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In differential geometry in the large, we treat the
following problem:

What are the relations between the local properties and the
global properties of a space?.

There are two main problems in-differential geometry in the
large, that is:

(1)  Problem of prolongation:

We are given a small partion of the space. Prolong it in such
a way that we get the whole space.

(2) Problem of metrization:

We are given a topologival space, find a Riemgnnian metric in
such a way that the whole space is metrized without singula-
rities.

In a certain extent, these two problems are converse g
to each other. We mention here an example of the problem whichi
belongs to the problem of metrization: |
What are topological spaces which we can metrize by a metric
whose sectional curvature has,at all points and for any
2-direction, the same sign ? In this statement, by a sectional
curvature at a point I’ and for a 2-direction™ we mean the
following:

In a Riemannian space, we take a point ¥ and a 2-di-

rection™

at this point and we consgider all the geodesics
passing through ¥ and being tangent to ™ . Such geodesics
constitute a 2-dimensional surface V, passing through‘p and
being tangent to T . The Gaussian curvature of V, at P ois
called the sectional curvature of the space at the point P
and for the Z—directionTr .

If we demote by Kymaix, the covariant components of the
curvature tensor of the space, the sectional curvature R is
given by

SR I A A VLR U

where UX and U" are two unit vectors orthogonal to each other
defining the 2-direction. ,

In the above mentioned example, if the sectional cur-
vature is constant, we get the famous Clifford-Klein's space
problem. Clifford-Klein's space problems can be considered
also in affinely, projectively or confarmally flat spaces.To
illustrate the problems in differential geometry in the large:
we wish to mention first of all:
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Some results in clasgssical differential geometry in the large.

It seems to us that almost all problems in more modern
differential geometry in the large have their origins in these
classical results. So we shall give here a rather extensive
collection of the classical results. '

W.Blaschke (1924), For any two points on an ovaloid, there
exists always a shortest line which joins these two points and
the shortest line is a geodesics Here we memn by an ovaloid

a closed convex regular analytic surface which has positive
Gaussian curvature.

W.Blaschke (1912), H.Weyl (1917): If we can deform an ovaloid
continuously and isometrically, then it is a motion of the
ovaloid as a rigid body.

O.Bonnet (1855), When the Gauss curvature X at every point of
an ovaloid satisfies X 2 o , the geodesic distance be-~
tween two consecutive conjugate points is 2o .« Here by
conjugate points, we mean the following: Consider a geodesic
on a point A on it. Suppose that a point © starts from A and
goes in one direction of the geodesic. A point'E>on the geo-
desic is called a conjugate point on the geodesic if, for

the point'P which lies between geodesic arc AR, the geodesic
AP gives the shortest distance between A and P for the suf-
ficiently small variations of the geodesic arc (relative mi~-
nimum), but for the point P which lies on' ¥ or on the prolon-
gation of AR in this direction, the geodesic arc AP does
not give the relative minimum.

C.Carathéodory (1912), The locus of the conjugate points of

a Tixed point on an ovaloid has at least 4 cusps.

T.Carleman (1921), We are given a closed space curve C of
length L. and we assume that, passing through the curve C
there exists a surface S of the minimum area. ThenS is a mi-
nimal surface. We denote by C its area bounded by € . Then we
have

k} - 4TIQ)% (@]

and the equality occurs if and only if the curve € is a cir-
cle. When the curve C reduces to a plane curve we get the ans-
wer to the classical isoperimetry problem.

Gauss—-Bonnet (1848),

%Tj\] Kdo= X =2(1-p)
2.

where % is the Gaussian curvature of the surface V, , the
volume element, % Euler-Poincaré characteristic and » the
genus of the¢ surface,
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D.Hilbert (1900), There does not exist an everywhere regu-
lar analytic surface without frontier which has negative
constant Gauss curvature.
He.Liebmann (1899), Any regular closed surface with congtant
Gauss curvature is a sphere.(Consequently a sphere is rigid).
Any ovaloid with constant mean curvature is a sphere.
H.Poincaré (1905), Every ovaloid has at least three closed
geodesics on it.
JeSteiner— W.Gross (1836, 1917), Between the area O and the
volume V of a ovaloid, there exists the relation
O*_ 36wV* o0

and the equality occurs if and only if the ovaloid is a sphere,

We now come to the more modern differential geometries
in the large and we will classify these geometries according
to the topics treated in each branch as follows:
(1) Complete spaces.
(2) Behaviour of geodesics.
(3) Spaces of negative secdtional curvature.
(4) Spaces of positive sectional curvature.
(5) Harmonic integrals.
(6) Curvature and Betti numbers.
(7) Gauss-Bonnes formula.
(8) Complex menifolds.
(9) Almost complex manifolds.
(10) Holonomy groups.
(11) Croups o transformations.
(12) Imbedding problems.
(13) Pibred speces.

We will mention some typical results obtained in each
of these brerr-hes of differential geometry in the large.
(1) Complete spaces.

A Riemannian space is said to be complete if it satisfies one
of the four following postulates. .
(1) Postulate of measuring. We can measure on each geodesic

any length starting from a fixed point on the geodesic.

(1ii) Postulate of infinity. We call a divergent lime a one-

to-one continuous image of a half-line in which, to any di-
vergent series of points on a half-line, there corresponds a.
divergent series of points on the line in the space. Then

the postulate of infinity can be stated as follows: Any di-
vergent line of the space has infinitely long length .
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(iii) Postulate of Cauchy. A Riemannian space is a metric

space. In fact, we can define the distance (AB)betwecen two
points A and B as the infimum of the length of curves which
join these two points. Thus we can define the fundamental
sequence of Cauchy as follows: If a sequence of points P P

A SR
satisfies the condition

(P Pa)= © (w,m — 0)
we call this sequence fundamental smequence of Cauchy. Then
the postulate of Cauchy can be stated as follows: All the
fundamental sequences of Cauchy converge.
(iv) DPostulate of compactness. Any bounded set of infinite-
ly many points of the space admits at least a point of accu-
mulation. We usually express this fact by saying that the
space is locally compact.
E.Cartan adopted the fourth postulate and called a normal
space a space which satisfies this postulate.

H.Hopf and W.Rinow proved the equivalence of these four pos-
tulates.Moreover they got,

Theorem . We can join always two arbitrary points of a com-
plete Riemannian space by an arc of minimal geodesic. Recent-
ly G.de Rham gave very simple proofs of the equivalence of
these four postulates and of the above mentioned theorem of
Hopf and Rinow.

(2)  Behaviour of Geodesics.

A generalization of Bonnet's theorem to a complete Rieman-—
nian spacc was obtained by Synge (1935), Schoenberg (1932)
and Myers (1935).

Theorem ., A complete Riemannian space whose sectional curva-
ture for any point and for any 2-direction is greater than
a positive number ¥ is a closed space with diameter less
than T/yx .+ We can reduceVor “this theorem to that of
corresponding theorem in a two-dimensional space by the
following lemma due to J.L.Synge.

Synge's lemma. The Gaussian curvature of a portion of a
surfave \Q‘Which passes through a geodesic of an ~.dimen-
sional Riemannian space Vw depends along the geodesic only
on the ruban of planes tangent to \, along the geodesic.
This curvature is less than or equal to the sectional cur-
vature of Vyp for the tangent plane of V; . The equality
occurs only when the ruban of tangent planes is obtained

by the parallel displacement of a vector along the geodesic,
the tangent plane being determined by the tangent to the
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geodesic and parallelly displaced direction. In the two-di-
mensional case, we know the following theorem:

Theorem.The arc of geodesic joining two points A and B such
that any solution of Jacobi's egquation

K s Gaussian curvature,)
Yy = a-%/aLs 5: arc length

has at most one zero~point in the interval AR is an arc of
geodesic which realize the relative minimum of the distance,
that is, which is the shortest among the curves joining A
and ® and lying in a sufficiently small neighbourhood of the
geodesic.

f%“.g. Kxg z O

On the other hand, we have the following comparison
theorem of J.C.F.Sturm (1836):
Theorem  Suppose that we have two differential equations

Yo+ K(syy = o, ey

40+ L(s)h = © (2)
in which K{s)2 | (s), then the distance between t§§&§é¥32“€
points of (1) is shorter than that between t@gyéggafkoints of
(2). But, if L.(s)= % = constant > ¢ , then we have, assuming
M=o Tfor %ao

rL:A»Sm.\ITa-S +

and the distance between twgmisﬁgwpoints is ;ﬁf + Thus comn-
bining above two thcorems, we get the classical theorem of
Bonnet.

Now take a complete Riemannian space whose scctional
curvature for any point and for any 2-direction 1s greater
than a positive number X and fix a point O in the space.

By a theorem of Hopf and Rinow, we can join any point ¥

of the space to point ) by a shortest geodesic. Tgke a di-
rection at (U which is not tangent to the geodesic and dis-
place it parallelly along the geodesic. We consider then a
2-dimensional subspace which passes through the geodesic and
whicﬁ@%angent to the vector field parallel along the geodesic.
Then by Synge's lemma, the sectional curvature of the space
for a point on the geodesic and for a 2-direction tangent

to the subspace is equal to the Gaussian curvature of the
subspace along the geodesic. Since the sectional curvature
of the space is supposed to be always greater than kl, and
consequently this geodesic which is also a geodesic of the
subspace has a point conjugate toOin the interval TVk
BET é&‘is the shortest geodesic, and consequently we have
OP < Tk « This proves the generalization of Bonnet's
theoren.



(3) Spaces of negativc sectional curvature.

If the space has sectional curvaturcs always negative for
any point and for any 2-direction, then, by calculating the
second variation of the length of a geodesic, we can prove
that any geodesic arc realizes the relative minimum of the
length.

On the other hand, E.Cartan (1928) and S.B.Myers (1939
proved that in .a simply connected spacc if there exists a
point P such that it has no conjugate point on any geodesic
passing through it, that is, any geodesic passing through t
reglizes a relative minimum, then the space is homeomorphic
to the Euclidean space.

Thus we can state:
Theorem A gimply econnected space with negative sectional
curvaturc is homeomorphic to the Euclideon space. We will
guote here some o%ﬁfhteresting theorems on the spaces of ne-
gative sectional curvature obtained by Preissmann (1942).
Theorem Any geodesic which docs not pass through a point—P
of a space of negative sectional curvature has a point which
is the nearcst to ¢ . From this point, two branches of the
geodesic move away from‘F*monptonously to the infinity.
Theorem The sum of the anglcs of a geodesic triangle in a
simply connectcd space of negative constant curvature is less
than two right anglcs.
Theorem In a space of negative scctional curvature, there
exists at least one closecd geodesic of any type of homotopy.
As a consecquence of the first theorem, we remark here
Theorenm All the elements of the fundamental group of a spa-
ce of ne ,ative sectional curvature are of infinite order.
(4) Spaces of positive sectional curvaturc.
We must mention first of all Bonnet's theorem stated at the
beginning of (2).

Theorem A complete Riemannian space whose sectional curva-—
ture for any point and for any 2-direction is greater than a
positive number R is a closed space with diameder less than

TR - From which we have.
Theorem The fundamental group of a closed space of posi--

tive sectional curvature is finite. Before stating the follo-
wing theorem, we define the orientability of the space. If

a manifold of class C™ can be covered by a system of coordi-
nate neighbourhoods in such a way that if any two coordinate
neighbourhoods ( 3% ) and ( 3% ) overlap then in the over-
lapping domain the coordinatc transformation
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has always the same sign . Now Synge proved the following
theoren.

Theorem  An orientable closed Riemannian space of positive
sectional curvature and of ecven dimension is simply connected.
We now define the extremilyr of a space. We say that a se-
quence of points

T e
"1,¥)17¥3’ ..... (1)

diverges to an extremity if, for any partial sequences

('Q‘.uq’;lx u(iw
‘R“"R'L') ‘R.B:'

taken from (1) and for any compéct domain 13, it is always
possible to find the curves joining

Py e Ry, G, e R, @y o Ry,
which have exeept a finite number of exceptions no common
points with D . Now we can state the following theorem of
Preissmann (1942). .
Theorem An open space of positive sectional curvature cannot
have morc than one extremity. We call a space with pole a
space which contains a point P (pole) such that all the geo-
desic rays issueinf fromP are minimum geodesic rays,
Theorem The sets of poles in a space with pole of positive sec-
tional curvature ie bounded,

(5) Hermonic Integrals.

An n-dimensional manifold of class C “ can be covered by
a system of coordinte neighborhoods Qld, If, from any covering
by the coordinate neighborhoods of the manifold, we can choose
a finite number of coordinate neighborhoods tqu,'LLL,l].u-il;N
whose union covers entirely the manifold, we say that the mani-
fold is compact.

Now an exterior differential form of degree P

3

A . A PN A
el \*)/\‘Al“‘)\P f‘t; ﬂ/\ 3 1/\..” N a3l 4

is called harmonic form if the rotation and the divergence of
the antisymmetric temsor \Va n,..\, vanish, that is, if

(A FAN LX) =0,

MR
9 'V»QAklunx?:o



where §/ denotes the covariant derivative with respect to the
Christoffel symbols.

Now we can state the famous theorem of W.V.D. Hodge.
Theorem. In an orientable compact Riemannian space of class C,
where ~f is a sufficiently large integer, the harmonic forms of

degree p form a vector space whose dimension is equal to the pth
Betti number of the space.

Take an exterior differential form
N _ X A
¢ = P (P)\‘,\L...kpd.},)‘/\ d; l‘/\"' AN d"z P .
We define the exterior differential d¢ of ¢ by

A= T T, o) 43 AaFh A 0B
Now denote by cpAnlr”*p the centravariant components of
@A”Arullthen we define the ®-operation on ¢ by
* Q= l*«'\l“"\\’\in-”’\m QA«'\L'-')‘P c\}k\“"/\ ad3tn
and callx @the adjoint form of ¢ , where LA,W.AN is the unit
n-vector of the Riemannian space,

The global inner product of two forms ¢ and ¥ of degree
p 1is defined as

(*P‘H*jv P (Y)Y

We define the exterior codifferential $¢of ¢by

AP et

&(9:(-—1) *,d_*(Q\

Now it is easily proved, by an integration by part,
(g, w)=(g,dY)
If an exterior differential form ¢ 1s harmonic, we have
Ahg=0, $85¢=07 and consequently
A ¢z d&«'{)ﬂ»&d&pao,
Conversely, if we have Ao ¢= dbyg+&d¢=0, then
C=2({0@,9)=(dd9,9)r(6d¢,9).
But, on the other hand, we have
(dd¢9,9) =(8q¢,50),
(&d¢,q) =(dy,dq),



and consequently

(DG, Q)=(dg,dg)+ (5¢9,8¢9)=0,
from which, since (d ¢ d@)2 0, (5(‘9)5‘9)203

(a9, a9)=0, (8¢, 8g)=0

which shows thatr

™ys
Theorem. A necessary and sufficient condition that a form ]
is harmonig is LY = O

The expression o ¢ certainly contalns the curvature tensor
of the Riemannian space, but the curvature tensor of the space
does not appear explicitly in the works of G. de Rham and
W.V.D. Jlodge.

We shall give here, as an example, the expression n¢ for
a covariant vector D

First 4¢ is given by

Vu @u= Y ¢n
and consequently 5&@ is given by

q¥» No(Vuga-Vaieuw)
Next &¢ is gilven by

%q)'l Ve
and consequently de is given by

UA(%*» Tv ¢ ).
Thus, for d_sf,?.», $d ¢ , we have

7 V0 T 94 - Ty Vh gur Ta T 9]
= gV [T T @ar Kand 9]
= %vu Ve Vin - VQ:L €x |

where \Qf is the Ricci tensor of the space. Thus we can state
Theorem A necessary and sufficlent condition that a covariant
vector P be harmonic, is that we have

%v“ Uy Vi a- \{\;\l‘91=0.
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For a general antisymmetric tensor, we have
Theorem A necessary and sufficient condition that a covariant

antisymmetric tensor Pa.A N be harmonic is that
A 1A G ?
VR 9, v - <P S x
Vv M CPA“\}\'L."' AP 25,', A’S (?Aﬂ"'xs-" X X A

e < S$+47 P
+y BN
N Y)S KAT A.S ‘?AA‘ ")st_‘] (s‘l\t*_.‘thS_'\ QA-S‘,q.-.APuo

The applications of the theory of harmonic 1lntegrals to
complex spaces will be stated later.
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A p-vector W, = is callcd harmonic if Rot w and Div W vanishs
def
szw N .'+}V W ' Pt ,\
s R e O R
k . .
Div w Ve a1
vw S @) W uude al £uvry puint [f Six 18 positive cléfimise.

lccording to Stokes the voiumgintcgral over a compact space of every
jivergence U is zoro:
S ~

- ,{“ x/a !.‘r"‘ 1 -
[Dwﬂd{n :J{;}e A, zlngu@. dt,_ =0 ; Tﬁ-;‘s],'?'/a[g..‘a/g.’;
£2) 1

Ta ~
decausc T =0 . Henee for two multivectors @ . we have
o )‘P...v ’\P“
JINS ravee Mhp
O=IV“.../U r.-fﬂ,a WPt +/,u v dr, -
n p el n T TR ”
= _L f V. Ret 10 +f L P
7b+1 Z;s r’h
Tow take o ficld (p, for which
hp
i
At{’d:’f Rot Divw + Jiv Ret © = 0.
Phen taking w = D ((0 :U - Lf’ 5
~ f:v Rot Divy = ~{P+4}f}w§r.j}w$o dr <o
ind taking W= ¥ @-Reto

S diwRot p =~ /Ratsc?.@ot({r dr <o

lencc in o compact space

(\{\\Jof(ﬁ’ =0

i
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(6) Curvature and Betti numbers.

On applying Hodge's theorem, we can obtain some rglations be-
tween the curvature and the Betti numbers of the space.

First of all, we shall gquote here the famous theorem of Greens
Theorem: For an arbitrary continuous contravariant vector field up“‘
in a compact orientable riemannian space Wm , we have

j\/»ﬁ, v\«- &?K. eV =0,
where dvdenotes the volume element of the space. As a corollary to
this theorem, we have
Theorem: For an arbitrary scaelar field ¢ in a compact orientable
riemannian space \/m, we have

A v = .
Jun 8™ Ve wav =0

Now applying this theorem to qﬂl’, we obtain

, A% A. Mo (s o) dv = O
9»5\,“ U% Un Y% g + g™ ( A €)% ﬁ?ﬁ

Thus if %**T/,\‘V, ¢2 o everywhere in v , by the above theorem we
must have 08’\'“ VA\'/K ¢=0, and consequently from the above formula, we

et _
g §y. ¥ (DayVeg)av =o

But ci’“‘(v,\(p)(q;\ ¢)2 o for a positive definite riemannien metric, and

consequently we must have C%’\"(\fﬁ Q)(Vyg ¢)=0, from which VA*{? 20 5 Tha

is, = const. Thus

Theorem: If a scalarfieldetp in a compact orientable ricmannian space

Jn satisfies %"“‘ UV w2 0 , theny is a constant, and %’\"‘QXVY\&?»'O
Now suppose thaty, is a harmonic vector, then we have

g U Vmgy - gg=©

We now calculate %"/‘* Jo Vi (¢ (,PQ, then we have

}\ ;
Q’\)»' V\)QM(\Y"\ 0= Q.LS,)A‘C&\)”VQQM G ’UXV}L(Q"Q “V,’l )

ALKy @t g (T )(Ta e,

Thus if the Ricci curvature Kax¢'¢*® is positive definite, then we
hgve %v» & VM(\?'\ ¢ )2 0 and consequently

Kax ‘#A‘(’K =0

which gives (9’\= o . Thus

Theorem: If the Ricci curveture of a compact orientable riemannian
space is positive definite, the first Betti number of the space 1s
zero. (S.B.Myers 1941, S.Bochner 1946).
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In the same way we can prove
Theorem: If the quadratic form

Ars . AD %
K’\.K(P * p@-,\.l_“\P

in a compact riemannian space is positive definite, then the Betti

‘“,‘*AB"X AR
¥ QA

p-1
- Y Kvnp\v\
numbers EP for p=1 %, » -1 vanish.

As an application of this theorem, we can prove
Theorem: If the curvature tensor of a compact orientable riemannian
space Vn satisfies

o VAL AR
O(—kké-—\«vvj&@ ¢ ] (")

e — <k
P* Gax

for any anti-symmetric tensor (p'\‘" where ¥ is%ositive constant, then

the Betti numbers Bh’ for p=1,1,... n_1 vanish.
It is not known if this theorew is true or not when we assume tha.
(1) is true only for any anti-symmetric tensor of the form uAa*_ u vA
It may be interesting to compare this theorem with the following
theorem which is obtained recently by H.E.Rauch.
Theorem: If in a complete riemannian space, the sectional curvature
K(P, y ) at a point P and for a 2-direction Y satisfies

he g XK (P yrex-¢

for some constant , some £>0 and for all P in the space and
all y » where 1?7 3jis the root of the equation sin TV = VR |L | gher
the simply connected covering space of the space is homeomorphic to
the n—-dimensional sphere S, .
(7) Geuss-Bonnet formula.

The classical Gauss-Bonnet formula states that for a closed sur-
face \, in a 3-dimensional euclidean space, we have

(1) JVleozg—_-vx

where X 1is the Euler number of V).

H.Hopf (1925) generalized this theorem for a closed riemannian
space VYn of even dimension which is a hypersurface in an n + 1 dimen-
sional euclidean space.In this case the theorem takes the form

(2) jv,\\‘-dO:“iw\\'ﬂk)

where ¥ is the total curvature of V. , wy is the area of an n-spher
and 3_is the BEuler number of the space. The total curvature K is de-

fined for a hypersurface as the product of the m principal curvature:
and conseguently it can be expressed as a polynomial in the componeut-
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of the curvature tensor \ﬂ\,M‘ and in the components of the metric
tensor GAK .

W.Fenchel and C.B.Allendoerfer (1940) generalized the Gauss-Bonnet
theorem for a closed riemannian manifcld of even dimension which is
a subspace of a euclidean space.

Theorem: In a ciosed riemannian manifold of even dimension n which is
a subspace of a euclidesn space Em&% , we have
(2

) \/\,v"do"i’“’“'l,

where

(3) K =

To prove this theorem, C.BsAllendoerfer utilized two notions, the
Kronecker index anft the notion of tubes.

The Kronecker index.

We suppose that at each point of an n-dimensional riemannian spa-
ce V, there are given n + 1 functions V‘(3) of class ¢C' satisfying
S \/; VL: 4 + By means of this set of functions we can consider
a continuous mapping of V“ upon the unit sphere S‘\~ whose eguation
is SNV V%=1 . This mapping is of a definite degree o . If we put

L

Vi v \
b\/‘ b\/L b\}“
(4) D = ot — b
23 o 2%
W 2 N2 Ay
S>E™ RN
the number 4 is given by = 3 °3

(5) ‘
S\/mj) dg.t\.} ,u_)“,d.

This number & 1is called the Kronecker index.
If \J‘.L is a hypersurface in an (n+1)-dimensional euclidcan space
and the V * are components of the normal vector, ¢ have

(©) Jy ka0 wa
Y1

But if n is even, we have Y = 14 , and conseguently

S\j“ Kdo =-L£w'\7\-

which is the Gauss-Bonnet formula for a hypersurface.
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Ihe tubes.

Let 'ﬁ}: m* (?{‘,K) be the parametric equations of a subspace V..
in an (M +<, )-dimensional cuclidean space, and Bo' 4, unit normal
vectors orjthogonal to each other of the subspace such that] %’BoLL\

where L‘ ') y o= v yntq, K,X'—",&,.-,&gand A B = MFT s A
The tube of unit radius of the subspace is defined by

K‘"’\( '.a.@)tw)

) o Rl
where the \J A(A=“\,l‘--. » G-1 ) are parameters on a (g -7)-sphere 5q -
Denocting by 4ax and ﬁﬂ'\“ the first and the second fundamentel
3 . 3“\ b ok
jten ors and by t the terminant \_.. S{’:—B \ ,We have

v A
Y h- T 1o

| VEVE av aetag e
(1) AKX Vt awv'.. avy a3
1 \J\j{\‘sﬂ"‘ i%:l\a‘ % §

2‘5"““«@—‘\ ‘i_)
where ';-{“\is the Euler number of the tube, provided that n+g-1 is eve.

HeVeyl (1939) proved that

(8)
I-;j \l—ztd\H;\‘:\ \Edv'...d,uq"-
3 ’ \%I\K )
T wa o o). 3) . 3 4
where ¥ is given by (3). S INARS IS (M~q,- 1)

Combining (7) and (8), one gets

) ' ‘aﬂ w Y
J\/Y\K \)_%' d % PN d S8 = -in 3'3:. .
But we know from topology that % =21V, Thus we have (2) for q =

even. The proof for M, -0odd is given by imbedding the subspace in e.
(o, 1y - dimensional euclidian space.

An iniyrinsie proof, that is a proof in which we do not utilize
the fact that a riemannian space is imbedded in a higher dimension-.
euclidean space was given by Allendoerfer-Weil (1943) and 8.S.Cherm

AcA.. Aoramov s_theorem.

Let V \/é riemannian space with positive definite fundamental t.-
sor Ga.x ¢ We consider the anti-symmetric tensor field
Vg = ‘
Adycdp = SAx dp (Gan ORI Dy pag § A )

where the 5,\1_“ '\P are analytic functions of Gy O %/\K;”'o Le -
\VP be a compact orientable sufficiently many times differentiable
subspace of V, . If the integral

J;P AR, A S RN d;*y‘_ (LE'\P
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is independent the choice of G p ,Mﬁhxt‘uxp is a topological
invariant. It is not proved that all topological invariants can be
written in this way. If

’ A A y 34 ‘
Ay q L P - / A.' x A
‘gCP ;\11\1-.~AP d% &2 Ce E _-SCP M?)"'kl."lr d% d_g ln‘d.% P.
we say that the fields wv and 'uy are equivalent. We put

T VR N N Y e K
A‘.‘A’L.”*"{P . K[A't)l\r\\ \<A3X\1\>\\ . K)‘&P"’\Hav
Py
Al »
AqgAg oA = K‘-_’\\)‘l\v\\KLK;\}Aq (LY PR B K,\'nn,\“’_‘l{,@ K“A&“&K.....Kn
Theorem: Tensor fields of the type ({or m even)
ond Z C_‘T[,\.._. —W'“"‘P]

Padl
ZL_WI\\AL-..RW

are only topological invariant up tc an equivalence.

(8) Complex menifolds (k&Zhlerian spaces).

We consider a 2n-dimensional real manifold covered by a set of
coordinate neighbourhoods. We denote the coordinates of a point‘?
in a certain coordinate neighbourhood containing P , byvgBS‘SKz,r,p

If we put deg

2 SNV LZK
we can regard 4% as complex coordinates of the point P in the
coordinate neighbourhood(m@{?‘) . If we can choose a set of coordi-
nate neighbourhoods in such a way that, when the point P lies in the
overlapping domain of two coordinate neighbourhoods (X')and (x)we ha~
vE always

(") L X ()

where EK'LL) are complex analytic functions of X and
‘»K| O:d& "(\{’-HEV\'

we say that the manifold has a complex analytic structure or simply

A complex structure.Putting

’i:‘ffg N\K_ sz

igwﬁ‘have from (1)
W g R ()
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where ~3‘ ‘(1) denote the complex conjugate functions of g“— » The L™
and 1% can be considered as 2n independent coordinates and the equa-
tions (1) and (2) can be written as
G S RS A

RNoea A A
with functions 59‘ that have the special forms (1) and (2) . Each
coordinate sy~ ~1{}1)obta1ned in this way is called a complex coordi-
nate system in contradlstlnctlonfﬁgagdzgdlnate systems (h)that arise
if the functions %g* in (3) are analytic in ,iﬁ but do not satisfy
(1) and (2).

Because of this special form of coordinate transformations, the
tensors and affine connections in a space with complex structure
show meny interesting properties which usual tensors and connections
40 not have. Geomefrically the introduction of the preferred coord:i--
nate systems means that in the 2n~dimensional manifold are fixed
1. the set of oo n-dimensional manifolds L - o
2. dituv A" 20 _

3. the principal n-dimensional manifold <™ - "

A complex manifold is always of class C*, that is, it is a real
analytic manifold of even dimension.

Since the Jacobian of the coordinate trahsformation (3) is real

and positive, a complex manifold is always orientable.

- h
In a complex menifold, we can define a special tensor 'L which

has, in any complex coordinate system, the components

. . ?‘Q’L /+ 4.8: o /F\\@\ . Pl ‘i .’\Z
(L‘) L =K I e ¥ A -;*‘»3 - = “F/\ :0;11 -
. w
§ 0 - L%)‘

A =9
This tensor plays a very important r6le in the theory of complex
manifolds.

-

If a complex manifold is endowed with a hermetian metric
L o Cie 5 ® o _ de§ “"""’)
(5) Aar” = 2% 23" ol (‘%M = i T Fwa

which is positive definite, it is called a hermetian manifold.
If we denote by&%‘L}the Christoffel gymbols formed with
1
O 3 —
%LM’=< %*K> o Gax 93 9hk
%)lk (o] 2\‘
- and by ﬁk the ccvariant differentiation with respect to { i L} y WO
- have of course

Vﬁ C}LS),‘_ = O but im q.o.maaﬁ ok vﬁ ?ZL"‘._.._ o
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If we have

(e) Vi%(»\‘io,vi‘Fi_kzo

the hermetian manifold is called a k&hlerin manifold. The condition
(6) is equivalent to

() PR 93k =33 Ga« s 2% - 5

We quote here some results in differential geometry in the large in
kanlerian manifolds.

Bochner (1946): )

Theorems: In a compact k&8hlerian manifold with T{jdgxr&\:‘ >0,

thore does not exist a covariant vector field whose components are
ccomplex analytie functions of complex coordinates except a zero vector.
Theorem: In a complex k#hlerian manifold with Rl\«. A% (O ;

tliere does not exist a contravariant vector field whose components

are complex analytic functions of complex coordinates except a zero
vector.

‘Hodge (1941), Eckmonn-end Guggenheimer (1949)

field of the form

heorem: In a compact k&hlerian manifold an anti-symmetric tensor

Ml = (WA Ay, 0,0, 0030, Wik )
is harmonic if and only if the components “UA1AL~~lpare complex
analytic functions of the nLﬁ and the components Luﬁ,iz“lfare complex
analytic functions of the A" .
Hodge (1941):
In a conﬁact ki#hlerian manifold of complex dimensionny, we have
Tor the Betti numbers SiP :

—
Boéglgbqg‘“g’gli’?%}‘
BB, £Bs ¢ iBm{"}}H,

and the number TﬁpvkiBP(§NJL§'n) is equal to the number of linearly
independent self-adjoint effective harmonic tensors (with constant
coerflents) of order P+ 2 .

In this statement an effective harmonic tensor is a harmonic
tensor mfiﬁklﬂ_lpsatisfying

Lyiy
; ‘F W‘L"\Ll"‘i'\’@:
_Where

T T gty
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Using this theorem of Hodge, we can cstimate the Betti num-
bers of a k&hlerian manifold of positive constant curvature.
Theorem: In a compact kdhlerian manifold of positive constant cur-
vature, we have

’E;le"\ ')Bxy*.‘:o &Oé 'Ll)ﬂ*'\ §.M.-)
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8. Complex manifolds .

We conslder a 2n-dimensional real manifold covered by a set of
coordinate neighbourhoods U(yf,gK), where KA M, .. = 1,2, ..

If we put
(8.1) §F = m*e 15",
then we can regard (E®) as complex coordinates of a point in the
coordinate neighbourhoods U(n®,g").

, N

If we can choose a set of coordinate neighbourhoods in such a way
that, when a point P lies in the overlapping domain of two coordinate
neighbourhoods U(m%,¢*) and U'(m®, gX') then we have always
(8.2) £ . X' (g%),

where ¥KY§‘) are compiex analytic functions of complex variables g
and

(8-3) gxlz n&l"'LgK'J

we say that the manifold admits a complex analytic structure er simply

complex structure and we call such a manifold an n-dimensional cemplex

manifold. Such a manifcld is of class C%

Let X, be an n-dimensional complex manifold, then we define its
conjugate manifold in as a manifold satisfying the following conditionszg

The X, is a complex manifold related to the manifold X, by a
homeemorphism, mapping each point Pe X, into a point Pe X, , such that
for each coordinate neighbourhood U(EX) of P, there exists a coordinate
neighbourhood U(£") of ¥, which is the image of U(EX) under the con-
Jugation and which satisfies

(8.4) ER(P) - EX(P).

In the product complex manifold X,,= X, x iin, the diagonal set of
points (P,ﬁ) form 2 real 2n-dimensional real analytic submanifold and

thils submanifold is homeomorphic to X,.

This submanifold has a neighbourhood that can be covered by a
special class of coordinate systems (g*,gi) in anin as follows: for
each coordinate neighbourhood U(E®) of X,, let U(E® its conjugate coor-
dinate neighbourhcod defined by (8.4). Then the sets UxU cover = neigh-
bourhood of the points (P,P) and for any one such set, made up of points
(P.Q) where PQeU let

£(PQ)= E(P), EYP,Q)= EXQ)= ENQ),
then the points CP,ﬁ) of the diagonal submanifold are characterized by
jthe equation ‘
(8.5) ¥ = EF.

o e o - - e -

52) E. Calabi: Isometric imbedding of complex manifolds. Ann,of Math,,
58 (1953), 1-23.
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We call this submanifcold the principal X, of Xj,.

The transformation of coordinates in X, =X x X, has the form
(8.6) gK'_:{:K'(EK)’ EE‘=£E'(§E)
where £ are complex conjugate functions of €<, The transformation (8.6)
‘reduces to
(8.7) E¥= £, BN £RED)

on the principal X,.
The Jacobilan of (8.6) is

A= _?if . ._af_:
oE ™ gk

which is real and positive on the principal X,. Thus the principal X,
and consequently the complex X, is always orientable,

Now, when we have in X, a function f(m%Z*) analytic in 7 and
g we can consider it as a function of ¥* and ;;Z? which can be expanded
“in power series of EX and g‘i . Then substituting ET‘ by gE we can
regard thisasacomplex analytic function of g and gi.

Conversely, if we have a complex analytic function %(g",gi) of
EX and EX , this gives a function F(g% E%) in the principal X,. We
say that ﬁ(g",?) are semi-analytic in the complex X,,

In the following we assume that the components of all geometric
objects in X, = X,xX, are analytic.

If we have a function (g%, E*) in X,, we consider this as a
function F(E‘,EE) in Xgannx—X—n , then we can consider

£ .
af*“'i’g‘#’ aﬁ\C:.aég;T B

After this partial differentiation, we put €= E*, We call this
'the partial derivatives of -F(E“,ET‘) in X, with respect to E® and &N
respectively.

Now we define, for instance, a contravariant vector in X_, as a
geometric object which is represented by its 2n components (v*, v¥)
with respect to each coordinate system (£,E%) whose transformation
law under (8.6) is

(8'8) ’U’K‘: AE'UK

2

where o o 1 2!

AK = amg > AE =a‘g
and consequently A:f are functions of £* only and AS functions of gi
only.
If a contravariant vector of X,, is defined at a point of the
principal X, , that is, if v =v=(&,£), v&z v™(g,E) , we call it
a contravariant vector of X,.
Equation (8.8) shows that, if (v*vk) are components of a contra-
ﬁi;%far'iant vector in X,,, then

i
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(8.9) (v%,0), (o,uR), (UR, %)
are also components of contravariant vectors in X,,.

Through each point (g<,E%) of X,,, there pass a X, and a X,.
We denote the tangent planes to X,and to X_at (E<,§%) by¥, and E,
respectively. Then (v"o) 1s the projection of (v*,v®) on £,, and (o,v¥)
is the projection of (v*,u®) on ¥,

Between a neighbourhocd of X, and that of iﬂ, we have a mapping
defined by (8.4). This mapping induces a mapping between %, and &, .By
this mapping (v*,0) corresponds to (o,v*) and (o,v*) copresponds to
’{;E,O). This fact gives a geometrical interpretation of the correspond-
ence between (v ,u%) and (uvR, v~5), That is, we decompose first (v%,v¥)
intec (v*,0) and (o,vz) ,then we consider the images of these vectors
under the correspondence between &, and gn, Thus we obtain (o, v*)
and (vr,0) whose sum 1s equal to (v%, vF), We call (vR %) the con-
jugate of the vector (v<,vKk)

If
(8.10) (vX, vR) = (vX, T%),
we call this vector a self-conjugate vector, Such a vector is tangent
to the principal X,,. If we calculate the components of this vector in
the real coordinate system (w%, g*) 1ni&¥ we get

’5(\7“4-17") N :_:_[(VK—UE)_

These are real for a self-conjugate vector, So a self-conjugate

vector is sometimes called a real vector,

More generally, if a tensor Tié“ (%,8,%, .= 1,2,..,n,;1,8,..,R)
satlisfles the condition
: -
(8’11) TF/&“:‘. Ti’,‘a

then we call it self-conjugate or real where =K when a=zx and &=k
when o==xX.

Now, as the equation (8.8) shows that when (v¥ v®) are components
of a contravariant vector, (iv®,-iv®) are also components of a contra-
variant vector and moreover that when (v*,v®) is self-conjugate,

(v, itv®) 15 also self-conjugate,
This shows that the tensor F,° with

— 8% o
(8.12) =6 = (g _L&g}
A
or o "
F;\‘K—Lé‘;:a FiK:O, F-?\k-O) FXK:—Lain

are components of a self-conjugate mixed tensor of valence two.
| If we put

(8.13) BY = 4(A%LF®), C3=4(AF+iF),
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then the projections (u®, v®) s (v5,0) and (v*, vk) ~(o,v") are
respectively represented by

(8.14) v > BRuA, v*,CRuA

Now an affine connexion in X@J” 1s defined by @m?® functions

5,(%) and the covariant differential of a contravariant vector
is given by

(8.15) Sv™* = dv* + r . dET v A

or
(516 {517“ dv® ¢ (X Av + rplu")dg""a— (F;Av"+ s vr)de&,
1 - _
Svo® :dv"+(r;lv)“+ r:x v")dgf%(tgh +r v")dg’“
If we put the conditions QgF - dg#, formula (8.16) gilves the
coveriant differential of v* in the principal X,

The transformation law of the components of the linear connexion
is given by

(8.17) r‘;, = AZ(AL AR r°‘ + 0,A%)

But because of the special form (8.6) of the coordinate trans-
formation, (8.17) shows that

Kl [ A _— "
(.%8) { ik s AXCAL AT s 30,
- = - % - -
Tan = AL (AR AR Tax + 3p AR )
and that qux,";l,r*g,ﬁg;,ﬁ;i, ﬁ;x are all transformed like components

of tensors.

In the following,we assume that

(8.19) I) T5=0, [h=0;T2x=0,05z=0

These equations have the following geometrical meaning:

rs=0 & &, 1is parallel along X,
rk_o < The invariant X,Js bulld by &, are totally geodesic.
Fax=0 & The invarient X,’s build by E, are totally geodesic.

55;0 = &, 1is parallel along X,.
We remark here that the conditions (8.19) are equivalent to

(8.20) v T’ﬂ = O.

This 1is geometrically evident because the En(gg) is spanned by the n
eigenvectors corrccponiding to eigenvalues +i(-i) of FA“.
Because of v Aﬁ..o ,(8.20) is equivalent to

‘(8.21) vy Ba=0, v,C

o e e - - o a

1) J.A. Schouten and D . ven T - .“7i~- TUber unitHre Geometrie. Math. Ann.
103 (1930), 319-3"6.

q'——
A=



. e = reemvae - ~ o vewpvLL UV LLUS princlLpal A, (8 sSeli-con-
jugate vector) is displaced parallelly along the principal X,, the
necessary and sufficient condition that the result be also tangent
to the principal X,, in other words, that the principal X, be totally
geodesic is that II) holds.

In X, p=X,x in, a figure in one X, and the corresponding figure
in another X, which has the same components as the first one, are said
to be equipollent. |

We also assume often

(8.23)  III) (=0, T o

If we transport parallelly a contravariant vector v%*=(vXo0) in

g, along ﬁn, we get

SvF= duX+ dEF r}:’f}\vk= o
or

dv®= _dg® f';x v

Hence (0.23) means that two equipollent figures are parallel.

In a complex manifold, the fact that the components v™(w,) of a
contravariant ( covariant) vector field are complex analytic functions
of the E" has an invariant meaning. We call such a vector fileld
analytic.

If we adopt a linear connexion which satisfies I) and III) the
fact that v* and w;, are analytic fields 1s represented by the following
equations:

(8,21‘}‘) V/':LUK: OPVK:O

If a complex manifold is endowed with a Hermitian metric

(8.26) ds?= 293, (E,E)dErag"
where
(8.27) 9%k = 9xX = GEa

is positive definite, we call the menifold a Hermitian manifolid,
If we write (8.26) in the form

(8.28) ds®= gen (B, E*) aEPaE™

then this gives a metric in Xﬁn=X£x§n and gg, has the form

(8.29) Gon = (0

K

93") OF  Gpe=0, Gar=0
(o]
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If we put

(8.30) Fox = Fs®ge

the tensor E@x has the components

8.31) Fﬁx:( ° “Lei‘> or F,. =0, F

+igag © A=Y R = - MRk s Fx‘ﬁ=“9m5 Fir=0,

and 1s a bivector.
From Fofggeq=-Fa®gex  we get by transvection with F,%
. .8
(8.32) Qe = F. & Fa® ges
because of
(8.33) Fo% FLto AL,

Now we consider the Riemannian connexion {;;} of Xﬁn. We have

X - ?K - _ K _ N
{axt= 93595, {fa)=0 cond.
This connexion satisfies, of course, §ngu=o but not necessarily

VUF5“= O , where %x denotes covariant differentiation with respect to
Christoffel symbols.

There are many connexions which satisfy

—

(8.35) VeSpn=05 VeFa =0, Ti=Trr,

and whose torsion ftensor

(8.36) [mﬂ = S

does not vanish. From V%gﬁa=o we get 1)

) 5= 9P 0.gmp + Sun - SiTa- Sita conj.
(8.37) 1) TX=3"3aqpn + Spa- S5 a- $i%z conj.
c) r;;::g 1% 9p1 + Seat- SiTx- Sx ﬁ“ conj.
d) Tik= Sax - Satx- S5x° conj.

Here the terms on the right hand side not containing S give the Rie-
mannian connexion {;& with the fundsmental tensor gg.

When Sbéu is self-conjugate, the linear connexions defined by
(8.37) satisfy 9;9g=0 and [Z=T7 but not always vyFa*-=
Among these connexions, the followings which also satisfy stém=
are known.

- e Sht t ma S e e o

1) J.A. Schouten: Ricci Calculus (1954), P.396.
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1°. If we assume that the parallel displacement of a vector in ¥, or
or €, with respect to r;; is the same as that with respect to {;k}
we find

K

(8.38) N fonl s Tpa= {5&} conj.

all the other components of r% being zero. [ The connexion of Lichne-

7
rowicz ]q). :

2° If we add the conditlon V,F*:0 and I5=0 to (8.37), we get
(8.39) . Cox =87 2 353

all the other components of r;; being zero, [ The connexion of Schouten-
Van Dantzigﬁ?

3°  If we assume 5;ﬁ5= Sp%y (geodesics with respect to Fgé
coincide with geodesics with respect to the Riemannian connexion), then

we get 3)

(8.40) M= 8% gup, Ti= 29P 3 ag5m

When the Riemannian connexion satisfies VIFBu: 0 , the metric is
called a K¥hlerlan metric, For a K¥hlerian metric, we have S4% =0 and
O = 979395120
from which
a[igmf&:o or a!l‘ff?l,&:o'
This shows that there exists locally a funection P(g.€) such that

(8.41) gar= % nd.

We quote here some of the results 1n the differential geometry in
the large,
Theorem (Bochner)4): In a compact K¥hlerian manifold for which the

Hermitian tensor Ry, is positive (negative) definite, that is,

Rﬁkwmﬁ\JA>C)( RaxvFAvr<o) , there does not exist a covariant

(contravariant) analytic vector field except a zero vector,

TheoremB): In a compact KEhler manifold, a vector (w,,0) is harmonic

if and only if w, 1is analytic in g® and (o,wgx) is harmonic if and

only if w: is analytic in EF,
; X 3

Therefore, since (w,,w3) 1s harmonic if and only if (w,,0) and
(o,w3z) are analytic, (w,,wsz) 1is harmonic if and only if w, are

~analytic in E¥ and wj; are analytic in g%,

B - e W - - - -

1) A, Lichnerowicz: Un théortme sur les espaces homogénes complexes.
Archiv der Math., 5(195%), 207-215,

~ 2) J.A, Schouten and D, van Dantzig: loc.cit.

3) K, Yano: On three remarkable affine connexions in almost Hermitian
spaces. Indag.Math. 12(1954).

LY S.6Bochner: Vector fields end Ricci curvature., Bull,A,M.S., 52(1346),
T76-T797.

5) ?'VﬁDS Hodge: The theory of harmonic integrals and its application
19 O -
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‘Theorem (Eckmann and Guggenheimer)1): In a compact K¥hler manifold,

a p-vector w,, whose non zero components are onlywh_“;\P and

&p ?
Wi, Rp o is harmonic if and only 1f the components Wa,...np T€
analytic in E® and w: - are analytic in &R,

A1-.-7\P
Theorem (Hodge)e): In a compact K¥hler manifold of real dimension 2n,

we have
Bo 2 B, 2 8,2 . = Byyl,

By= By ® Bga- - 2 Bornyag,
and Bp.-Bp (pr2& n) is equal to the number of linearly independent
(with constant coefficients) self-conjugate effective harmonic tensors
of valence p+2 .
In this statement an effective harmonic tensor means a harmonic
- tensor w,

st satisfying
(8.42) F /A

- Y L -
Waaay . op = O or  @h Wiy, a3 O

Now if two vectors u* snd vR satisfy the conditions
v, vRz R or v¥ = FuA,
the ¥, determined by u and v* is called an invariant &, or a holomorphic
€2 and the sectional curvature belonging to such an € a holomorphic
sectional curvature,
For a holomorphlc €., we have

& Ksrpo uboiu o 2K peiw Wutulu®

(35a9yp- G Isp) wiviulu™ (95,85, +95.950) wWul ubur

Thus, if we assume that, at 2ll points of the manifold, the holo-
morphic sectional curvature are all the same, then we must have

(8.43) K

It can easily be proved that & is a constant., Such a space is
called a K¥hlerian manifold of constant holomorphic sectional curvatureé)
The equation (8.43) can also be written as *)

;’/ARK'. = % (99#3‘?1&"" gi’xgilu.)

i
a5
s

(95m97,5~<3w95,5)~( F o pr* Fnr.Fé,s)‘ QFJT F,goc]'

- - S - -

1) B. Eckmann and H. Guggenheimer: Formes différentielles et métrique
hermitienne sans torsion, I,II. C.R. 229(1949), 464-466; 489-491.

2) W.V.D. Hodge: loc. cit.

3) J.A, Schouten and D.van Dantzig: Uber unit¥re Geometrien konstanter
Kriimmung. Proc. Kon.Akad.v.Wet. 34%(1931), 1293-130%,

N.S, Hawley: Constant holomorphic curvature: Canadian J.of Math.,
5(1953),53-56.

%) K. Yano and I. Mogl: Sur les variétés pseudok¥hlériennes & courbure
. holomorphique constante. C.R., 237(1953), 962-964,
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ﬁ@heorem (Bochner)ﬁ): In a K¥hlerian manifold of constent holomorphic
jﬁurvature, for & general sectional curvature K , we have

“ 0<ﬁk s Ks k if k>0,
?and

ks Ks % k<0 if k<o

2

iwheve the upperlimit in the first case (lower limit in the second case)
518 attained when the section is holomorphic and the lower limit in the
irst case (upper limit in the second case) is attained when the inner
roduct of two vectors defining the section is real valued.

Theorem: In a compact Kihler manifold of positive constant holomorphic
eurvature, we have

Byp=4, Byo,=0 (osal,2lsran).

- - - - - -

ner: Curvature in Hermitian Manifolds. Bull. A.M.S., 53(1947).
195.




9. Almost complex spaces,

In a complex space X, covered by a set of neighbourhoods with com=-
lex coordinates E%- nT+ 18X ([ EFamFoiTR) 5 ok, A, e, L =

= 1.2 ,. . ,n; there exists 2 tcnsor ficld F “ w,B,¥, =1,2, . ,N;
»2, . ,n, whose componcnts nre given by

(9.1) Rz w8, Fit.0, FiRso, Fifa_i8l
:&ﬁd which satisfies

’;1 ;:ﬁ 'CL... o
9.2) SAE % AT

In such 2 space, the differential equations

’.»{9.3) (a) X(Aﬁq »ﬁ“}dg%c (b) L(AS +iF)dEP=0

_are completely irtegrable, In fact, (a) admits the solutions E=
~constants and (L) admits the solutions g“ = congtants.,

When, in 2 2n-dimensional real sprce X, of class Cl'(zz2),

therc is given a mixed tensor ficld F"; woi,j, .. =12, ..,2n satis-
fying:

(9.5) PO LA,

we ooy that the space X, admits an almost complex structurce and call

‘ ’ _ g
such 7 spacc an almost complex space. )

If there exists a complex ccoordinate system with respect to which

the tensor FLh hag the components (9.1), then in a domain in which twd

C(W

15(

such coordinate systems £ and E* sare valid, we have

(9.5) SR A
) Tiel B Sg'ﬁ‘ /
5

from which 1t follows that E apre functions of E® only and gE
functions c¢f gK‘ only, Thus the spacce ig 2 complex space. In this case,
we sny that the almost complex structure is induced by a complex
structure

In order that an 21most complex structure Fih be induced by a

complex structurc, it is nccessary that the space be of class C%¥,that
the F." be also of class C¥ nnd that the cquations

D
(DN

) (a) B"ag' - o (b) chdgl= o

?
N
‘be completely integrable, where

(9.7) phdf s an_irhy  ched At R
~and consequently

AR - BN+ CT hou(BY - CT).

3 i

2. Ehresmann: Sur les variétds presque complexes., Proc.Int.Congr.
Math. (1952), 412-419.
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Conversely, if in 2 2n-dimensional space with an almost complex
structure Fi7 of class €%, the equations (9.6.2) and (9.6.b) are com-
pletely integrable, we get, denoting the solutions of (9.6.a) and (9.6.b)
by €% = T (EY) = const. and §§'=g?(§0== const., respectively,

(9.9) BN L iph gl " (pnoE
oE* ag’c 2L~ gs:‘

'which shows that F" has the components (9.1) in the coordinate system
CE*, £%'), Thus we have 2

Theorem 9.1. 1In order that an almost complex structure Ff‘of class C¥

be induced by a complex structure, it is necessary and sufficient that
(9.6.a) and (9.6.b) be completely integrable.
Such a complex structure 1s sometimes said to be integrable,
Since the conditions of complete integrability of (9.6.a) and
{9.6.b) are given by

!

g~k n h .. Yk
{G.10°

1

g 5k n h .. Bh

wherc Nﬁﬁ denotes the tensor

\ . def s h
(9.11) N = 2Bt F g-2aF),
we have
Egggggmm9$§,3) In order that an almost complex structure F" of class C®
be integrable, it 1s necessary and sufficient that Nﬁh vanish iden-
Cically.

A Concomitant of the form (9.11) was found for the most general
zase 0y A. Nijenhuis, *) We ¢111 N;ﬁ’ the Nijenhuis tensor of Fih.The

Jijenhuls tensor satisfies the following identities:

¢ o h ..
9.12) Ny =0, Njit=0,

, b ytesh ket Y
'9.13) N Pl s NG PR = NGRS
9.14) NG R R NG = o

>3 Cf, A. Lichncrowicz: Généralisations de 1a géométrie ki¥hlerienne
globale., Coll. de Géom. Diff.Louvain, (1951), 99-122.

}7 B, Eckmann and A. FrohlicheriSur 1'intégrabilité de structures pres-
que complexes. C.R., 232 (1951), 22 4-2286;

#. Calabi and D.C. Spencer: Completely 1ntegrab1e almost complex
manifolds. Bull. Amer.Math.Scc., 57(1951), 254-255.

-) A. Nijenhuis: X, ,-forming sets of eigenvectors, IndagationesMathe-
" maticae, 8(1951), 200-212;
J.A. Schouten: Sur les tenseurs de V, aux direction principales V,_,-
normales, Coll.de Géom.Diff.Louvain. (1951), 67-70.

J B, Eckmann: Sur les structures complexes et presque complexes. Géom,
~ Diff.Coll.Inter.de C.N.R.S., Strasbourg (1953), 151-159.
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An almost complex structurc which needs not beimg of class C% is

called a pseudo-complex structure 1f N, "= 0. A space with a pseudo-

comnlex structurce is o)

.

¢d 2 pscudo-complex space,

Is is always possinhle to introduce in an almost complex manifold

a linear connexion f}f guch that ijghﬁmi}. If ?; is an arbitrary
symmetric connexion -nd ‘?ﬂhiﬁf rji - §;1 , we have

0= v i*‘:;h B 3% F h . émh Fhm i T“a F?_H;
{rom which

A S PRI L RL -

The operator %O~z§’ﬁﬁx&FFT} is idempotent but not reversible and
from this it follows that there are more solutions and that

S~
Wy
"L
L
S
U1
g
i
-
5
H

. o
+ (8 e e
Pl & é(vjkt}y{
is one cof them (cempare with 9,24),
Te this solution every term can be ndded that is made zer by the
B . . AP 4 h o ) 4
e W oy " 5 Py P fa ko if " ; - aly
ng)\ﬁ?dtuf’ O 5 IO‘{ Uu)’?"‘-!”u,(, E) ¥ ?l&‘?{s ?“L]:} Fi + :%QV{.j Fi:{ } FL
Then we get the solutic

—
i
(,
]

e
o

¢ - - P £ ) . 14
(9.16) i“%m~%aﬂjk )F£~¥% Vi, ﬂf}ﬁi.

On the other hond, the Nijenhuils tensor fﬂﬂh can be written also
in the form

- h ~ b, r h B
(gq;‘%7> N3§ = 2 §K71xt~1 ‘\"Lj( Kf’i"

b lephke h mlehe k oleha ok
%2{5‘:”}“ f“"} . Cst%x+§”“% F’c Sh - Fé. F& S{J ),

where v, denotes the covariant differentiation with resect to an
arbitrary linear connexicn and Qﬁh its torsion tensor

Thus, if the space is pseudo-complex and if we inroduce a linear
cornexien such that v F "=0 , then the torsion tensor satisfies

o

(9.18)

W

h o leke h olohe k glehe k
o ?“j F'ﬁ. S)eiu + s"":j Ff‘; 5£t - f{ ?"gz S“j = Q.

Conversely if we can intrcduce, in an almost coplex space a
linear connexion such that v,F":0o and (9.18) hols, then the space
L 6

15 pseudo-complex, Thus we have

Theorem 9.3 In order that an almost complex sprcée€ be & pseudo-complex

space, it is necessary and sufficient that we .2n intrciuce 1in 1t a

linear connexion such that v,F "= o0 and that (9.18) holds.
Furthermore, if the spacc is pseudo-comilex, we can introduce @

symmetric linear connexion such that v F"s O , because the linear

6) K. Yano and I. Mogi: Sur les vnrietas 08 e eudo-kih.ériennes 3 courbure
holomorphique constante. C,R., 237(195), 962- 9ok,



connexion (9.16) satisfies

: ~ h h
{9.19) Sp = -g N =0

Conversely if we can introduce in an almost complex space, a sym-
metric linear connexion such that ngf‘m o , then Nﬂhao and the
gpace is pseudo~complex., Thus we have
Theorem Q.4 7) In order that an almost complex space be a pseudo-

complex space, it is necessary and sufficient that we can introduce
in it a symmetric linear connexion such that W:FLhm Q.

B

If an almost (pseudo-) complex space has a positive definat

Riemannian metric ds?= g, dBE'dg’ which satisfies
. ek

> - Y -
(9.20) Fi FiGen =g

the space is called an almost (pseudo-) Hermitian space. In this case

the tensor Pihﬁﬁ F;Eqih ig antisymmetric in ¢ =and h . A. Lichne-
a c
rewicz 7/ has proved

Theorem 9.5 In an almost complex gpace, it is always possible to de-

Tine o Hermitian metric.

In fact, let @, be o tensor which defines a positive definite

Riemannian metric to an olmost complex space and let

rag o4) : Lk
(9.21) 9= §(aj+ PR Qg ),

then gq,; defines another positive definite Riemannian metric and
satisfics (9.20).

The equation (9.29) and the antisymmetry of the tensor F,, show
that the transformation " .o FlMvut shanges a vector »" into a2 vector
crthogonal to it and docs not change its iength,

MGP@@VQF, we can caslily see thot

o @i@i - -
)_,.2:3‘ ?_5" — %&:J?“h}

are components of an antisymmetric tensor.,

If an almost (pseudo-) Hermitian space satisfies F.

jih = 0, the

space is called an almest {p%euda-} K¥hlerian space,
7) B. Eckmann: loc.cit, in 5).
W.V,D. Hodge: Structure problems for complex manifolds., Rend.Mat.Ser.V,
11(1952), 101-110.
E.M. Pattcrson: A Characterisation of Kihler manifolds in terms of
parallel fields cf plones. J, London Math.Soz., 28 (1953), 260-269.

8) A, Lichnerowicz

: Un théoréme sur les espnces homogénes complexes,
Arch.der Math,,5

(1954), 207-215,
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The relations between these spaces may be seen in the following
diagram:

Almest complex Almost Hermitian Almost K¥hlerian

e e L

» structurec gun with structure structure
X_of class C* with) oick , 3, Finy=0
( me FFngu=9in Li7th]
FUFPo_ Al h h
“h
¥ A
Pseudo-complex Pseudo-Hermitian Pseudo-KHhlerian
-_m-.......mm._’ _....._..____._..____.....)
structure structurc structure

l...,:w 1 . l _

Complex structur¢ ————s Hermitian structure —-————— Kihlerian structure

In an almost Hcermitian space, we denote by V the covariant differ-
entiation with respect to the Christoifel symbols {;1}. If 63FLh
vanishes, then the tensors Nj;h and Fﬂh vanish too, and consegquently
the space 1s pseudo-Kihlerian.

Converscely, sincc the Nigenhuls tensor can be written also in the
form

. fe
(9‘23) Njih = ’Q(F{_} okl - th VhFL€)3

o F o e e . - - h -
v;Fin  vonishes 1f the tensors Nji© ond F;,  vanish,
- Thus we have

Theorem 9.6 9)

Q
o K¥hlerian, it is necessary and sufficicnt that v, Fip vanish,

In order thaot an almost Hermitian space te pgecudo-

In an almost Hermitian space, the four following connexions occur
in literature:

. /EO ! hd Eh
(9.2%) (I) ) rﬁ,‘ {n}"i(vjﬁQ)F )
g9.25) (11)"") PR (Pl a8 F., 49 F e 9yF. )F
(3"’" ( v {_‘)L,\ AN AR e+ Ve jl.) ]

(9.26) (111)"") Fh = {N) - 4R - SR - BeFOFT,

4
h ° o th ° RN kh
(9.27) (1v)12) o= ﬁﬂ} - 3 (TR v VR ) P (MR ) g S Ny -

- o - - - -

5‘9) B. Eckmann: loc.cit. in 5).
K. Yano: Quelques remargues sur les variétés presque complexes.
Bull.Soc.Math.France, to appear.

- K. Yano and I. Mogi: loc.cit. in 6).

10) A, Lichnerowicz: loc,cit, in B),

11) K. Yano: On three remarkable affine connexions in almost Hermitian
spaces. Indagationes Mathematicae, to appear,.

12) J.A. Schouten and K. Yanc: On an intruisic connexion in an X,, with
an almost Hermitian structure. Indagationes Mathematicae, to appear,
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All these four connexions satisfy

We shall give a geometrical characterisation for each of these
connexions., In the following, we put

- h
(9.29) F;‘"» {ghi} * T

i

The first connexlon is characterized by the following property:
Take an arbltrary contravariant vector u, We can associate with this
contravariant vector o covariant vector defined by Fﬂ,u“ . The hyper-
plane representing the covariant vector F,,u" contains the direction
representing the contravariant vector uM, So this 18 a so-called null
system, Now we transport the contravariant vector u" parallelly with
respect to the Riemannian connexion from the point E" to the point
E" + dE" . Then we get at &M + dgh

(9.30) wh_dgi{fub

Next we transport the covariant vector Fﬁhuh parallelly with respect
to the linear connexion f}i from the point E" to €™+ dE" ., Then we
get at E"+ dED

(9.31) Fanul o dB ((5)+ Tt P

We assume that the hyperplane representing (9.31) contains the

h

direction representing (9.30) for any vector w" and for any displacement

gfxg“ . This condition can hbe cxpresged o8

. - £

“ Jv

From the eguations (9.28) 2and (9.32),we get (9.24).

With respect to the first connexion, we have

1 ot
(9.34) Tih=3 Nhn.j -% th F«]_;b

In the Hermitian casc, this connexion reduces to the connexion of
Lichnerowicz mentioned in § 8,

The sccond connexion is characterized by the following property:
Consider a contravariant vector uh and a covariant vector Fyu" which

$ contains the vector ub

. We transport the covariant vector Fyu" parallel-
ly with respect to the Riemannian connexion, and with respect to the
® 1inear connexion Ffl respectively f{rom the point g“ to the point
gh+uhe  where & is an infinitesimal, Then we get at Eh+ ule
Flpue ul ﬁ{fL} Fypu”
and -

; .t
Finu" - we [{f;} + Ti ) Feau™.
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We assumc that thesc two vectors coincide for any vector u. This con-
dition can be expressed as

- (9-55) T‘&Lt FQH*T‘\LE F{,:O‘
From the equations (9.28) and (9.35), we obtain (9.25).
> With respect to the second connexion, we have
2
(9.36) Tin= %Nhg~—§F3eFmb

2
Thus in a pseudo-Hermitian space we have Tﬁh=:‘aFileﬂ and conse-
quently
- 2

(9-37) Vj glh:OA
In a2 Hermitinan spaco, this connexion reduces to the connexion of Schouten-
Van Dantzig mentioned in § 8,

The third connexion is characterized by the following property:
We assume that the geodesics with respect to F; coincides with the
gcodesics of the Riemannian connexion, Then we have Q%): {ﬁ} swhich
can be eXpressed as

- 1 1
(9-38) TJL FEH * T\.j th:O

From the equations (9.28) and (9.38), we get (9.26).
With respect to the third connexion, we have

’ P %. 2 L e

(9.39) sih= 3 Njin = 3F Vg Finy =

Ak
3
Thus in a2 pseudo-Hermitian space, we have TJu1= - FimFithﬁank and
consequently
3
(9.40) V| Gin= 0.

In 2 Hermitioan space, this connexion reduces to the third connexion
discussed in & 2.

The fourth connexion is characterized by the following property:
We first assume that 339”1= o, @jFLh:yo . Next we assume that, in two
directions u” snd Ff‘u‘ , there exists an infinitesimal parallelogram,
The last condition is equivalent to

o h L he b

From these conditions we get (9.27). In a Hermitian space, this con-
'?exion reduces to the connexion of Schouten-Van Dantzig discussed in 8 8,
For this fourth connexion, we get instead of (9.17) the simpler for-
mulae O?§S5§h= Shh,
Njh =80T 5N
gamat FmES),

. . -h
*OTY 2§ (ATARHFTRY).

where

(@]
3
i

i
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In a pseudo-K&hlerian space, we have ¥,g;,=9, V;Fn=0.
Applying the Riceci formula to F.", we get

..h 4 .
L 14
(9.43) Kegit Fho o= Kajhe Fi s
. L 14
(9.44) Kgjin = Kejmt FimFy, or OTh Kgjmt = ©-

Transvecting (9.42) with gi‘, we find
. . PR . t

Klelh = Kkmf.tht = i( Kkmf.h— Kl!mh) Fm

from which
L. h .
(9.45) Kt Fo e —g K F
Thus .
K'k F£h+ KE[ Ft&n o,

from which

_ = meb
(9.46) K= o Ky FMR,

‘ . . 2
(9.47) KjL = Kme ijFic, or OTLKm!=O.

Using these relations, we can prove

’gﬁgggggijigﬂ-13z If a pseudo-Ké&hlerian space is of constant curvature,

then it is of zero curvature.

ggggggmmﬁLﬁlil. If a pseudo-K&hlerian space is conformally Fuclidian,
it is of zero curvature.

5)

ggggyggg_9.g1 . A projective correspondence between two pseudo-[Iahle-
rian spaces 1s necessarily affine.

016>.A conformal correspondence between two pseudo-Kg&hlerian
spaces 1s necessarily a trivial one.

Theorem 9.1

13). S.Bochner: Curvature in Hermitian manifolds. Bull.Amer.Math.Soc.
53(1947), 179-195.

14). K.Yano and I.lMogi: On real representations of Kihlerian manifolds.
Ann.of Math., 61(1955), 170-189.

15). S.Bochner: see 13).
WeJaVestlake: Hermitian spaces in geodesic correspondence.
Proc.Aner.Math.Soc., 56(1954), 301-306.
K.Yano: Sur les correspondence projective entre deux espaces pseu-
do~hermitiens. C.R. 239(1954).

16). W.J.Vestlake: Conformally K#hler manifolds. Proc.Cambridge
Philos.Soc. 50(1954), 16-19.
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Theorcm 9~‘HW)- A necessary and sufficient condition that a 2n-
dimensional pseudo~Hermitian space be conformal to a pseudo-K&hlerian
space is that, for 2n»> 4,

aef
(9.48) Ciih= Fjih - —— (FjiFn+ FinFj + FpF ) =0

and for 2n = 4
(9‘49) C"Lﬁ QBZJthzo,
where Fj=F F",

Now we put

def ' A

We see that the Hyy 1s zero if and only 1f K;=0 and that
(9.51) F My =2k

Moreover from the Bianchi identity, we have

(9.52) Ve Hejp = ©.

On the othér hand, we have
(9.53) gtk o Hy, = gtk v (2 Ky F")= 20K R

= (VaX) F™.
Thus:

Theorem 9.12. The tensor Hg; 1s harmonic if and only if K= const.,
and it is effective (that is, ijij= o ) if and only if X = 0.
Theorem 9.13. If, in a coupact pseudo-K&hlerian space, K #0 , K=o,
then B,2 2. (Sec the theorem of Hodge atPg).

Theorem 9.14, If, in a compact pseudo-K#dhlerian space Kit# 0
K=const.zo and BR,=1, then K= X g;.

In a pseudo-K&hlerian space, we call a field v; satisfying

(9’54‘) FJQV“V&-FL£VE‘U,=O
a covariant pseudo-—analytic vector field. From (9.54) we can deduce

jL L
(9"55) gj vjviuh-Kh UL=O,

1 - o i o " -

17) W.J.Westlake: loc.cit. in 16)
K.Yano: Geometria conforme in varieta quasi hermetiane.
To appear.

»
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which is anecessary and sufficient condition that a vector field w,
in a compact orientablc Riemannian space be harmonic.18)
Conversely if v, is harmonic, then we have (9.55), from which

(9»55) g“’vJVt F,;.‘hvh__?(r;’hf;h!vtmo

by virtue of ,ng’xgt = K" Fﬁz « It follows from this that Fﬁhvh
is also harmonic.

Thug from

-t -
‘73‘02 = Vy vy and V;&(F.‘3 ‘Ut)_vé(th'\J’g):O

we get (9.54), from which

Theorem 9.15. In order that a vector field in a compact pseudo-Ké&hle-
rian space be covariant pseudo-analytic, it is necessary and sufficient
that the vector be harmonice.

Thus applying a theorem of Bochner19), we obtain
Theorem 9.16. If the Ricci curvature of a compact pseudo-K&hlerian
space is positive definite, there does not exist a covariant pseudo-~
analytic vector field.

In a pseudo-Kdhlerian space, we call a field v" satisfying

(9.57) LF"L _Flous Flevtoo

v

a contravariant pseudo-analytic vector‘field, where fg denotes the
Lie derivative with respect to " . From (9.57) we see that if b

is contravariant pseudo-analytic, then F;’“m{L is also contravariant
pseudo-analytic. lioreover, if u" and v" are both contravariant
pseudo-analytic, then denoting by c§ and %; the Lie derivatives

with respect to uw" and vh respectively, we have éTF;“z.o and
£ Flao from which (££) F."=o0, where ({«é‘) denotes the
Lie derivative with respect to the vector f?«x“ . Thus we have

Theorem 9.17. If u" and vh are both contravariant pseudo-analytic
vector fields in a pseudo-K&hlerian space, then

Flut, PPl Lul, £Luh, LFhLE, LR
t N L Far o Fu

are all contravariant pseudo-analytic vectors.
In an almost complex space, we have the following identity

™ .h iy J h i % h g
(9'58) .éi\i +FL’,§F1L‘L+FL ﬁu-é}Flva“ U-“'U'"

1 B 1 5 o S S G

18). K.Yano and S.Bochner: Curvature and Betti numbers. (1953).

19). S.Bochner: Vector fields and Ricci curvature. Bull.imer.Math.Soc.
52(1946), 776-797.
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B

from which
Theorem 9.18.20) In order that an almost complex spacc be pseudo-
complex, it is necessary and sufficient that the left hand side of
(9.58) vanish for any vectors u" and v .

If we put

. --h
Wi = Qatqwd ’ LL,'..;:F

§ W Whoy "'th = 23:”&‘1 s

we have also the follawing identity

ST h n otk
(9059) 40jtwtkn Nji W + QFj OLh“’tk’
where
(9.60) zo§§: AfAfﬁ;ﬁfFf;
A tensor w,,  satisfying 0wy =0 is said to be hybrid.

Thus we have
ghgorem49.19212 A vector field with a hybrid rotation is always
transformed by F " into a vector field whose rotation is also
hybrid, if and only if N "=o.
Now from (9.57) we have

(9.61) qsthVLUhf Khoizo,

from which we get the following theorems which hold in a compact
orientable pseudo-K&hlerian space.

Theorem 9.20. A contravariant pscudo-analytic vector field vh satis-
fying v vi=o is a killing vector.

Theoren 9e.21. If the space has a negative definite licci curvature
there does not exist a contravariant pseudo-analytic vector field
other than zero vector.

s e -

covariant wvnseudo-analytic, then it is a covariant constant vector
field.

Theorcm 9.23. If a contravariant pseudo-analytic vector field v
satisfies FM 9 v, =0 , then F "yt is a killing vector field.

L

Theorem 9.24. If a contravariant pscudo-analytic vector field v"
satisfies g'"v vnh=v, F'P"9,v,=0 , it is a covariant constant
field.

We call a sectional curvature determined by two orthogonal

vectors ub and Fihu} the holomorphic sectional curvature.
We can prove 22)
20). B.Eckmann: loc.cit. in 5).

21)e J.A.Schouten and ¥K.Yano: loc.cit. in 12).
22). K.Yano and I.Mogi: loc.cit. in 6).
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Theorem 9.25. If a pseudo-lZhlerian space has a constant holomorphic
sectional curvature at any point, then the curvature tensor of the
space is of the forn

(9.62) Kkph=%[(9%9ﬁ~9m9h3+(Flhﬁt*ﬁth)—2FhFhJu

where k is a constant.
Theorem 9.26. In a pscudo-Kéhlerian space of constant holomorphic
curvature, a general sectional curvature determined by two orthogonal

unit vectors u" and vh is given by

(9.63) K = %(s+3a’),
where a= F_,utvh is the cosine of the angle between two unit
vectors F,"u* and v" and consequently & sz t , Thus
kst for k>o
(9.64) .
k= K 5 g for k<o.

Theorem 9.27. In order that, in a pseudo-Kd&hlerian space, there
exist always a two-dimensional totally geodesic subspace passing
through an arbitrarily given point and being tangent to an arbitrarily
given holomorphic planc at this point, that is, to a plane determined

by an arbitrarily given vector u" and F-f"uL y 1t 1s necessary
and sufficient that the space be of constant holomorphic curvature.
1 Theorem 9.28. In order that a pseudo-Kihlerian space admit a group

of motions which carry any two vectors u® and F"u' at a point P

" and FMut at any point 'P , it is necessary

4
“to any two vectors ‘u
and sufficient that the space bc of constant holomorphic curvature.
Theoren 9.29. In a pscudo-Ké&hlerian space of constant holomorphic

curvature k >0 , the distancc between two consecutive conjugate

points on a geodesic 1s constant and is equal to 6%77.
L



Y

§ 10. Groups of transformations.

1°. The Lie derivative of a geometric object.q)

In an n-dimensional spnce of class C* covered by a set of neighbour-
hoods with coordinate systems (x ), 2 geometric object at 2 point §~°
1s defined as a correspondence between the allowable coordinate systems

in regions containing E* nnd the ordered sets of N numbers satisfying
the following conditions: '

1) To every coordinate system (= ) there belongs one and only
one ordered set of N numbers.
2) If O*; A= 1,2,...,N corresponds to (x ) and O~ ;

N=12 . . N  to (x), the QO arve given by the equations
of the form
(10.1) QN2 FA(QR B, 8%, AL, B,AY, L0, aAX)

3) The functions F”, denoted by F"(Q,§,%")
for the sake of shortness, s~tisfy
FAF(Q,B,8),8,E")= FM(Q,5,8"),
(10.2) FAQLE,8)= 04, "
FA(F(Q,EE),E,E)= QN
If the functions F”* contain the énvtiﬁl derivatives of £* with

respect to E* of the maximum order p, the object is said to be of class
p (psz).

We now consider a point transformation
(10.3) 'E¥= £7(E”) 5 Det (3f%)# o0,

which est2blishes a2 one-to-one correspondence of class

C* between the points of 2 region R nnd those of some other region R
The transformation (10.3) associntes a point ‘¥ of R' with a

point E* of R, Thus the transformation (- inverse to (10.3) associntes
a point Ef of R with 2 point '§° of R', We now introduce another coor-
dinate system (x') such that the transform in R by 't - E has the samc
coordinates with respect to (x') nas the original point in R had with
respect to (x). Hence

(10.4) BN = 85 = £9(8).

Then we say that the coordinate system (x) is dragged along by the
point transformation 'E»% and we c2ll (x') the coordinate system
dragged along by 'BE» E.

If a field of a geometric object NONE) is given with respect to 2
coordinate system (x), we dofine a new fleld of a geometric object
0N (E) by the equaticn

1) J.A. Schouten, Ricci Calculus (-954), P.67, P.102,




(10.5) 0N (g) = NACE)

with respect to the cooriinate oystem ( x' ), The difference
1

with respect tn (x'), or

(10.6) nME ). OME)

with respect to (x) 1s called the Lie difference of the geometric ob-
ject N7E) with respect to the point transformation (10.3).

When this Lie difference is zero, we say that the object QME) 18 in-
variant with respect to (10.3).

When the point transtiormation (10.3) is infinitesimal

(10.7) 'EN s BN vr(E)dt,

the Lie difference of " takes the form

(10.8) 'NNE) - QMNE) = Lt

and is called the Lie differentianl of (O with respect to (10.7), or

with respect to the contravariont vector v*dt

The & QU 1is cnlled the Lie derivative of Q" with respect to
ks

and 18 given by the formula

UK

. P ~ A FaYa - P - AN Ay K
{’3{,9) &% Q = WY 8’&&)1 - Z,hu F ,ﬁl 10}“‘ }\4‘\’

»

where

PN -/ Ay I aEA
(10.10) FAR: M 2! } |
- 3 2 AT e
‘3{‘,‘:52\!‘ Agk‘mj ‘g’(:.g'\

P 4

o S A P SR iy e e N N
. The invariance groun o 7 veometric abject.

All the tronsformations which leave invariant a geometric obgect

form a group. This group is c¢alled an invariance group of the geometric

object. We shall give some well-known examples,

4

£y, in a Rlemonnian space V, with the fundamental tensor g,, , @

point transformation does not change the metric, the transformation is
called a motion in 2 Hiemannilan space,

Theorem 40.1. In order that an infinitesimal point transformation

(10.7) be a motion in a V, , 1t is necessary and sufficient that

(10.11) g@mﬁﬁg%ﬁwkﬁsﬂ

This equation is called the Killing eqguation, A vector satisfying
the Killing equation is called a Killing vector, ) ‘
ol

Theorem 10,2 2) Any closed group of motions 1n a V, of class

C*(rz2) is a Lie group of motions.

2) S.B. Myers and N,E. Steenrod: The group of isometrics of a Rieman-
nian manifold. Ann. of Math., 4C (1939), 400-416.
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If, in » space L, with a linenr connexion F;A, a point transform-
rtlon does not change the lineasr connexion, the transformation is called
an affine motion in the |

e

Theorem 10,.3. In order that an infinitesimal point transformation
(10.7) be an affine moticn in 2n L,, it is necessary and sufficient thot

(10.12) Lo = V(v r25,%vP) s 0 "V o,
where the 5,," and the R, ,,* are the torsion tensor and the curvature
tensor respectively of the space,

Theorem 10.%.3) The group of nll affine motions in a complete L.
of class €™ is a Lie group.

An L, is said to be complcte 1f and only 1if every geodeslc can be
extended for any large value of the affine parameter on it.

I1f, iIn a spnace A, with 2 linesr symmetric connexion I°'F, a point
1 ” Y AN

transformation changes any geodesic into a geodesic, the transformatiorn

is c¢alled a projective motion in the A

Theorem 10.5. In order that an infinitesimal point transformation
(10.7) be a projective motion in an A,, it is necessary and sufficient
that
(10.13) & T = P AT + prAR,

OO

where Pu 18 2 certaln covarlant vector.

If, in a Riemannian space V,, 2 point transformation does not
change 1ts angular metric, the transformation is called a conformal
motion,

Theorem 10.6, In order that an infinitesimal point transformation
(10.7) be 2 conformal motion in n V,, it is necessary and sufficient
that
(10.1%) £ Yo = 29900
where the @ is a certain scalar,

4y . .
Theorem 10.7. ) A ogroup ol transformations In a space of C*=
which leave invariant a linear, projective or conformal connexion is 2

Lie group.

When a field of a geometric obLject ™E) 1is given in mmn-dimens-
ional space, we call the complete invarlance group the largest group of
transformations which leave invariant the geometric object (&

N

Studying the integrability condltions of (10.11), we obtain
Theorem 10.8. In a ''_, the maximum order of the complete group

of motions is :nin+1) and if a V, admits such a group, the V, is of
congsbapk_curvature,

3) K. Nomizu: A group of affine transformations of an affinely connected
space. Proc. Amer.,Math.Soc., 4(1953), 816-823,

4) S. Kobayashi: Le groupe des transformations qui laissent invariant
le parallélisme, Colloque de Topologie de Strasbourg. (1954).




Studying the integrability conditions of (10.12), (10.13) and
(10.14), one can prove '
Theorem 10.9. In an n-dimensional space, the maximum orders of

complete groups of affine, projective and conformal motions are regpect-

WnC

ively nl+n, n*szn and  Fne)(nr2) . If 2 space admits such a
group, the space is respcctively affinely, projectively and conformally
Tuclidenn,

5O - . .
37. Groups of motions in 2 Riemnonninn space,

6)

n>a, cannot admit 7 complete group of

We first statce a famous theorem of Fubini.
Theorem 10,11, A V

"o

motions of ordcr fntn+n-1
In 1947, H.C., Wang

Theorem 10.12, If an n-dimensional Finsler spaces; n>a, ng4,

-3

) L ,
/ proved the following theorem:

ndmits 2 group of motions of an order grenter than jn(n.t) + 1 s the

is Riemannion and of constaint curvoture.
To prove this theorem, Wong used the Cirst of the following two

r
theorems of D, Montgomery and H, Samelson. ’)

Theorem 10.13, In 2n n-dimensionnal BEucllidenn spaces ng 4, there

deoes not exist a proper subgroup of the group of rotations of an order
grenter than  f(n-4)(n-2)

Theorem 10,14, In n n-dimensional Euclidean spaces n>2, ng4q, ng 8,

"ny subgroup of the order §(n 1)(n-.2) of the group of rotations

leaves Invariant one »nd only onme direction

ccording to the theorem 10.12 of Wang, we c¢an state

Theorem 10.15., AV, 3 n>2, ng 4, which 1is not of constant curvh-

ture cannot admit a completce croup of motions of an order greater thor
gﬂ{ﬂ«ﬁ§+1

N ) ) . —
On the other hand, 7 oproved din 1947 the following two

theorems

""" ) Q-O'}uﬁi{i CX““‘)“"I{;‘E ‘,”;}
Univ., 29 (19%0), 21

mal connexion. Sci.Rep.T8hoku Imp,

K. Yano: Groups of transformations in gencrolized spaces. Tokyo,
(1949).
AY

A H. Thub: A characterizoation of conformnlly flat spaces. Bull.Amer,
Math. Soc., 55 (1943), B

O) G. Fubini: Sugli
Anmali di Mat.,,

7) H.C. Wang: On Finsler spaces with co
Killing. Journ. of the ﬂﬁﬂmmq Math,

che amettono un gruppoe continuce di movimenti:

39
tely integrable equations of
22 (1947), 5-9.

on: Transformation groups of spheres,
‘«»;i;.,a,g 7O,

8) D. Montgomery and H. Samels
Ann. of Math,, W4 (1943), 4
9) I.P. Egorov: On a streng

the group of motions
(N.S.), 66 (1949}, 79

thenling Fubini's theorem in the order
of aliﬂenﬂ*wr space, Doklady Akad. Nauk S8
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Theorem 10.16. The maximum order of the complete groups of motions

of those V,.’s which are not Einstein spaces is Faln-1)+ 1.
Theorem 10,17, The order of the complete groups of motions of
those V,.’s which are different from spaces of constant curvature is not
larger than Fon-1)+ 2.

Now using the same method 2s was used by Wang, we can prove
Theorem 10.18, In a V, : nsx4 , therc does not exist a group of
motions of the order = such that

%n(n~m)> T > ;'im(n-1)+1.

Thus 1t would be interesting to study the V/’s which admit a
group of motions of the order =w=in(n-1)+1.
For n=13 , we have

%n(n«;—‘l):éa in(n,1)+~1s4.

By the theorem of Fubini,; there does not exist, in a YQ , O com-
plete group of motions of the order 5.
E. Cartan 10) studied the 3-dimensional Riemannian spaces admit-

ting a group of motions of the order 4, and obtained

Theorem 10.19. The 3-dimensional complete, simply connected Rie-
mannian spaces which 2dmit o group of motions of the order 4, are
homeomorphic to one of the following spaces:

Euclidean space, topological product of 2 straight line and a

sphere,

Space of positive constanrt curvature.

For the gencral dimensionnl Ricmannian spaccs, I obtained the
following

Theorem 10.20, 11) In order that an n-dimensional Riemannlan space,

n>4, ng 8 , admit a group of motions of the order 4n(n-4)+1, 1t 13
necessary and sufficient that the spnce he a product of a straight linc
and an (n-1) - dimensional Riemanninan space of constant curvature or a
space of negative constant curvature.

This theorem contains two exceptional cases n=4 and n=8.
S. Ishihara °

that is, the 4-dimensional Riemannian spaces which admit a transitive

studied the 4-dimernsional homogeneous Riemannian spaccs,

group of motions and he obtained

10) E. Cartan: Legons sur la géométrie des espaces de Riemann, Gauthier-
Villars, Paris (1951), p.305.

11) K. Yano: On n-dimensional Riemannian spaces admitting a group of

motions of order 4n(n-1) + 1, Trans Amer, Math.Soc., 74 (1953),
260-279.

12) S. Ishihara: Homogeneous Riemannian spaces of four dimensions. Forth
coming. «
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Theorem 10.21, The four-dimecnsional connected and simply connected

homogeneous Riemannian spacces are homeomorphic to one of the following

spaces.
4-dimensional Fuclidenn space.,

4_dimensional spherc.

projective comnlex space of complex dimension 2.

product of two 2-dimensionnl spheres.

product of a straight 1linec and a 3-dimensional sphere,

product of n Euclidean pnlane nnd a 2-dimensional sphere.
For n=4, we havc

Fnln+1) = 10, :!Em(n_1‘)+'1=";.

Ishihara studied the V,’s which ~2dmit a group of motions of the order
9 or 8. He obtainad

Theorem 10.22. In a ¥V, , therc doecs not exist a Gy of motions. If

2V, admits a Gg of motlons, the group 1is transitive and the space 1s
a Kihlerian spacc of constant holomorphic curvature.

Ishihara proved also that the theorem 10.20 ig valild for n=4.

M. Ohata 13) proved that the theorem 10.14 of Montgomery and
Samelson is valid also Tor n=&, nnd consequently that the theorcm
10.20 18 valid also lfor n=8&.

I. Mogil and myscli studied the groups of motions in 2 pseudo-
Fhlerian space and obtained:

Theorem 10.23, I0 0 pseudo-KEhlerian space admits a group of

motions which carry every holomorphic section at an arbitrary point
into & holomorphic scction nt an arbitrary point, the space is of ho-
lomorphic constant curvature.

o) . - ‘ . ;
45, Groups of alflfine and projective motions,

~In 1947, I.P. Egorov ) provad

Theorem 10.24, The maximum order of the complete group of affine

motions of thosec A.s which arc not E, is n® (nz2).

We can casily verify that the theorem 1s also true for n=2.

15)

5

He proved in 1949 that the theorem is also true for an L, 2and

" Theorem 10.25, An A, which admits a complete group of affine

htions of the order n? is projectively Euclidean,
13) M, Ohata: On n-dimensional homogencous spaces of Lie groups of
dintension greater than %rﬁ(ﬂ~1) . Forthcoming.

14) I.P. Egorov: On the order of the group of motions of spaces with
affine connexion., Doklady Aknd.Nauk SSSR (N.S.), 57 (1947),867-870.

15) I.P. Egorov: On groups of motions of spaces with asymmetrical af-
fine connexion., Ibidem, 64 (1949), 621-624,
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Theorem 10,26, an L,, ne« , which admits a complete group of

2ffine motions of the order n* has o scmi-symmetric linear connexion,
A semi-symmetric linenr connexion is 2 linear connexion whose
torsion tensor has the form

(10.15) QSMA*: SHA§..SAA;,
As to the groups of projective motions in an A,, G. Vranceanu 16)

and I1.F. Fgorov 17)

proved the {ollowing interesting

Theorem 10,27, I an A, ~dmits a completc group of projective
motions of an order <> n*_2n+s5 , the spnce is projectively flat,Therc
exists always, for any given number of n, 2n A, which admits a group
of projective motions of the order n?_2n+s5 , and which is not pro-

Jectively Euclidean, In this cnsc, the group is ~2lways transitive.

-0 s N .
57, The A, and L, ~dmitting 2 complete group of affine motions of an

order > n? . n + 1.

18)

I1.P. Egorov has proved the following theorems,

Theorem 10.28. We consider "n A, which admits a complete group of

affine motlons leaving invoriant 1 gymmetric covariant tensor Hs, 1nd

we denote the rank of the matrix H Dy m

,u.?\
Then we have

(1) The order = of the group satisfles the inequnlity
(10.16) 1s ntenoama fmim-on)
(2) It in (10.1€) the sigr = holds, the group is transitive.

(3) There exists n space ndmitting a group of affine motions for which
the sign = holds 1in (10.10).

Theorem 10,29, We congider an A, which admits 2 complete group of

affine motions leaving invarinnt nn 2lternating covariant tensor SWA
and we denote the rank of thoe mririx Sen tv a2k. Then we have:

(1) The order = of the group satisiics the ineguality

(10.17) s n?o(n.k)(ak-1)+2k.

(2) In particular, if the spnece 1s projectively Euclidean and Sun= Rpeon
we have

.18) 75 n*o (n-k)(2k-1)
i) There exists a space for which the sign = holds in (10.18).
(4) If the sign = holds in (10.17) or (10.18), then the group is trans-

B - 00— -

16) G. Vranceanu: Groupes de mouvements des espaces 2 connexion. Studii
gi Cercetari Matematice, 2 (1951), 387-444,

17) 1.P. Egorovs: Collinc-tions of projectivoly connceted spaces. Doklady
Jkad. Nouk SSSR. (N.S.), 80 (1951), 709-712.

18) I.P. Egorov: A tensor characteristic of A, of non zero curvature with
maximum mobility. Do lady Akad.Nauk SSSR (N.S.), 84 (1952),209-212.



Theorem 10.30., We consider an A, which admits an < -parameter
complete group of motions.

(1) If <>n’n+t,
(a) The space is projectively Euclidean.
(b) The Ricci tensor has the form Ryn= -(n-n)ew,wn
where e¢=x1 and where w, 1is a gradient vector, w,=0w.
(c) The vector w, satisfies the relation

(/lo"/]g) . v/u_w?\—_:cw/,‘wha

where o 1s a scalar which is a2 function of w.

(2) We assume that the conditions (a), (b), (c) are satislied,

If wy=0, the space 1s affinely Euclidean.

If w, 20, o=const., we have =z=n* and the group is transitive.

If wy,#o0, o¢const,, we have =z=n%1 and the group 1is intransitive.
(3) The conditions (2), (b), (e¢) are cquivalent to the following ones
which constitute a2 completely integrable system of partial differential
cguations:

In a certain coordinate system, the components of the connexion
are given by

(10.20) (O(,) r;:x = P/;LA);;‘FP?\‘A\;) p;\:bhp.
(10.21) () appk‘-’- Puba+ 5"‘7/u-w7\;

(10.22) ) BﬂwA: T(W) W Wy + W P+ WaARL: W= Oy

From (1) (a) and (b) we sce that the curvature R, of the space
is of the form
(10.23) D\)')/'L‘;\K: e(u;‘,Af’fc-wﬂA’f,)er}\)

and hence the Q%@x” sntisfies

(10.24) Vo Ry = 20 we Ry ™.

This shows that the space is a so-called w -space of the English
School., The form (10.23) of the curvature tensor was also obtained by
v. Moto 19,

From (3} we sce that there exists an A, which admits a complete
oup of affine motions of the order n* or n.i.

Theorem 10.31, We consider an L, with a semi-gymmetric linear con-

2 <
nexion ﬁﬁxj

(10.25) 250" = SuAS - SAAL Su#o
and denote the space with the symmetric lincar connexion I% by A,

____________ =)

19) Y. Moto: On the affinely connected space admitting a group of affine
motions. Proc. Japan Acad., 26 (1950), 107-110,

Y. Motos On a curved affinely connected space admitting a group of
affine motions of moximum order, Sci. Rep.Yokohama Nat.Univ.,Sec.Il,
No.3 (1954), 1-12.



(1) 1In order that the L, admit 2 complete group of affine motiong of
the order n®, 1t is necessary and sufficient that
(a) the A, be projectively flat,
(b) the Ricci tensor R, of the A, be of the form

(10.26) Rin= —(n-1)& s8n

(¢c) in which the veector s, satisfics the eguation

(10.27) %J/%SA;:CSMSA,
where %u is with respect to Q;M and ¢ is 2 constant.

(2) The conditions (a), (b), (c) arc cquivalent to the following
completely integrable system of partinl differential equations:

(10.28) (o) r(;f?\) = p/_t,A,';: + p?\A/’i , r[ff_%.] = S/u_A;f - s AN
(10.29) () BuPr = PuPat ESudy 5 Emti,
(10.30) ) INE C S ON + SuPat SAPp

From (1) we can sce that the curvature tensor Ri@;“ of L, is of
the form

R)’)ﬁ'&xk = (,&mc-.«)(st;‘ _ S/u.Ai) S
From (2) wo see that thore exists an L, with 2 semi-symmetric

linear conncxion which admits 2 group of affinc motions of the order n*

0 s - e X - . ,
£°. A.s admitting a group of affinc motions of the order z2n?_ n+ 5.

We consider the group H, formcd by the non singular affine trans-
formations

(40.31) xS alxr

and denote its subgroups by

H: : a§ R Det (a§)>oj

M P ay ; Det(af)=1,
Ko+ af af=zodf, a>0,
Lo af alzt, a%=o, Det(af)=1, x=2,..,n,
L : af al=1, a;=0, Det(af)=1, x=2; . .1,
Mo af al»o0, af=0, Det(@f)=1, =25 ,n,
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H.C. Wang and K. Yano proved the following theorems.,

Theorem 10.32, A closed and connected subgroup of the order

Prad

zZn*-an+§ of H, is, except for a coordinate transformation, equal to
one of the group, HL, Py, KxM, KxM', Kuxbl, Kxl', I xL, I(b)xL', L and L'
Theorem 10.33, If an A, admits a group G of affine motions of the
order zzn?_n+s , for the isotropy group'&(P) at a point P , the
order of G(P), the group G of affine motions, the order of G , and thc
structure of the space, we have only the Tollowing cases:
Isotropy group Order of Group Oprder of Structure of the space
G(P) G(P) G G An
Hp n? transitive 24N R'/.'L'y\“:o ,
+
H n n 2 2 32
Pn N1 » n%n-14 »
"KxM Nt n+q » ¢4 .
K x M ' » H » »
box L N - n? W
K *x l"' 2 b » 22
(k) w L » 32 S 2
/ (“ ) ETEWN g )"/'u'& Ko o
[ tranditive ., () ivb=o0,
| !
ks L nin ﬁ I Q;,/"tl;\l‘ = k(o A;‘L.A W, /\t:,) TN
» l
; \7/ IREVINE Y 1,\.2}01x7)\}
N k.o constants.
s s i S K
i W irbgo, Kyaa = 0,
(i) 1+b=z0,
i
Uirtvar itive w1 Ry, Lol A;';_ - LLTU_ATQ Wiy

P

20) H.C. Wang and K. Yano: A class of affinely connected spaces.
To appear in Trans. Amer. Math.Soc.
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Y. Moto 21) proved, by 2 meéthod quite diffcrent from that of Egorov,

- the following theorems:
Theorem 10,34, An 4, with non vanishing curvature tensor admits a
complete group of affine motions of the maximum order if and only if
the wquations

LK i % . . o : . o gy
( 10, 31 ) R SN c,(u:./ /-\/’,‘ - U JARSREIUN ) V/:,""J)\ = AW, W, S T, A= tongt.

arce satisfied, Then the order is »° and we can find 2 coordinate systoem

with respect to which the components of the linear connexion are

(SR T K
¢ oy

HA»;'J Doem o d, PR

and the finite equations o the group are given by

J/ !‘:—L\ o 'r" , Am(‘vi“ﬁ”ﬂ "?Ci,)'—"f;f‘.llq
- 8 ¥ e < o

(10.32) \

{ xgn U’
or

) 5= PET . (QF 4RIy 5
(10.33) )

E\ Er == S Q)

arccording as the roots ¢, and ¢, of the guadratic equation (gf+af-e=o0

tlsTy ¢ ycy, OP ¢ = cy

[

¢ ;3 P,Q,R,S beling constants.

Theorem 10.35.22) In order that 2~ projectively Euclidean 23) A
with non vanishing curvature tensor admit =2 complete group of affine

n

21) Y. Moto. loc. cit.

22) Y. Moto: On n-dimensional projecctivcely 7lnt spaces admitting
group of affine motions of order <« > »2_+ . Sci.Rep. of Yokohamn
National Univ., Sec.I, No.4, In press.

23) For riz 6, we have = o o’ n 2 n*_an+ 5 . Consegquently according
to Theorem 10.27, we do not naad this assumption,
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motions G, of order w>n2.n , it 13 pecessary and sufficient that th
curvature tensor belong to one of the following three types T,, T, and
Ta » and the vectors appearing in the expressions of the curvature s
tensors satisfy the associated equations. Such linear connexions and
groups nctually exist,

The curvature tcnsors arc

(10.34) T, R,’,F';\K-: E(wyAL ~w AS)wy, E=tt, wWx40,
(10.35) Ta @ Ryun™= E(wl-‘A;’“waA.;)wl
+ A’f’(wf‘.\,\- wiax, ) - A'f,“(w,,x,\-wkx,,‘)
- 2 (Wy X - W xy) AR

€=t w, and x; are linearly independent.
(10.36) Ty . Rypn® = & (wpAS - wuhl)wn + 400, A% - %, A%)xs

£, € = 1 w, and %, are linearly independent

The associated equations arc

T, .
(10.37) U Wy = XWLWR k= a(W), W= Hw
Ty
(10.38) { Wy = 0(28wp W, Wi X + w,\xf,.)
Ve Xn = YuXn+ 08w, X, - Xy X )
(10.39) VulYn - Wy = €0 (g, wa- ynwy)
-Qe(xl‘g;\-x;\\ﬁ,‘),E(wﬂx,\..w;\xf,,)‘, e6’= -1
Ty
(10.40) Vuwn = - €64, % 5 YuXa® YuXa,
(10.41) VieYn = VaYu = E(Ruwn - XaWy).
The groups are
A Ty
0¢}“2) £%=o, Loz 0.
If o 18 2 constant, then z=n’ and thc group is transitive.
If o 18 not a constant, then w=n and the group is intrang-
itive.
T
(10.43) Eun =0, Exy = pury A 2 scalar

T= n*on o+ and the group is transitive.



10.44) Ewy=—g 8, fn,  ELxa= Bwrn £ a scalar.

2

T=n*_n + 1 and the group is transitive.,
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& 11. Motions in a compact orientable Riemannian spaéa. |

In this section, we consider an n-dimensional compact orientable
Riemannian space with positive definite metric ds*= wdgﬁaa" and
denote it by v

(Al

We first remind of o thcorem of Green:
M
Theorem 11.1, In a V,_  , we have

f V. vt = 0,

I'or an arbitrary vector field '™, where

(11.2) dr ¥ Vgdg' 4" > o

is the volume element of the space.
Using this theorem, we¢ can prove the followlng two theorems,
e
Theorem 11.2, In a V_,, we have

)

(11.3) { afdr = o

'/Y;‘
for an arbitrary scalar field f, where

(11.4) At ot g"“”‘vﬁvﬁ

Theorem 11.3. If, in a ’z.?e'"‘n, we have afzo0 everywhere, then of =0

and ¥ is a constant.
PFor an arbitrary alternating tensor field Wi A s the rotat-~
ion and the divergence are respectively defined by 1

Rot w ¢ (p+1) 8u,« Wap Al

(11.5) i
Divw: v, witer M

(23

when the w is of vnlence p, Rotw is of valence p+t and Divw 1is of
vaolence p-1.

For two arbitrary ~lternating tensors w, A, and Vap - - Ag
of the same valence p , we define the globol inner product (u,v) by

("'1 .6) (U‘»,U} @ /’* u&p_ ‘:\i ‘\J"xP» A atr .
Ve

'fm;e:z the metric is positive definite, we have always
(fm -?) (L, & O

and (u,wd=c¢  if and only if Wag A, =0
Consider two arbitrary alternating tensors Wag oA, of valence

p and r, Of valence p+y and apply the theorem 11.1 to the

Viper -
o Ap.
vector ux, . a, At

e G S S RGN S GO W G O S w8

1) J.&. Schouten: Ricei Calculus (1954), p.B83.
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then we obtain
Theorem 11,4, In 2 55, we have, for two arbitrary alternating tensors

“ap Ay

and VUhpey - Ay
(11.8) (Rot w,v) +(p+s)(u,31vv)=o

An alternating tensor w,y n, 18 called 2 harmonic tensor if 1t
satisfies

(11.9) Rot w= o, Divw = O

Using the theorem 11.4, we can prove

Theorem 11.5, In order thnt an nlternating tensor Wi, Ay in a
ﬁ; be harmonic, it 1is necessary and sufficient that
(11.10) aw % D1v Rotw + Rot Divw = 0
Using 21so the thecorem 11.4, one can prove

Theorem 11.€. A harmonic tensor which is the rotation of an alter-
nating tensor is identically zero,

We now suppose that the {ﬁ, admits a one-parameter group of motions
generated by the infinitesimal transformation

(11.11) = £N 4+ v R(E)dt,
then we have

(11.12) £ gye=0

2

(11.13) £{5}=0

and the operators v, Qnd,g are commutative,

g 0

*
Suppose that there cxists in the V, 2 harmonic tensor “hp.‘.x
then we have
-y E v 4 —
ToaWn, ag=0 ond 9V w8 =0,
from which

: b -~
V:}"{ w?\p 47\1:1:0 and 9 Vvdé’ w,MAP.1‘-~7K1 = 0.

This means that %Tujxp . A, 1s also a harmonic tensor. But we

easily verify that
11.1“‘) éfwhpl A, F chtv""wﬁ;‘p_m._;\r

v

Thus according to the theorem 11.6, we get
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Theorem ﬁﬁ.?.e) If = 6; admits an infinitesimal motion, the Lie

derivative of a harmonic tensor with respect to this motion vanishes
identically,

’Applying the theorem 11.7 to 2 harmonic vector w, and a Killing

vector w* , we {ind

('}1-/15) C)“& f’é\w)\& V}‘(W’.Lvﬂt)ﬁ

from which we have

Theorem 11.8, 3) In a ¥, , the inner product of a harmonic vector

and a Killing vector is constant,

Now, tnke 2n arbitrary vector field v* in the Qﬁ,. We can easily

verlfy the following identity:

5 fash o : ST :
Ve (v VU H) — V(v Y, vy

= (_K‘w“t?’}‘)l(‘\'v’?\l{ki\; - (LVNUM}(V,‘*\IA) + Ko V’“U"',

from which

(11.16)

[ (oo ) (7avn) - (T ) (mav?) « Koav#vrdt = o,

/ M
e

Y

where 9% = g4t v,

Suppose that a vector ficld v* generates a2 one-parameter group of
&

.9 N
motions in the VvV, , then we have

L4l

. S . A
({ (3/“)\ s V«'/UL U’\ + V)\ ’LJ/“ = O, Vhﬁ' = 0

Substituting these cquations in (11.16) we find

(11.17) [ 1o wan) - Kua v vl ]at = o,

~

Yy

from which

4 "
) In n V_ whose Ricel curvature is negative seml-

Lal

Theorem 11.9.

definite, 2 vector gencrating 2 one-parameter group of motions 1s a

. ko
covariant constant fileld, In n V, whose Ricci curvature 1s negative

definite, there does not exist a continuous group of motions,

Suppos¢ that a @}; with K, x=0 admits a transitive group of

motions, then by the theorem 11.9, all the vectors generating the trans-
itive group of motlons are covariant constent, This means that the ’3“

jits more than n lincorly independent covariant constant vector fields.
ﬁ;s the V. is locolly Euclidean.

n

- o - o P

2)

3)
)

W.V.D. Hodge: The theory and applications of harmonic Integrals.
Cambridge University Press (1952)

K. Yano: On harmonic and Killing vector fields. Ann.of Math.,55
(1952), 38-45,

S. Bochner: Vector fields on complex and real manifolds. Ann.of Math.,
52 (1950), 642-649,

S. Bochner: Vector fields and Riccl curvature, Bull,of the Amer.Math.
Math, Soc., 52 (19%6), 776-797.
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Theorem 1ﬂ.40.5} A %n with K,a=0 admitting a transitive group of
motions 18 locally Euclidean,

Suppose that a vcctor v™ generates a one-parameter group of con=-
formal motions, then we have

(’3’3 .’5@) Fa 3/““}‘ = \7/“1)‘3#' VA'VIM = 'l{;’x:”uhk , VAUK‘:& ﬂ@.

Ay

Substituting (411.18) in (11.16), we find

(11.19) J[ i(v*‘vm)(quv))+*n(n»ﬁ)@lu KaavHor]de=o,

n

from which

€ 2
Theorem 11,11, ) In » VvV, whose Riccl curvature 1is negative semli-
dcfinite, a vector genernting a onc-parameter group of conformal

motions 1is 2 covariant constant veetor ficld., In a 65 whose Ricci
curvature 1s negative definite, therc does not exlst a one-parameter
group of conformal motlons,

Now apply the theorem 11.2 to the square wvxv® of the length of
an arbitrary vector field o™, we obtain

(11.20) j{a { Vi g""” Ve Vp vy + (v v}‘)(vﬁuh”)) AT =0

Adding (11.16) and (11.20), we find

(17.21) /4,' {"UK(\QM}\V/LV‘\ v KN v )

¥ l( V‘M "u"')\))( \7(}“‘ L")\)> — ( V},th?“)(v,\ '«:)\);3 dT=0.

Suppose that 2 vector »* generates a one-parameter group of

L
motions in a VvV then from

"nos

ct&: (j)u’\ e KJ'/J Vg + ‘V)\ “UlM = O N

Ko 5 v X KLY
'5\{ {f-‘}\; o V?LLVK [EANIES Kv/u”\ Vo= O,
we obtain
( 11 .22) ?\M:\ ‘:l“ ¥ TR K‘.\“U)\w 0, VM v =0,

Conversely suppose that a vector field v* in a %; satisfies (11.22),
then substituting (11.22) in (11.21), we obtain
b”( / (TN

(v

WLMU?\)) dt=0,
o Vn

from which

Fe)
- q/\&j}\ - V(}M U’y‘k‘) =z 03

v

W e B o O e e S SR o G N G G

5) A. Lichnerowicz: Un théoréme sur les espaces homogdnes complexes.
Archiv der Math,, 5 (1954), 207-215.

6) K. Yano: loc, cit.
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that 1is, the vector v* gencraotes n one-parameter group of motions, Thus
we have
Theorem 11,12, In order that a vector v® generate a one-parameter
group of motions in o @; , it 18 nccessary and sufficient that "
satisfy (11.22).
Suppose that a §h ndmits a one-parameter group of affine motions
generated by a vector "

(11.23) L4 b= U, Vo e K0 v =0

- g 3

from which we obtain

(1}1.2“) (‘EM)‘VMV;\\:K*K}‘K\}X‘:‘O,

(11.25) 9.9 vreo
From (11.25) we see that v,o* 1s a constant, But we have (11.1)
and hence
’3/‘.26 v U;:ﬂ.
( >
Thus sccording to the theorem 11,12, we obtain

; "
Theorem 11.13.f) A one-parameter group of affine motions in a V,
is a group of motions.

A ‘&n, symmetric in the sense of Cartan 1s characterized by the
egquation

(1‘1,‘2?) VWKV,LA}«K:O:

from which we get

o~y ;ut‘\ ) » o » ‘ «
(11.28) Hnwwk“ = Kv}m? - Kows' K s
. o LR . ¢
- K?‘ru.ﬂ/\t.,ag K‘\)P‘,\ - K;yw)\ Kv/‘"P’(:O’
(qugg) Vo h,u.‘.\“O'

Conversely, suppose that (11.28) and (11.29) are satisfied in 2
ﬁﬁ . Then, from a general identlty:

' (11.30) 30 ( Kyunn K<)
= 4 (T Tn Ko ) KM b 2 H o MRS
+ (Y Kv;a?\n)(vwmgwu) )

. R . -

7) K. Yano: On harmonic and Killing vector fields, Ann. of Math.,55
(1952), 38-45.
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(11.31) 88 (Ko K%)= (T K yuann (9K PH),

which 1s positive definite., Thus according to the theorem 11.3, we
obtain ‘
Ve Kyurg = ©
Thus we can state
Theorem 11,14, 8) A ﬁm satisfying ngguh”so and Y, Kux=0
is symmetric in the sensce of Cartan,

We know that a symmctric V, admits a transitive group G of motions
and that the linear isotropy group G(P) at a point P contains the ho-
mogencous holonomy group o(P) at P of the space ag a subgroup.

Converscly, we assume thot an irreducible 9 V, admits a transit-
ive group G of motions and that the linear isotropy group G(P) at P
contains the homogencous holonomy group o(P) at P of the space as a

subgroup for every point of the space,
Denoting by %j the infinitesimnl operator corresponding to one of
the generators of the group G(P), we obtain

(11.32) £ Ky = - Kol v v Ko o, uf e KoM v ofe K, 0"

o o SRl AUSYS

But we assumed that G(P) contains o(P) and consequently l<%gx“

must be lincar combinations of v, v™ formed by all generators g“ of

7

the group G(P) . Thus from (11.32),wc get

(1/} 033) ‘“4;,‘7%’”'%"9\)( = O

(1,"3&) efK/_‘)\rO‘

EV4
But we have assumed thnt o(P) 1is irreducible and conseqguently
G(P) 1s 2lso irrcducible, Thus we get from (11.34)
K
Kpn = 5 9uns
from which
(11.35) Voo Kpnz 0.
Wi

The equations (11.30), (11.33) and (11.35) show that

("M .36) % A K?yhxwvmx) - (vavpkx)(VvaH?\K)

8) A. Lichnerowicz: Courburc, nombres de Betti, et espaces symétriques,
Proc. Intern, Congress of Math,, 2 (19%0), 216-223,

9) A V, is said to be irreducible, when the holonomy group o of the V,
is irreducible,



60 -

The group G of motions 1s transitive and consequently, from

A
'g(Kv/-h\x K" )=z 0
we ¢an conclude that
PALA W
Kv,x.)\xK” = Const
and hence
(’M 037) A(KVMAKK»MA‘)“ o

From (11.36) and (11.37), we get

(11.38) Voo K unx = O.

This proves the following thceorem,

10)

Theorem 11.15, If 2an irrcducible V, (not necessarily compact and

oricntable) admits a transitive group of motions whose linear isotropy
group at any point contains the homogencous holonomy group at the
point, the Vv, 1s symmectric in the sense of Cartan, ‘
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On Geometric objects anc Iie groups of transformations.
Nicolaas iT.Kuiper and Kentaro Yano.

Preliminary report.

1. Introduction.

Ehresmann defined prolongations (prolongements [1,2] ) of a
C%-manifold. A prolongation is a principle fibre bundle which is
determined by the base space a ¢%-manifold and a natural number
rss8. In differential geometry one often is led to fibre bundles
which are not principal, but of which the associated principal fibre
bundle is of the kind defined by Thresnann. Following Haantjes and
Laman [3] these fibre bundles will be called geometric object bundles.
Geometric objects or geometric object bundles have been defined by
Golab, Haantjes, Laman, Nijenhuis, Schouten, '‘agner and others.

In § 1 we give a definition of geometric object bundles. In
§ 2 we consider transformations in the base space of a geometric
object bundle, and their prolongations in the bundle. In § 3 we
obtain a main theorem on geomeiric objects on a Lie-group space
with applications. § 4 deals with Lie groups of transformations of a
manifold and the existence of invariant geometric objects. In § 5 we
define Lie-derivativas of geometric object fields and give some
applications.

§ 1. Geometric object bundles.

In this paper A will denote a fixed pseudo-group of homeomor-
o .
phic mappings of differentiability class C°, s> 0 in n~dimensional
number space Rn, which contains the group of translations:

T ¢ A .

Two homeomorphic mappings ¢, : Uk“* Vk k = 1,j of neighbourhoods
'« of an n-manifold X into R" are called A ~compatible Yy if for
z € ¢,(U; N Uj):

-1
Ayp = Py 04 i@i (Uint) € A

i S N D D o W B B

1) Compare Veblen and Whitehead [4] p.
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A manifold with a local A -structure or a A -manifold is a
manifold covered by a complete set of mappings ?kzﬂk-a.vk of the
above kind, any two of which are A -compatible. The homeomorphic
mappings are called A -coordinate systems, A-reference systems or
just reference systens.

In the sequel X will be a A -manifold. Points of X will be
indicated by x; points of R® will be indicated by z; in particular
the point (0,0,..,0 ) by O.

Two reference-systems ¢. and ¢, both covering x < X are
called jet-egquiwalent at x if their restrictions to some neighbour-
hood of x are identical. The jet-equivalence class of {x, g;} 1is
called a_jet of kind A or A -jet and it will be denoted by
i @i(x), X3 @i) = j( @j(x),x; @j); x is called the source of this

jet, zmqa(x) ig o Jhe but of s J.L.')if fel\ 2z R" 1ig covered by T,
thvert the JoC0 dolervun o Dy 7 and [ is d:@=noted by
ilzt,2z:f) = j(z',2z) where z' = £(2z).

Jets of this kind will sometimes be called auto~jets. If the butt
of a first jet coincides with the source of a second jet, then the
product can be fornmed:

3(23,31;f2f1} = j(za,zzgfg).j(zz,z1;f1)
j(ZE,X;f@) = j(Zg,Z,l;f)oj(Z1,K;q))

The jet with source z,¢ R" and butt zge;Rn obtained from a (unique)
translation t e A 1is denoted by

. 3
t(ZQ,ZT/ -

Proposition 1. The jets of the kind j(0,0;f) form a group & .

We introduce a non-Hausdorf topology in & with respect to a

- A -manifold by the definition:

a neighbourhood in A consists of all jets that can be represented

by functions whose systems of derivatives up to the sth, at the

gsource of the jet, form a neighbourhood in the suitable number spacc.

proposition 2. Any jet of the kind j(z',z;f) admits a unique fac~
'::oriza‘t ion as follows

£(2,0).3(0,0; (0,2")£.4(2,0)] « +(0,2)
short: jlzv,z) = t(z',0). j(0,0). %(0,2)

2) The notion and word jet was introduced by Ehresmann . [1,2] .
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The mapping sz,j(z',z;f) - 3[0,0;4(0,2")+£.%(2,0)] 1s 2 ncmomorphism
of the pseudo-group of auto-jets onto the group of jets with

source = butt = O. !
Proposition 3. Two jets j(z,x; ¢,) and j(z',x; ¢,) with the same
source x € X determine a unique auto-jet j(z',z) by division:

320%;5 9,) = 3(z'25 9, @47 3(20%; @)

Proposition 4. If i1 Py ¢3 deternine three jets with the same
source x, then the quotient--auto-jets obey

j(23,21; ?3 @1-1) = 3(23’32; ?3 ?2—1)'3(22121; ?r @1_1)

and this product rule also holds for the images of these jets under
Oj’ which we denote as follows:

331(0:0) = 332(0;0)0 j21(0,0)
or

331 = 3320324 Jji€ &

Theorem 1. The entities X,Y,G,h defined beclow determine a unigue
fibre bundle B with base space X, fibre of the kind ¥, group G, which
is called the geometric object bundle over X of the kind (Y,G,h).
X is a C°- A -manifold of dimension n.

Y is an analytic manifold.

G is a Lie group of analytic transformations of Y.

h is a continuous homomorphism of A onto G.

The bundle is defined as follows.

Let ¢ : Uy — Vi(Uic;X, V¢ R™) be A -reference-systems covering
x 3).

In the set of triples (i,xe‘Ui,ywsY) we introduce the equivalence,
called identification:

(i,x,y) ~ (j,xgjiy) for xesUir\Uj in which

ji = P s
jji = t(O,zj).j(zj,zi; P ¢i~1). t(zi,O) e A

'/ zi = ‘?l(X) Zj = ?j(X)

D G Qi WD Gt O e

g

3) If we require moreover that the set of A -reference systems is
complete, that is, is not contsined in a (A -compatible) bigger set,
then the definitions are independent of the particular set of subsets
{Ui} of X.
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An equivalence class is by definition a point of the fibre bundle.
The equivalence classes with a fixed x form the fibre of the bundle
at x. The bundle projection 7 is the mapping of the fibre at x, onto
x. The fibre is homeomorphic with Y. The mapping:

class of (i,x,y) —s (x,y)
is a homeomorphic mapping of

- _
T (Ui) onto U, x ¥ (1).

The mapping:
' class of (i,x,y) — v

will be denoted by @i. e then have for b e 77"1(Ui)
- . &P.
el AL uiey IR Vox Y
b b ox o¥p Th ox 0% v
@i ——s 9Py P4 0
-1 .
Ifb e (Uint).
* _ >
ch b = gji ?4 b

and, if b e ol (Uir\Ujerk) we obtain from

. . -1y _ . . -1 . -1
(2255 9y 95 )=J(Zkazquﬁk?j ). 3(&jgzi, ¢35 P4 )
Jgi = Jggedya
hence, because h is a continuous homomorphismsg

ki T Skj * &51
Also gji is a continuous function of x.

The mappings (1) which fulfill all the conditions just mentioned
define the structure of fibre bundle in the point set TT"1 (x).
Steenrod [ 8 ]+ The fibre bundle B so obtained is the object-bundle
required in theorem i. If Y'c Y is invariant under G, then X,Y',G,h
determine a unique object~bundle B', which can be considered as
imbedded in B. We call B' a subbundle of B.

A crosgs—section of B is called a geometric object field or

eometric object of the kind (Y,G,h). One point of B:b e ﬁ"1(x) is
called a geometric object at x . ﬁ'_1(x) will also be designated
by Yk.

Example:
Let A be the pseudo-~group of all ¢® reversible homeomorphisems

in R%. T Dbe the invariant subgroup of A consisting of those jets
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that can be obtained from homeomorphisms of £ ¢ & which are ex-
pressed by functions

¥ - t

which have the same k-th derivatives for k = 0,1,.+y,1 & 8 at the
point O, as the functions that exnress the identity homeomorphisms

hj = the class j. .

The object~bundle B so defined is a manifold of differentiability
class s-1. A CF-cross-section in B (r = s-1) is called object (field)
of object class and (of course) of diffecrentiability class r.
Haantjes and Leman [3] determined all geometric object-bundles of
object-class 1 = 1 and dimension n+1 (dimension Y = 1).
Tensor-bundles are bundles of class 1 = 1.
Affine connections (parallel displacement) can be defined in the
bundle of tangent vectors of a Cgmmanifold, The affine connections
are themselves cross-sections in a bundle of object-class 1 = 2.
Every affine connection belongs to a class of projectively equivalent
affine connections, which class determines a unique normal projective
connection. E.Cartan [5] .Such a normal projective connection is a
cross~section in a bundle of object-class 1 = 2.

A connection defined in a general way in a fibre-bundle, is not
a geometric object. For example a projective connection in a fibre-
bundle with fibre the projective n-space, without fined oblique
cross—section. Ehresmann [6] Kuiper [7] .

Another example of a geometric object-bundle is obtained from
the tensor-bundle of covariant tensors of kind t,, under the
identification:

Ten ~ P T p>0.

If t,., 1is symmetric and positive definite then the geometric
object is called a conformal metric., It is of class 1 = 1. The normal
ponformal connection determined by a conformal metric is a geometric
object of class 1 = 2. A conformal connection defined in a general
way in a fibre bundle with fibre a sphere and group the Moebius group,
is not a geometric object.

]
Other examples of geumetric object-bundles are obtained by
taking for A a subgroup ¢f all reversidble C°(8 = 1,2,¢0. @ O w)
homeomorphisms, for examwple consisting of all homeomorphisms that
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leave invariant a fibred structure or a complex structure in R .

§2. Prolongations of A —transformations in X

Let b be a cross-section or a geometric object-field in the
object-bundle (B,X, 7,Y,G,h, A ). b(x):YXn b. A homeomorphism in X:
U'—- U is called a A -point—transformation if in case ¢: U — V
is a A -reference-system, the same is true for ¢v : U' - V. Let
v be a A -point transformation.

o= o= Ty

o= Co-C2
[ ,

CO=Cw

n has a unique prolongation (Thresmann [ 1] )

|

q* with ﬁq*:qrr
n* W—j(U')_QEE_;. el (U)

defined by, if b' e 7=t (un), .

n*b' = n"qq T o' n (cp*)“1 (@n™)p! (4.1)

(4. 1) can be understood as follows: If we use the reference systems

@ and ¢v for U and U' then the prolongation m* of ) is expressed

by the pair {“’) : U' — U and identity in Y}

An expression in terms of two arbitrary reference systems
¢ U — V= ¢U and  :U' — VI = ¢ U', instead of ¢ and ¢mn
respectively, is as follows (x' = TbH'). '

-1
p¥pi= T m bt a( ¢*) T [ £(0, gmx )il v e e ).
ct(wx',0)] ¢rb! (4.2)
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Substituting ¢ = ¢v in (4.2) we obtain (4.1). (4.2) is independent
of the particular refcercnce system ¢ for U. This can be seen from
straightforward computation.

From (4.1) we have:

(m"H* = (907"

Therefore (4.2) is also independent.of the refercnce systen + for
U', hence independent of reference systems used.

Now suppose we have two A -point transformations. v : U' - U
and v :U'' —» U', hence the product mv : U'" —» U. Using the reference
systems ¢ ¢+ U —-» V, ¢m ¢ U'— Vand ¢mv : U" —» V, we obscrve
that the prolongations =n*, »*, (*v) v )™ are respectively expressed
by

( n, identity)

( v, identity)

(nv, identity)
Hence ( m» )¥= m™vy™, and we have the
Theorem 2. Ivery A —transformation in X has a unigue prolongation
in B. The mapping which assigns to every A ~transformation its
prolongation is a group-—isomorphism.
From the definitions we also have: Any subbundle B'c B is invariant
under the pnrolongations of any A -transformation in X.

§ 3. Geometric objects on ILiec groups.

e, e

Theorem 3. Let 3 be a Lic group of transformations operating on
C

the left on the group space M of 3 . Any object bundle B with basc

space H and fibre space Y is an analytic product bundle Hx Y with
left invariant analytic cross—sections H x Y (yeY).

Proof: Chose a fibre Y c B, and a point be¥ . Let m(t)e®k Vbe a
transformation of ¥, =*(t)e ®™ its prolongation in B, and t a
point of the abstract analytic group of 3. The set v consists
of one point in each fibre and is an analytic cross-seotion becausec
i) (t) is an analytic transformation, which depends also analytically
on t. A point b' < ®*b is characteriscd by beY and m(b') = x'.
The correspondence

B= 77 (H) — HxY,

so obtained is 1 -~ 1, and m*e¥X™ the prolongation of me 3 is
represented under this representation by

M (xxy) = NX xy .
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Application:

Theorem: An n-dimensional Lic group has the following left invarient
geometric object fields: an absolute paralkllism: many affine

of any signature; for n even many almost-complex structures and
almost-hermitian metrics; Finsler mctrics.

In all these cases we define suitably the geometric object at one
point of the group and then the rcquired object-field consists of
the images of this geometric object under the prolongations in the
fibre~bundle of the transformations of the group.

§ 4. Geometric objects and transitive groups of transformations.

In this { H is a transitive group of C* - A -point transforma-
tions of a C”A-manifold X, base space of an object-bundle B. Ix is
the subgroup of all transformations in H that leave x € X fixed.

The prolongations in B of I and H are I; and H*. I, and I; are
called a group of isotropy of H(H™) at x.

Theorem 4.1. The object bundle B over X admits a cross-section b
invariant under all prolongations in H", if and only if the isotrony
group I; at x has a fixed point in Yk, (for some x e X, and then

for any xe X).

Proof: The necessity is obvious. To prove the sufficiency we consider
a point bxé YX invariant under I;. For any two transformations f1

and f2 in H, which map x onto the same point x', the prolongations
f? , fg obey:

oy =] ke E
(f2 ) f‘1 € IX
(2,70 1

Py
1 Px = bx

* e ®
f1 bx = f2 bx

Therdfore the set of points {f“bx}, f*e H} contains exaotly one point
in the fibre Yx’ for any x' € X. The group properties imply that
"Xthis srogs-gection {f“bx} is invariant under H™.

In the applications it often occurs that the homomorphism-onto
Iy - Ir | Y, defined by restriction of the transformations of I_ to
the fibre Yx’ is faithfull. This is the case when the restriction
of an element =™ of I; to Y, uniquely determines =*. In the
proof of many theorems on groups of transformations leaving invariant
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some geometric object we therefore may restrict to considerations

concerning one fibre Yx. For example:

Theorem 4.2. {I} Let x” be a space with

a) a Riemannian metric b) an affine connection c¢) a i#hlerian me-
tric d) an affine connection with an invariant almost complex strue-
ture, with an N-dimcnsional group of structure preserving transforma-
tions. {II} Let N® be the dimension of the group of a) motons in a
space of constant curvature b) affinities in the affine space ¢) 10—
tions in a Fubini-space d) complex=enalytic affinities in complex af-
fine space.

Then

and equality N = N® implies that X" is of the kind mentioned under
{11} .
NOa = n(n+1)/2, NQb = n(n+1) and pitting n = 2m

NOC B~ m{' + 2 M, Nad B sz + 2

Proof: In a space with an affine . n-ection, of which cases abcd are
exanples, an affine point transformation with fixed point x is detoer-
mined by its prolongation rcstricted to the tangent space at x. This
ensures the faithfulness of the reprcsentation mentioned above. The
dimension of the isctropy-group obeys N-n g N°- n, hence NN,
Jext suppose N = N°. In all cases abcd, there is an affine connection.
Let {1 be the curvature tensor of this connection and S the (anti
symmetric) torsion-tensor (S = for the cases a and c¢), the venishing
of which charactorises the cases mentioned under {II3.

In cases b and d we find, among the prolongations of the point
transformations in X with invariant point x, restricted to the
tangent space Y

K?
tangent space Y . The curvature-tensor =i ch timidefunr st beinwrint

e

thosc which are geometrical multiplications of the

under the representation of these multiplications in the related

tensor-spaces. Thesc representations arc also non-trivial geometrical

miltiplications. Hence 1 = C S = 0. This proves b and d. In cases

a(c) the (holomorphic) sectional curvature is invariant under all
’rorthogonal (unitary) transformations in the tangent space at X.

As H is transitive the (holcmorphic) sectional curvature is the same

for all (holomorphic) sections at all points and the space is '' of

constant (holomorphic) eurvature ''. This proves cases a and c.

§ 5. Lie-derivatives.
Let b be a geometric object field in the bundle B over X. Let
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N be a neighbourhood of the identity of a Lie group 4, which operates
a8 a group of A -transformations

«3(t) s U - U(t)

in X. telN is a point in the group-spacc. v (t) is the corresponding
transformation in L. Suppose xeU(t) for all telN. Then a mapping
of N into 7™ '(x) = Y_ is dofined by:
L:t - Y. n [7(t).p] (5.1)

In case N = H, H acts as a Lic group of transformations on the image
poir% set L(H) in Y .

Under the mapping (5.1) the tangent space at the unit-element
of H is mapped into the tangont space of the point b(x) = bnY,
with respect to the fibre. This mapping is called the Lie-differential

of the geometric objcet b, at x, with respeet to the given Lie group.
For any paramctrised differentiable curve t(s), with the identity
t.0), the image of the vector dt/ds under the Lie differential is
called the Lie-~derivative of b, at x, with respect to the parameter
8. It is a tangent to a paranctrised curve in Yx'

Theerem 5.1. Ihe Lic-derivative of a geometric object of differcn-
tiability-class = 1 is a pgeometric object.
Proofs If X,Y,G,h arec the entities which determine the fibre-bundle

cross-section in the fibre-bundle determincd in a unique

1 .. 1. .
,Gyh where Y is the spacce of all tangent vectors at

_r-1
1

£b i3 a C
way zys X,Y

all pcints of Y and hq is obtained from h by replacing any analytic

transformation in Y by its prolongation in YW.

Theorem 5.2. A cF-geometric object b in the bundle B over X, rz 1,
is invariant under the prolongations cf a connected Lie-group H of
A ~tranzformations of X, if and only if the Lie-differential of b
at any point xe X with recspect to H vanishcs.

The recessity is obvious. The sufficicncy is not equally obvious
however (!'. Suppose the Lie-differential of b at every point x e X
with respect to H vanishes. Suppose, for a fixed x, that the set

"oj points
; Y

is not one point. Then a curve t(s) with a point t(1) = t, exists
such that the tangent vecter

HFin 0 GeNe]

does not vanish for 8 = 1.

< N ()b teH
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Let x = «)(t1).x‘. The nrolongation n‘{t?} naps Yk,onts Yk and
this mapping is under rofercnce systems represented by an element
of G operating in Y. Hencc it carries non vanishing tangent vectors
of Yx‘ onto such wvecetors of Yx and vice versa. Therefore the curve
with paramcter o:

{n*(ﬁj}} -1, ng N q”(t(s)).b} =

Yx‘r\q*{t{J .ﬂa)}.h
has a non-vanishing dcerivative for s = 1, that is at the point
Yx’ N bs The Lic-diffcerential of b at x' with respect to H is then
not zero in contradiction with the assunntions.
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