.. ,.. 1 r .... ~·t:\!'··, 1, ..... a.1::1,:, h-,c, \ ,.., e:ou.r,-,,t..,, O- ... ..:..~ .,.,.·r , .. r .. J.."·•'-'.i..:...L .. y ........ ess • 

object-class 1 = 1 ru}d dimensio~ n~1 (dimension Y ~ 1). 
Tonsor--bu.nd.les s..rEi bu:ndl.,.:-s of c-;1ass 1 :. 1 ~ 

Affine connections ( parallel di.syd.a.cemcnt) ca.11 'tio d.d'ined in the 
") 

bund:le o:f tr-rr:iger1t vccto:cs o,f a~ <.:.: 1= .. -~;;.1.a.ni.fo:~ .. d4 ~f}'".€ e,f:fint•, ct)t"Ln.ections 

are thcmsc1.,:es croi::is-c,ect ions ir. n 'bund1c of object-class l = 2. 

Every affine connection belongs ~o a clnss of projectively equivalent 
affine conrH;ctions, which cla.i:0.s determt.ne s a unique normal proj ecti vc 

crosc-section in a b~ndlc of object-class 1 = 2. 

A cotlrh:; ct ion def i nel'i. in a general. way in a fi br,::-bundle, is :10t 

a gcom.etric erb;je ct. :':;r• extic11:1h! a projE•ct:i.VE?: connection in a. :f:i bre­

bundle with f'i bre tr~t~ pro,j ~ictive n-spaCl;, without fined oblique 
Cro c•~.., t:'.;;;it:'l,...,,,+'1c\i-" i'i"'"'!'C';:Jt•~·--1ir'1 r•,,,:·1 1(~ ... ..,;. .• ,.,:;r, f•-7) ..,,.,.-,,.,,._.,_ . .,_ . .- !-'1L...;:;;.!::.:::.tt~.: .. L ,., .• ' .:.:::':-... ..i:;;.~:~- I. f • 

Another az:am.plo of a geor,1et:ric C)bjcct-bundle i.s obtained from 
th "• t'~ ....... ~,""r bu~-1 -1· -r::. •"')f r"•f'~•?'")~..;~.,,1·"1+ t' ""'r',,'"'1O·••4 c.1 •• .J:" ~, .... ·•1 1" 14 ..;t l; ~:, .... ~\., - H'--• \,.. ... , .. , ... , ''"·" . .:.,:~. 'V '.::.'..:.:, J. ;,, u... ,1.,,;. ·" KA under the 
identification: 

If t~h is sy1mr£Jtr1.c and :posit: .. ve dtdini te then the gecm,c,tric 

obj0ct is cal.led a ~or.1.fo:i:·:;-;.al ;nc·tric:e It ii, of :~lasH 1 :::: 1. 1rhe normal 

~forma~ c~nncc:ion,_
1
d<-:~errnir~ed,-by a conformal metri.c is a geometric 

bJect oI oiass ~=~-a conior~al ccnn0ction d2finod in a general 
. way in a fi b:t'e: bundle With fibre a sphere a,nd group the Moebius group, 

is not a geom~tric object. 

' Oth,er ,exampl•JS of gee.metric o1~ject-bundles are obtained 'by 
taking f'or l\ a subgroup <if all reversibl-a C8 ( s = 1 ,2, .. ~ ~ or w } 

homecmorphisro.si fer t'.Xa.itple consisting o:f all homnomorphimns that 
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leave invariant a fibred structure or a complex structure in Rn. 

ig_. Prolongations of ;\ -transformations in z. 
"---"""" -· ~-,,,_._.._.. __ --=---... - ------···--

Let b be a cross-section or a geometric object-field in the 
object-bundle (:B,X~ 7T ,Y,G,h, /\ ). b(x)::::Yxn b. A hoE1eomorphism in x~ 
U 1 ....:;. U is called a A -:point-transformation if in case qi: U - V 

is a /\ -reference-system, the same is true for (!) "t) : U' - V. Let 

'Y) be a /\ -:point transformation. 

7T .x <f C) ----). u -
1 ~* ! "0 

TT I 'P 
-'X.. - ~ 

u' 

i ~~ 1 ~ 
TT . :xi' 
~ u" 

~ has a uniQUe prolongation (Ehresmann [1 J) 

'Yf' with rr·r•i*:::: Y') TT 

Y)* : rr -1(ui) onto 

defined by9 if b' E rr- 1 (U 1 ),~ 

rr- 1 (U) 

'Y)~b' = 77- 1 ') TT b' n (cp*)- 1 ( cp YJ* )b' 

.'Z. 

V 

z' 

( 4. 1 ) 

(4.1) can be understood as followsg If we use the reference systems 

'

'cp and Cf'Y) for U and U' then the :prolongation '1* of 'Y) is expresse-d 

by the :pair { Y) ~ U 1 -. U and identity in Y} • 

An expression in terrn.s of two arbitrary reference systems 

q, : U ~ V = <P U and "t' : U 1 -,,. V ' = '+' U 1 1 inst ea d of <p and <p 'r) 

respectively 9 is as follows ( x 1 = TT b'). 

11*b'= rr- 1 11b'1Tn( cp*)- 1h[t(O, <f'r)X 1 ),j(<f'Y'J X1 ,"fX'; Cf'Y)'\.}>- 1 ) • 

. t(-ifx',0)] i.p*b 1 (4.2) 



Substituting ~ = ~~ in (4.2) we obtain (4.1). (4.2) is independent 
of tho particular rufcrcnce systein <¥ for U. This can be seen from. 
straightforward computation. 

From (4.1) we have: 

( "') -1)* = ( ")~)-1. 

Therefore (4.2) is also independont.of the roferonce systeru "¥ for 
u•, hence independent of ref~rence systems used. 

Now suppose we have two /\ -point transformations. 1'} : u• ...,. U 
and ~ :u•' -r,. U' , hence the product "1 v : U 1 ' ..... U. Using the reference 

systems <f : U _. V, <f"t') : U' - V and <.f1'))) : U11 - V, we observe 
that the prolongations l)f', ").) *, ( "1 )) )... are respectively expressed 
by: 

( 'f'J , identity) 

( 'I> , identity) 

( "1" , identity) 

Hence ( 11v )*= "')*'I>...,, and we have the 

TheoreUl...?_•--~-~_-_t_rJ1?3§1_~_1i.<?.n .. )1L.X J1.~s_a u.nigue pro longa. ti qn 
!,n. _11, • .,.1,h..9_ m.ap12ing w_h:i;,_ch, As.s_i .. 6!ts__t9_~_y___t\_~ansforlIJ!._tj.,Q,!l_ its 
prolongation is a g~oup-i.!Q,!ll.O.!'JL11.i_s_!,• 
From the definitions we also have: Any eubbundle B'c Bis invariant 
under the prolongations of any /\ -transformation in X. 

~ 3 . Ge o:me tri c o_ b_j_~£1s_ 2.n..} j._~_grp_UJl§. • 

Theor~_l. Let <lt be_iJ:i_:i._c_.M_<?.1112. .9.£_t~n-~9rma,.:ti_ons O],erati..,ng o-q 
the l_e..f t on .tl'\e grou.E,. S.:£a_~JL91' 'Jt .. A.._n_;y_.,g_bj_e.,c_i,~_le B with bas..2. 

space H and fibr~ s~_E?_".[_i .. ~ 211-..~n.a).ziji_q_ prod~c.t -~dle H x. Y W..i!h 
left invariant apal:z~:i:..9.. _CJ'..91?..~JLC:..t.i2.n.~--1L~_Y_J2.!1l• 
Proof: Chose a fibre Yx. c B, and a point be. Yx· Let ") ( t) 6 ~ be a 
transformation of X, 71tt( t) e c.Jeit its prolongation in B, and t a 
point of the abstract analytic group of -a£ • The set Z•b consists 
of one point in each fibre and is an analytic cross-section because 

(; 
(t) is an analytic transformation, which depends also analytically 

n t. A point b' c af.* b is characterised by b .- Yx and 7T ( b') = x' . 
he correspondence 

13 = ,,.-, (H) _... H x. yx 

so obtained is 1 - 1 • a.nd ,i *e af* the prolongation 
represented under this representation by 

"1* (x w; y) :: 'f'J X -. y • 

is 
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X: C 

H ' 

an un 1 
on. X I , 

f 

fn 



concerning one fibre 
.... 

j ·.t,1 ,, ., .. 

69 .. 

a) a iiiemo.nnian nu~ tr:Lc c) an, a:f'f 1nc cc,r.rh, ct·1 0'",. c) a. t,Jihl(irta.n Hh .. -

·t.ric d) a.n affin~:, connc~~tion w .i. tr. ~m t nvar.iant n.lnwst com;,).l.ex struo·•· 
t·u.1•c, wi t'r~ a.r~ ;i-~:lirn'._:r1~:::1.or1:.::11 Oi.1.:p oi~ Gtr'uct111~e J).!"at1er,ring tr·ar1s . .fo:r:·ir10--
+1· on ... {ITi T,-,t N° b,c, ... ;-. ,'.;,, •n~·1··· • of .• ,,. f.,,..,,vi1·· ·"" ) t""t)"i-;,,.,n!I;'; 1.· ... a ... .,. • --~; .u,., ,, _ ,,, .. e a . .:..,.te ,:, -.n. •. ,.1 •. ~. t:>· ,, • p ,,,,., a. ,,1 •. l~' "" • ..1 

.-~ pac :P, r'I. f. ,,. n n"' ·r·-- , .. n .... ..., , ""' ·a·.,·1r O ,._ \ ,~ -r f ' ,. ·1 ,i .. ; ,, ,._, ·i y•. + h ·, -- ·f'f ·1 ~-l, .::: •~~i"' ,., ,._, c 'J ·.,,r,_ - ..,. ,..~ \~·,.. t,,_,, ;~ *t, l,.,,:,;,>-\,J., 'lJ',-1,1., -~? \.)} c;. • .;. ......... J..,...¾,•.,...,..\.:,1-.. 't ,..,_--,.~ H-,,. t_, i::'\.t. J.t i;.~ .... ,.j_,dl.iio..,,,V -~- ~ ... ,....,. 

tions in a :F\.tbini·••spece d) .;:iomplex-analy~:ic n.ffinities ln co!!ipl1.::x af-

t,r.d equality N ::: 
r ·r-r \. 1 ,.i., .... ; • 

t'l ( l1 + '1 ) a1: (l 
•') 

2m.£. -~ 2m. 

tr~c,~• l-n ° 0 ·p··1.~~ 1uJ'•t-~ •1~ ,;,1.",. _'-:;._.,:.,:"'_• J.;::1,, '-?, t ,..,...t_.. /1 .. ·•I. C .J. af._f :iilO 

'r-:ind r::t(~nti :)ned u.nder 

r.:l. tt:lr:g n . ... 2m 

r1 ·dct.ion., of which cases abed arc 
cxarrq:iles, an affine pcir:t trar.sforT:1.at:ion with :fixed point x i;:, di2tc:1'.'-

ens-1.~.l'E,S the :Cai thfulr:e8r, c,f the repr._·2E,,r:tation m.E::ntio1:ed above. Th!3 

d:Lrrlcr1Bi.ori of 

an affine connect ton. 
t: '.,:· ",(-, ,, .... , ,··::, ".,,,'f r;· +"' -+~ l,l., c1 "\ c·; 1''" 1·•, n, /"I-+ .l,:, ,..., "t"I ~, r·, d' ()'' +· }-·1 '"l ,., 8'f'"\ t 1· 
"',_' •,' "~ ~- ~ ....... ,;..\,.,. ... , .~ ... ,. ........ ,._,"" ,,\.,, J.1, ...... .. ~.,._ \.· ..... \; .a.t ' 

r;yrnznE:tric) tor1 sio1~, ... ,tt~:·r~::.-;or~ ( ;~.; :.-= CJ :fo1" ti':LC c,r:;,~~;ct:~ ~1 a1:_d c), tl1u ",.rarj,Jr~ing 

r,f wtich chRractcric-h:fi th .. : GaGc:3 rh.ntL:ncd under {II} .. 

transfcrmati~na in X Wi'th 1nv1riant ro r,t x, r8striot0d to the 
'tar1gf~11t s:pacG ~'t~1 .. , t11ctJ..,; v11:t.c:!'::. 11r' 2.?>-'~0D1t-·trica]. rn111ti1,;J .. :i.c~}.,t1011,s of· t1~~u 

.r,,, 

tang:.:nt apace; Y .. , 1~11c. c'-lrVctt·,.:u.'2---t,::nsor :'. ,·:t ,, J~;.i .. ::r:, 1 .tl.· r J;'.~t bcin\am'.lt 
-· ... •. 

~rnd•:0r t:hc ri2!prcsc:·~t:a.ti~m ~i' tb:;n,,· mu1tip1:i.cationE1 in th€· re:lat1:d 

t ,.::m.sor-spaC(::S. :·tcsc rt pr:~ -~hi!lta tj_,::-;n:::: a:rL al:::o .~10n--tr:L vi~.l gc.\omctri.cnl 

mul ttplicat:i.ons. Ho nee n :::: C ~:; = 0. This prov~s b and d. In caser3 

,,:i'c') +)~,, /1,.iolo;·nr",t'1·.'1··,,1·,,,.,\ 10,nc•''r-1.C'I'i-',·1 •"'1).'l"'~v'''.l+nr('' ·j,,·: 1·r1•,"r>""'•ion·t .,,1·,,'lp•r- a·.1•7 ,<",-,.,.\ .1 ._,,...,,., \_J.,.~ ... •~•-'-~ ,,t:·'""'"'l 1.,..,.,,.---...1 ,,..,4,....,,,,_,,., . .._._.. '-4\,IA, .,, -/-•, ¥..:1,,,.,.(:,,A "'-.,.,..,., ..... ., ......_ r orthogonal (unitary) transform.ations :Ln t}1e ta.ng,.mt ,'3:pace a-t x. 
As H i.s trausi ti ve tho ( helc', . .1.orp:t:l.c:) sect :tonal cu.r,ra ture is th,: 1:1ame 

for all (holo,.wrphic) aections at a11 point~, and the apace 1s 1 ' of 
o,msta.nt (holom.orphic) cv..rvaturb n. This :proves cast":s a and c. 

LClt ·t, b-e a. geomutrio obj .:.,ct fi;;:ld i.n th8 bundlfi B cnrer x. Lt>t 



7(1. 

N ci~ a noigh.bo·u.:rh<.ic~ ;;.. :· t . :Ld ,1t1 tr (:,f a Lie 1rr-f:i·tqi '.ft wh..:tch C}J.'H1re.tc>s 
as a group of A -trancfor~ations 

'tra.nsfor:nation :!.n ..(. .:::,.i.,·•,-··<··•n .• , •.... nt ··•·, f·c1· ,,, } ..... : ...... •,.; .. f_J. Tr• •. ,.·,r., ,.>1 .t, k' , ~• _,. "'· ~ ,, .. \ 1, ' •• ,. , . > - . I , I, • . 

of N ir~to 

po:i.r:~ set L( H) in Y • 
X 

Y is x. 
,.. ·1 \ . ...., .. , ... ·t '\ · .... 
l 'i . · • ' J 

~a~~(nt 2pac at the unit-alcment 
of H is ·me.1-:;ped into the ta.r:,::;.nt ~3Jiaef• r)f thu }.:oir:t "b(x) ~= b A Y7( 

·i;i tt:. rc;spo,~t tc tJ:,.,:, :f:i'br~ .• Il~is ·:~~1.~pr;·'inf;~ i::;j •,~Etllc·d th.(·· J~~·:.S~::.t~~Ll:__c1.:f~lJ~, .. :4;;!:,..~ 
of t:he:: f;eomGtr•j_c ot\j<:ct t:, e.t .x, w1tl1 l'i:t ct to the !'51Vlir, Lie group. 
For any paramLtriso~ diff2r~ntiable curve t(s), with th~ identity 

s. :·::t ~ .. s a tar1gt,r1t to a rir➔,':~~t1~·~\/.;'tr":i.s0d c1ir·v·t:,; i11 -zx• 
'~-~-'hc,cr,._:m 5 .• 1. '"l~· 1 'i -'-·••·ivo.·>i .. , :,•' '1 "n•··,··t·r-i-- 01,~·,-.t ,~f dif'.C·~r·,n -· - .. +.:. ·~~~.-'!:~: ... ~: ... :' .... ~:::. t.. - .i.. .. "· .... .,1' ·~ \; .... "'!:.':' -t:..,, •• ,.~ .. +-... .$ ..... , J.;>,:•;,.:.-•,.:: .:..'"~.:__;· ........ ~:. _, __ .. ...all.~~,,_,-~:~ .. __ ,., .. ,_,.:..;.:_!~.~ '""'~..!: ~::. 

'r" 

B, i~ which t ia n c~-cross-s~ction r ~ 1, the~ the Lie-derivative 
di·•-t-··•I .. r'·i r1-•··i , "' •a: ,,~1·; •"•n,;· • . ~ .,_t, , .. \..~ , ... u _,,.. ' ',,;f;,,f; J..i.,1~"'" .. ' 

·1 ,A ~ 

way ty: X,Y 1 ,G,h 1 w~~r~ Y' 1~ th~ s11nc o c.i· a.ll tangont vectors at 

t E: H 

: .. 8 not o:::t, + r ,., \ • '.: tr. . ""t + i 1 ' ., , ;:;,. ; t, .J. .1 a po 1.. , ... , ,i --

such tr .. a:t tl:,::i tangent v~)ctcr 

fl '!) \''\S} -.z:i * ( ... f '') '\. } 

does not vanish for a 3 1~ 
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