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De meeste hoofdstukken staan min of meer op zichzelf; alleen de
hoofdstukken 4,5 en 6 hangen sterk samen. De meeste hoofdstukken zijn
eenvoudig van opzet, doch lopen ook uit op moeilijke uitgewerkte voor-
beelden,

1., Introduction

1.1, What is asymptotics? This question 1s about as difficult to
answer as the questigh "What 1is mathematics?" Nevertheless, we shall
have to find some explanations for the word asymptotics,

It often happens that we want to evaluate a certain number,
defined in a certain way, and that the evaluation invplyes a very
large number of operations, 80 that the direct method iz almost pro-
hlbitive. In such cases we would be very happy to have an entirely
different method for finding information about the number, at least
gling some useful approximation to it. And usually this new method
giveg the better results in proportion to its being more necessary:
its accuracy improves when the number of operations, involved in the
definition, increases. A situation like this is called asymptotics.

This statement is very vague indeed., However, if we try to be
more preclise, a definition of the word asymptotics either exclud@dﬂ
everything we are used to call asymptotics, or it includes almost the
whole of mathematical asnalysis, It is hard to phrase the definition in



such a way that Stirling's formula (1.1.1) belongs to asymptotics, and
that a formula like‘f”(1+x2)'1dx=%ﬂ' does not. The obvious reason why
the latter formula ig not called an asymptotical formula, is that 1t
belongs to a part of analysis that already has got a name: the integral
calculus, The safest, but not the vaguest definition is the following
one: Asymptotics is the part of analysis that considers problems of
the type of those dealt with In this book.

A typlcal asymptotical result, and one of the oldest, is Stirling's
formula Jjust mentioned.
(1.1,1) 1im n!/(e”? n" V2omwn) = 1.

1) ey OF

For eéach n, the number n! can be evaluated without any thecoretical
difficulty, and the larger n, the larger the number of necessary oper-
ations becomes., But Stirling's formula gives a decent approximation
e™l n“\f@??ﬁ; and the larger n, the smaller its relative error becomes.

We quote another famous asymptotical formula, much deeper than
the previous one. If x is a positive number, we dcnote by 7 (x) the
number of primes not exceeding x. Then the so-called Prime Number
Theorem states that

(1.1.2) lim 77 (x)/
K e

—To—g———x—:’l.

The above formulas are limit formulas, and therefore they have,
as they stand, little value for numerical purposes., For no single
special value of n we can draw any conclusion from (1.1.1) about n!

It is a statement about infinitely many values of n, which, remarkably
enough, does not state anything about any special value of n.

For the purpose of closcr investigation of this feature, we ab-

breviate {4.1.1) to

§1.1.3% lim  f(n) =1, or f(n) =1 (n —o9),

N —> oo

The formula expresses the mere existence of a function N(€), with
the property that:

(1.1,4) for cach €>0: n>N(e) implies If(n)-1l<¢

When proving £(n)—1, one usually produces, hidden or not,
information of the form (1.1,4) with explicit construction of a suitable
function N{g), It is clcar that the knowledge of N(g) does mean having
numerical information about f. However, when using the notation
f{n) ~41, this information. is supprcssed. So the knowledge of a function
N{e), with the property (1.1.4), is replaced by the knowledge of the
cxistence of such a function.

To a certaln extent, it is one of the reasons of the success of
analysis, that a notation has been found thatﬁﬁugﬁreSSes that much



information and still remoins useful. With quite simple theorems, for
instance 1lim anbn=lim an.lim bn, it is alrcady ecasy to see that the
¢xistence of the functions N(g) is casicr to handle than the functions
N(&) themselves,

1.2 The O -symbol, A wcaker form of suppression of information is
given by the Bachmann-Landau Q -notation., It doe¢s not suppress a
function, but only & numbcr, That 1is to say, it replaces the knowledge

of a number with certain properties by the knowledge that such a
number e¢xlsts, The O -notation suppresses much less information than
the limit notation, and yet it is casy enough to handle,

Assume that we have the following explicit information about the

S¢qUence {f(n)} ]
-1 .
1.2.1) J£{n) - 1] < 3n (n=1,2,3,...).
Then we clearly have a suitable function N(g€), satisfying (1.1.4),
viz. N(§€) =3gf1. Therefore,
{1.2.2) £{n) «—1 (n — ).

It often happens, that (1.2.2) is uscless, and that (1.2.1) is
satisfactory for some purpose on hand. And it ofter happcens that (1.2.1)
would remain as useful if the number 3 would be raplaced by 105 or any
other constant. In such cases, we could do with
(1.2.3) (There exists a number A (independent of n), such that

[T(n}) - 1) < an” (n=1,2,3,...).
The logical connections are given by

(1.2.14) — (1.2.3) — (1.2.2).

Now {1.2.3) is the statement cxpressed by the symbolism
-1
(1.2,4) f(n) = 0o(n™ ") (n=1,2,3,...).

There are some minor diffcrences between the various definitions
of the O0O-symbol which occur in the literature, but these differences
are unimportant, Usually, the O -symbol is meant to represent the
words "something that is less than a constant number times". Instead,
we shall use it in the sense of "something that isaés.a constant numbsr
times the absolute valuc of", So if S is any set, and if f and ¥ are
real or complex functions defined on S, then the formula

(1.2.5) (s) =0 (Y (s)) (s e8),
**that there is a positive number A, not depending on s, such that
(1.2.6) )f(s)jsj\[y(s)] for all s &8,

¥ ip gbsolute value®
¥* means
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If, in perticular, ¢ (s)#C for all s €S, then (1.2.5) simply means
that f{s)/¢ (s) is bounded throughout S.
We quote some obvious cxamples.,

x% = 0(x) (1xl <2),
sin x = 0O(x) (-00 ¢<x < 00),
sin x = 0(1) (- 00 <x < e0),
sin X-XmO(KB) (- e0¢x ¢ o0),

Muite often we are interested in results of the type (1.2.6) only
on a part of the s¢t S, ¢specially those parts of S where the inform-
ation is non-trivial, For cxomple, with the formulo sin X—XmO(XBX—OQa&od
the only interest lies in small values of (x| . But those uninteresting
values of thoe variable sometimes give some extra difficultics, though
without being csgenticl in any respoect. An cxample 19

K1 = 0(x%) (<1<x <),

We are obviously intercsted in smrll values of x, but it is the
fault of the large values of x that the formula e =1=0(x)(- o0 <x < @0)
fails to be true. So a2 restriction to a finite interval ls indicated,
and 1t 1s of 1little concorn what interval is taken,

On the other hand thoere are cascs where it tokes some trouble to
find 2 suitable intervnl. Now in ordiur to e¢liminate these non-cessential
minor inconveniences once usces a modified O-notation, which again sup-
presses sone Information. We shall explain 1t for the case where the
intcrest lies in large positive values of x (x — e0), but by obvious
nodifications we get similar notations for casces like X = -00, |X|— o,
Xx—c, xTc {(i.c., x tends to ¢ from the 10ft), cte,

The formuls

(1.2.7) o(x) = 0(g(x)) (x — )

means thot there cxists o real nunber a such that

£(x) = o( ¢(x)) (7 <x. <o0).
In other words, (1.2.7) means that there ¢xist nunbers 2 and A such that
(1.2.8) 1£(x)] ¢ Alw(x)| whencver a <x o0,
ial
Lxampless x2=0(x) (x=0); x=0(x%) (§-+°°);

¢T*=0(1) (x=%);  (log x)°=0(x%) (x— ).

In many cases a formula of the type (1.2.7) can be replaced im-
mediatcly by an O-formula of the type (1.2.5). For if (1.2.7) is given,
and 1f f and ¢ are continuous in the Intervel 0 £x < @0, and if morcover
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¢ (x)#0 throughout that interval, then we have f£(x)=0( ¢ (x))(0g x<e2).
This follows from the fact that f/¢¥ 1is continous, ané there
over O £X £2.

fore bounded,

The reader should notice that as far as yet, we 21id not define
what O( w(s)) means, we only defined the meaning of some complete for-
mulas, It is obvious that it cannot be defined, at least not in such a
way that (1.2.5) remains equivalent to (1.2.6). For f(s):O((f(s)) ob-
viously implies 2f(s)=0(y(s)). If O(¢(s)) in itsclf were to denote any-
thing, we¢ would infer f£(s)=0(y(s)) =2f(s), whence f(s)=2f(s).

The trouble is, of course, due to abusing the cquality sign =.
A similar situation would arise if someone, because the sign < fails on
his typcwriter, starts to write =L for the words "is less than', and
so he writes 3=L{5). Now when being asked: "What does L(5) stand for"
he has to.reply "Something that is lcss then 5", Conscquently, he rapid-
ly gets the habit of reading L as "somcthing that is less than', thus
coming close to the actual words we used when introducing (1.2.5).
After that, he writes L(3)=L(5) (something that i1s less than 3 is some-
thing that is less than 5), but ccrtainly not L(5)=L(3). He will not
see any harm in 4=2+L(3), L(3)+L(2)=L(8).

The O-symbol is uscd in ¢xactly the same manncr as this man's L-
symbol. We give a few examples:

0(x) + 0(x) = 0(x) (0 <x <o)
o(x) + O(Xz) = 0(x) (x —0)
0(x) + 0(x%) = o(x?) (x = o)
e*=14x4+0(x°) (x— 2)
comk=OH)2 (- 00 < x <00)
0(x)_ o) (x—e0)
X_qo(ﬂ) = 0(1) + O(x'z) (0 <x <00)

The last one, for example, has to be interpreted as follows: when-
ever the 0(1) on the left is replacaed by any function f(x) satisfying
f(x)=0(1) (0 <x <o), then x] f(x) can be written as g(x)+h(x), where
g(x)=0(1) (0 <x <) and h(x):O(x“e) (0 <x < o0). Its proof is easy: take
g(x)=0 when 0<xg 1, and h(x)=0 when x >1,

We next take a general cxample, meant for discussing the matter of
uniformity. Let S bec a sct of values of X, let k be a positive number,
and let f(x) and g(x) be arbitrary functions. Then we have
(1.2.9) (£(x)+e(x)" = o((2(x)) + o((g(x))¥) (x €8).
For, we have, |
| (2+e) 1 < Clel +181)" ¢ {2 max (121, 8] ) g2 max (1e1%, 161 ) <2(121%* (g1 1.
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Formula (1.2.9) means that A and B can be found such that

[(£(x) + ()] g n je)E + Blg(x)] (x€5),

and 1t should be noted that A snd B depond on k, or rather, thot we
have not shown the existence of suiltable A ancg B not depending on K.
On the othor hand, in
(1.2.10) —E = o(d) (1 <x <oo).
X +Kk© %
the constant involved in the O-symbol c2n be chosen independent of
k(-00<k< @), as 2]|kx] \(xQHcQ for all renl values of x and k. This
part is expressed by saying thot (1.2.10) nolds unifornly in k.
We can alsouloak upon (1.2.10) from - different point of view.
The function k(xh+k2)"1 18 o function »f the two variebles x and k,
and therefore 1L can Lo considered as o funchion of a variable point
in the x=-k-planc, Now the un.formaty of (1.2.10) expresscs the sane
thing s
ﬁ:O(i) (1¢n <00, -0k ¢ o0),
X +k *
The set S referred to 0 (1.2.0) specinlizes o the nalf-planc
TR L, -0 K o0,

In O~fornulas invelving conditions like x— 09, there arc two
constants nvolved (A and a in (1.2.8). We shall speak of uniformity
with respect to a paramcter k only if both A and a can be chosen in-
dependent of k.

Example: For each individucl k >0 we have

KB(1+kx®) = o(x~ 1) (x—» 00),

but this does not hold uniformly. If it did, we would have, by
specializing kzxz, that xu(1+x&)'1=0(x'1), which 13 obviously fa2lse,
On the other hand, one of the two constants can e chosen independent
of k: there is a function a(k) such that for ecach k we have

o) Dy - -
’k¢(1+kx“) 1)< 1.% 1, if only x> a(k). It suffices to take a(k)=k.
{ :
1.3. The o-symbol, The cxpression

(1.3.1) £(x) = o 9(x)) (x — e0)

neans that £(x)/¢(x) tends to 0 when X —00, This 1s a stronger assert-
ion then the corresponding O-formula: (1.3.1) implies (1.2.7), as

convergence implies boundedness from a certain point onwards.
Furthermore we adopt the same conventions we introduced for the O-

1w, n

symbnl: = 1s to be read as "is", ond "o" is to be read as "something

that tuends to zero, nultiplied by'". Some c¢xamples are



cos x = 1 + o(x) (x—0).

eo(x) =1 + o(x) (x—0).

n! = ¢ a" VZTn(1+0(1)) (n—o9.

n! = ~n+o(1)nn V2T n (n—od),
of(x) &(x))= o(f(x)) 0(e(x)) (x =0).
o(f(x) s(x))= £(x) o(a(x)) (x—0).

In asymptotics, o's are less popular than 0's, becausce they hide
so nuch information, If something tends to zero, we usually wish to
know how rapid the convergence is.

1.4, Asymptotical equivalcence. We say that (%) and g(x) 2re asymptot-

ical eqguivalent as x—— o9, if thc quotient £(x)/z(x) tends to zeuro., The

S

notation is
r(x) = g(x) (x —00),
The notation is alsoy used for all other ways of passing to o limit
{¢.8. x=-00, x20, x 10, ¢tec.).
Properly speaking, the symbol o« is superfluous, as F(x)xg(x)
can be convenicntly written as f(x) = g(x) (1+2(1)), or as
£(x) = (1) g(x).
Examples: xx + 1 (x— 09),
sinh x=mi” (% — 0),
nt =0 " VETn (n—oo) (cf.(1.1.1)),

When asking for the "asymptoticzl behaviour" of a given function
7(x), as x— 0, say, one mcans to ask for asymptotic information of any
kind. But usually 1t means asking for a simple function g(x) which is
asymptotically equivalent to £(x). Here "simple" means that its explicit
evaluation does not become c¢xtremely hard if x is very large. From 2
certaln point of view n! is simpler thon e nn‘d§7?5, but from the
asymptotic point of view the latter cxpression is the simpler,

The words "asymptotical formula for f(x)" are, accordingly, usually
taken in the same restricted sensc, viz. an cguivalence formula
C(x)=~g(x).

1.5. Asymptotical scrics. We often have the situatlon that for a
function f(x), as x—> %, say, we havc an infinite sequence of O-formulas,

each (n+1)-th formule being an improvement on the n-th, Frequently the
sequence of formula is of the following type. There is a sequence of

functions P or Pas Poseees
(1.5.1) P (x)=o( p (%)), WQ(X>=O(WH(X))’ TB(X)=O(W2(X)>’-~- (x —.00),



£(x) = 0(¢,(x)) (x—p00)
£(x) = e g (x) + 0(9,(x)) (x —>00)
(15,2) ¢ £(x) = c g (x)+c 9, (x) + 0(p,(x)) (X 00)
£0x) = oo (x) + cq@y(x) e, L@ ()+0(g (X)) (x—e0)

Obviously, the second foriula improves the {irst one, a8
o wo(®) + 0 (€)) = (c +o(1))g_(x) = 0(y,(x)),

Aeoerdingly, the third formula ‘mproves the second one, and so on.
The following notation 1z used .n order to represent the whole set
(165.2) by a single formula

(1.5.3) £(x) v co. 9 (x) +epL B(x) + oo g(x) . (x> ).

The right hand side is called an ssymptotical series for f(x), or
an asymptotical expansion for €(x). It 1s easy to see that the c's are
uniguely determined when the ¢ s oure given, ass8uming that such an asymp-
totic expansion exists,

The multiplication points belween Cy and tyk(x) ar ed in order
to make the notation revenl the sequence th(x), yq(x),... . It is
evident, however, thzt ¢ . Wk(x) may be replaced by 3¢ .Elfk(x), say,
since O(@k(x = 0(2‘{ (x)) But *f the coefficlent i3 zero, we are
not allowed to replace 0. ‘P;{ X) oy 1.(0.?1( )Y, as (?k( x)) cannot be
repleced by O(O.&fk (x)). Also, the meaning of (1.5.3) would change
5lightly upon omitting the terms with coefficients O.

The following example shows the importance of the multiplication
pointsy
(1,5.4) el 0.1 + O.x'q + O.x“g ... (X —> 00)
is true, as it cxpresses the well known fact that e =0(x"") for each n,
On the other nond

X0 b 0,67 4 0 T (x — 00)

- Dy
is fslse (e™* 1s not O + 0(e”<")), and, Finally, the line
‘:}_X'\/ (:) + O + O + ... (x'—-‘*oo)

hos o meaning 2t 211,

The series occurring in (1.5.3) n<od not be convergent. At first
sight 1t scems strange that such a scquence, producing sharper and
sharper approximations, docs not automeztically converge. The answer is,
thot convergence means something for some fixed Xs whereas the O-
formulas (1.5.2) are not concerned with X=X _, but with x - c0. Convergence
of the series, for 2ll x>0, say, means that for every individual x there
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Cdu oo stotement about the case n— o0, On the nther hand, the scries
being the asymptotic cexpansion of {(x) means that for every individual
n there i3 & statement nblout the cose X — oo,

Morcover, if the scgucencce converges, 1ts sum need not be equal to
f{x): formula (1.5.%) provides a counterexsmple. It 1s even possible
to construct functions (), ?C(x), qq(x),..., suclk that the serics of
{1.5,3) converges for -1 x, but such that the sum of the serics does
not have itself as its own asymptotic serico,

A guite simple exomple of 2 ﬂlvergent asymptotic serics 1s the
following one., We consider the function f, defired by

Xt
J:M

[}
~ -
—— N
.{.‘

(1.5.5) fx) =

{(apart from an 2dditcanl constont this is the 30 c¢alled cxponential
integral B2 t), By povsial integration we obtain

tlx X .t
(1.5.5) f(x) = [&*' +‘L _—

- , -1 x A :
The faerct term 18 x qu -, hut the secona one 7 of smaller order:
Xy X X 1x Xy ) X
¢ . < t ., be ' o, 1. 5% X I €
- at = +1 EREe RS --fz-(ib {5 sRCT + & .= (7) .
1t 1 e SR Ly 0x X X
. 5
Consequently we aove (1) = x7 0T 4 ot eX),

A neXt approxinntion can be obloaneds VP owe apply partial integration
to the integral in (1.6.5). Repue2ting this procodure, we got

| o X Xt
of{x) = [ét( CERP Gl ) 4-n1j = t
. |

S

i
+ - [ . (J\
o v
tt.. tj n tx’.","

4o
u

Dealing with the last integral in thoe sane wey ao Lt WS a0t mOove

with its specinl case n=1, we find that it 1s O <Y, It Coliows
thot ‘
-X . o 1 2. . 3.
ety r S g (=)

The series on the right converges for ro singtl: vilue »f X.

A quite simple cthoush rather trivasl class of asymptotic series
consists of the class of convergent power scries. If R 18 2 positive
numocr, and if the function f(z) is, when ]z| <R, the sun of a converg-

ent nower series

(1.5.7) (o) = Byt E4Z a2 4L (1z] < R),

then we also have asymptotically
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(1.5.8) f(z) ~oa + 2,2 + n222 toes {1zl =0).

The proof is easy. The scries conversges at z= R , whence the

[V iy

terms Sn-(% R )n are bounded. It follows thot nt z=3R the scries con-
verges absolutely., Put

o 1 k n
a, | (3R)" = A.
57 e

Now for each individual n, when )z) < 3R, we have

oo
}2:““ a2 g (2z/R)"TV I e R Mg |2z/R|" T A,
k=n+"1
and, thercefore
{z) = a0+a,‘z+...+anzn + o(z“+1) (12| < £R).

This implics (1.5.8).

It obviously does not mestter whether in this discussion 2z repre-
senta a complex variable, or o renl voriable, ov 2 reel posltive
variable,

1.6. DBlementary opcrations orn zsynptotic serice. or the sake of

simplicity we shall restrict our discuzsions to asymptotic sceries of
the form
()]

<

{(1.6.1) By F A% kA K 4L (x —0),

though aimilar things can bhce done for scveral other types.

The series (1.6.1) i3 a power series (in terms of powers of x),
and as long as there 1s no discussion about its representing anything,
we call it a formal power series.

For these formal power gericpg addition and nmultiplication can be
defincd in such a way that the set of all Tormal power gserics bocomes

a commutitive ring, with 1+0.%x+0.%x+.,. 28 the unit clenment (to be
denoted by I)., I the e ping 0 t0 4%+, and b +b x+... 2re represented
1 |

by A and B, respcctively, “hen we define
2
A+B = ‘ao + bo) + (a1 + Dq)x + (a2 + b2)x Lol

AB

It

2
c g - Qa0 al a
a_ b, + (3Ob1 1 1JO)X + (aob2 +agb, + 2bo)x Fos
If aoﬁo, then there is a uniguely determined C such that AC=I.
Furthcrmore we can define the formal power series that arises
from substituting thc serics B into the series A, provided that bO=O.
This new series will be denoted by A(B). It is defined as follows:
o o PP A S et . 2 n
Let Cin be the coefficient of X in the scrics aOI+d1B+32B +...+anB .
Then 1t 1s easily seen that ¢

ke = Gk a1 = Cu,kep=c e - Writing cpg=cy,
it follows that ‘



- =

n+1 n+e

n n
a +a L I} = 4 2 @ 4 b4
OI 1B+ +anB co+cqx+ +cnx +C +cn+2,nx +. s

n+1,nx

We now define

n+ n+e

n
=9 = o o o X - X e 0o .
A(B) C FC Kt L HC X O e oK F

1 +1

So A(B) arises from rcplacing x in the a-scrics bij B, and com-
bining coefficients afterwards.
A further operation on formal power gerles is diffcecrentiation. The

derivative of A=a _+3 X+... is defined by

1

"
A' = a, + 282X + 3a.,%x+...

1 3

that is, by formal term-by-term differentiation.

It 1s well known that if A and B 2rc power scries with 2 positive
radius of convergence, these formal operations dircetly corrcspond to
the same operations on the sums A(x) and B(x) of those series, For
cxample, if A{B)=C, then the serics C has a positive radius of con-
vepgence, a2nd inside the carcle of that radius we have A{B(x}}: C(x).

When speaking about 2aymptotic scrics instead of power scrics, we
hove the same situation, apart from the Toel that some extra care 138
necessary in the casc of differuentistion, Assume thot L(¥) =2rd B(x) arc
functions, defincd in a ncighhourhood of x=0, heving fsynpstotic Juvelop-

ments _
A(x)~ 1 (x —0), B(x)~T (x —0).

Notice that A(x) stonds for the function, and that A stands for the
formal series ao + G1X + ...
Now it is not difficult to show that

(1.6.2) A(x) + B(x) ~ A+B  (x—0),
(1.6.3) A(x) B(x)~AB (x=—0),

and if a_#0,

(1.6.14) (a(x)) a2 (x—0)

(A—q stands for the solution of A~

.2=T). Furthermore, if b =0, the
composite function A(B(x)) is defined for all sufficiently small
values of X, and

(1.6.5) 2(B(x)) ~ A4(B) (x —0).

we have, for each n,

n n+1
Ax) = at...ta X+ 0(x ) B(x)=b0+...+bnxn+0(x

Formula (1.6.2) is trivial, We shall prove (1.6.3). Writing A4B=C,

and so
A(x)B(x)=(a +...+b x") (b_+...+b_x")+0(x" 1) (x=0).
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Now

n n n
(ao+...+anx )(bo+...+bnx )«(co+...+cnx )

is a linear combination of Xn+1, xn+2,...,x2n, and pc it is O(xn+1).
It follows that
s{x) B(x) = Co Fovot cnxn + O(xn+q) ' (x —0),

and this proves (1.6.3).
Similer proofs can be given for (1.6.4) and (1.5.5). Actually,
(1.6.4) can be considered as a special case of (1.6.5), as A“1=P(Q),

with P=ao‘1(1+x+x2+...), Q:ao’q(a A).

"

With the operation of differentiaztion the situation 1s somewhat
different. If A(x) nas the asymptotical development A(x)~ A(x —0),
then A'(x) does not recessarily exist. If it exists, it does not
necessarily have an asymptotic expansion. But if 1t has an asymptotical
expansion, in the form of a2 formal power ser.es, 1t autometically
coincides with the formal derivative A',

For example, we have

e'%cin(e%)fv 0+ 0.x 1+ 0.x7% ... (x40)
but the coeraval ' we '
igFTSin(e&) - Lecoz(e¥)

has no such asymptotical exprnsion.

The theorenm that term-by-term differentiation of an asymptotical
development 1is legitimote whencver the derivative of the function has
an asymptotical expansion (in the form of a formal power series),is an
immediate consequence of the following theorem on integration (at
least if the cderivative is continuous):

If £(x) is continuous, and

£(%) ~ o, + a4x + a2x2 o, (x — 0)

then we have
X

PN, i 1. .2 1 . -

JO ;(b)‘\}tw "‘.OX. 1 27-(,\7; -+ '?)“ A Xj + ... (X. ----—90).
This immediately follows from the fact thav 1t g(x) iy continuous,
then

g(x) = 0(x") (x—0) implies J * g(t)dt = O(xn+q) (x —0)
. 0

1.7. Asymptotics and Numerical Analysis. The object of asymptotics 1s
to derive O-formulas and o-formulas for functions, in cases where it
is difficult to apply the definition of the function for very large
(or for very small) values of the variable, It even occurs that the
definition of a function is so difficult, even for "normal" values of
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the variable, that it is eacicr to find asymptotic Information than
z1y other type of information,

As it was alrcady stressed in scc,1.,1, neither O-formulas nor o-
formulas have, as they stond, any direct value for numericel purposes.
However, in almost 2ll coses where such formulas have been derived, it
15 possible to retrace the prool, replacing all O-formulas by definite
cstimates involving explicit numerlical constants,

That is, at every stage of the procedure we indicate definite
numbers or functions with certain properties, where the asymptotical
formulas only stated the existence of such numbers or functions.

In most cases, the final cstimates obtained in this way are rather
weak, with constant a thousend times, say, grester than they could be.,
The reason is, of course, that such estimates are obtained by means of
a considerable number of stens, 2nd in ¢acn sten 1 frozor 2 or so is
ensily lost. Quite often it 1: posslible to reduce such errors by a more
carcful c¢xanmination,

But cven 1if the asyaptotical result is presented 1n its beut
pozssible oxplicit Torm, 1t need not be s2tislactory from the nuaerical
point of view, Tho {ollowing dialogue between n Numerical Analyst and
an asymptotical nolyst is typ.cnl in seversl respects,

Numep,t I want to evaluate my function £(x) for large values of x, with
1 relative crror of at nost 1%.

- e
Asympt.s f(x)=x 1+O(x ) (x—e).
Numer, : 229
‘ -1 -2
Asympt,: 1f(x)-x < 8x (x 10
Numer, : But my value of x is only 100.

u).

Asympt.: Why <¢i< not you s~y s0? My cv-lu~tions zive
lf(x)-x'13<.u7000 x @ (x »100).

Numer.: This i3 no news to me. I know nlrendy thet O <£(100) <%,

Asympt.: I can gain a little on somc of my estimctes. Now I find that
!f(x)-x'q{< 20 x~° (x 3100).

Nunier., : I 2sked for 1%, not fnor 20%.

Asympt.: It is almost the best thing I possibly can get. Why don't you

take larger valucs of x?

Nuner, : S

I think 1t's better to ask my electronic computing machine.

Machinc: f(100) = 0.01137 42259 34008 67153

Asympt.: Heaven't I told you so? My estimate of 20% was not very far

from the 14% of the real crror,

Nuner, 118

Some days later, the Nunericoal Analyst wants to know the value of
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£(1000). He now asks his machine first, and notices that it will
require a month, working at top speed. Therefore, the Numerical Analyst
returns to his asymptotical colleague, and gets a fully satisfactory
reply,



2., Implicit functions,

2.1. Introduction, Let x be given as a function of t by some equation

r(x,t) = 0,

where, .f ths equat:on has more than one root, it is somehow indicated,
for each value of t, which one of the roots has to be chosen, Let this

root be denoted by x= w(t). The problem is to determine the asymptotic-
n1 behaviour of W(t) as t-soe ,

We shall only discuss a2 few examples, since little can be said in
seneral, In general, the question is rather vague, for what we really
want 1s the asymptotic behaviour of ¢ (t) expressed in terms of element-
ary funcetions, or at least in terms of explicit functions. '

If no onz had ever i1ntroduced logarithms, the question avout the
asymptotical behaviour of the positive solution of the equatior 2 X ot=0
(es t -2 ) would have been & hopeless problem., But as soon as one
considers logar.vhms as useful functions, Che'problem vanishes entirely.

In many co3ses occurring in practice 1t is passible Lo express
the asymptottcal behaviour of an implicit Tfunction in termeg of e¢lement-
ery functions. For the seke of curiosity we mention one cose whaere 1t
18 quite unlikely thot cuch »vn elemeniary expoesson exists, although

1t may be difficult o show the ceontrary. T7 x .o aiven by

VR A& .2t
X (.L'V;:_ ‘«x) - = 0, x>0,

then we con 2as:ly verify that x=e w(t), where ¢ (t) 1is the solution

of tp\% ={. Now Tor ¢ we have an asymptotic expansion (see sec.2.4),
which 1nvolves crrors of the type (log t)"k, for k arbitrary but fixed.
™3 meens that we have an asymptotic formula for log %, but not for x
1tself. That is, we do not possess an elemen. ry function ¢ () such
vhat x/kp(c) tendy to 1 as § —oo, This would reguire 2 formula {or

¢ (t) with »n rror tern of u(f_q), and 1t 13 ualikely that such o
forrula could 20 Tournd,

In mosy ¢Sty where asympooctic formulas ¢nn e dutainel; it kurns
out to be gquite wzgy. Usunily 1t depends on expansiens 1o termy of some
3mall poraemcier, ordinar:ily i connection with whe Lagrange inversion,
that formula belongs Lo complex function theory. but the same results
can often be obtained by real Tunction methods, Quite often i1teration
methods can be applied, osut somctimes they fail in a peculiar way (sce
gce.2.5),

2.2, The Lagrange invers.on formula. Let the function f(z) be analytic

‘i some neighbourhood of the point z=0 of the complex plans. Assuming
chat £(0)#0, we consider the eguation

(2.2.1) w=z/7(z),
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where 2 1s the unknown, Then chere exist positive numbers a and b,
such that for }w[t<a the equation has jJust one solution in the domain
|z] <b, and this solution i3 ar aaalytic function of w:

(2.2.2) Z = Z& K (!1,4!( 3)

k=1 "

vhire the coefficients ¢, are gilve: Dy

- 2, = . d ‘
(2.2‘3) ck ET {(a—z') (f(z)) }2=0

/. generalizaetion gives the value of g(z), where g is any function
2, analytic 1in a ncighbourhood of z=0:

-1

~
O

(2.2.8)  z(2) = elo) + Ty 3w, a=(k) 7 (e/a2) < {gr (2)(2(2)) Lo

Formula {2.2.2), usually quoted ne the BUrmann-Lagrange formula,
18 a special case of 2 more genernl theorem on implicit functions: If
f{z,w) is an aralytic function of both z znd w, in some region |z]«< 2,4,
jw] <b,, and if ¥f/ &z does not vanish at the point z=w=0, then there
are positive numbers a and b, such that, for each w in the domain
[w} <2, the equation f(z,w)=0 has just one solution z in the domain
lz l<2; and this solution can be represented as a power seriles

k
z= 2:k=0 T

For proofs of these theorems we refer to standard textbooks on
complex function theory.

2.3. Applications. Some asymptotic problems on implicit functions admit
direct application of the Lagrange formula. For ecxample, consider the
positive solution of the eguation

(2.3.1) xeX = ¢77,

when t-0o0 | As t'1 tends to zero, we cpply the Lagrange formula
(4,2,2) to the equation ze®=w, so that f(z)=e"%. It results that there
arc constants a» 0 and b » 0, such thnot for 1w[< a there is only one
solution z satisfying |z]<b, viz.

z = L (-1)R ke ke
(actually, the serics converges if lw]< e'1). So it 13 clear that if
t> 3—1, there is one and only one solution in the circle (xl<.b’1. But
as xe* increases from 0O to e» if x increases from 0 to e , the equation
(2.3.1) has 2 positive solution, and this one cannot exceed b1 if ¢ is
sufficiently large. So if t is large enough, the positive solution we

are looking for, 1s given by
oo

(2.3.2) x = & (-0 KT ek



4%}
@
[0}
(@]
°

anc this power Surl.i als0 36fves a5 aSymptotical development (s<

1.5).

Cur sceond cxanple congiders the positive solution of

(2.3.3) Xt = G-X

T P ; L0 . : =X . P
when L= oo, The function x7 i3 incrersins 1€ x>0, and ¢ 18 decraeas-

e, We notice thew %% ig small wn vhe interval O<x® <1 unless x 13
4
. e PR . 9 , D e _ =X
viry (loge to 1, so that it .z clear from the grapns of x7 and e
there 12 just one root, close to 1, z2nd tending to 1 as S —»oo,

e now put x=1+2, u"qaws couoory Lo et on o eguatlon of the tormm

12.2.1). From xV=c ® we obtoin ihe cguation
z/C{zY=w, vhere v{z) = -z(1+z) A(loz(1+z)).

Phe function £{z) is analytic ~v z=0: le)==1 + 2,2 + ...

It follows that

solves the equation (2.3.3), if t 1s lorge enough, AS 1n the previous
cxample, the fact that there is jJust onc positive solution, tendiny to

onc if t o0, guorrntaees that the positvive solution 13 represented by

the povier geries, 20 € 1o sufficiently large.

Our third exomple g stated 1 7 somewhat different form. Congider

S eguation

(z.3.4) cos x = x sin x.

We obscrve from thoe xraphs of tne functiong x and cotg x, that
choes ds Just one root an L very nuervol a1l x < (nd)e (nzo,iﬂ,ig,...).

Denoting this rodt by %, we ask for the behaviour of X, @8 N oo, As
' ! . ' -1
cotg (%, -mTn) = x_ —deo, we have X - Tn — 0, Putting x="Ir+sz, (rtn) ™ '=w,

. i
v find con oz =(w"1+?)sin 7z, and 3

I

w = 2/0(2), (z2) = z(cos z-2 sin z)/sin z,

where ©(z) 1e analybic no z=0. Thercfore z 2 ries in terms

N power 3e

. . u . 2
of powers of w, ~ond we c¢oz2ily cvalunte Z=WHCOW L, Therefore we
have, 0 n 1s large enouzh,

-1 -2
x o= 7en o+ (mn)7 0 o+ caln) T o+ oLl

As a conseguence of ths fact that (z) is an even function of z,

wWe notice 2T Ch=Cy=Cr=...=0,
¢ notlce that cy=cy=cg 0

2.4, A more difficult case. We take the cquation

(2.%.1) xe® = ¢



ASE 18

which hos, when t >0, just one solution x>0, ag the function x X
increnses from O to ©® when x incrcases from O to o , This solution
being simply denoted by x, we 38k for the Lchaviour of x 28 t —oo,

It 18 now mopre difficult then in the previous exanples to transg-
form the equation into the Lagrange type. ¥ sholl vrocced by on
iterative method. We wraite (2.4.1) 1o tue form

(2.%.2) x = log t - log x.

Once we have some approximntion {o x, we can substltute 2t on
the right-hand-side of (2.4.2), ard we obtoin o new approximation,
better than the [ormer, W- must hove somethaing to gtapt with, As ¢
tends to infinity, we woy nssume t 2e, 20d then we have

1< k< Lo, b,

o Yooy } )
18 4.u1=a <, log t o » b t log t>»t. It follows that log x =

= O{loz 1oz t), 3nd so, by (2.4.2),
x = loc t + 0(log log t).

Taking logarithms, we infer that
log x = log log t + log {'1 + 0(log lug t/log t)} -
= log log t + O0(log log t/log t).
Inserting this into (2.4.2), we get a second approximation

(2.4.3) x = log t - log log t + O{log log t/1oz t).

Again taking logarithms hcere, and inserting the regult into (4.2), we
set the third cpproximoation

X = log t - log {1og t - loz 1og ¢ + O(1og los v/l t)} -
P LI R} - 2 N - .
LUt Lo (’ BITAE o F o Lo 1o t)

= log t - log loz t + liﬁjjfaf__. . “"MT37$T“) + c(,zu___x;”
i & v 1o, £)°

~

W. shall carry out two further steps. dbbrevizting
1o € o= Lq, log log t = L
we obtoin 2
. Lo Ly | Lp
log x = Ly + log {1~ I; A B o O(—n)‘ s
. 4= R ) "'"3 Yyt ERre " p "q
and 8o, the ter O(LQL,} ) 2Loorbing 211 toms Ly L* with 9> 3,
-1 -2 2y =3 -3 } {; -1 -2)2
X=Ly=Lo- {~Loly ™ +LoL, "o L, "L, T2 +0(LoLy ) {-LoL, T L L, }

) ’} (L2L14)3 =



= L-Lo+LoL, +(2L2 —LQ)L {%-L23- % L22+ O(Lz)} L1'3.

The next step can be verified to give

2 A 2

(2.4.4) x=L,-Ly+LyL,~ (3L, -LQ)L1‘2+(§ L2 3 1,%40,)0, 72 +

1
1. 4% 11 .3 2 -4
+ (g Lo - 5 Ly,”+3L,°+0(L)L,

From these formulas we get the impression that there is an asymptotical
series

-2 3+

-1
(2.4.5) x~Ly-Lo + LoP (L)L, +L P, (Lo)L,  “+LoP ~(Ly)L e

t]

where P (LQ) is a polynomial of degree k (k=0,1,2,...). This can be
proved to be the case; by a careful investigation of the process which
led to (2.4.4) and to further approximations of that type. We shall not
do this here, as we can show, by a different method, 2 much stronger
assecrtion: the series in (2.4.5) converges if t is sufficiently large,
and 1ts sum equals x.

The method is modelled aftcer the usual proof of the Lagrange
theorem, For abbreviation, we put

x=log t - log loz t + v, (log t)"1= e, (log log t)/log t=T.

and we obtain from (2.4.2) that
{(2.4.6) eVl-6v +1=0

For the time being, we ignore the relation that exists between &
and T , and we shall consider them as small independent complex para-
meters, We shall show that there exist positive numbers a and b, such
that, if IS[< 2, |t|<a, the equation {2.4.6) has Jjust one solution in
the domain |v[< b, and that this sclution is an analytic function of
both « and T in the region |o|<a, Ptl<u.

Let § be the lower bound of |&™%-1 | on the circle [z]| = . Then
& is positive, and ¢" %21 nas Jjust one root inside that circle, viz. z=0,.
Now choose the positive numbcer a equal to ©/2(r+1). Then we have

\dz—fi < & (Jlel < =, !tl<a, }z}=-ﬂ).

A conseguence is that le“zuﬂi >L32—1 I on the circle [z | = 1. So by
Rouché's thcorem, the equation e %-1- ¢z+T =0 has just one root inside
the circle. Denoting this root by v, we have, in virtue of the Cauchy
theorem,

(2.4.7) v o= §7—- j\ g .z dz,
e" ¥ M- s z+T

where the integration path is the circle ]z}=11, taken in the positive
direction,



For every z on the integration path we have {dz[+(fj<’%leﬂz—1],
30 that we have the followinz developrnient

(2.4.8) (“«"Z—’h O'Z+'C) Z Z: 0 ( ,‘)—k—m-’l k k I"l( 'l) !m-}-k!

converging absolutely and uniformly when Tz[ =1t {o—'< a,%t[<e. So in
(2.%.7) we can integrete termwisc, and v 2ppeers as the sum of an
absolutely converpent double power scrics (powers of & and € ). We
notice that all terms not contoining € vonisc. For, in (2.4.8) the

terms with m=0 give risc to integrals
(2Tfi)’1‘5’~(e'z+c')(euz—1)'k—1 z%.z dz,

which vanish by virtuc of the regularity of the integrand at z=0.

Our result is that, if o< a,|t] < a (2.4.6) hos  just one
solution v satisfying {vl <1 T, and this sclution can be written as

cOo

T 2: kK _mn
(2.%.9) Vo= Z:k_ m=0 “un® T

3

where the Cip 2TE constants,

We now return to the special values o =(log t) , T=log log t/log t.
For t sufficlently large, we huvelsl<'g, 'f |< a., Moreover, the solution
of (2.4.6) which we actunlly want to have, 1s small: (2.4.3) shows that
v=0{1log log t/loz t). It follows that it coincides with the solution
(2.4.9) if t is large. The final result is that if t is large enough,
(2.4.10) x=log t - log log t + Z:;o Zon;o ¢\ (10g log £)"* 10z t)
and the series 1s absolutely convergent for all large values of t. Need-
less to say, this series can be recorranged into the form (2.4.5).

2.5. Iteration methods. The previous sectlon gave a typical example of

the role of iteration in asymptotics, In the next secctions we shall dis-
cuss some further aspccts of asymptotical iteration. The subject does
not ¢ntirely fall under the heading "implicit functions'", and therefore
our reflections will be somewhat more general,

Let ©(t) be a function whose asymptotical behaviour is required,
as t —e°, Usually it is quite important to have a reasonable conjecture
zbout this behaviour before we start proving anything. And usually, the
better the approximation we guess, the easier it is to prove that it is
an approximation indeed,

Let LPO(t),({q(t),... be a sequence of functions and assume that,
for each separate k, the asymptotical behaviour of tpk(t) is known.
Assume that we have reasons to believe that the behaviour of Lpo(t) is,
in some sense, an approximation to the one of f(t). Moreover assume that
there 1s a procedure that transforms lpo into P @1 into Yo etc.,and
that there are reasons to believe that this procedure turns any good
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approximation into a better approximation., What we hope for is this:
it might happen that for some k wk is 80 close to f, that we may be
able to prove this fact, in some specifled sense. It may even happen
that we are able to use the procedure itself for proving things, Name-
ly, if we are able to show that (i) if 9 1s an approximation in some
n-th sense, then automatically Yh 41
(n+1)-th sense, and if moreover (ii) for some k it can be proved that
@k 18 an approximation in the k-th sense. A simple example for this
is the process which led to (2.4.4). In section 2.4 we were so
fortunate to have useful information right from the start: O<x <log t,
so that there was no need for guess-work. But quite often there 1s no
such easy first step. For example, if we had to deal with (2.4.1) under
consideration of complex values of t, the first step would already b2
more difficult. In order to be specific, we assume that Im t=1, and
that we want to have a solution X with Re X-— o, Im X—» 0, NOW
x=0(log t) would be a conjecture, and so would be 1ts consequences
(2.4.3) and (2.4.4). But at the moment we have reached
x=log t - log log t+0(1), we can put x-log t + log log t=v, and the
discussion of (2.4.6) can be applied. Only then we get to definilte
results,

This example of iterating conjectures so as to reach a stage,

is an approximation in some

sooner or later, where things can be proved, 18 too simple to be very
fortunate. For, it 1s not very difficult to prove x=0{log t) right at
the start, using the Rouché theorem. On the other hand, 1t is easy to
imagine slightly more complicated examples, where the application of
the Rouché theorem would be very troublesome indeed,

The method of iteration of conjectures also occurs in numerical
analysis. There the object to be approximated is not an asymptotical
behaviour, but just a number. We shall consider things of that type
in se¢c.2.6, and compare them to asymptotical problems in sec.2.7.

2.6. Roots of cquations. We want to approximate a special root } of
some equation f{x)=0. To this end Newton's method usually gives-very

good results, It consists of taking a rough first approximation X, and

constructing thce sequence xq,xg,XB,... by the formula

(2.6.1) X q = X, - f(xn)/f'(xn).
Its meaning is, that X 41 is the root of the linear function whose
graph 1s the tangent at Pn of the graph of f(x), where Pn denotes the
point with coordinates (xn,f(xn)).

Usually the situation is as follows: There 1is an interval J,]
containing 5 as an inner point, having the property that if X, belongs

to J, then XpsXnyeo all belong to J and the sequence converges to } .
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A sufficiuvnt condition for the existonce of J is, for instance,
that f{x) hss a positive sccond derivative throughout some neighbour-
hood of & ., If the process convurges at all, it does 8o very rapidly,
as (2.6.1), together with somec very light .xtra assumptions, gunrrantees
that x_ . ,-§ 1s of the order of the square of x - §.

Quite often very little 1s known nhout the function f(x), that is,
for every special x the valuc of f(x) can be found, but in larger x-
intervals there is not much informotion about lower and upper bounds
of £{x), £*(x), etc. Usurlly such information can be obtaincd in very
small intervals. In order to find n root of the eguation f(x)=0, we
then simply choose sone nunber X, more or less a2t random, and we
construct LOFE YRR by Newton's 1teration proucess. If this sequence
shows the tendency to converge, nothing os yet has been proved, o8
convergence can not be deduced from a finite number of obscrvations.
But 1t may happen that sooner or later we orrive ot 2 small interval
J, where 8o riuch informoition can be obtoined about f£(x), that it can
be proved that the further xj's remain in J and converge to a point of
J, that this limit is a root of {(x)=0, and that there are no >ther
roots inside J. What we then have achieved 1s not the exact value of a
root, but a small interval in which there is one; morcover we have a
procedure to find smaller and smaller intervols to which it belongs.
Therefore 1t 18 2 perfectly happy situation from the point »f view of
the numerical analyst.

There are als? less fovourable possibilities, several of which we
mention here:

(1) The sequence XX . diverges to infinity.

1’-.
(i1) It converges to 2 root, but not to thec one we want to approximate.
(111} It keeps oscillating.

(iv) It converges to the root we have in mind, but we are unable to

prove it,

4.7. Asymptotical iteration, Now rcturning to asymptotical problems

about implicit functionsg, we notice that the Ncwton method works quite
well in snall-parameter casces like those of sec.2.3 or the one of
(2.4.6). Needless to say, the root is no longer a number, but a function
of t, and we are out for asymptotical information about this function,

There are two different questions., The first one is whether the
Newton method glves a seguence of good approximations.

A far more difficult question is whether we can prove that these
approximations are approximations indeed. We shall not discuss this
second question, in fact we only discuss c¢xamples that have been extens-
ively studied before, so that the asymptotical behaviour 18 precisely
known,
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First take the cquation (2.3.1). We condier p,=0 as the first
rough approximation to the root. Applying the Newton Formula (2.6.1),

. X - L.
with f(x)=xe"-t 1, we obtain

-1 - - @,
Popq = -l Pt (g +1) T e TR,

and so, putting £~ ¢,

¥ = €,
Po= - e (F-1)e (1) - 6% 3 edvo(eh,

80 that ®, differs from the true root x (sce (2.3.2)) by an amount

O(Eu). It is not difficult to show, in virtue of (2.3.2), that V¥
k
differs fron x only by O(E2 ).

We next discuss the equation (2.4%.1), and we shall apply Ncwton's
method at a stage where we have not yet reached the small-paramcter
case, Then we shall notice phenomena that did not arise in scc. 4.6,

k

Obscrving that the positive root of xe®=t is small compared to T,
we might think wo=o to be a reasonable starting point. We have

¥ -
Proq = (LPng + e T +1) 1,

and so
LP/] = t,
=t -1 a
- - + O(E ):
Yo >
LP3 =t -~ 2+ 0(t ),

and so on, It is clear that this lcads us nowhere, None of the lpk's
have any asymptotical resemblance to the true root x,

The same thing happens if we start with Y= log t, which is
already a gquite reosonable approximation, as x=log t + O(log t) (see
(2.4.3)). Then we again obtain ¢ =log £-n+0(1). It is not difficult
to show that we clways have WPo= ¢O~n+o(1), as sown as we start with
a function RN which is such that P °/t tends to infinity when
t = e0,

Next assume that we try xpO=log t-log log t+ao for some constant
. (admittedly, this e¢xample is not very natural, as no one would try
this before trying &pozlog t-log log tlé Then we easily calculate that
@nzlog t-1log log t+an, N+
that a, tends to O quite rapidly. However, not a single (Pk of this

wherce a_ ,=a_+e "_1, It can be shown (see ch.8)
sequence gives an approximation essentially better than
log t-log 1log t + 0(1).

In some sense log t-log log t is the limit of this sequence
WO,WH,WE,... If we now start the Newton method anew, with ?ﬁ:
=log t - log log t, we suddenly get much better approximations.
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Actually it neans that we consider the small-pavamcter casc (2.4.6),
starting with zer> as o flrst wpbraximatian to w.

We leave lt at these casunrl remorks; our maln 2im was to stress
the Tnact that in nany =2sympcotical prodblens it 1s of vitel importance
to start with a2 good conjecture or 2 pood first approximation,
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3., Summation.
n

NP
where both the terms and the number of terms depend on n. We ask for

3.1. Introduction, We shall consider sums of the type

asymptotic information about the value of the sum for large values
of n. In many applications, ak(n) is independent of n, and actually
several of our examples will be of this type, but the method by
which those examples are tackled are by no means restricted to this
case,

It is of course difficult to say anything in gencral., The
asymptotical problem can be difficult, esgccially in cases where the
a, are ngt all of one sign, ond where 2:1 nk(n) can be much smaller
than Z: [ak(n l. On the other hand, there 1s a class of routine
problcms arising in many parts of analysis, and to which a2 large
part of this chapter iz devoted: the cases where all ?k(n) spre of
one sign and where morcover the a) (n) "behnve smoothly". We shall
not attempt to de¢fine what smoothness of hehaviour is, but we merely
zive 2 aunber of examples. Thege 011 under four headings a,b,c,d,
rccerding to the location of the termz which give the main contribut-
ign to the sum, The major contribution can come from
a). A comparatively small number of termsz =2t the end, or at the be-

ginning.
0}, A single term at the end or at the beginning.
c). A comparatively small number of terms somewhere in the middle.

In case d. there is not such 2 small group of terms whose sum
dominates the sum of all others.

3.2. Case a. Our first example concerns thgﬂpeh“viour of S, Z%?

A first approximation to S, is the sum s= 2:1 k~ -3 of the 1nf1n1te
x>

series, and the error term is - §:n+1 k 3. For this last sum we

easily obtain the estimate O(n~ ), e.g. by

(3.2.1) ST w3 < IT fk

n+1 n+1

Kk fo ]
. £=3at =jr: £73dt = 3n~2,
and therefore

(3.2.2) s, =8 + O(n'z).
Results of this type are quite satisfactory for many analytical pur-
poses; 1t should be noted, however, that from the point of view of
numerical analysis nothing has been achileved by (3.2.2), unless we
know the value of s from some other source of information. The numer-

ical analyst would prefer to evaluate explicitly é: 1 k‘B for some



s= -3
suitably chosen value of m, and to estimate <« k

m+
Formula (3.2.2) can be improved by refinement of the argument

that led us to (3.2.1), i.e. comparison of the sum with the integral.

We shall return to this techpique in secs. 3.5 and 3.6.

Oour next examplce is Aé:q 2¥l0g k. In this sum there is & relative-

ly small number of terms at the end whose total contribution is large
compared to the sum of all others. If we omit the ‘ast [log n] terms
((log n] denotes the largest nge%fr < log n), the sum ¢f the remain-
‘ ) A 2:“' 8 T k n-log n+1

Ing terms 1is less than 4 2 log ng2 log n =
=2n+1n“1log n, and this 1s much smaller than the n-th term.

N

We notice that, if k runs through the indices of these signifi-
cant terms, then log k shows but little variation. We therefore ex-
pand log k in terms of powers of (n-k)/n, and in doing this we can
¢asily afford the range $n< k ¢n. We shall be seotisfied with

log ' = log n - an” 7+ O(han"c) (h=n-k),
which holds unifornly ‘n b (Oghc<3dn). Wz now cvhliucte
S Ky oo S0,
1€k ¢in 2%log k = 0(2° 'log n),
S 2klog n o= 20 ow o s O(2£nlog n)
sn<ksgn N ' ?
< k =1 -1 50 577 -h in
Zinckgn 2o =Tl 2t & 2™ 4 0(22h)
k 2 -2 n -2 ha -h 2
Tingrgn 2 0(h07%) = o0(2" n )‘Zn=’!2 he,

L
o : n _- , . in
The main crror term is 0(2 n 2); the terms involving 227 are
uch smaller then this one. Our result is

n <o
2" 2¥log k=2 logn -0 T n.2™? g oo(n?),

and 1t is not diflicult to extend our -crgument in order to obtain
A
an asymptotic series in terms of powers of n” ':

n

270 z:k=1 oK log kK - 2 1log n n»cqn“1+cgn'2+03n"3+..

(n>e0),

3.3. Cas¢ b, We are often confronted with sums of positive terms,
where each term is much ldrger than, or anywasy not much smaller than,
The sum of all previous terms. Our example is Z:kiﬂ k! Dividing by
the last term, we find that

g g 1
SRR GEO RGN I G

sn/nl = 1 +
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If we stop aftzr the Sth tern, s°y, we neglect n-5 terms, eacn one of
which i3 =2t most (n-5)!/n!, 2nd so the c¢rror 18 O(n'u). But the 51

term 1tselfl is O(n“a), 'nd therefore

. /o 1 | L
5n/ﬂ. =1+ =+ GO R )

+ O(n'u).

If we so wish, we can expznd these terms into posers of n_qz

1 1 2 -4
i - — e
sn/n. =145+t T+ o(n™ 7).
n r

Replacing the number 5 by sn arbhitrary integcre, we easily find thet
there 18 on asymptotic expansion
f -1 -2

&) Vo MR
(3.3.1) 5,/nteec FoenTldoen T L (nse),

This scrics 1z not convergent, that is to say, the series
co+01x+c2x2+... docs not converge unless x=0., For, the coefficicnts
cxceed those of the expansion of

2 3 4+
X X X
VXt ooy o T U T

in terms of powers of x. It follows thnt the infinite scries in (3.3.1)
diverges at x=k"1, and this holds for any value of k.

There 1s usunlly no reason to try to obtain an explicit formula
for the coeflicients of 2 divergent-asymptotic scries, For practical
purposes only 7 few terms of the asymptotic serics will be needed, and
for nearly =11 theoreticnl purposes the mere c¢xistence of an asynptotic-
series 1s nlready a satlsfactory result. So it is only for the sake of
=kld, (k=0,1,2,...), where the d,

Z:: dkxk. We leave the proof to

g. by induction, that

curiosity that we mention thoat Sl
are the coefficients in exp(eX-1) =
the reoder [}fuNx first prove, e,
o0

/% (Yo)k XK+ 1
J“ L‘\R‘L—dy T TT=x)(1-2x7... (1-kx) (O““IE)]

o]

The asumptotic behaviour of dk’ 29 K 3co, Will be studied in sec.6.2.

3.4, Case ¢. A typical example is
n
s, = E:k=1 nk(n) , ak(n) = 22k{nl/k£(n-k)£} 2.

We have ak+1(n)/ak(n)={? (n—k)/(k+12}2. Hence the maximal term occurs
~t the first value of k for which 2(n-k) < (k+1), that is, at about

k=2n/3.
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We noticc thrt in this crsc, contrary to our previous exzamples,
the sum is large compored to the vhluc of the noximsl teem. For, if
We move K in 2ither direction, starting from the maximal term, then
mk(n) decreases rather slowlv (r is considered to be fixed). It can
D¢ shown by vorious metheds, e.g., by the Stirling fermulz for the

factorials, th‘t the number of terms which exceeed
3

P

r mo X ﬂk(n)i is of
. If, however, lkoﬁn/B‘ 18 much grenter than n<, then
e is very small compored to the naxinum, and =180 the total contribut-
ton of these terms is rolotively smell. Therefore we have to focus our
attention on regions of the type [k-Qn/3;< én%. We shall not zo into
this matter now, as the easiszst method conslsts of compzrison with
integrals, ord the integrals which ~ritue, 2r: of the type of those
studied in ch.b4,

the order of n

3.5, €ase 4, As o f{irst “xomple we toke ;k;wg. The wdeal technique
for dealing with » cose as smooth 28 this one fo muiven by the BEulcr-
Maclaurin sum formuln, Noverthele we sholl stort with » more element-
ary method, which can be appllnd in less gular cascs as well,

There are 8wo steps, First npproximote ﬂk by a sequehce U, which
is such thot E: 4 Yy is explicitly known; the approxination has to
r= ) -
be stron§ Lnoubh for zzq (2,-u,) to converge. The sccond step deals
with T #_1 (“k-uk). The first 2pproxim~tion to this sum is, like in

[¥]
36¢,3.2, the inlinite sum S Z:kpﬂ (ak—uk), and we have

n ¢ : =]
(3.5.1)  s= &g oy = Ty g u w5 e Ty alueny).

In the 1lnst sum we try to approximate U=y by a sequence vy, such

O
that EIM1 v,, 1s oxplicitly known, and such thet 2

known to bc sm~1l, This procedure can be continued,

er",‘(L‘%—bk--vk) ig

The wetk poirt in the procedure 18 that in generrl there is hopdé-
L 2ny informhtion 2bout the value of 8. The situntion 13 not os
rious 18 in (;,2.2), for in (3.5.1) the magor contribution is not S,
H

ut the sum 22

4 Uy whn?u volue 18 known,
In ~ur c¢xample ak:k' we cap cptn1n 1 first approximation to the
e )
Su 8 by teklngnthc 1n r"l.f I A %nB/Q. If we now try to take
\ /2 0 C .
u,. such that 5:1 v, = gn , We still foal. For
S 372 2 3/2
(3.5.2) {3 /2 2(k-n)

i3 not ygt the k-th term of o convergent series. On expanding
(1-%" q) 2 into powers of k - by the binomlal scrics, we find that
the expression (3.5.2) i ﬁ'k -3 + O(k-B/ ), and §E1<§ diverges. But
wWe can §gain approximate the partial sums of 2 k™ -3 by an integrel,

viz., 2n<, If we now take
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) o 3/2 1, %
~ Ve = Up-Up_4r Uy =gk tokT o,
we ensily obtain thokb
3/ 5 /0

whence 37 (2, -u, ) converges.
~
In the second step we hove to fporoxim te to U, -2, DY 2 sequehce
) oo

i — k Tk
v,. We first tale v, .‘vl, 51 v]{, re V. :k‘z/gu,L”H v,

0y the anugr.l_f (t“ / )qt =D 3/24 We g0 ontoan

1 /
(3.5.4) 2:234 ‘é %r“ +

=Vﬁ, suggested
L

-

- -
+b+72ﬂ‘—l

W
N

E iy O(n"3/2).

n

o’

-3/2 . .
The toerm O(n 3/ ) con be reploc:d by oo nsymptoticnl series, for the
pr@cess can be carricd on ~nd wWe can aget ssmany tems as we please.
To this ¢nd 1t w3
easily done, for (uk—ak)k

, of cours., unecessary to refine (3.5.3). Thnt is

3/2

the axpsnsion converges if k >1,

can be expanded into powers of k_q, and

We next ask for the value of S. We obviously have

Nl

3/2 L 0 /
(3.5.5) s = {227 200122 1)

)

but 1t is possible to derive o simpler cxpression,

The method depends on analyticity properties, and therefore it
18 not generally 2pplicable,

We first generalize (3.5.4) by introducing a complex porameter z.
Instead of (3.5.4) we obtrin, by the same method,

(3.5.6) o, ¥ =n"P(1-2)7 507 5(2) + 007 (nesee),

1f Re z »-1,2#1. Here S(z) is the sum of a convergent series, analogzous
to {3.5.5). Furthermore, it is not hard to show that this sum is an
“nalytic function of 2z in the region Re z >-1, z#1. If Re z »>1, it
represents the Ricmmnn zetn function & (z), as can be seen from (3.5.9)
oy making nese . Therefore S(u §(z) in the whole region,

Especially, the vziu r(3.5.5) is '

S(-) = (%) = - §(3/2)/bwe .

The latter equality follows from the functional equation {(1-s)=
215 7S [(5) cos dms C(s).

3.6. The Euler-Moclourin sum formula. Our considerations of sec.3.5
were meant to deOhStPutL 2 method, rather than giving the shortest
way to deal with 2: It scems that the shortest and most efficient
way of dealing w1th such cases depends on the Euler-Maclaurin sum
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forrmula, We do not derive the formula here, 28 1t is incorporated in
most textbooks of acdvanced annlysis,

The formula rends s Pollowo. Let B ,51,... denote the Bernoullil
nurnbers, defincd by z/(m 1) 5 B,z “/nl (whence Bo=1, B 4==%, By=
S A ByeBgeBo=...=0, By=- §%5 , 56— 1 Furtmmom, B (t)
denote the Bernoulla polynoninls, definced by 2 7t/(e -1)= Z' B ( t)z"/n!
Let {(x) have, for x 21, 2t lenst 2m continuous dvrikuivus Thcn we
hrvi

(3.6.1) f£(1)+...+0(n)= {f x)dx + C + 3f(n)+B,f (r n)/2l+Byf"" (n)/41+

toeut By 002" (0 /(2m) 51 Pe(@) () B, (x- [ 1)/2m)iax

In this formules the number C does not dupend on n (it c¢an be determined
by taking n=1), and [x] dunot.s the lorgest intcger € x. It is known
that 1B2m(x)'q’18a1' (0 x€1), 2nd tnis cives 1 satisfactory estimote
for the integral.

If f(x) is such that\g f(gm)(x)l dx converges, we immediotely
have nn asymptotic formula:

(3.6.2) £(1)+...+0(n)= f x)dx + S+kf(n)+ L _, szr(gk'”(n)/(ek)u

o( 5122 ()] ax),

where
(3.6.3) sang)-Bgf'(q)/z:-...-Bsz(em'”(q)/(zrn): -

ff(gm)(x) Bz(x—[x])/(Qm)ldx.
1

3.7¢ A further c¢xamplc. Let 2z be 2 complex number, znd f(x):x'zlog X.
Then (3.6,2) can bc applied if 2m > 1-Re z:

n
522;1 k" %1log k =~f x"log x dx + C(z)+n"%log n+R(n;z),

where €{z) depends on z only, and R(n;z) has an asymptotic expansion

B B
R(n;z) ~ §$ (n"%1og n)t+ ﬂi (n"%1og n)|”+... (n—»e0),

The accents denote differentiation with respect to n.

As in sec.3.5, C(z) can be determined by an analyticity argument;
we obtain C(z)z—(ﬂ—z)'a— §'(z). The special case z=0 gives the Stirling
formula for log n!, as{'(0)=-3log 2.

3.8. /. rcmark. Roughly speaking, the Euler-Maclaurin method does not
work 1f the largest term 1s not small compared to the sum of all terms.
In that case one cannot expect the order of f( )(n) to be lower than
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the one of f(n), and so the Hulcr-Mrclaurin formula does not give
anything better than £(1)+...+f(n)=0(f(n)). One con illustrate this

n
by the exemple 2:1 k! of sc¢c.3.3.

3.9. The Euler-Maclsurin method ¢ 11so be applied to sums

2:2-1 ﬁk n) whére the terms depend Hota on k ~nd n. There i1s, how-

ever, no point in passing fror (3.6.1) to (3.6.2) in that cace, for

then S will depenc on n. An ungnecliicd constont may olten be toler-
~ted in an asymptotical forruli, but hoving en unspecificd function

of n Jjust neang having no formula 2t 2ll. There 2re some cases, how-
ever, where J‘ f(gm)(x qu(x-[x])/(Qm):dx rrisec no difficulties,

the reason begng thatJE ‘FTQ“)(x)]dx 1o relotively sme2ll,

a —kaa n .
= 2”.](_ e / , where o s 7 positive
|8 Sl

) ) oA -xz&/n
constant. The Euler-Mrclaurin {ormul~ gives, 17 7(x)=e ,

Ag an example we toke s

{3.9.1) sn=Ji'hf(x)dx+§f(n)%f(-n)wg{f‘(n)—f'(—n)}/zln.-«h

N Bgm{£(2m—1)(n)_f(2m-1)(_n)}/(zm)1+Rn’

where
(3.9.2) Rmn-fnf(a“)(x) B, (x= [x])/(2n)dx, §Rmts52m S?ntf(zm)(x)'dv(gm)l

n o 1
The first term ‘fin f(x)dx ecquals J:mfﬁfﬂﬁx)ﬁ, apart from an error
whieh 13 exponentially smnll. The other terms of (3.9.1), apart from
Rn’ are all exponentially small because of the fact that every
derivative of f(x) is of the type P(x)f(x), wherc P(x) 1s a polynominl.
So everything depends on what we can do about Rm.

It is not difficult to show that iRm‘<:Cm nj'm, where O is

positive and independent of n, so that, for every m,

(3.9.3) s, = (ek)? + o(n?)

3.10. In the cnge just mentlioned we iccldentally have direct inform-
2ticen from another source, viz. 2 theta function transformation
formula, which giaves 2 very good estimate, It 1s therefore interesting
to compare this one to the result of the Euler-Maclaurin method.

For convenience we discuss the infinite sum instead of the
finite one. (The difference between the two is exBonentially small),
Writing down the analogue of (3.9.1) for 2:§N e” “/n, and making
N—-oo, we obtain
(3.10.1) s= & - (ﬂn(g_)%- S 2 x) B, (x-1)/(2n)tex,

We denote the latter integral by R*; it follows from (3.10.1) that R
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does not depend on m., What we shall call here the Euler-Msclaurin
method consists of estimating

B [ T \
(3.10.2) IR‘I < Tﬁé%T ank*“‘)xxi dx

and choosing m such that the right-hand-side is minimal,
The theta transformation formula reads

Zw e-kzbc/n - (ﬂ'n/oc)% Z“ e-kgﬂz n/oL,

- -

and therefore

(3.10.3) -R* = geﬂnﬁu)% e—“?nﬁx . o(n%e‘““?“ﬁ*),

We shall now investigate whether (3.10.2) can give anything as
strong as this. As we remorked in sec.3.9, (3.10.2) gives immediately
thaot, for every m, we hove H*=O(n1‘m). For m fixed, this 1s very much
weaker than (3.10.3), but by t king m to be a suitable function of n,
we can obtain a better result. There 1s of coursc no hope of proving
(3.19.3), but it is interesting to see that the Euler-Maclaurin
method can still show th?t H“zo(n e ™ nA"), restricting the losses to
the unimportant factor n<,

An substitution x=y{(n /2«)% we first obtain

(3.10.4%) jj;\f(zm)( )\dx = (2a/n) m- j;' d 2”1 -%y2

Y 2
and if we ~dopt the definition H (y):(— )k w;Y (d/dx) %J for the
Hcrn tc polynomials, the 1nteprand in the latter integral is
¢ + 1H?m(y)l
U.ing the integral representation

1 o om iyl
Hy (V) =(2m)72 f__m (y+1iu)“™ ¢72¥ qu

we infer that
‘ (2nm) \ j. Jﬁ -5 ( y2+u2)
y:f (x) dX‘S(EQS/n) . € (y2+u2) du dy.

Introducing polar coordinates in the u-y planc we easily find that
the repeated integral cquels 2m+1

The factor ‘Bg {/(Qm)' occurring in (3.10. 2) is known to be equal
to 2(2+t) —?m $(2m), ond therefore it is < C(2m)~ ‘, where C 18 an
absolute constant. It now follows from (3.10.2) that

T )

|- < c(en) 2 (2o/m)™F 2™ on)

Using Stirling's formula form! we infer that there is an absolute
constant 01 such that for all m and n

(3.10.5) \H'& <C, @xm/«ene)m (nm/am)%_



It 1 now the right moment {or fizxing the value of m. The minimum
of «xtém na) i3 easily seen to be cttained at t:fé%ﬁx, and the value
is e Ax. However, m has to be an integer, and so we shall take m=m =
= Eﬁ n/og. In order to avalyse the diffcerence 1t makes, we put

2
ﬁ4p)=ﬁl%;@ﬁﬂfﬂ
whose minimum is :ngﬁx, ~rttained af(o /o= Tt Ax. We have *'(po)=0, and
nenee Y{m /n)= \%ﬁﬁ%+0 1)} —ot e+ O(n 2). If we now choose m=m_,

3 10. 5) becomes
| R~ O(nc“ﬂznﬁ*)

(n —o0),

1 11, Alternating sums. An alternating sum is 3 sum of the type
E:(~1)kf(k), where the (k) arc positive. Ve usually expect such sums
to be small, that is to say, much smaller than the sum of the absolute
values of the terms.

We can of course write
2m+1 Al m , B m -
2 (=1) < r(k) = oo Tl2k) - 4 (2k+1),

and investigate both suns on the right. Usually these sums will be about
equal, whence it 1s desirable to study them quite closely in order to
have sufficient information about thelr difference.

In most cases, however, the easiest thing to do, is to take pairs
of terms together:

ST () o) = T, {f(er)-r(eksn)]

and these terms f£(2k)-T(2k+1) will usually be small.
A8 an example we take the infinite sum

(3.41.1) S(t) = Z:;;C (-1 £(k) , £(x) = (2FetB)F

and we ask for the asymptotic behaviour of S(t) as t —see. The function
f(x) 18 decreasing, and tends to zero 25 X —»>oe. Therufore the sum con-
verges, and we have, by a well known theorem on alternating seriles
0<3(t)<£(0). Thus a rough first result is that S(t)=0(t”").

W next write oo
)= T, o {f(ek) - f(2k+1)} :

We shall, of course, compare the difference with £'(2k), and after that,
o3 oo
we shall compare the sum -& [ f'(2k) with the integral —%J; f1(x)dx (the

factor ¥ arises because 2k only runs through the even numbers.) We can

ct

8(

earry out these two operations at the same time, comparing
t(2k)-f(2k+1) with -3 gik+2 f£1(x)dx,. |
Using the Taylor scries, we can express both in terms of f(2k),
fr(ek),... . We have, if we stop the Taylor developments at the terms
involving £", Sl

£(2k) - £(2k+1) = -'(2k) -J;k

2k+2 2k+2 .
Sy £r)ex = —r(2k) - LI (2ie5x) 7 (x)ax

(2k+1-x) £"(x) dx
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On subtraction we find
2K+2

2k +2
f f'(x)dx’fé%jék lf”(x)tdx .

(3.11.2)  |e(ex)- g(eket) + 55
In our case we have f(x)-—poo, 28 X oo, 2nd therafore
- 2k+2 oo
@«
Zk:__o 521{ f‘(X)dx =\g f'(X)dX z-—f(O)'

It follows that

) <o
Is(e) - % r(o)f< & § £"(x) ox.
We have f“(x)=(2x2—t2)/(xg+t2)5/2. We transform the integral, substi-
tuting x=yt:

j&jf”(X) ax = t'gjﬂjﬂ—2y2\/(4+y2)5/25y,
ot ()] .

and the latter integral is easily seen to be convergent. Therefore,
(3.11.3) gives

(3.11.1) s(t) = (t—>es).

The process which led to (3.11.2) can of course be continued: in
the next step we use the Teylor expansions up to the terms involving
oM(x). And in order to ¢liminate the term involving £"(2k), ws subtract

2k +2

a sultable multiple of ~f?k f'"(%)dx, in the same way as we eliminated
L~ ]

~-f1'(2k) by subtracting -5 2§K+2f%x)dx. We then find

B . 1 2k+2 ‘ 2k+2 o
(3.11.5)  |r(20)-r(2xr)+b Sy, £ (x)ax- E~y2k f‘(x)dxls C g 18 ()] ax.

Lo o]
As j; f'"(x)dx=-f'(0)=0, we now obtain, in the same way as above
(3.11.6) s(t)= 3t77 & o(t73) (£ —>os).

The fact that no term t'g occurs is due to the circumstance that
f(x) is even, and for the same reason the coefficients of t'B,t’ 2o ne
will 211 vanish. In order to show this, it is easier to put the series
in the following form:

s(t) = 3671 &

e

T (=¥ r(u).

K==~o0
Applying (3.,11.5) to 2:?03, we obtain
- co 1 oo co
S(t)-3t7 "=k ST (x)ax - g J__£"(x)ax + (77 £ (x) ax).
As £(x)=0, £'(x)=> 0, f"(x)—=0,... a8 X -3 , We have
o= = e _r® o _ _
_fr(x)ax _~f;o§ (x)ax _.jlog (x)dx =...=0.

Furthermore it is easily seen, by substitution of x=yt, that
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J::‘f(m)(x){dx = 0o(t™) (t ~>eo)

for vvery fixed m»> 0. Now it is sufficient to heve only a general iden
about the continuation of the process which led to (3.11.4%) and (3.11.6)
in order to see that

FaY
~2 Y

T 0.t 1 0.t +0tT Ha.. (t o).

(3.11.6) S(t)edt”
It may be remarked that the general formula of which (3.11.2), (3.11.3)
avre speclal cases, is related 1In 2 trivial way to the Boole sum {ormulz,
which we shall not discuss here.

With (3.11.6) we have the same situation a3 in sec.3,.10. We expect
S(t)-é‘;t"q to be exponentinlly small, and by a careful inspection of
the above argument, including estimntes holding uniformly in m and t,
we might te 2able to show thig, nlthough the formulas become quite
Twkword, But even then we would have only an upper estimate for
s(t ~£t'1, and no asymptotic formula, like the one we shall derive in
scc.3.12.

In many textbooks the BEuler-M-clourin rormuls 18 derived from the
Poizson aum formuln, nnd actually o similar proof can be iven {or the
Boels formula, Quite often, however, 1t happens that Poisson-formula
itself 3ives better presults than fuler-Mrclaurin's or Bosmle's (unless,
of course, one d0e3 not interprete these as inequnlities, like (3.10.2),
but as equalities, like (3.10.2); in the lotter case one can return to
Poisson by Fourier exponsion of the Bernoulli polynomials,

3.12. Application of the Poisson sum formula. The formula reads

oo

©a #* 1
3.12.1) & flien)= o eertvl
had v

-2
e o eTETYLY f(y)dy.

- 0
where x 1s a renl number, f(x) is Riemann integrable over any f{inite
interval, and

e . N
E:w denotes limy Zjv:_N .

The following set of conditions 1s cosily seen to be sulfilcient,
@0
(1) z:ks_onf(k+x) converges uniformly for Cg x g 1.
(11) The function &(x)= zj; f(k+x), which has the period 1, satis-
fics the Fourler conditions (that is, ¢(x) is the sum of its
Fourier series), at least at x=a,

For, condition (1) enables us to carry out the following operation
with the Fourler coefficients of t#(x):
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1 O rﬁ
LB 1
=2 f Z e viy fu&*&)fl“m ! f =
o Tl O

K+ - : w -
= (3R B PR ) =21t vly )
wZ‘ . f;{ e f(y)dy = fme £(y)ay.

The 1lost s

=t

ep 13 legitim~te, as (1) implies thrt

K+t
[ o-2 Ly
“k
28 Keseo , uniformly 1n st g1,

The following set of conditions can be shown to imply (1) and (ii):

t(y)dy = 0

(i'v.j,i) Ziﬂm f(}_:i,’r ) CO(‘I‘VQP@;QS,
(1v) 2 (x) exists  (-oe< X ¢o0),

(v) E:Toaf’(k+x) converges uniformly in 0€ x €1,

For, (1ii)+(v) mply (.), (~pply the mean value theorem to finite sums

E:?N f(k+x)) and (v) snows that ¢Mx) 13 differentiable everywhere,
whence 1t anvasfees the Fourior conditions.,
Another sct of sufficient conditions 13 (11i)+(vi)+(vil), where
(vi) (=) has bounded totn) variation over -o < X coo ,
(vil) li“m.ﬁv [ (xth)#?(x-h)} =2f(x), 2t least for all x of the form
24, whe PL nola ony integer,

Loocanrei thot Prom (L1i)+(vi) one can deduce (1), 2s well 73 the fact

* & (x) nas bounded total varﬁ~+10n over OS X <1; (vi)+(vii) cen be
used to show thot 1imh_>o{¢(a+h) h)} (a). This formula, in
contbinntion with the fact thot (b(x has bcunded total variotion leads
Again o (1i).

v

As o1t 1s not our present aim to develop Fourler theory here, we
leave .t =t these briel remirks,
W sh~11l npply the Poisson formul to the function sum

2 DLk
(3-19~9) S (f) = Z;_w f(“)a f‘(x): “ﬁix(>16~+th) “

whence, by (3.11.1)
(3.12.3) 5(t) = 5t7 + 5s,(t).

The number a occurring in (3.12.1) has got the special value O
here, and in applying (3.12.1) to (3.12,2), t is considered to be a
fixed positive number,

The condition (vi) is not satisfied, but the set (1il)+(iv)+(v)
is, Condition (iii} was already checked in the beginning of sec.3.11,
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and (iv) is trivial. In order to show (v), we write

-3/2

, e .
-nlx( 2 2) 2 xéﬂlx(x2+t2) )

fr{x) =i e X"+t

We take two positive intcegers N,M, where t < N<M, and a real number
x in O0g¢ x €1, Then we consider '

1

S fi(aek) = & ZﬁzN(n)k{m.((xm)%t?) 2-(x+k)((x+k)2+t2)—3é}

The numberg {(x+k)2+t2)-“% form, a decreasing sequence of (M-N+1)
positive numbers, and the same holds for (x+k?{‘x+k)2+t2}'3/% (For
the function y(y2+t2)'3/2 decreases from y=2 2t onward). We now use
the following well-known theorem. If any sequence Ayseeesl satisfies

M
N> Bypq > vor 28y » C, then we have

M K .
‘Zl o (=1) ‘:}L}‘Q‘-'

-
{=N

Iz follows that

-3/2 1

M . 4 - )
‘Eflﬁﬂlf”(x+k)‘s(Nc+t2) 2 b N(NHtE) <2NT,

As this holds uniformly in x (0<x<t), we infer that, for t fixed,

E::’f'(x+h) converges ur..formly in O0<€x <1. Thce same thing can be said
about E:ioo, and so we have proved (v).

We can now apply (3.12.1) to (3.12.2); the result is that

w* O3 N - -—]-'—
J:a’e-Eftv1y+~ﬂly(y2+t2) 24y,

anc 8o we have to study, for b=+vC, +34T, +5% ,...,

) n -1
O(b,s) = J”m)ebiy(yL+t2) “dy.

Jnosubstitution of y=tx the integro1 becomes
i

. co . A L
(3.12.5) b(v,t) = [ e”T (x"e1) Fax,

and on mubstitution of x=-x we infir thot ¢ s an even funetion of b,
The integzgral is a Besscl function of zero érder, of second kind and of
Lnaginary argument, and wn the standard notation (see Watson, Bessel
functionz, p.172)

d(o,%) = 2 K_(vt).
We shall, however, not explicitly usc the theory of Besscl functions
herc,

The integral (3.12.5) can be transformed in 2 well-known way, by
Cauchy's theorem., If b >0, we can deform the integration path (-es,co)
Into a path leading from ies to 1 along the imaginary axis, encircling
1 1n the positive sense, and finally back from i to leo, It results that
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S ” 2L 21 - e -
$(5,t) = 2]1 ¢0Y (25 01) H a6 Qtf:"t" btz (,2.02)2az

We have, 1f ¢t 51, byw

Lo

S emtte(,2 0 J#m -vz -3
5 € (#"+27) “co < .o 27340 = 1,
1 -0y . )
and 80 !q)(b‘;t)‘ < 2o ({j, 2, ‘1‘134)' So - \,,. ..,.r) e hew

$,(t) = 2 Pr,t) + 243 ) RN
and therefore
(3.12.6) 5.(t) = 2 ¢lm,t) + o(e™7)
It remalne to find the asymptotic behrviosur of ¢( t), which is
gquite easy. If we beror in mind that if t is larze, the integrand of

3 q i P
J; € bt“(”“+? )7 G is very smoll for z >1, sy, it scems worth while

to develep the factor (z+2)”

Pl

into 7 power scr.es

(3.12.7) (2+z)'%S I L (cy=1)

n=0 n

valid for Ogsz g2, with ¢ :ﬂ We breok off somewhere, that is, we
choose an integer M >0 ﬂrd we deduce that

1
(3.12.8) (2+z)7=-2 Z: c, 2" < ezl

where C depends on M only. This holds for all z 20, if C is suitably
chosen: in the interval 0< 2 ¢4 1t hclds by virtue of (3.12.7), and
in 1< z<eo it holds because each term on the left of (3.12.8) 1s
Q(ZM , while the number of terms is lixed.
Now using (3.12.8),we obtain

?(ﬂ':t) s

!

AT -t L M P
5 J; E:rao c .z + 0(z ﬂ z 2dz =
26 (2qt) " {Z ¢ Tneb)a e, 4 O(t’M)}

i
)
[¢9
o

Thisz means that we have an agsymptotic serivs for (r,t). For
=very M, the term O(e“Bﬂt) in (3.12.6) 18 O(e” - '% M)
S (t) hag, apart from the factor 2, the same osymptotic expansion,
So our final result is, as an(—ﬂ)nﬂ'Bn(°n)‘( !)'2

5(£)=5t71k5,(6) me VT (<) 0P N (20) 1) 201} (n oo ).

s énd therefore

3.13. Partial swamation. We often meet the question of the aaymptotical
Dehaviour, 83 N—e, of 2 sum a b(1)+.. +a b(n), where the behaviomr
of a,+...+a  1is known, and wher@ the functlon b(x) behaves smoothlyﬂ
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Then we can usually ecpply the partial summation formula

(3.13.1) aqb(4)+-o.+ﬂnb(n)=(91+-..+ﬂn)b(n)-

[éq(b(Q)—b(1»+(aq+ﬂe)(b(3)-b(2))+....(aq+...+an_1)(b(n)-b(n—1ﬂ .

It haos some formal advantages to write the formula in terms of inte-
grals. YWe assume; for simplicity, that b(x) hzs 2 continuous derivative,
- ) 0 — -

and we put Afx)= E:qs e x Pu

(i.e. A(x)=0 if x< 1, A(x)=91+...+aﬁq
if x21). Then (3.13.1) becomes

(3.13.2) aqb(1)+...+8nb(n)=A(n)b(n)~~gn A(x) o' (x) dx,

that is, a speclal case of the formula for intezratlon by parts in the
theory of Stileltjes integrala:

(3.13.3) «En b(x) @ a(x) = [}(X)b(xﬂjq - J;n A(x)d p(x),

9]

but we need not discuss the concditvions for (3.13.3) in general,

We shall discuss an example from the theory of primes. We take an=log n
if n is 2 prime number, =nd 2.=0 otherwise, Then 4(x) is the function
usually denoted by J(x), and we can write J(x)= E:psgx log p. It is

a fundamental and far from trivizl result of the theory of primes. that,
for caeh m (m=1,2,3,...), we havce

(3.13.4%) J(x) = x + 0(x(log x)™™) (X = o0o)
Now many othcr sums involving primes, as E:p<:x p“1’§:p<.x p2,
zzE%sX 1, can be approached by partial summation. We consider §:p<x/l’

l1.¢. the number of primes not exceeding x, and usually dcnoted by (%),
We have, by (3.12.2),

(3.13.5) (%) = J;jg (log u)_q dJ(u) = x(log x)‘ﬂ J(x) -

3/2-8(11) d(log u)'q.

(We have replaced the lower limit by 3/2, since (log u)"q is sgingular

"t u=1; it makes no differencc, 28 @(u)=0 for u<2). We compare this

e j;iE (log u)’q du = (ﬁlog u)“qé]g/g ’“é}: u d(log u)”q.
On subtraction we ohtoin, using (5.13.4),
w(x) - £, (og w)™hau = (108 %)71 0(x(208 1) +
x -m -2 -1
ﬁj;/z O(u(log u) ") (log u) “u”' du

The integra&cm the right can be written as

J;j; 0(1)3du +;fx O{}log x%)m_Q}du = 0(x(log X)—m-2),

L
X2
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and thercfore
X
(x)- [ (log w)™" cu = O{x(log x)"“”} (X = co).
3/2

The integral orn the left con o7sily be expncded In the form of 2n
asymptotic serics (cf. (1.5.5)), 2nd we infor that

(3.13.6) vo(x) ~ x log'qx + X 1og°2x + 2! x log'jx + 3! x log'ux Fuus

(x = e0).

Mcanwhile we notice that (3.13.4) is ar example of the situation
deseribed in sec.3.9 and 3.11. Again there is an asymptotical expansion
with zerc coefficients:

oY 5(y)»1e\.0.y'1 + 0,y 7 o+ O.y'3 + o (y =o0),

o

but in this casc the ousntion 23 to whether the left hend side is
exponentinlly small 1s 3t1ill unsolvad,
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4, The Laplace Method for integrals,

4.1. Introduction. We shall consider integrals over real intervals,
where both the integration interval and the integrand may depend on
2 parameter t, and we shall ask for the asymptotic behaviour of the

integral as t -, We can, of course, extend the interval to the
whole line (-co,c0), by defining the integrand to be zero in all
points outside the original interval. So we have to deal with

oo

(4.1.1) F(t) = J £(x,t) dx (t = o0)

-0
It often occurs that the graph of f(x,t), considered as a function

of X, has somewhere a sharp peak, and that the contribution of some
neighbourhood of the peak is almost equal to the whole integral when

t is large. Then we can try to approzximate f in that neighbourhood by
simpler Punctions, for which the integral can be evaluated. This 1dea
is due to Laplace. The advantage is that we only need to approximate

in 2 relatively small interval,

‘ It 1s by no means necessary that the peak be sharp, nor that 1its
legalization on the x-axis be independent of t. For, both width and
localization of the peak can be controlled simply by a substitution
¥=ay+b in the integral,.where a and b may depend on t.

A simple examwle of the method was already given at the end of
see . 3,12, As a second example we roughly sketch how to deal with the
integral

® _x® 2
(4.1.2) P(t) = [e™® log(1+x+x“)dx,

If t is large, the integrand is very small unless x is very close
to @, The function log@1+x+x2) can be succesfully aprroximated by
Simpler fﬁnct}pns if -3< x< 5, say, and therefore we first try to
prove that.jr zndu[&°are very small, Next we remark that

4 L

1og(1+x¥x2)=log {(1«X3)/(1—x)} = x+§x2-2x3/3 + O(xu) (-5<x<%).

Se we are led te apsproximate F(t) by
1

2
(4.1.3) K(jﬁi e'tx'(x#%x2:2x3/3)dx,

-2

It may be remarked that the terms x and -2x3/3 give ne contri-
bution at all to this integral, these functions being odd.

As e‘txg is very émall, it is possible to show that it does not
make much difference if in (4,1.3) the integration is taken over
(-o0,9) lnstead of over (-3,3).

In the above argument the idea of comparing (-oo,e0 ) with (-3,%)
occurred twice, It is, however, possible tc pregent the method in such
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2 way that this cutting-off 1s scupprezssed entirely (though it is not
nlways practical to do so): Put

10g(1+x+x2) - x—§x+2x3/3 = o(x).

oo 2
Then we can show that Jr e_tx 2(x)dx is small, by virtue of the

NS

estimate I
g(x) = 0(x") (-o0 < X <00 ),

Pubting tx=y, we infer that

o0 OO

2
Jﬂe—tx «Fax = t—B/E\/A eV y3/2 dy = O(t_B/e) (Oct <o),

|')
Tt 2 3/2 [ -y 3/ 2
As ~jhe x° dx = & “\jﬁ e yedy = 5t e (t>0), we infer

-—G

that D

1

A -
(h.1.4)  B(6) = 4 73/ Pa® 4 0(s75/2) (t o).
* _tx° _k
The integrals of the type uf e X dx will occur quite aiten;

- 00
for future reference we give some formulas herve, If k is an odd positive
integer the integral vanishes as the integrand ig odd. If k 1o ovaen,
[
the substitution tx“=y leads to a gamma integral:

co 2
(4.1.5) J e x¥ax = 0 (k=1,3,5,...) .
~co
. ~tX2 2n - —k \ - ggpzr i
(#,1,6) Jf~e X dx = ¢ ZIﬁ(n+§) = T 2 'Qé ™
—oo ‘(112‘

(n=0,1,2,...).
Thege formulas are valid if t >0, but also if T is a complex
number with = positive real part.
Sometimes we shall need the following estimate, both for k odd
and k even:

Q0
(4.1.7) :J:ie-txg Xk} dx = O {(Re t)“'%(k+1)} (Re t 50; k=0,1,2,...

This estimate it not uniform with respect to k.
s e . . -tX
The simpler formulas involving e

xk will 2lso be fraguently
aprlied: '

oo
(4.1.8) S e x¥ax - 7% et (k=0,1,2,...; Re t»0),
@]
2 -tx Uk k=1
(4.1.9) ﬂe x| dx = 2((Re t) ) (k=0,1,2,...; Re t>0),
S |

and again the stimate does not hold uniformly with respect to k.

We started above by expressing the Laplace method in terms of
sharp peaks. It is, kowever, by no means essential that the peak be
sharp. For, both width and locolization of the peak can be controlled
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simply by a substitution x=ay+b of the integration variable, where
both a and b may depend on t. The only thing that matters 1s that
there is an interval J such that thj};is small compared to J} , and
that the integrand can be approximated by simpler functions throughout
J. '

In many simple cases the Laplace method can be replaced by the
following argument. It changes the general point of view, but usually
it hardly changes the details to be carried out,

Assume that&aafter a substitution x= ¢(y), the integral (4.1.1)
becomes <« (t) Jﬁ g(y,t)dy, and that g(y)=1lim e g(y,t) exists. Further-
morc assume that the approximation of g(y,t to g(y) is strong enough
to guarantee that hﬁ:g(yéf) dy tends to F *(y)dy Then we have im-
medintely F(t) ~w(t) “f; 2(y)dy, ang furthcr sprroximations can
often be obtained from a closer study of the difference g(y,t)-g(y).

4L.2. A general case. We shall consider

t) = fmet t(ax,

assuming that <y(x) is reg} and continuous, that ¢ (x) has just one
absolute maximum that ‘l; € *(X)dx converzes, and that @(X)-a - oo
1 X - + oo . Without loss of generality we may assume that the maximum
is attained at x=0, and that &f(O):O. Furthermore we assume that
x%' x) exists in a neighbourhood of x=0, that ?”(O) exists, and
finally that \b”(o) <O,

It fellows from our assumptions that there exists, to any $> O,
a positive number =7 ($) such that ¢ (x) & - n(J) both in ~eo< x < -8
and in S<X<oo .

The contribution of these intervals satisfies

(%.2.1) f %f (t-1) = (3 )Lwe“}‘(x)dx (t >1).

In a neighbourhood of x=0 we shall approximate <¥(x) by %XE ¢”(O).
tiven (O<<€<:§%#”(O)}), we can determine & >0 such that

!

(4.2.2) | (%) _45x2+“(o)} < £x° (-8<x<T).

For if a continuous function (x) satisfies ¢(0)= ¢'(0)= ?”(O), we
have  p(x)=x (@ x)=x7(x) (x—>"0). '
We can now deal with the integral from -8 to +O :

‘ji %txg(\P”(o)~28 hhc<uf by (x)ay < JﬂG?th(qﬁwo)+28 Jax

-

All three 1ntegra1o\f differ from the corresponding integrals
by an amount O(c ta)’ where ot 1s positive and independent of t.
For the middle one this is expressed by (4.2.1), for the other two it

can be established in the same way. Using (%.1.6) (with n=1), we infer
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that
by L - tO()

& L S
(4.2.3) [ et () gy < (2w )¥ (- ¢7(0)-2€ )7 t72+0(e™",
-
and that there 1s a similar estimate below. The number £ being arbitrary,

1t follows that
® &g (x)
(h.2.4) uf Lplx dx ew (27t )2 (=t "(0))7F (t =oo),

G
If the restriction LP(O):O is dropped, we of course get an extra factor
@t‘P(O) on the right-hand-side of (4.2.4).

.3. Maximum at the boundary. In sec.4.2 the maximum of the integrand
occurred at an inner point of the interval, and owing to our differ-
entiability assumptions we inferred that ¢ '=0 at that point. If, how-
ever, the interval is finite, and if the minimum of 4: is attained at
thie Jeft end-point, say, then '+‘ will be usurlly » O 2t this point.

Zooassume that we have to deal with

oo

Jﬁ et ¥ %)y
0
where ¢(x) g renl 2rd continuous in Og x ¢ 1, attains its maximun ot
¥=0, ¢ 'f0) exists ~nd ¢ '(0C) < C. Morcover we assume that
pir)< *CKQ {(x>0), and that yf cq”(x)dx converges.
We ¢onn now repeat the ﬂnwfysis of secc.H.2 in 3 somewhat simpler
form, Instead of (4.,2.2) we have to use an inequality of the type

| p(x) = ¢(0) - xyp 1 (0)]c ex  (Cgxgs).
It io auite easy to verify by the same method, now using (%.1.3),
g
J et v Mo o (cogro)? LD (6 s,
0
cspecially in thie simple case it is quite easy to see that the
formudn remoing Ttrue 1f t 1s a complex variable, with Re t —eoinstead
ot U w2 . The same remark npplies to all integrals discussed in this
chapter, if one only replaces error terms O(t'k)
termz Q((Re t)*p

.

by the corresponding

4.4, Asymptotic expansions, It is clear that in the case of the inte-
srals discussed in secs.4.2 and 4.3 more asymptotic information (as
X=1) about ¢(x) leads to more asymptotic information about the inte-
gral (as t-»o2). We shall restrict ourselves to the case of sec.4.2,
the cnse of sec.4.3 beinz analogous,

For simplicity we sha2ll assume now that Q)(x) is, in some interval
-§<3Lg5} the sum of a convergent power series @(x)uagx2+33x3+,.., and
that 824:0. We shall discuss the integral
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>
(%.4.1) F(t)= [ g(x) et‘r(x)’x,
where z(x) is an int€grable function, being
in -3¢ x ¢ &, the sum of 2 convergent power series g{x)=b +qu+b2x R .

We need some rough estimate expressing that the contributions of
the intervals (- ,-8 ) and (S,0s ) are negligible. We shall assume thot,
for each positive integer M, we have

) oo
(h4.2)  [a(x) et Max < o™, J»a(x) et (Xax o o(s™M,

- Tl
not bothering about how such information can be obtained. And we shall
n=sume the exlistence of two positive numbers 7 and € such that

(4.5.3) Yix) ¢ -px®, |s(x)]cc (-5<x<s).

]
In the integrmnt we shall consider exp(ta éx“) 18 the main factor,

The remaining factor g(x) exp t xﬁga3+aqx+nax +. .)} can be expandec

no oA double power series in the two srguments txj and x, convercent for
‘X‘(J§, and lor ~11 values of t,
eSO

. . : X4 = n
We shall denotc this Touble scries by P(tx7,x)= é*mmo z:nwocmn(tx )‘x
v - L

Its coefficlents - are indepconcent of ¢ ond X, We want to approximate

? uniformiy ULy lts“;artinl sums, and therefore we restrict th
finite interval. Thot 1s to soy, we shall use the power series only if
i=ix t-q/g. We may assume that t 15 so large that f‘q/sszé

e first notice that the intervals (¢~ 1/3 +9) and (-8 -t'q/B) can
be uneglected, It 1s not difficult to show that, it 1=t q/}, 7>0,
fxed,

to some

oo 2 ‘
(4.4.4) Sy L a i@m(_qﬁ”)} (t>1),
T
For, as vzt(xg- f2>)72tf (x=<v)>n(x-<) «Q' (x>T) we have
JPZ_ 7t (x"- 1—{’)“)2{ < fﬁc* ri(x'{)dx = *g—,\;
T T

and (4.4.4) follows. More cenerally, for each integer N3 O we have

oo 2
(5.4%.5) Jpe" U N gy o{exp(—%vth/B)} . (t>1).
T

The factor N tives no difficu’ties For, if x2»x, t;>2/Q we have
mLx 22, and 50 xh—o( =0 fexp(. Fptx© )} . So (4.4.5) follows from
(4.4%.%), replacing n by 5.

In the remaining interval -T¢ X ¢t we approximate P by a partial
sum. We choose a positive integer A, and we write

3 B Iym.n
PA(tx %) = z:m;O,n 20, méngA cmn(tx )%

Then we have, 1f [x]|<<,
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(4.4.6) P-P = @((“(‘3)3*") . D(XAM) ‘
uniformly with respect to x and t, This step requires some explanation.
m n

If 2 double power scries 2 c__z'w' converges for lz|< 2R,

m#0,n20 “mn

lvsi< 23, then we have,the terms of 2 convergent series being bounded,
-M, =N e . 1 i

¢,n=O(R7'S7"), Now we ensily estimatc, if \2\<-3»R, \w\<-58,

ooo.mn S ol Ny
E:m‘aO, n >0, min>A “mn® ¥ = 0o( X hwﬂﬂ 1W/¢‘ ) =

= O(Z:m.ﬁ.+1 (12/}3{\ + iw/shk) = 0 {(\2/3\ +§W/S“A+1}=a

it

O{("’le‘ )‘{“J”"} - Q(izl.&ﬂ) ‘0 ‘w\*ﬂm).

——

For the last step, cf. (1.2.9). It should be stressed that the estimates
are not uniform with roespect to A,

As to (4.4.6) we remrrk that P ois continuous If -8 ¢ xg¢§,
lth\-gﬂ, so that tone formula just proved for 2 smaller reglon can be
extended to this lorrer range (ef. scc.l1.2).

We have, by (4.4.5), if A i3 fixed,

eo < ,
2 o 3 o
{ [-J }PA exp (tagx®)ax = 0§67 vxp (<t "")} (“ ),

oo -

2, belng negative. And, if we combine (4.4.3) and (4.4.4),

{.f~f }g(x)etq"(x)fjx = 0 {exp(- th/B)} (t = o00),
2§ % .
Honce, by (4.3.2) and (4.3.4), we have, for eoch positive integer M,
‘ O
(4.4.7) U['g(x)et‘¥(x)dx - VrmFA exp (tagxz)dx =O(t’M) +
e ~00
= 2\ (1. 3| A+ A+
+ 0 {.iz exp(ta X ){}tx \ + x| }dx (t=>oc).

For these integrals we refer to (4.1.5) and (4.1.6). By virtui of
(%.1.7), the last O-term in (4.4.7) 1s easily seen to be O(t'?A'q)
we abtaln

v[?;(x)etkp(x)dx -2

- O3

. 20

o t-%(m+n+ﬂ)
mzO,n29, mng A mnémn

X(-2,) 72 O G4 minsn)} so(e 74N s0(e7T)

(t—>e),

i

where €nin denotes 1 1f m+n is even, and 0 if m+n is odd.

As A and M are arbitrary, we have an asymptotic series

(4.4.8) fmg(x)e“’(x)dx ~Z, o4, g5 (t = o),

T
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where

N 2v
d, =(-a,) v 2 Z: ~0 Cm,2von(~2 5) T ey +5).

1
It is easily seen that the main term dot'2 equals

%2n/t¢”ﬂn}% z2(0).

We assumed above that q: and g were the sums of convergent power
series 1in some neighbourhood of x=0. It is not difficult to show that
the results also apply to the case that

2

(P(X)fw a2x2+a3x3+... s 8(®x)eo Db b x4 L (x =)

1

in the sense of asymptotic series.

4.5, Asymptotical behaviour of the gamma function. If t> -1, the
function I'(t+1) is defined by

(4.5.1) T (t+1) = Lf e”

We shall apply the result of sec.4.5 to the problem of the behaviour
of T(t+1) as t = oo,
The integrand has a peak, but the localization of the peak 1s not

fixed: the maximum of e"ouG occurs at u=t, and the maximal value is

c‘ttt. Therefore we introduce a substitution u=t+y, taking y asg the
new integration variable, and we have to investigate the integrand in
the neighbourhcod of y=0. The neighbourhoads that matter are rather
large in this case. It can be seen from the analysis below that they
are intervals of lengths exceeding t2. This fact, however, does not
influence the method in any respeet, and 1f we carry out the further
substitution y=tx, this 1s only done in order to obtain some minor
simplificatilions in the formulas.

On substituting u=t(1+x) in (4.51) the integral becomes simwely

T(t+1) = o~ FH1 JﬁmX§'x(1+x{}t dx.
-1

The function e'X(1+x) has its maximum at x=0, and putting e'x(1+x)=
=¢‘P(X) we have 23
(P(X) = - B + 5 T T oeee
and (x) satisfies the conditions of sec.%.2 with tP”(O):-ﬂ. There-

fore, by (4.2.4),

ot
-

T(t+1) o et 872 (2nn) (t —>o0),

This is Stirling's formula.
The method of sec.4.4 leads to an asymptotic series for the
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function ]?(t+1)t‘t'%et. We shall now explein a modification of that
method, which works out quite simply in many cases. It is based upon
the idea explained at the end of sec.4.1. We Introduce a new inte-
cration variable z by %zea- $(x), or, more precisely,

L

z = x(1 - % X + % x° -...)%,
where the principal value of the root is chosen., In a certain neigh-
bourhood of the origin the Lagrange inversion formula (sece sec.2.2)
gives x as a power series in z:

2 3
X =2 4+ ¢co2° + cy2”7 + ..
2 3

It does not matter how smnll that neighbourhood is, as it is independent
of t, whence the integral con be restricted to that neighbourhood (cf.
(+.2.1)). So we¢ infer that there cxist positive numbers & and c, both

independent of t, such thot

e ;.2
- s
T(t+1)=e"" ttF1{ﬁ£e Lo

(1+2022+3C322+...)dz - o(e°°t)} ,

and the method of sec. 4.4 leads to

J
[
£

t ,-t-} 2 2! 2,°
(4.5.2) (eﬂ)%r‘(ti"'\)Q t 2:\.:14—303.'5. -1—,.—5:; + SCS(E-) T e
(t =),

Usually, e.g. by application of the Euler-Maclaurin ncthol to
T (t+1) = 1im  nin/(1+t)(2+t)...(n+t),
N o0

(f. s¢c.3.7) one durives the asymptotic series for the logarithm of
tho left-hand-side of (4.5.2):
B B B

2 4 4 - + (.
ot [T 3 )

Joe T ‘e

(4.5.3) log{ﬁQTt)°%Iﬁ(t+1)et t't"%}rv y

(t; —-)oo).

It follows that, if we denote the formal power series in (4.5.2)

and §4.5.3) by P(t'q) and O(t'q)
QQ(Z

, respectively, then we have formally
=r(z). It is, however, by no means easy to verify this directly.

4.6. Multiple integrals, The Laplaoce method can easily be carried over
to multiple integrals. We shall consider

1 1
F(t) =y{% e g& exp  tg(xq,..,x) dx,...ax,,

where ¢ 1s continuous in the cube —1(7@151,..., —1suﬂ1g1. We assume
that ¢(M,...,8)=0, but np(xq,...,xn)< 0 in 2ll other points of the
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cube, Morcover we assume that all second order derivatives of\p exist,
and are continuous in 2 neighbourhood of the origin, and that the
maximum at (0,...,0) is of the elliptic type. What we actually need is
this:

n n
) —_ __..l_ >
(4.6.1) S N Zk;ﬂ > joq B1g¥i%y *

+O(x42+...+x 2)(x 2+...+xn2—+ 0),

where the gquadratic form E:Z:aijxixj (aij=aji) i1s positive definite,
The procedure of sec.4.2 can now be repeated, with obvious alter-
ations. Omitting detaills, we only mention the result

(4.6.2) F(t) e~ A4 t7Z0(tsee), A = f‘.’.f" exp(-+ETa,x,x,)dx, . ..dx .

-3 -0

It is well-known that
g |
(4.6.3) A= (2w)3B p77 |

where D is the determinant of the matrix (aij). This is usually
derived by an orthogonal substitution in the integratlion variables,
in such a manner that the matrix gets the diagonal form, and then the
integral becomes the product of n single integrals.

If £ admits a development into powers of KqsevesXy, We can obtain
an asymptotical series for F(t), in the same way as it was done in sec.
b4,

In many cases, especislly for theoretical purposes, it is easier
to apply an analogy of the method described at the end of sec.4.5,

If y>Q, let ¢ (y) denote the volume of that part of the cube
. P 2
-1<%,<1,...,-1<x, <1 which satisfies \%(xq,..,,xn)z-%y . Then we
have oo, 2
-5t
F(t) = [ % a¢(y),
o)
and 30 the problem has been reduced to a question about a single inte-

gral. Usually ¢(y) will be differentiable, and ci}'(y)«-onym"/l D‘%Vn(y—>o),
where Vn is the volume of the n-~dimensional unit sphere. For the main
term we now obtain
F(t)evn 3y fooe“'%ty
n

1 O
As Vn=1tzn/]7(%n+1), this gives the same result as (4.6.2).

2 1 1 1
yn-1 dy = nD™2 Vn.2'4+5niﬁ(%n) 72,

4 7, An application. We shall discuss an instructive example of the

multidimensional Laplace method, We consider the sum

2n S
(-Er (5R)

(4.7.1) S(s;n) =Zk=0

where s and n are positive integers. It is well-known that S(1,n)=0,
s(2;n) =.(2n)1/(n1)2, and a formula of Dixon gives S(3;n)=(3n):/(n£)3



One of course expects similar formulas for larger values of s, but no
such formula is known., A simple method to decide upon the existence of
such a formula is to determine the asymptotic behaviour of S(s;n) as
n-soo (s fixed) and to investigate whether this corresponds to the
behaviour of multiplicative combinations of factorials, It will turn
out that the asymptotic formula for S(s,n) involves (cosrt/Es)gnS. The

)25 is rational if s=2 or 3. If s>3, however, this is
)ESU

number (coswt /2s
no longer true, and it follows that (cosrv/Es does not occur in

the Stirling formulas for n,2n,3n,... . Therefore, we cannot expect
simple extensions of the Dixon formula 1if s> 3.

Properly speaking, the discussion of S(s,n) belongs to ch.3. We
are, however, in the situation described in sec,3.11: the sum is ex-
ponentially small compared to the largest term (i.e. the term with
k=n). This fact is easily verified in the cases s=1,2,3, and for
general s it follows from our final result (4.7.4%). (We notice that X
the term with k=n, which we denote by t_, is asymptotically 22n@1n)—§).
This means, roughly, that the Euler-Maclaurin method (in the version of
sec.3.11, because of the alternating signs) give a result of the type
s/tnm O+O.n—1+0.n'2+..., and possibly (by the method of sec.3.10) that
S/tn is exponentially small, but we will not be satisfied with a mere
uprer estimate. Moreover, in this case, the terms are, considered as
functions of the summation variable k, quite awkward, and the Euler-
Maclaurin analysis becomes involved. For these reasons it is worth
while to try other explicit expressions for S. One possibility is used
below, another one (not restricted to the case that s is an integer)

will be used in sec.6.4,
o0 o

It is easily seen that S(s,n) equals the coefficient of z b e 2y,

N

1
in the product

(-0 (147,) 7 (142,) P (142 )20 {’1—(z1,..zr)"1} 2D where r=s-1.

2

As S(1,n)=0 is trivial, we henceforth assume s 32, ry1.
By Cauchy's formula we have

$(r+1,n) =(-1)n(2fTi)—ka°~;f (1+21)2n...(1+zp)2n gj'(zq...zp)—q}zn

al z 142

(21 R S r>’
where the integrals are taken along the unit circles in the complex z-

dz

planes.
On substituting zj=exp(21 ?j) we obtain

ivye lev
s _ s2rn+2n _ -r [ uf2 : 2n
(#.7.2)  S(r+1,n) = 2 T ufl... ~l_\ﬂcos Wq---COS‘Pr51n($q+--‘+¥})
-2 -2

FRY
dqﬁ...d%%,
and to this multiple integral we can apply the Laplace method., We put
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G( Pasenes LPr*) = CO8 4 ,...cO8 @ 8in («,P,1+..,+ gpp),

“nd our first question concerns the extremal points of G. As G=0 on the
boundary of the cube -4 ¢ “P“:Q%“ seees =ETUE P, s, whercas G
takes both positive ond neprntive voluces Inside the cube, the boundary
can be neglected, A8 to the inner points, we remork that G has contin-
uous partial derivatives, and oo we only need to consider points where
66/&\{:)1:...: &c/ é&ppx!ﬁ\. I'xcluding points where G=0, we have

(4.7.3) 2G/3p, = -{tan p, + cot (gre.tg)} G (I=T1,..00m).
Hence our conditions implices that tan W =L .=tan Q. The “Pj’ﬂ beling
restricted to the interval (-3vt , vt ) it follows that all \py are
cqual, qua...x \Pp= ek, SV We obtaln cot ra= tine, "nd 80 o frol=
=3¢ +k U, wher: k 15 an integer. In other words

o = v /2s, where s=r+1, and ¥ is ar odd integer,|9)l< s. The
values of G in such » point is
Glet,...,¢) = (cos oc)r s5in (ro) = + (cosex )™
. A2
So there are two absolutc maxima of G, corrcsponding to v=+1 and
vV =-1. These are o =3 and &=-(3, respectively, where 3 =v/25. It
1s sufficient to consider only one of th;m,o&:%»ﬁ , 8ay, For, the
integral in (4.7.2) can be split into two egual parts, 2ccording to
- 0
Pate b P >0 0or <0,
We shall write, in a neighbourhood £2 of (Boeevsfd)

G( P “Pr) = a(B,...,3) exp (Bn\[)({sm,},...,ﬁwp)),
and we have to deal with

2ff exXp (QnLP(/@JFM:---:ﬁ*XF)) A% 00X,

the integral being extended over {2 . &5 G has continuous partial
derivotives of nll orders, we hnve a multiple Taylor cxpansion [or
¢ (ef.(4.6.1)). As G is maximal at X .=,
point, the constant term and all linear terms vanish:

..=X_=0, and as b =0 at that

>
&
]

r -
L{)([ﬁ«&-x,,;,...,f.’)“(r,) = "'32::1 ZJ“,‘ "1 X XJ MR

e

where a4 = -(a/aapi)(a/a LPJ)(leg G), evoluated at x,=...=X =0,
From (4.7.3) we infer

ai,j = (B/ek{’i) {tan \.,PJ - OOt(tP,l*‘...*?‘ LPP)} =

= 5“ cos™2 Py sin’a({p,]+...+ @) z(éijm)cos"z‘ﬂ/?ﬂ,

for at p,=...=  =t/2s we have sin(cp,ﬁ...+k&,)msin(rrc/23)mcos(w/2s).
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Here Sij is the Kronccker symbol: éi,:ﬁ if i=j, éifo if i#£j. The
determinant of the motrix (1+5ij)(i,j=1,...,r) has ¢lements 2 in the
main diagonal, and all other clements ere 1. Its value equals s (the
order of the ma $%% }?wE%GaYStCh ¢aslly can be shown by induction. It
can also be derlved /' theory: the numbers 1 and r+1 arc obviously
cisenvalues, and ag substroction of the unit matrix from the given
matrix leads to a matrix of rank 1, the multiplicity of the eijenvaluc
1 equals r-1. Thercfore, there are no other cigenvalues. The determin-
ant cquals the product of the cigenvalues, whence the determinant
cquals r+1,

The matrix (1+éﬁj) is positive definite, for it is the matrix of
the guadratic form

Xymob el + X + (x

We are now in a position to apply (4.5.2) and (4.6.3), and the result

o
I
J

1k

S(s,n)megpn+2nrtnr

2. (27 D72 (20) T 0 (g, .. )} (0 ),

D ==& cos*gr(ﬂ/Qs), G(ﬁ”"43) = cosﬁCm/Es),
and finally
e ts - -5 (9~ -
(07 ) S(2,0) eo {2 coslr/2s)) BTN 0278 (o2 (1-8)ge (na),

fs noverificatlion we take s=3, then we find
L N L
S(B’n) o 33n+’2—/2‘1’tn = (3 )BH%(gﬂ)a R 3n{nn+’3 2 . } 3 o
e (3n)!/(nl)

in accordance with Dixon's fornula.,
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5. The saddle point method,

‘§.1. The method. The snddle point method i1s one of the most important and
“wowerful methods in asymptctics, Its object is to obtain useful
aprroximations to integrals in the complex plane,

(5.1.1)  F(t) EL v (z)dz,

where P 1s the integration path, and ¢(z) is analytic along P. We
~ssume that both the integration path and the function @ depend on
2 parameter t, and we want to study the 2symp:otic behaviour of F(t)
as t — co,

Any specilal application of the saddle point method consists of
two stages.

(1) The stage of exploring, conjecturing and scheming, which is usually
the most difficult one, It results in choosing a new integration path,
fit for application of the second stage.

(i1) The stage of carrying out the method. Once the path has been
Tuitakly chosen, this second stage is, as a rule, rather a matter of
~oubine, although 1t may be complicated. Itessentially depends on the
-avlace method of ch.4,

The first stage, however, is usually yiite difficult, especially
in those cases where the new path has to depend on t. Most authors
dealing with special applications do not go into the trouble of ex-
plaining what arguments led to their choice of the path. The main
reason 1s that it is always very difficult to say why a certain
pessibility is tried and others are discarded, especially since this
depends on personal imagination 2nd experience.

In the present exposition we shall try to give, in each example,
some arguments accounting to some extent for the cholice of the path,
although many readers mey find these quite unsatisfactory. There are,
of course, general arguments, to be explained in sess.5.2-5.5, which
form the basis of the method, but in special applications these
generalities give only partial answers,

The general idea of the 'saddle"point meihod can easily be grasped
in the following way. Assume, for a moment, that we are not interested
in the value of F(t), but that we only wirt te find a good upper
estimate for |[F(t)|. We have, of course,

(5.1.2) [F(t)] & jp lo(2) . ]az] < 1,.maXg lo(z),

where max, |p(z)] 1is the maximum of [gp(z)| along P, and 1, is the
length of P. It may be possible, however, to obtain a better estimate
by taking a different path, By Cauchy's theorem, the path P in (5.1.1)
may be replaced by other paths C, having the same endpoints as P,
provided that C can be continuously deformed into P without leaving
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the domain’ of analyticity of ¢, We shall call these paths C admissible.
We now wish to determine C such that the value of

(5.1.3) 1, mex, lw(z)]

ig minimal, This C can of course depend on t,

The role of 1C is, a8 a rule, gulte unimportent. In the first
place, we may remark that the estimation (5.1.2) is & rough one. Along
the largest part of the path the value of |w(z)| may be much smaller
than the maximum, so that only a small part of the path may count,.
Secondly, we ore thinking of applicotions where ¢(z) behaves rather

vionently, any way uf t is large: very large at some places, and very

-m~11l 2t other places, Therefore, zmall vorintions of the path may
~ond’torn large variztions of max, lp(z)] , wherc-s the value of 1

“

1trdly anTngen.
Finn iy 1T oty be remorwed shot Af @(z) Goes not benave violent-
ly, th aadcle vown” wohod hoo ot mueh of - charice to succeed.

For these reasons we may expect that the volue (5,1.3) is pretty
close to its minimum 1f we choose from tne s=2t of 21l admisslble paths
“h2e one, C say. for which
(=7 mox, e (z2)

18 minimal, It is of course not generally true that 2 minimizing path
foexXiges, but commonly it does,

To will turr out “h vt we are 2o forvunnte that the path C, chosen
chos any o ceder €O obtoin an upper bounda for [F(t)i, is at the same
sime 0 2o00d noth for the evaluation of F(t) 1tself., That is, we can
parrmetraze the path and write g q%z)dz as an integral along a real
interval, to which we cnn try to apply the Laplace method (:h.4)., If
the Laplace method T21ls, 211 we can say is that the problem was reanlly
no crae for the saddle poinv method.

The above ctatement iz, nf course, very rougch., There 2-¢ many
paths giving the srme valoc ~F @ K. w(z)l, but not all are suitable
for application of the Lopli-ce me-bho,, vz sholl have to acjust the
path C in such ~ w2y that the partc o0 {he path where }?(z)} is close
to 1ts maximum, become small in length, ™is ¢ n de achieved by the
so-called methed of steepest descent (sec. b 4),

If C is chosen according to that method, the maximum of |y (z)|
will be attained at 2 few icolated points only, and as a rule only in
one single point. These isolated points are either endpoints of the
path, or they turn out to be saddlepoints, i.e. points where the
derivative W'(z) vanishes, The saddle points 2re usually easy to find,
and they form the basis for the construction of the path C.



As we said before, it may occur that the point of C where |[¢ (z)]
is maximal, is one of the end points, and that there is no question of
saddle points. We shall then still speak about the saddle point method,
as the general aspect, both of problem and method, 1s of the same type
as in the saddle point case.

5.2, Geometrical interpretation. In order to make things clear we shail

give a geometracnl illustration. Consider the surface in three dimens-
ional xX-y-w-space, whose equation is w= )@(x+1y)\. It 13 easily seen
that at points where Q’(X+Ly):0, and 2t no othepr poluts, the tangent
plane 1s horizontal hy virtue of the [ormuli:s

2 Jel

alel _ gl dy
> -

¥ dz

4
/)
<

(for simplicaity, we shall forget 2 moment about points where &?(x+iy):0,
nnd wheve therve 18 not alwavs ¢ fanpent wling). 23 ohe maximum modulag
ririnciple, there are no maxima 7or minumn, =part {von minwas 20 points
whevre @ =0, g0 fhet the points where the btingent plineg 13 horizontal

v o saddle polnits., These have the pronerty that theilr neighbourhoods

on the surface are partly a2bove and vartly below the level of the saddle
noint itself.

Let us imagine 2 man who wants to move from spot A to spot B in
seme mountain district, and whose physical condition makes it desirable
te avoid the higher altitudeg »g nmuch 2s posgible, On the othzr azad, he
has no objection whatsoever against wilking, nor against climbing, He
trierefore tries to do the same thing as we went to do on our surfoce
W= |¢(x+iy)] : he wants to take a path such that the maximum altitude
is as small as possible,.

If there happens to be a path of which A is the highest level,
his problem is solved. It is clear that no path leading from & o B has
a maximum altitude below the one of A, The same remark applied to B.

4n the other hand it may occur that no such path exists, so that
every path leading from A o B containg altitudes above those of A and
B. Unless our man is & mathemavician, it will be immediately clear to
him that if there exists a path which solves his minimum problem, the
highest point of that path will be a saddle point, that is, in his
terminglQgy, the highest point of a pass road. A mathematicinn will De
able to prove it (also assuming the existence of a solution of the
minimum problem) under some continuity conditions, which are amply
satisfied in our case w=4¢ (x,y). If the surface of the earth were not
a sphere, but an infinite plane, the man would readily understand that
the existence of a minimizing path is not guaranteed. It might be
possible that by making wider and wider detours the maximum altitude of
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the peth could be recuced and reduced, without every sttaining a
minimum. &4 sufficlient, though not necessary, condition for the existence
of 2 minimizing path is, that therc exists a large circle, containing
both A "nd B in 1its interior, such thnt every point of its circumference
is higher than 21l points on the gtrenight line scgment AB]ﬁﬂfﬁEﬁﬁEéfggg;-

We shall now descrihe 2 method for finding the best possible vath for
Let ho be the highest of the nltitudes of A and B. Now for every number
h }ho we construct the roglon R], consaisting of 21ll points whose
Altltude is gh, Then both 2 and B belong to Rh, and the question 18
whethor A and B can be connected by a path entirely belonging to Rh.

IT the ~nswer 1is negative, the highest point of his minimal path will
certainly have an altitude >h, If the 2answer is affirmative, therc ig
2 path whose meximumaliitud. 18 <h. So his problem is solved if he
knows the smallest value of h for which the answer to the above
questign is affirmative. Dut how to find this smallest value?

To his non-mathematicnl mind the following wxll De obvious: 1f K
16 thiv ymnllest value of h, nd 1f P 13 » »ath from A to B entirely in
Rk’ the .. tho highest point of P will be a saddle point, Por otherwise,
thio higheot point could he circuwentend by moking some detour,

It follows that the minimum volue of h only needs to be sought
amongst the altitudes of the various saddle polints. And even without
these discussions the first thing our mountainer would do would be to
look up the altitudes of the various passes in the neighbourhood, and
try whether he can do with some of the lowest,.

It is clear thet the highest scddle polnt will be crossed by our
mountainesy,1.¢, pagsed in such 2 w2y that in each nelghbourhood of
the saddle point, and on poth z3:des of the 2o+, there nre points
above the level of the a=ddlc poiric, [t g oot difficult fo show thet
in our case (w= |P(x+iy)}) a suificient condition for ~ path £2 cross
the saddle point is heving a tangent at that point.

5.3. Peakless landscapes. The landscapc, we are especially interecoted

in, viz., w= l?(x+iy)l, has 2 simple property: by the maximunm modulun
theorem we know that there are no petks. Asguming that there aore no
8ingularities either, this property has the following consequence:

if 2 closed path crosses 2 saddle point, then this saddle point is not
the highest point of the path., (We take it that speaking about the
highest point includes that the path has no other points of the same
n1ltitude). In order to show this it is sufficient to restrict to closed
paths without double points, for otherwise we can easily find a closed
part of the path, without double points, and containing the saddle
point (mathematicelly we are still on the level of the mountainer).
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Now by the maximum modulus theorem 2 closed path contains in its
interiar no points higher than the highest point of the path. So in
every neighbourhood of this highest point there are, on one side of
the path, no points higher than this point itself. Therefore, this
highest point cannot be * saddle point crossed by the path (see thc
end of scc.5,2).

This closed path theorem h2s a consequence which is of great
practical value for our minimum problem, If (in a landscapc without
peaks and without singularities) a path leading from A to B crosses &
gaddle point, and if this saddle point is the highest point of the
path, then the path solves the minimum problem, that is, any other
path from A to B has at lenst one point of 3t least the same altitude
as the saddle point just mentioned. The proof is easy. If we go from
A to B ~long this path, ond go back from B to A along any other path,
We have described a closed path to which the previous theorem can be
Jpplied,

This means that the minimum poth can be immedintely recognized as
sueh (provided that it hes Jjust one highest point). So if we conjecture
thaot some path solves the minimum problem, this conjecture can be
tested by lopokling at this path only, and it 18 no longer necessary to
inspect the collection af all other poths.

If we now include the case that there is o path of which either
A er B 1is the highest point, we¢ can formulate the following rule for
thc s.lution of the minimwu problem: Find o path from A to B, the
highest point of which i3 elther an end-point or & saddle point which
1.5 erossed by thc potn,

The ndditional words "which 18 cross:d by the path" are clearly
necessnry in order to cvoid that our mountainer goes up to some very
high pass and after revaching the saddle point, goes back in the
dircction he came from,

If there are singulorities, we have te take core that the minimz2l
math hangs together with the »noth originally given, in the senze that
the first path can be continuously deformed into the sccond one with-
out c¢ver leaving the regulority domain, Or in other words, we have to
toke care that Cauchy's th.osrem can be applied.,

However, it is oft.n ussful to violate this provision about
singularities. Of course, we then have to teke certain residues into
agcgunt, but these are, as a rule, easily determined with great
preeision.

Various statements m~de thus far could be statcd more precisely,
and could be proved more rigorously. But for the present purpose it
1s not necessary to do so, 2as these matters only play a part at whet



we called, in sec,5. 1, the first stage of the procedurc. Rigorous
proofs will only be needed at the second stage, where calculations are
based upon one special path, and then we have nothing to do with the
question why just that path was chosen. The situation can be compared
with the auxiliary line in probloums of elementary geometry: the correct
proof of the theorem uses the auxiliary line, but need not discuss why
just that line was chosen.

5.4. Steepest descent. Let us consider a path, the highest point of
which is a saddle point (crossed by this path). We shall examine a
neighbourhood of the saddle point.

It is slightly easier to work with the logarithm of v(z), to be
denoted by ¢ (z), so that ¢(z)=e +(Z). As the saddle point, to be
denoted by §, is the highest point of the path, we have @ (%)#0. As we
are further only interestcd in 2 ncighbourhood of 5 , we can select for
sy(z) any branch of the logarithm, and we have no difficulties due %o
the multivaluedness.

If follows from  (%)#0 that the conditions ¢'(%)=0 and ¥ '(%)=0
are equivalent,

As far as yet we took [?(z)l to be the altitude of the landscapec.
If we replace it by Re + (z), which is a monotonic function of[ ?(Z)L
there is no change in any of the arguments of the preceding scctions.

Moreover, R (z) is single-valued (at least if ¢(z) is singlc-valued).

Unless Y (z) is a constant, at least one of the derivatives
$(3), ¢i(s), \y'” §)sunn dlffers from zero. Let k be the smallest
positive integer such that t¥ )($)¥O. We shall assume that k=2, The
cases k>2 are only slightly more difficult, and as they hardly ecver
occur in applications we shall disrcgard them.

The situation in 2 small neighbourhood of 5 13 mainly determined
by the value of t%'($), for

$(z) = ¥ (5) + 34 (5).(2-5)7 ...

We shall define the axis of the saddle point g as the straight
line in the complex plane defincd by

LP”($)(Z—§)2 real and «£ O.

This is a line passing through 5 ; tue line wherc 41”(3)(2*5)2;>O is

clearly perpendicular to this one. The argument of the axis is

1% arg¥$"(%). (If 2 line 1 is parallel to the line connecting O and

&, then we say that arg 1s the argument of 1. The argument of 1 is

obviously uniquely determined apart from additional multiply of T ).
The curves where Re VY (z)=Re J (%) obviously intersect the axis
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at 5, making angles of + }‘N with the axis, These curves are drawn in
Fig.1 as heavy lines. The curv.s where Im ¢ (z)= Im ql(y) are drawn as
dotted lines. Their tangents at ; arc the axis of the saddle point and
the line perpendicular to it, respectively. The axis itself is denoted
by a.

The curves Re § (z)=Re ¢ (%) dividc the
neighbourhood of % into 4 parts. The
two of these whilch do not contain the
axis, arc hatched. In thesc reglons we
Fig. 1 have Re P (z) >Re ¢ (%), whence it
follows that our integration path, of which % is the highest point,
docs not enter into these regions., The integration path has to cross

the saddle point, so that it connects the two non-hatched regions.

There 18 n limit cnase, whoere the integration path isexactly one
of the lines with Re ¢ (z)=R¢ ¥ (%), and wherc % is not the only
highest point of the path, a1l points of at least a part of the path
having the same 2ltitude. There is 1 method specially devoted to this
case, called the "method of stationary phase'., We shall see, however,
that in our case of analytic functions this case can always be avoided
(sec.4,8), and we shall not further discuss it.

In the general case, whore the integration path uses, apart from
5 itsclf, only inner points of the non-hatched regions, we c¢an always
deform 1t suoeh that its tengent at 3 coincides with the axis a2, and
such that, in the cases of violent behaviour of Re ¢ (z) we are inter-
ested in, the value of Re ¢ (z) is in all points of the path very much
smaller than Re Y (;), apart Crom o small scgment of the path around

;. I7 we start at the saddle point, and go in one of the two direct-
lons of th2 axis, the function Re 4/(2) decreases, It is easily verified
that this dccressc is stronger than the decrease of Re ¢ (z) in any
other direction, Therefore, the directions of the axis nre n1led
directions of steepest descent,

The use of these directions of steepest degscent 13 not strictly
«38¢ntinl for the saddle point method. We might take any other curve
connecting the non-hatched rogzions, provided thnt thq angle it makes
with the axis is less than /4, 2nd docs not tend to /4 if the
prrameter t tends to infinity.

5.5. Stcepest descent at end-point. Suppose that we have a path from
A to B, the highest point of which is A, In the general case we have
ql‘(A)¥O. We shall not discuss what happens if ¥ '(A)=0, for then we
have a saddle point at A, and s0 things can be discussed according to
gec.5.4,
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If ¢ '(A)#0, th. valuc of Re ¢ '(z) in smoll ncighbourhoods of A
is to 2 large extert determined by the value of ¢ '(A), since

g (2) = ¢(A) + (z-A)y'(A) + ...
We shall ngoin define the "xis os the set defined by

(z-A) ¢ '(A) real and ¢ O,

and in the precscent case this 1is 2 half-line through A,
Perpendiculnar to this linc 1s the curve 21long which we haove
Re ¥ (z)=Re ¢ (A). At one side of this curve, the sidce of the axis,
we have Re ¥ (z) <Re Y (A), nt the other side we have Re ¥ (z)>RuP(A).
The pnath under discussion certainly does not enter into the latter
rcgion, the highest point of the path being A itsclf.

The direction of the nxis is the dircction of steepest descent,
and we shnll prefoerably take our path starting in this direction.

5.6. The second stage. Suppose thnt we have found 2 curve that

minimizes mAX, R: ¢ (z), nlong the principles cxpounded in sec.5.3,
and that we have modified it so ns to show steepest descent at end-
peints and saddle points. Furthcrmore ossume that the behaviour of
Re {z) is violent, in the sensce that 1t is at lenst rclatively, very
lerge at some of the saddlc points or end-points, and that at these
points {w ”(3)‘ is large as far as saddle points arc concerncd, ond
{w'(;), is lorge L ond-points are concerned. Then on our path we have
large valucs of Re ¢ (z) in small neighbourhoods of some of the snddle
points or cend-points, and i1in all other points of the path its valuc is
negligible compored to these. Not 211 saddle points or «¢rd points rced
to Le important, for it may hoppen that at some of thum the value of
Re ¢ (2z) 1s n.ogligible compored to its value at some of the others.
Accordingly, in thes: insignaficant points there 1s no need for steep-
¢8t descent, 2nd if saddle points ~rce conc-rned, it 13 even not
necessary to draw the path xnctly through these saddle points.

for the finnl ev-oluntion of asymptotic expressions for our inte-
grol we now immediately 2pply the Lagrange method of ch.4, At the end
points the integrand is, roughly upenking, of the type exp(-Cs) and
ot the saddle points it i3 of the type exp(-ng). In both cases C is
A constant whose real pert is large, and g is » real voriable used for
prramctrization of the path in the neighbourhood of the significant
point under consideration.

5.7. A general simple case. We consider o simply connected region D
in the complex plane, and two functions g(z), h(z), both independent
of t, The functions g and h are analytic functions of z for 21l z inside
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D, The points A,B are in D and independent of t. We want to discuss
the agymptotical behaviour of

B
£(t) = J g(z) & B2y,
A
a8 t>»0, t_aoo, Assume that there 1s a point § ¢ D where h'(%)=0,
h"(%)#0. Properly speaking, % is not a saddle point of geth, but of eth;
nevertheless 1t will turn out that ‘5 can be used for the problem about
gem a8 well,

The landseape of‘ je Iaround ‘,13 of the type 1llustratcd in fig.1,
p.59, If & is a number independent of t, and 0 < & <7 1w, then we can
find @ » O such that there are two oppositz_ sectors of the circle with
centre ’ and radius @ , with apertures §TT -2 4, both symmetr'ical with
respect to the axis of the saddle point, 1In which le Z)l < ‘eth(”’,

or Re h(z)< Re h(¥§}. In formulns, these sectors can be described by

(1) 0 «lz=-%| «p, Jarg(z-%) + 37 -} arg h"(;)} < 3—11'-5

(1) 0 <lz-§l<p, lorg(z-y) - 47 arg n'(5)] < gv-d .

For, in both sectors we have lwgi -(z-%) h”(‘;}] <iw-2 4, and so
Re{ (z—)) h”(}')} > ‘z '}]2 sin 2d; consequently Re h(z) =

Re hiy) + & Re {h”(‘g (z-g)g} + 0(]z- §13) < Re n(%) -{z—‘;lg sin 25+O(}z—},‘|3),

and this is €0 if Q is sufficiently small,

Obviously, both § and P can be chosen independently of t. Now
assume that A, is a point in sector (i), B, in sector (11), both in-
dependent of t, and that the integration path fram A1 to B1 remains
inside the domain D. Then we can replace the path by 2 new one: First
connect A,, to a polnt A, on the axis, inside (1); then cross the
snddle point along the axis, from A, to 2 point B, (B2 inside (i1i));
finally connect B, to B, by a path inside (11). Along the paths from
Aq to Ay and from B, to B, Re(¥ (z)-v¥( }ﬁ) has a negative upper
bound -c, and therefore the contribution of these parts to the inte-
gral is ﬂ(e'Ct t Re h(f)). The contribution of the integral from A,
to BO can be evaluated by application of the Laplace method. We para-
metrize the path by z= B+ AX, a £X &b ' :
(-P<a<0<b<p, x=exp($T 131 arg h"(%) )), and the integral from
AQ to 82 becomes

b
dj g(5+ ax) o8 R(Frax) 4,
a L4

We have thus obtained an integral that was discussed extensively in
sec. 4.4, as h( 5 +ax) = h(%) + %h"(‘;)dzxz + oeve
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and 3h"(%) ®2£0. The results of that section can be applied immediately

It results that we have an asymptotic series of the form

B _ . o
(5.7.1) J; 28(2) et N(2) gy et h(%),-2 E:o dnt'n (t — @),

2
If g(5)#0, the main term is easily evoluated:

L
>

2
(5.7.2) j g(z) et h(z)gy o (em)=
A
2
We note that « is the complex number with modulus 1 whose argument

oj=

x 6720 (5)] F g(3)e® PP (v e,

corresponds to the direction on the axis from (i) to (ii).

The right-hand-side of (5.7.1) will be referred to as the contrib-
ution of the saddle point 3 . It is a triviol but important remark- that
the contribution of a saddle point depends on thoe direction in which
it is crossed., If we reverse the directions, the contribution is of

Lga L 1—\2 Bz
course multiplied by -1, asjé = —~£ .
2 2

As the integrals from Aq to Ap ~>né¢ from B2 to B, are exponentially

small compared to el h(?)’ formulas (5.7.1) and (5.7?2) remain true if
we replace A2 by A,l and B2 by Bq.

The gquestion whether the integral along the original path from A
to B can be represented asymptotically by the contribution of the
gnddle point, is of a different type. It cannot be answered by studying
small neighbourhoods of 3 . The answer is affirmative if A can be
linked to Aq, and B to Bq, in such a way that on those connecting paths
the maximum of Re h(z) is less than Re h(%), for then the contribution
of these paths is again negligible.

It is, of course, not necessary to use Aq,Bq as intermediates
between A,B and AE’BE‘ In the above presentation it was done for the
sake of a minor simplification. The price we have to pay for this is
exponcntially small, and therefore we need not bother about the strict

neeessity eof this step.

A similar, but simpler, discussion can be given for the contribut-
ion of an end-point to our integral J’g(z)et h<Z)dz. We only state the
result: If g(A)#0 h!'(A)#0, and if the path starts from A in a direction
in which Re h(A) decreases, then the first term of the contribution of
a neighbourhood of A eguals (cf. sec.4.3)

g(a) ¥ POA) (g (a7,
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5.8. Path of constant altitude. We agoin consider integrals
B B
~ ¥(z)
$>(z)dzqf ef\“/az,
A

If the points A and B are connected by a path, all points of
which have the same altitude in the landscape w=Re ¥ (z), then this
path automatically solves the minimum problem (for no other path from
A to B has a maximum 2ltitude below the one of A)., We shall show that
this path can always be slightly deformed so as to give a path having
only a discrete number of highest points.

To this end we consider parts of the path, whose end points are
elther A or B or else saddle points, not containing saddle points as
inner points. Obviously the whole path can be devided into such parts,
Let Ak Ak+1 be such a part of the path, and let this arc be given in
the parametric representation z=f(s), 0 ¢s «1, where f(8) is contin-
uously differentiable, £!'(x)#0 (0 ¢s £1) and f(o)nAk, f(1)mAk+1. As
there are no saddle points on the arc between Ak and A , we have

k+1
dy /ds =¢'(z) . £'(s) £ 0 (0 ¢8 <1)

As Re ¢ was constant along the arc, we now know that .1dy/ds is re~1.
continuous and #0 (0 <8 ¢1). It follows that its sign is constant, say

id?/ds real and <0 (0 <s <1).

It now follows from the Cauchy-Riemann egquations that the derivative
of Re (z) in a direction perpendicular to the arc, is also negative,
provided that the positive direction on the normal 1is pointing to the
left bank of the arc, It follows that on the left bank Re + (z) has
values less than the constant value which it has along the arc, so
instead of left bank we may speak about the lower bank.

We now describe a new path from Ak to Ak+1' At Ak and Ak+4 it
goes,preferably by steepest descent, into the lower bank, and further
it proceeds along the lower bank at small distance of the arc. Here
"small" means: sufficiently small in order to guarantee that we are
below the level of the original path,

We can do the same thing for other parts of the path A,B., Some-
times the lower bank will be on the left, sometimes 1t will be on the
right. At a saddle point, the new path goes up to the level of the
saddle point and descends again, on the other side. (The last few
words are not strictly true., If we have a higher order saddle point,
and if tﬁe order of the first non-vanishing derivative is odd, then
we have to descend at the side we came from).

The asymptotical behaviour of the integral from A to B is now
given by the sum of the contributions of the points A»AO,Aq,...,Aan.
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5.9. Closed path, Instead of for a curve leading from a point A to

a point B, the problem about (5.1.1) can also be proposed for a closed
path. We of course do not assume that the integrand 1s analytic every-
where inside the path, for then the integral is trivially zero,.

Considering a closed path, we of course get no contributions from
end points. If the path can be deformed into another closed path
crossing just one saddle point, and if this saddle point 1s higher
than all other points of the path, then this path is fit for applicat-
ion of the techniques of what we celled the second stage.

If we have a closed path of constant altitude, it need not solve
the minimum problem (the argument given at the beginning of sec.5.8
essentially depended on the fact that A and B were fixed beforehand).
For example, if 9(z)=z'2, any circle whose centre is in the origin,
1s a curve of constant altitude, and none of them solves the minimum
problem, The minimum problem should be interpreted, in this case, as
the problem to find a closed curve C, encircling z=0 just once, such
that (5.1.4) is minimal,

5.10. Range of a saddle point. It is often qulte difficult to dct =
mine a saddle point exactly. However, for asymptotical purposes it
is not necessary to take a path exactly through the saddle point. Etn
sec,.5.7 we actually did not use the exact saddle point of g(z)et b z},
but an approximetion to 1it, viz, the saddle point of et h(z)).
If 5 1s a saddle point of the function ¥ , then the range of 5
is a circular neighbourhood of %5 , consisting of all z-values which
are such that ]%”(5)(2- 5)2
This 1s obviously not 2 proper mathematical definition, how
useful it may be,.

is not very large.

The word "range" is as unmathematical as words like "small",
"large compared to". We might easily give it a definite meaning, but
that would be quite an arbitrary one. And, as the word only plays =
role in what we have called the first stage, we need not be very
precise,

Occasionally, we shall also use the word "range" for the radius
of the circular neighbourhood mentioned above.

We have to remember that everything we are doing, depends on
the parameter t, although the letter t was not explicitly written in
our formules, Especially, the saddle point 5 may depend on t, But
even 1f the saddle point is fixed, the range may still depend on t.
E.g., if ~-}*(z)=—tz2 5 =0 1s a fixed saddle point, and its range is
of the order of t <,

If we have to deal with an integral J'e‘P(Z)dz, and if F is a
saddle point, then it 1s very important to know whether in the formula



ASE 65

(5.10.1) W (z) =b(5) + 3¢ () (z-5)% g4 (5)(z-5)° + ...
the sum of the terms
(5.10.2) %\*/!'9(3)(2_,5)3 +

18 or is not small compared to the term %4’"(7)(3_5)2, when z lies in
the range of the saddle point, (Needless to say, everything depends on
the parameter t, and "sma1ll" has to be interpreted in the sense of a
O~formula 28 t— eo, If 1t 1s small, we 2are in a position to apply

the technique of sec.4.4and,as forss the contribution of the saddle
point % 1is concerned, the integral can be successfully compared to

(5.103) [ exo (b(5) + 1 ¥ ()0 0z = (emaly(s)| T

Here L 1is the axis of the saddle point, extended to infinity in
both directions, and the sense in which L 1s taken corresponds with
the sense in which our integration path crosses the saddle point. The
nunber a« has absolute value 1, and its argument indicates the direction
on L (ef.5.7.2).

In the special case that (z)=t h(z), h(z) independent of t,
h'(¥)=0, h"(%5)#0 (see sec.5.7), we have an example where inside the
range the terms of de and higher order are small compared to the
second order terms., For then (5.10.1) has a positive radius of con-
verge?ce R, say, where R does not depend on t. The range has the order
of t72, for " (5)(z-%) 2‘ is large only if |z- 5| 1s much larger than
t'ﬁ. Furthermore, (5.10.2) converges if |z- $]<R, and so its sum is
0((z-5)°) 1f |z- 5! iR. It follows that the sun of (5.10.2) 1s
O{t (¢ (%) (z-%) )j (t >4R lz-5] <t 2) This means that inside
the range the second order term dominates all other terms,

If, on the other hand, (5.10.2) 1s not small compared to
%\P"(y)(z-y)e throughout the range of the saddle point 5 , it is
difficult to say anything in general, Usually it means that there are
other significant saddle points in the range of 5 , or that there are
even singularities of +fin that range. We shall come across a few
examples in sec.5.14,

5.11. Examples, In the next sections we shall glve some simple examples.
They will be somewhat artificinl in two respects. First, they did not
arise from practical problems, but were just designed to illustrate
some aspects of the saddle point method. Secondly, in each of these
examples only some of the typical difficulties of the saddle point
method will occur, whereas in most applications occurring in practice,
all possible difficulties occur in one and the same problem. We shall
give some of these more complicated problems in the next chapter,
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)
£{t) =~f exp((z+iz-23)t)dz,
o
which is of the type of the integrals considered in sec.5.7.

Even in a simple case like this, it 1s not easy to get an adequate
survey over the landscape, Fortunately, the problem can be solved
almost blindfolded.

We put z+iz—23=h(z). The saddle points are the solutions of
h‘(z)=1+i~322=0. So there are two of them, % and - %, where
¥ 229,372 . 8/8 | 4t rirst sight it seems unlikely that - 5 needs to be
considered, and therefore we turn our attention to + 5., The axis of
this saddle point (see sec,5.4) has the argument - w/16, Therefore,
the straight line 1 connecting O and 5 cuts the axils under an angle
3m/16, which is less than /4. This means that 1 is a suitable path
in a neighbourhood of the saddle point. Furtunately this line also
serves our other purposes: 1t turns out that no other point of the
line is higher than the saddle polnt itself., For, if we describe the
line by z=evi/8x, 0 ¢x < o, the function h(z) becomes

h{z) = h(e“i/Bx) = 63W1/8(2%x—x3)t ,

L L1
and 22x-x3 i1s maximal at x=x,= 2°'3 2, Therefore, the same thing

applies to Re h(z).

On the line 1 we have Re h(z)< Cx (C<0Q) for x sufficiently large,
and therefore, the contribution of the part from xo+1, say, to eo is
exponentially small compared to the contribution of the saddle point,

In order to evaluate the contribution of the saddle point, we
evaluate h(%)=(1+1)% ~$3= %(1+i)$ =27/43“3/2e3w1/8,

h"(’) = "6‘5": __25/4 3% eWi/B‘

As we cross the saddle point from left to right, the number o

{see sec,5,7) equals o«:e“ﬂi/16. So by (5.7.2) the first term of the

contribution equals
L : 1 1. _L
(2m)2 o-TL/16 t"2(25/432)”2 ot (%)
_e~ /16 5=1/83-1/Uy3 (- Lt n(F)
This gives at the same time the asymptotic behaviour of f, and so

£(t) ~’e*ﬁi/16 2—1/83"q/4ﬂ%t_% eXp {27/43"3/2e3Wi/8t} (t— )

s
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5.13, Our next example is
o0 3
F(t) ",j p(z,t)dz, w(z,t)aeit(az“z ),
-

and it is meant to 1llustrate sec,5.8. There 1s an extra difficulty,
the path having infinlte length.

Although ¥ hag absolute value 1 fogwall real values of z, the
integral will be proved to converge. So tends to 0 if a— oo (t
fixed), but it is not true that [ is e¥ponentially small if a is
fixed and t - oo, Thgrefore it is not advisable to apply the method
of sec,5.8 to Fy=| and to moke a— coafterwards, To that end we
would need a formula for F, holding uniformly in t and a.

Therefore we prefer to replace the whole path (-oc0,c) by a new
infinite path P, before we start making t-. oo,

The saddle points are z=-1 and 2z=+1. We first want to know what
the lower bank is (the words lower and upper bank refer to the mag-
nitude of the integrand, and not to lower and upper half-plane).
Taking z=x+1iy, we have Re(it(32~23))mt(By(xQ-ﬁ)-yB)‘ This is negative
for small positive values of y if -1<x <1, and it is negative for
emall pegative values of y if x >1 or x <-1 {we of course assume t >0).
S0 between x=-1 and x=+1 the lower bank lies in the upper half-plane,
and outside that interval it lies in the lower half-plane,

According to sec.5.8, we now construct a path crossing the
saddle-point 1 from north-west to south-east, from 1- g+1d to
1+€-148 , say, where € and § are small positive numbers, These
nunbers are chosen such that the saddle point is the highest point
of that path., The saddle point -1 can be crossed by 2 similar path
from -1- £-18 to -1+ e+18 . Finally we link the points -1+& +18 and
+1- e +18 by a straight line, and we link the points -1-&-14 and
14 ¢ -1d to -o0 and +00, respectively, by lines parallel to the real
axias, This defines our modified path P,

The integral along P 18 easily seen to converge, as

le(x-18 )= | (1+6-18)| .exp(-3 §t(x°-(1+€)%)) s

5!?(’”&-15)3 exp(-6 § t(x-1-¢)) (x >1+€),

and 2 similar estimate holds on the part of P extending to - co,
Moreover we hayv
m-—ié’e

J dz
1+€-18 f

and P?(ﬂ%-&—ié)f is exponentially small, as Re(1(32-23))4C)at
z=1+ & -1 & , It follows that the asymptotical behaviour of the integrel
along P just consists of the contributions of the saddle points 1 and
-1.

<

o

¢ (1+ &—15)1 /68¢,




. o0
We s8till have the questlon whethevj' ~J’ . When investigating

- €3
this, we can consider t a8 a positive cogstant. I¥ b 48 a large
positive number we heve, by Cauchy's theorem,

j b ] wdé’j-b-—i:f fb jub
- - . +- -
b P beid L 0-16 Jp-15 J-p-18’
where the integration paths, apart from P, are straight horizontal or
vertical lines., It follows from the convergence ofj that the second

and the third integral on the right-hand-side tend to 0 a8 b oo,
The same thing 1s true for the fourth and for the fifth, as

b
Jb-ig

< c(&;t)f exp(-3tub2)du < c(4,t)/3t02,

§
é{p exv('t(3u‘(b2-‘1)-—u3))du <

and this tends to,0 as b— oo (C (§,t) is independent of b),
This proves thntj tends to j ag b-— o0, So we have established the

convergence of j o’ and wg have shown that J J'

The contributions of the saddle points are easily calculated
anyway their flrst order terms, At z=-1 the axls 1s exactly south-
east to north-west, and the number o (see sec,5,7) equals eﬂi u.
Putting h(z)-i(32-23), we have h"(z)=-61z, Therefore ]h"(-ﬂﬂzé. Now
(5.7.2) gives the first term of the contribution of -1, viz,

1 - 0 N
(am)? e/ ¢ %.6 e ¢2it,
Similarly we find for the first term of the contribution of the saddle
point at ==1 exactly the complex conjugate of this expression,

Cur final result 1s that, /2
F(t) = 2(T/3t)% cos(2t- T/4) + o(t™3/2),

In a2 case like this we cannot state that the first term glves
the asymptotic behaviour, as the error term 1is not always smoall
compared to the main term. It is not true that F(t)~'2(ﬂ73t)%cosﬁﬁkﬂ74).
The latter formula would imply that for large values of t, F(t)
vanished at exectly the same places where cos(2t-T/4) vanishes, and
this 1s not necessarily so.

5.14%, We shall now discuss some examples illustrating the notion of

the range of a saddle point (see.5.10). We start from the integral
o 2

(5.14.1) j e~ t2 42,

- o
whose saddle point 18 z=0, The circle |zl € t“% can be consldered as
its range. The notion of range has some Importance when one wants to
discuss integrals cobtained from (5.14.1) by small perturbations. For
example, in the integral
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o

(5.14%,2) j ('1+iz)% e"tz2 dz

- O

the factor (1%12)% behaves quite smoothly within the range of the
saddle point z=0 of (5.14.41). Admittedly it becomes large far outside
the range, gut there it 18 quite innocent compared to the very small
factor @'tz » 80 that the contribution of these parts of the integration
path 18 pneglligible, This means that, although z=0 is not a saddle
point of (4.13.2), the integration path - co<x « o of (4,13.1) can
8111 successfully be used for the calculation of the ssymptotic
behaviour of (4,13.2). Actually this is what we did in sec,4.4, and
it 18 not necessary to repeat those detalils here,

Our next example is s8lightly more complicated, the extra factor
depending on t, We put

* -tze ez
(5.1%,3) () = [ o Sy e,
+t zZ

where o i3 a positive parameter, For each fixed value of &« the asymp-
totic behaviour (as t-» o) is required, We shall investigate in what
respect this can still be considered as a "minor modification" of
(5.14,.1).

The factor e?

is harmless: it behaves smoothly within the range.
It gets large, however, if 2z 1is positive, and large with respect to 1,
but then the factor exp(«tzg) is overwhelmingly small,

The factar (1+tng)_q
it cean successfully be expanded into a power seriles, Also, if t%z
large, that factor can be expanded as (t“zg)"q times a power serles
in terms of (t“ze)'q. The dangerous zone 1is the circular ring R where
t“he is neither large por small, and actually there are two poles in

that ring, viz, Zmiit"fa. Now there are these possibilities:

benaves smoothly if tazz is small, for then
2
is

{(i1). 0« &« <1, Then the ring R lies far outside the range.
(11). o =1, The ring R covers a considerable part of the range.
(111). e >1. The ring R lies inside the range, but is very small
compared to the range,

Case (1). Here the state of affairs can be compared to the case of
(5.14.2). According to the technique of sec.4.4, we choose a positive
number T which 1s large compared to the radius of the range, and small
compared to the radil of R; we can take T=t”ﬁ, where %0*4 f3 4%. The
integrals from T to o and from -T to - ware easlly seen to be
O(exp(Tctq"Qﬁ)), with some positive constant c. As 1-2,4> 0, this tei.
is negligible, -In the interval -1« z< T, the extra factor can be
successfully approximated, Taking the first three terms only, we have,
if -Tgz <T,
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e?(1+t%%)" {4+z+‘§zg N 0(23)} {wt“zam(t@“z“)} .
- ﬂ+z+(§*t“)zg - £% 4 G(teazu) + 0(23).
We now easily find (cf sec.4.1)

o 2
fu(t) = J’ {1*3+(§~ta)22—ta23}e"t2 dt + t"% O(ta“”2+t"3/2),
o0

-

and therefore
A(t) =TEgE {ﬂwﬁt“"q + o(tz‘“‘f")} (t—s o9

Here we dealt with a few terms only, but it is easily seen that the
complete asymptotic series has the form

0 oo
Y T ey 8 gm1(1-e),
k=0 1m0
t22

Case (1i). If o =1, the function e~ fails to be a good first
approximation to the integrand within the range, the factor (%+tza)”1
changing the scene entirely, In order to get a better survey, we first
transform the variable by z=t 2w, thus obtaining a case where the
range 1s independent of t:

Fu(t) = ¢ J‘u?xp(«w2+t‘%w)(1+w2)'q dw,

The role which thus far was played by integrals of the type

o0

2y k 2 2y=1
j exp(-w)w dw, is now taken over by integrals j exp(-wTY(1+w)" dw,
- OO oo

-

Otherwise the technique is the same as in sec.4.4, We obtain the
asymptotic series

ol
£ () oy £ (£ —o0),
where o 2
c, = {(2»){}"q j eV we? (ﬁ+w2)“qdw.
~ o

)

Case (1i1). ot >1. The factor (1+t°z‘)'1 gives, in this case, two poles
which are very close to the point 2z=0, that 1s to say, very close
compared to the dimensions of the range., And, the integration path
passes just between the poles. We shall now shift the integration
part downwards, over a distance Et”%a', say, taking the residue of the
lower pole into account., The effect 1s, that the path has hardly been
altered if we compare the shift to the size of the range, whereas on
the other hand (1~;~*l',¢"rzz)"/1 can be expanded into powers of 272 in all
points of the new path. The residue at —1t“§m equals
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o(t)= 3162 exp(t?-* -1¢7%%),
#nd we obtain

(5.1%.4) F (t) = -2mir(t) +j exp(-tz2+z).(4+t°‘z2)"‘ dz,
P

Lo
the integration path P being the straight line from -21.t™2 -100 to
«21.t"%“+1 o , On this path the expansion

(1+t 22)'1 £™ %2 t"za%’u + t'B’b'é - e
gonyverges uniformly (as lt Z ] 2 on the path). The function e? can

also be expanded into powers of z, and within the range ¢ is small,
Therefore 1t 18 quite easy to obtain an asymptotic series for

Paf{t) + 2771 r(t). But the situation is even more favourable; we are
able to prove that the asymptotic series is convergent for gll positive
values of t, and that its sum equals F (t)+2T1 r(t). To this end we
write

(’6)'9'2‘“1 P(t)a] Z }: exp 2)(21(/“)(_,\)nt-(n-l»’l)“z-ﬂni.

where a.x~21t"§ , and x 1s the new integration variable,

We now apply a theorem on integration under the sum sign, It can
be stated in a general form for Lebesgue integrals, but the following
more elementary form will do. Let f (x ) (k,n=0,1 2,...) be continuous
funetions (- <x < o), Assume that :k 0 Z l converges
for all x (- <x< e ), and that the double sum %:: n 0 £, (%)
represents a continuous function of x, Finally assume that the funct®

g(x) ka 0 Zn Oifkn x)] is such thatj x)dx converges, Then we
have -
), Zkao Z:_— x)dx = Z Z kn(x)dx,

@and both the integral on the left and the double series on the right
converge absolutely. It is quite easy to prove the theorem, The fact
that we have a double series 1nstcad of the usual single series, does
not cause any difficulty as it converges absolutely.

The assumptions of this theorem are satisfled in our case. We
have

6(0) =« Ty Lo Jenn(-ta®)] (121 %) e (0] 2lms)
= Jexp(-tz?)|. ¢'*'. (£%21% -7,

The function g(x) is continuous (- e <X < ), as to‘lzl2 4 for all z
on the path P, Moreover g(x)dx converges, by virtue of the over-
whelming power of the f‘actor exp(-tz ) (Notice that t is a fixed

positive number throug.... w.~refore the theorem may



be applied, and we infer that

Fo(t)+2 71 1(t)= §:: Z:' (e 1)“(k;)'“i£ exp(-tz2) 2 P24z,

and that this double series converges absolutely.

It remains to evaluate ?he integrals occurring on the right., We
substitute -t22=w, z=—i(w/t)§, where the principal value of square
root is taken, If z runs through P, then w describes a path C start-
ing at ~ecco, encircling the origin in the positive sense, and leading
back to -eo, The integral becomes

J exp(_tzz)zk-Qn-2d2=_%t—1 J. exp(_tZE)Zk—2n~3 d(-tzz) _
¥ P

_ _%t—ﬂ‘[ ew.(i)-k+2n+3 t+%(2n+3—k) W%(k—Qn—B)dw

» =3 («=1) ;2n-k+2

- Tt /7 (n-3(k-3)),

according to Hankel's formula for (F(a))-ﬂ. Our final result is that
o0 oo t-n(¢*—-’\)-—%ki—k

F (t)=mt™2 exp(t' ~-1t72 )-mtT 2 ke ne0

k! [M(n+3(3-k))

and the double series converges absolutely for all t >0, As e 1, onl,
negative exponents occur in the double geries, and therefore the series
is at the same time an asymptotic series,

If we expand the function exp(tq’oi-it'%“) as a double series, we

get again terms of the same type. Combining the two double serles, one
easily finds

F.(t)= “Z Z i g-zmle-1)-h (t $0).
(2h)1 [M(3m+1-h)

5,15, Exercises. 1, Show that

[ =] L _ _
j ej‘w:('l-xocg)'ﬁG ax ~ (r(1-c)/t)? e Ct(20) g (t—s o .
- o
1
where c=-1+22,

2. Show that

J (x2+3x-21)"" ¥ gx NEe(i/Ll»)n(Tr/Em)% (n—3 oo
-1

where n runs through the integers.
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(Hoofdstuk 6 (Applications of the saddle point method) wordt voorlo-
plg overgeslagen).

7. Indirect Apymptotics.

7.1. Direct and indirect asymptotics., The first six chapters of this

book (with the exception of some arguments in ch.I) have been devoted
to asymptotical methods which we shall call direct methods. The common
features are (i) the function f(t) whose asymptotical behaviour (as
t— o) 1s required, is represented by some explicit formula in the
form of a series or integral, and (ii) this expression 1s split into
parts, some of which are proved to be small, whereas the dominating
parts are compared with known functions, and it is shown that their
deviations from these known functions are small; (iili) the final
result is then obtained from the fact that the absolute value of a sum
(i.e. the total error) does not exceed the sum of the absolute value
of the terms (l.e. the sum of the absolute values of the partial
errors). We remark that these direct methods are always constructive,
in the sense that the methods supply the means for replacing O0- and o-
formulas by definite numerical estimates (cf.sec.1.7).

Observing that the direct methods essentially depend on the in-
equality 1a+b|é la1+?b!, we remark that these direct methods work in
the real field as well as in the complex field, and actually they can
be applied to functions f(t) whose values belong to a system where
each element a has a "norm" {al, such that {a+bl £ }al+!bl holds (we
of course assume that the system 1s an abelian group with respect to
addition).

The remaining chapters of this book will show several methods
which are not of this direct type; we shall call them indirect
metheds, It is difficult to describe common features in the way we
did above for the direct methods. We shall indicate some aspects here
which are, however, by no means common to all indirect methods.

(i) Most indirect methods consider real functions only. Usually they
essentially depend upon the property that the set of real numbers is
a linearly ordered system (i.e. a system where an inequality relation
< 1is given, such that a<b and b<c imply a<c), and upon the fact
that any bounded monotonic sequence converges.

(11) Sometimes indirect proofs play a role. This may mean that the
resulting O- and o-formulas, which are statements as to the existence
of a number, or of two numbers, or of a function (see sec.1.2 and 1.3),
are reduced to statements expressing the absurdity of non-existence.

In such cases we cannot replace the 0- or o-formulas by definite
numerical estimations,
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However, non-constructivity can be the result of direct proofs as
well, In particular it can occur after an application of the theorem
that any bounded monotonlc sequence converges: If aq<az<...<1, then
there exists a number « such that an=<<+o(1)(n~—)«9, but we cannot be
more specifilc as long as we have no further information about the an's.

(1ii) Frequently indirect methods essentially involve proofs by induct-
ion, We mention a typical argument; In order to show that a certain
function f(t) satisfies f(t)=t2+0(t) (t—> =) we show, for instance,
that [f(t)l « 10 (2«<t#3) and that, for all T3 3, the assumption

[£(t)-t2|< 8ot (T-1<t<T)

leads to
|£(t)-t2] < 80t (T<t<T+1) .

Now the principle of induction shows that lf(t)—t2)< got (t»2).

The difficulty with such arguments is the same as the difficulty
of induction proofs in general. It may happen that the induction step
falls if we replace 80t by 100t. Or it may happen that the induction
step faills for any inequality [f(t)-t 21<’At but that it works for
some stronger inequalities of the type If(t)- tg. <At2. In other words,
it may happen that a stronger assertion is easier to prove than a
weaker one, |

Needless to say, proofs by induction often occur in cases where
we want to know the asymptotical behaviour of a sequence Lan} which is
given by induction, and where we do not possess a formula expressing

a, in terms of n (cf.ch.8).

(iv) Quite often we shall use explicit expressions of the function f(t)
(whose asymptotical behaviour is required), not in terms of known
expressions, but in terms of f itself. It may happen, for example,
that f(t) can be expressed, by some integrnl, in terms of the values
of £(T) in the interval t< T <es, Such cxr, ..ssilons can often be used
for determining the behaviour as t— «; they may permit to transform
quite rough information about £(T) (in the interval te T <w) into more
definite information about £(t).

For example, if we know that the real function £(t) sactisfies the

relation
<O

£(t) = cos £t & w[5;2+(f(t))2}‘1 at (ts1),
t
then it is easlly seen that the integral is O(t'q) If follows that
f(t)=cos 5 1+O( ”1) 1+O( ‘1)(t >1). Insertlng this into the integral
we get f {x 2ravo(r™ My} ot - j { L +o(t‘5)}dt = gt 3oy,
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whence £(t)=14t"]

1 ,-2 1 .-3 -4
-5 75 3 t77+0(t™ ),
The procedure can be carried on, and an asymptotic series for f(t) is
easily obtained.

(v) Sometimes we have to find the behaviour of a function f(t), given

by a number of data, one of which 1s a requirement about the asymptotic-
al behaviour itself. An example: Suppose that we are dealing with a
bounded function f(t) (in 0 ¢t < @) which satisfies a differential
equation, Suppose it turns out that this equation has just one bounded
solution. Now the problem is again to transform the rough asymptotic
information (the boundedness) into something more definite. Some of

the problems in ch.9 will be of this type.

(vi) Needless to say, many indirect arguments contain parts which have
a direct nature.

From the above remarks it will be clear that "indirect asymptotics"
indicates not so much a method as a lack of general methods. As the
further chapters of this book give indirect methods applied in several
fields, we give only one type of examples in the present chapter: some
of the simpler parts of Tauberian asymptotics.

Tauberian theorems are usually proved by indirect methods, though
this cannot always be said to be essential. However, thelr counterparts,
the so called Abelian theorems, entirely belong to direct asymptotics.

7.2. Tauberian theorems, A well-known theorem of Abel reads as follows:
[Za®)
If the power series > a xk converges at x=1, then 1t converges

k=0 "k
throughout the interval O<x £1, and its sum f£(x) satisfies
limxaaﬂ,Og % < £{x)=f(1). Subtracting the constant value (1), we can
put this theorem into the form: If
(7.2.1) A, ta, t.ooota, = o(1) (n —>00),
then we have
(7.2.2) ZK=O akxk = 6(’1) (Og x <1, X-—1).

This theorem can be proved by a method belonging to direct

asymptotics. If we write A(y)= 0<k<y a,» then we have by partial
summation (cf.(3.13.2))
n
< D
(7.2.3) 1o akxk = An)x" - 1log x // Aly) x¥ ay.
0

Taking a fixed value of x in the interggl 0<x <1, we observe that
A(D)X“:O(Xn)-eo as n-—-»90, and that j/ A(y)xydy converges, It there-
fore follows from (7.2.3) that
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2o
{(7.2.4%) f(x) = - log x j/ A(y)xYay.
0
Now split the integral into two parts, If a number ¢ >0 is given,
we detavmine b such that QA(y)l < %¢ when b¢ycoo,. Then we have,

splitting j d( {
b w0
ir(x)i ‘105 é ln(y)ldy + 4 ¢l10g x, grxydy.

The first term is <4 € if x is sufficiently close to 1, The second
term is s 3¢ |log x| ;wxydy-ét . It follows that |f(x)|l <& if x 1s
sufficlently close td 1, so that we have proved (7.2.2).

Formula (7.2.4) can also be written in the form

PR 00
r{x) = [ a(y) x¥ay /] xVay,
0 0
and this expresses that f(x) is an average of volues of A{y), with
positive weights. Abels' theorem derives asymptotic information about
this average of A(y) from asymptotic information about A(y) itself,
The converse of Abel's theorem 1s not true: (7.2.2) does not

imply (7.2.1). It is easy to give a counterexample, If

f{x) = $-x+x 2 x3s... = 5(1-x)/(1+x) (0<% <),

then f(x)— 0 as x—1, i.e. (7.2.2) holds. However, (7.2.1) is false
in this case:

‘ n
a, +a, +..ube = 35.(-1)" # o(1).

It is possible to prove that (7.2.2) implies (7.2.1) by assuming
some supplementary condition, The first result in this direction was
obtained by A.Tauber, who showed that
(7.2.5) a_ = o(n™ " (0 = =)

n

1s satisfactory: (7.2.2) and (7.2.5) togefher imply (7.2.1). It was
proved later by Hardy and Littlewood that (7.2.5) can be replaced by
the weaker conditions that there exists a positive constant C such
that

(7.2.6) an‘>0n"q (n=1,2,3...).

We shall show the sufficiency of (7.2.6) in sec.7.5.

The general terminology is modelled after this special case., A
theorem which derives, asymptotical information about some kind of
average of a function from asymptotical information about the function
itself, 1s called an Abelian theorem. If one can find a supplementary
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condition under which the converse of an Abelian theorem holds, then
this condition is called a2 Tauberlan condition, and the converse
theorem 1is celled a Tauberian theorem,

In sec., 7.3 we shnll deal with a quite simple case, and a more
difficult Tauberian theorem will be proved in sec.7.4. A quite
general theory about Teuberian theorems wos developed by N, Wiener.
For this and for further detalls we refer to: G.A. Hardy, Dlvergent
Series (Oxford, 1949).

7.3. Differentiation of an asymptotic formula, Let f(x) be intcgrable
over any finite interval, and put

(7.3.1) F(t) = ét £{x)dx,

Assuming some asymptotical behaviour of (t), say
(7.3.2) £t) v t™ (t—w),

where o 13 2 constant 30, it 1s easy to derive an Abelian result
about F(t}), in this case

(7.3.3) E‘(t),«,(,,(+1)'1 g4+, (t-—>=).

It was already pointed out in scc.1.06 that the conversce is not
alweys true, i.e, formal differentiation of (7.3.3) 1is not alwnys
legltimate. We nced a Tauberian condition, and as such we take
(7.3.4%) £f(t) 1s real and non-decrcasing (0O <t <o),

We shall prove the Touberian theorem that (7.3.3) and (7.3.4)
together inmply (7.3.2).

Let & be a positive number. By (7.3.3) we can take T such that

[F(6) - (wen)™? ¥ e g4 (t:T).

Let p and t be numbers such that t3 T, t+p > T; p may be negative.
Then we have
iF(t+p) - ((+1)“1(t+p)“+1’< £ (t+p}”+1 and

taking differences we find that

t+p t+p ,
2. f(x)ax - £ X" dx! < ft“+1+é(t+p)*+1.
T+

P
First assume p >0, £§ follows from (7.3.4) that p £(t)« é f(x)ax.
Moreover we have x*dx'<p(t+py<. It follows that

£(t) £(t+p)’°< + 2t p"1(t+p)“M.

(7.3.5)

This gives an upper estimate for f(t), and we can still fix p in order
to make 1t as efficient as possible. Writing p=qt we get
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£(t) ¢ £~ {(’H—q)ﬂ< + 2¢€ q’1(1+qY‘+q} .

It is not necessary to find the exact minimum. We only remark
that q should be small enough to kecp (4+q)“ within reasonable bounds,
and that q should be large with respect to ¢ in order to keep £q"1
small. So we take qm ¢ ¢, and we get

(7.3.6) f(t)s;t*-{(ﬂ+z%)A+ 2z%(ﬁ+;%y‘+1 (t>T) .

A lower bound 1slobtalncd by teking, in (7.3.5), p<O. We
immediately take p=-£9t. Assuming ¢<1, and t > 2T, we have p+t 3 T,
Moreover we have [pl f£(t)»y {t f£(x)dx, {x ™ dx zlp\(t+p)d, and it
follows from (7.3.5) that P P

(7.3.7) Plt) s £ i(w-&ﬁj* -25%} (t »2T).

From {(7.3.6) and (7.3.7) we can deduce f(t)~t* (t— ), For, if
¢'>0 is given, then € can be chosen such that the factors between i}
in (7.3.6) and (7.3.7) lic between 1-¢ and 1+¢ . With this value of ¢
we can determine T, and then we have !f(t)-tdf& E'tx (t 3 2T). This
proves our Tauberian theorem,

t
7.4, A similar problem. W: again consider F(t)= / f£(x)dx, as in the
previous section, but instead of (7.3.2) we consgder

(7.4.1) f(t) = 2t + 0(1) - (t-= ).

Then we can derive by an Abellan argument
(7.%.2) F(t) = t° + 0O(t) (t->o00).
We agaln ask whether the supplementary condition
(7.4.3) f{(t) is non-decreasing (0<t <)

is sufficlent in order to make (7.4.2) imply (7.%.1). It will turn
out that 1t is not. .
Proceeding in the same way as in sec,7.3, we choose a positive
function p(t) of t, and we obtain from (7.4.2) and (7.4.3):
t+p N
D f(t)s.g f(x)dx = F(t+p) - F(t) = 2pt + p° + 0(t) + O(p),

£(t)<c2t +p + 0(tp™ ) + 0(1).
The best possible O-result 1s obtained by taking p such that the terms

p and tp‘q are of the same order. So taking p=t¢, we obtain
f(t) € 2t+0(t2). We easily get the corresponding lower estimate, and so

(7.4.4) £(t) = 2t + 0(t2).

Roughly speaking this is the best possible result that can be
derived from (7.%4.2) and (7.%.3). More precisely we shall show that
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there exists a functionlf(t) satisfying (7.4.2) and (7.%.3), which is
of the form f(t)=2§+0(t§), but which does not satisfy
1imt«>mxf(t)-2t)t‘f=0.

A good example can be obtained by graphical arguments., We shall
assume that ]F(t)-tgis t (t>0), which means that the graph of the
functions y=F(t) in the (t,y)-planc lies below the graph of y=t2+t and
above the graph of y=t2‘t, as far as values t >0 are concerned, We
shall denote the parabole y=t2+t by K? and the parabole y=t2—t by Wé.
The condition (7.%.3) means that the graph of F(t) 1s convex., We now
want to draw a convex curve between W% and Wé which behaves as irregular-
ly as possible. By irregularly we mean that the deviation of the slope
of the graph from the slope of the paraboles is occasionally large.

We therefore choose the graph of F as follows. We take a sequence
of points PO=(tO,yO), Pq=(t1,yq),... on T,, such that, for cach value

K and Pk+1 touches W? in a point somewhere
between these two. Now the graph of F is the broken line PoPﬂPQPB"‘ .

It does not matter that F has no derivative at the vertices Pk’
for f is not defined as the derivative of F, but F is defined as the
integral of f. We can give f(tk) any value between the slopes of
Pk-1Pk and PkPk+1'

The condition that PP ]
geometry, easily translated into the relation (tk+tk+1'2) =4tktk+1,

whence

of k, the line connecting P

touches ﬂé is, by elementary analytic

o

t =t

" + 2 + (8t

k k> *

If X is chosen arbitrarily, then tq,tg,... can be evaluated
successively., Accidentally we are able to give an explicit solution.
(If we were not, we should have to study the asymptotic behaviour of
tk, as k- 0, and that can be done by methods indicated in ch.8), If
we take t =0, then t,=0+2+0=2, t2=2+2+4=8, t3=8+2+8=18, ty=32, t5=50,.¢
and 1t 1s easy to show that tk=2k2. Now the slope of PkPk 1 is easily
seen to be (2k+1)2, and the point of contact lies at t=2k“+2k, We
therefore define £ Dby

2 2

£(t) = (2k+1)°  (2k° <t <2(k+1)%, k=0,1,2,...).

Now obviously f@%J“th=”k+“ >t %, so that (f(t)—2t)t'% does not tend
to zero.tThe function f(t) is obviously non-decreasing, and

F(t)= f(x)dx lies between £°-t and t°4+t for all t. This follows
from the geometrical argument, but it can of course be verifiéd by
integration, which gives

2

£24t - (£-2k°

it

F(t) —2%)? =

2

2ot + (2(kr1)2-t) (£-2k?) (2k%e t < 2(k+1)2).

1l
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L3

From these formulas it is cvident that t°-ts F(t) = t+t (Os<t <o),

We Jjust established that (7.4,3) 1s not a satisfactory Tauberian
condition in order to pass from (7.4.2) to (7.4.1). We shall now
assume a much stronger condition: we assume that £ hos a non-negative
second derivative:

(7.4.5) r"(t): 0 (t>0).

Moreover assuming (7.4.2), i.c. F(t)mt2+o(t), we can derive (7.4.1)

by some simple arguments., We¢ can even prove more, viz, that there
exists a number b such that {(t)=2t+b+o(1). First we remark that

f"(t) > 0 means that £'(t) is non-decrecasing. If for some t, we had
f'(tc)ua, where a > 2, we would have £'(t) > n(twto), and this would
conflict with F(t)-t2+Q(t). So f'(t)s2 for 2ll t, and 1t follows

that f{t)-2t is non-increasing. If t ~t, >4 wc have

1
2 °
- F(t,) + t.° = | (f(x)-2x)dx = (t-t,)(£(t.)-2t,).
1 1 N 4 gl 4
1
o
If A is such that |F(t)-t“i <At (t>1), we infer that £(t,)-2t,3 -4,
So f{t)-2t is non-incrcasing and boundcd below; 1t follows that
f{t)-2t tends to 2 limit whun t-— oo, We con also say somcthing
about f'(t); as f' is non-decreasing, f'<2, and f(t)=2t+b+o(1), it

(%)
is evident that £'(t)=2+0(1), and c¢ven that f (£'(t)-2)dt converges.
0

P(t) - t°

s
7.5. Karamata's method, Lct a +a x+a2x‘+... be a power scrics, con-

1
vergent if |x| <1, and 1lct some asymptotical informatieon be given

about the partial sums Sqte. .t , 38 D200, If this bechaviour 1is not
tog irregular, wc can deduce, by Abelian arguments, the behaviour of

the sum function

r{x) = At AaLX 4+ 32x2 +o. (x{ < 1)

a3 0<x <1, x-»1. (A special casc of this problem and of its Tauberian
counterpart was discuss.d in scc.7.2).

Next assume that the asymptotical behaviour of £(x) (as x—1) is
known, and that we want to derive information about the partial sums

A(n) =< Thcse can be written as

a
sksn

Ayee
(7-5-1) A(n) = {"“”‘kxo ak g(c-!{/ﬂ) (n >O):

whe re



In Karamata's method this discontinuous function g(x)isapprociratil,
in some sense to be specified later, by a polynomial P(x). If

S— 4
J
()"‘ J/]pJX:

then the sum corresponding with (7.5.1) is

(7.5.2) > pe KMy _>

— k=0 k

m

) f e"j/n .
j=q Py £ )
If P is fixed, the asymptotical behaviour (as n—o) of the right-
hand-side 1is known.

The method can be applied to a fairly large class of cases, We

shall specilalize by taking a fixed real number )’and assuming
o0

A < _
(7.5.3) - £{x) =<4— o 2y x = o((1-x) y) (0<x <1, x->1),
Using the Tauberian condition
(7'5’4) ak> ~C (k+1)‘r—1 (k=091:23--..),

where € is a positive constant, we shall prove that

n

(7.5.5) A(n) =:Z:k=0 a, = o(ny) (n —sm).

The speclal case yY=0 already has been announced in sec.7.2 (this
case 1is usually deduced from the case Y =1 by some auxiliary Tauberian
theorems, but Karamata's method is strong enough to cover the case
Y =0 as well).

As to the approximations of g(x) by polynomials we shall stipulate
the following conditions., Let h be an integer, hz 0, h> -) . We may
take for h the smallest integer satisfying these inequalities. Let
be a positive number, O« &< 4. Then we want to have polynomials
Pq(x), P2(x) such that

P,(x) < g(x)= Py(x) (0Osx <€),
ng( - Py(x)] < 2 (0ex <1),
tP 1(X)§$ € X (Oéqcse‘q'a),
‘PQ(X Pa(x) < £(1- )P (e x <),

We do not require anything regarding the degree or the coefficient of
these polynomials, The possibility of finding P1 and P2 can be shown
as follows., We first get rid of the discontinuity at x=e'q, construct-
ing continuous functions gq(x) and gg(x) such that gq(x)ggg(x)éégg(x)
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(0 €x =1), gg(x) . g (x) = g(x) 1if x s -1 op x4>e'1+t ,

go(x)-g,(x) «1 1f & £X1f-—1+t. Next we determine a polynomial Q(x)
such that Q(0)=g(0), A(1)=g(1), @' (1)=g'(1),..., oA (1)g(P=-N (1),
Actually Q(x)=1-(1-x)" 1s already suit"able, but the explicit form of
) does not matter. Now (bq(x)-f(x))x"1(1 x) uﬁg( x) 1s & continuous

function In O« x 1. By the Welerstrass 3ppvoximﬂt10n thtorum we can
find a2 polynomial Rg(x) such that tfg( X )+ KV ‘RQ(X 54 u~t(0*ﬁx :1).
Putting O + x(1-x)" Ry=P, we observe that gy(x) < Py(x) < gg(x)%ax(q-x)
(0O+x=1). Similarly we construct P (x) such that
gq(x)wgé x(ﬁ~x)"hs Pq(x)&;gq(x) (O.&x €1). Then P
satlisfy all requirements.

By (7.5.1) and (7.5.4) we have, for 211 positive values of n,

1 and ?2 obviously

] s

S i < ) )
(7.5.6) ch o 2y Pale M e 20 el (g(eT/P)-p (e k/ny)
T T »
(7.5.7) A =2 o a, Po(e”M) (2 ety TN (e M) g7 M),

in virtue of the fact that g-P,>0, P.-g> 0. The right-hand-sides are
S y -1 Y 2 Zk/n
at most L., o C(k+1)" 7 (P (e™™/T) -P, (e ))}. This amount 1is easily
estimated above, by splitting the sum according to ksn(1-¢ ),

n{1-&)< k <n(1+¢), n(1+¢t) <« k < » . We have, for the first part of the

sum - i h
L. 7~ r“/‘ "k/n
Z’Osksn(%f)‘}*Osk: n(q-z)b(k”) (1-e )
= ¥-1 ,.h _-h 1%
£ 4 iken £C(k+1) k' n ¢ eCDn,

where D, depends on Y, but not onand n. For, (k+1)y b (k+1))+h'1
and )»+h 1s positive, and if 5 is a pogitive number, we have > O(kM)'b
=0(n’) (n>0).

The second part of the sum has at most 2 € n+1 terms, and g0

-~ z ~oY ¥ -1 Y -
2,.—_},](,‘_2)& ksn(’H-E)“ 2C r.wn(,i’__“,‘)S {“n(,}+£)(k+1) & EC.(QJTH"]).DED >

where D1 depends on y only (we can take D2=§>;1i, since 0<¢ € <3
guarantees that n/3 <k+1<3n if n(1-¢)¢ k «n(1+8)).

The third part of the sum is

2 <2

kxn(1+¢) “kyn(1+t)

C(k+1)v“1 £ e'k/n.&tCDBny s

where Dj depends on Y only. This is easily obtained by uomparing the

sum with the corresponding integral Jf y=1 e -x/n dx = n ‘t yy -1 ydy
So the sums occurring on the Pight hand-sides of (7.5.6) and (7 5. 7}

are at most tCn}l(D1+uD +D3+2n 2), where the D's depend on ¥ ‘

only.
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—
The sum Z'kco a P,](e_k/n) occurring in (7.5.6), can be estimated by

Virtue of (7.5.2) and (7.5.3) (it may be noticed that P1(0)=O). As
(’1~e"j/n)"}mj’}n} (n—sw, j fixed), the sum is o(n*). More precisgly,

We can determine-a number Ngs depcnding on ¥,¢ and on the polynomial

P,‘, such that the sum 1s, in absolute value, lcss than ¢n”. The same

»

thing holds for the sum with Pg, occurring in (7.5.7). We can assume

that n, serves both P, and P,. W: finally obtain, from (7.5.6) and
(7.5.7),

/]

J
|a(o)]l < en”(cD, + koD, + CDy + 2n” :~cD

2-&-’1) (n>no).

If moreover n > ¢ "/l, we infer that [A(n)] < tnyDu, where DLL is independ-

ent of € and n, As €1is arbitrary, this proves (7.5.5).
If y>0, we have

2_—»1{:0 (k+/‘)y—1 Xk"’ F()")(q"x)*y (O <X =1, x...;/]),

J ;
< (k+1 )} s Tty (n->m).

L"kxo

So for ) >0 our result can be put into the following form. If

s

k _‘},,'
k=0 "k ® ~ (1-x) (0<x <1, x-—=1),

Y -1
) > =C(k+1) (k=0,1,2,...),

Then we have 1y
> akw(‘f‘(yM))— n’ (n—s>0).
k
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8. Iterated functions.,

8.4. Introduction. Many problems in asymptotics can be stated in the
following terms: Let 2 sequence of functions Fq:Fg:"' be given, and

let x_  be a number. Now we put x1=F1(xo), X2=F2(X1), x3=F3(x2),.7.,
assuming that F,I is defined at L F2 is defined at Xq5 etc. The
problem is to find the asymptotical behaviour of X, asn tends to
infinity.

In the present chapter we shall discuss only a very speclal case
of the problem% taking all functions Fq’Fg"" to be one and the
same function f. Nevertheless, cases where the Fi are different can
quite often be tackled by methods devised for this special case (for
instance, see sec.8.5). This remark holds for still more general
cases., We mention the possibility that Fn i1s a function of n variables
instead of one variable, and that X is defined recursively by
xn=Fn(xo,x1,...,xn_q). A further generalization is obtained if we
replace the x's by functions and the F's by operators, Under this
heading fall many asymptotical problems about the solutions of
differential or integral equations.

'8;2. Iterates of a function. From now on we shall take all functions

Fk to be equal to a fixed function f, and the problem becomes what is
usually called an iteration problem. We have

X, = f(xo), Xy = f(xq), Xy = f(xg),...
We shall denote by fn the n-th iterate of f, which is defined Dby
£,(x,) = f(xo), an(xo) = f{fn(xo)} = fn{f(xo)} (n=0,1,2,...).

Therefore we have x =f (x_ ) (n=1,2,...).

For a moment we assume that f is defined everywhere, so that
there ié no question about the fn's being defined or not,

It may be possible that the sequence X sXqsXpsenn tends to a
limit ¢, If the function f is continuous at ¢, the relation xn+1=f(xn)
shows that c=f(c), Therefore, if f is continuous everywhere, the
possibilities for ¢ are restricted to the solutions of the equation
c=f(c).

Convergence to a point ¢, where c=f(c), can often be proved in
the following way. We show the existence of a neighbourhocod N of ¢
such that, once some X, fglls into N, the sequence g1 ¥ngpsees
converges to ¢, In such cases it is likely that the asymptotical
behaviour of X, (as n—>00) can be studied in detail, especially if
f(x) is analytical at x=c,
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The problem whether for 2 glven value of X, there exists an n
such that X lies in that neighbourhood N, is of a different nature,
It is often quite easy if [ 1is 2 real continuous function and x 18 2a
real variable, We shall discuss 2 general example.

Assume that f(x) is continuous in the interval J, defined by
cs«x<d (d may also stand for + ™), Furthermore assume that f(c)=c
and f{c) s« f(x)<x if xeJ, x>c, Then we have, for any x in J, that
1iﬁﬂﬂa)fn(x)“°- For, our assumptions imply that f maps J into itself,
and therefore the same thing can be said about f2’f >+e+ » Further
f(x) «x (x €J) guarantees that x> f,(x)»f,(x)> ... . As 381l £,(x)
are in J, the sequence is bounded below. So lim fn(x) exists, and so
it tends to a solution of x=f(x), which cannot be anything but c.

A similar discussion applies 1f f(c¢)=c, x <f(x)¢c 1in an inter-
val d<x <c.

It has to be remarked that lip ,  f (x) need not be a continuous
function of x, If, for example, we apply our previous results to the
function f(x)=x+sin x it follows that the function 1iﬁw¢oafn(x)u $(x)
exists for all x, and is described by ¢(0)=0, @(x)=T (0 <x <2%),
p(em)=2mn, @(x)=3w (2w<x < bm), ¢(4m)=br , ¢(x)=57 (4w<x<br), etc.

However, the situation can be much more complicated than in the
cases we just discussed. If f(x) is continuous in -oo <«X< , and if
f{x) <x in an interval ¢ «x<d, with f(c)=c, but if f(x) is not > f(c)
throughout that interval, then the behaviour of X5 (as ¢c<x «d, n-—»c0)
1s no longer exclusively determined by the behaviour of f in the
interval ¢ < x «d. In such cases the complete discussion of the
behaviour of x_ can be very difficult, ’

We again turn to the local problem, l.e. the question what
happens in small neighbourhoods of a point ¢ where f(c)=c.

Without loss of generality we take c¢=0 (otherwise consider f*,
defined by f*(x)=f(x+c)-c; notice that its iterates are f:(x)zfn(x+c)-c),
and on behalf of the relation c=f(c) we now have £(0)=0.

In order to be able to be more specific we shall assume that [
is analytic at %x=0:

(8.2.1) £(x) = a,x + agxz + anB o (1x] < p)

where p 1s some positive number. The coefficients CPPLPYRES are
allowed to be complex numbers, and x is a complex variable,

The absolute value of the coefficient a, is decisive for our
problem, If }aq§<‘4 the sequence X _,X,,X,,... converges to O indeed,
‘provided that the starting point'xo is sufficiently c¢lose to 0, More-
over the asymptotical behaviour of x 1s not difficult to find (see
sec.8.3). Convergence is rapid in this case. If O 4}@1}<:ﬂ, then



log lxn”11 behaves as Cn, where C is a positive consta t. If a_=0 the
convergence is even much faster (see sec.8.4). If !a1l> 1 it is easy

to see that X does not converge to O, unless the xn's vanish identical-
ly from a certain value of n onwards, If laqizﬂ the problem is more
intricate (see sec.8.5), and if there is convergence it is quite slow,

8.3. Rapid convergence,

If \aql <1 we are in the fortunate circumstance that the iteration
problem for f(x), given by (8.2.,1), can be solved by a direct method.
That is, for x_ (defined Dby x =f (x,)) we can derive a new formula,
from which the asymptotical behaviour of xn (as n——~>aﬂ can be obtained,
provided that 1x04 is not too large.

We assume here that aq¥0; the case a,
8.32,

We start from & rough estimate for fn(x). Let b satisfy laqﬂc b <1,
Then there exists a number g (O<<p1~:p) such that

=0 will be discussed 1in sec.

(8.3.1) 0 < e ()} < pTixt (n=1,2,...5 0« fxl < py).

For, the power series for x”qf(x) has this value a, at x=0. Therefore
p4 can be found such that !x{ <p, implies O‘<§x"qf(x){< b. So if x
satisfies 0 <lxola p, we have O:ﬂquﬁbixgi, and therefore O <lqu< P,
In the second step we infer that O «\x21<.bixq\ and O<¢ﬂxg <p,. By
induction we find O <lxnl< bix, 41 and O< x| <p,. It follows that
0 <‘xnl< bnixo! , and (8.3.1) follows,

We next prove that, if X 1s fixed (O<:]xol<.p1), then Xnaq—
tends to a limit which we denote by «(x_). We have
(8.3.2) "+ = £y = 1 + o2 X+ 3 X,

X X 3 1 a n
1°n “1%n “1 “1

n

and this is close to 1 if n is large. Writing 1+rn for the right hand
side of (8.3.2), we infer from (8.3.1) thag r = 0(v"). Consequently,

duct TT.°° T 1 Ty =7
the product 1k=0(1+rk) converges. As [ ], equals x a,” x_ =, we
infer that xnaq'n tends to a limit w(x_), where
o
(8.3.3) w(x,) = %, TT%:O (1+r ).
o 1’]—1
As £ (x]) = £ 4(8(x,)) = £, _4(x;), we also have x ~a, co(xq),
and therefore w(x,)=a, w(x_ ). That 1s, the function w satisfies the
so-called Schroeder equation
(5.3.5) W) = aqe(x) (Heny)

It should be remarked that «w(x) is analytical inside the circle
1xb<p1. This follows from the fact that each factor 1+rn in the pro-
duct (8.3.3) is an analytical function of x,» and the product converges
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uniformly for x
We put

o In that circle. And (B.3.3) shows that w(0)=0, @/(0)=1.

(8.3.5) w(x) = x + d2x2 - 53X3 tous (1xl<p,).

The coefficients @2,63,... can be determined recursively from the
identity (8.3.4), Once we have determined dg,d3,...,dn_ﬂ,
evaluate d_ by equating the coefficlents of X" in (8.3.4). This glves

we can

a linear equation for dn, which does not contain dn+1’dn+2"" . In
thils equation dn gets the coeoeffllicient a%j—aq, and this is #0 by our

assumption that O'<§aq§< 1.

By repeated application of (8.3.4) we obtaincﬁ(xn)ma;ku(xo), and
solving this for X, we get an explicit formula. The Lagrange inversion
formula gives the inverse function L L of w , satisfyingi).GO(x))xx in
a sultable circle x| < p,; and

D (x) = x + e?x2 + e

ij T (1xi<py).

We remark that the coefficients of () can be evaluated recursively

without using the coefficlients of @« . To this end we can use the
identity f(f)(y)):ll(aqy), which follows from (8.3.4) by putting f(x)=y.

If p3=m1n(p1,p2), and ‘x_| < p,, then we have by (8.3.1) that

;xn§< 93 for all n. It follows that

n n o en 2 \
(8.3.6) X =§1(ﬁq w(x,)) = a, u(xo)+egaq us(xo) +

+ 6‘3913nu)(xo)3n + iee . (ixoi < p3).

This formula gives very satisfactory information about the behaviour of
X, when n.—> o,

Although 1t has not direct consequence for asymptotics we mention
that the above formulas can be used for continuous iteration. That is
to say, we c¢an define functions f\(x) for 211 » » O, such that
fn(fﬂ(x))=f1+ﬂ(x) (a3 0, w3 Of, f,=f, and £ 1s the identity
(fo(x)zx). If A 1s a positive integer f, 1s the A-th iterate of f,
The functions fy can be defined by

Sy |
ii(x) =+ a, w(x)% (1x] « pB).

8.33.Very rapid convergence. In sec.8.3 we assumed that aqgo. Here we
briefly indicate what happens if a,=0. If all coefficlents in (8.2.1)
vanish, then all X, are zero, and there 1s no problem. 30 assume that
ay is the first non-vanishing coefficient, and that k >1, Without loss
of generality we take ak;2% otherwise consider f“(x)sdrquxx) where

is chosen such that akd =1 80 we put



k k+1 k+2
f(x) = x + Bpq ¥ tapg X toee.

The iteration machinery can be controlled by the following formulas:

lim ifn(X)%k_n =(,D(X).

n-— oo

w{(0) = 0, w'(0) = 1.
w(£(x)) = (w (x))¥.
£ (%) -0 i Ou(x))kn} (L = inverse of w ).

This is only the formal side of the matter, but 1t is not difficufﬁ to

finish the details in the way it was done in sec.8.3,

B4 . Slow gonvergence. Our next case is the iteration problem for a
funution‘E: in the form (8.2.1), with la_l=1. We shall treat a typical
example, viz. f(x)=sin x = x - x3/31 + XW?BE - «.. . As before, we
write

in in x = 8i = gi 3 X =sin_ x_,
sin, x = sin x, sin(sinnx) 31nn(sin X) sin_ %3 X =sin_ X

Irf e CX T, then we have 0 < gin X< Xy Therefore, by induction,
47 Kp> e It follows that 1lim X, =C
exlsts, and that c¢c »0. It was remarked in sec.B8.2 that ¢ has to satisfy
the relation c=7(c), therefore we have c=0. We now raise the question
of the asymptotic behaviour.

There is a difference between this case and the case of sec.8.3,
In se$.8.3 (and also in sec.B8.%) there was convergence to O for all

Q« X <™ for all n, and X = X

eomplex Xq inside a certain circle. In the present case this is no
longer true. For example, if we take X purely imaginary, oni tO

(to> 0), then we have x,=1 t_, where t =sinh t_. And 1t is easily seen
that O<-to< tqa ...y and that tn tends to infinity, no matter how small
to was chosen.

In sec.8.3 we were able to solve the problem by means of certain
series 1n terms of powers of x, for which 1t did not matter whether X
was real or not. In the present case it seems to matter indeed, and
therefore we cannot expect to be able to do much with such power series.
Apart from that, the study of complex values of X, seems to be difficult,
and so we shall confine ourselves to real values of Xy It is no
essential restriction to assume that Oc\xo<<7r(x1=sin X satisfies
- T <X, anyway, and sinn xo=sinn_1x1; furthermore owing to the
symmetry there 1is no harm in considering positive values only).

We shall glve two different solutions for the problem of the
asymptotical behaviour of sin_ x_. The first one (secs.8.5 and 8.6) is
gquite natural, and uses i1deas which are generally applicable in iteration
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problems; the second solutlion (secs.8.7 and 8.8) 1s more effective,
but essentially restricted to iteration problems of the type we are
presently dealing with,

8.5, Preparation. The following question will serve as a preparation,
let UgsUps e be & sequence of positive numbers, and agsume that

(B.5.1) Upq = U, - un2 + O(un3). (n=1,2,3,...).
What ean be said about the asymptotical behaviour of u, 28 n-—»00?

In the first place it is clear that nothing can be said if we do
nat assume something like u~0, For, if p and q are fixed positive
numbers, 0« p «<q, then any arbitrary sequence of numbers iun} with
D sl & q obviously satisfies (8.5.1).

We want to be movre speeific sbout the O-terms let A be a fixed
positiwe rumber such that

(8.5.2) fu 3

2
u. +u | e A u

n+1 - n n (n=1)213)-'¢)o

It is not difficult to show that there exlists a number p>» 0, such
that, whenever Ot—uk<ﬁp for some value of k, we sutomatloally get
uk:>uk+4>-uk+2 > ey andguk~*g. To th%s egd we choose p such that
Q<X <p implies both x-x“> Ax”’ and Ax” < x“ (therefore Ap < 1), Then it
fellows from (8.5.2) that 0<uy <p Implies O<wuy, ,<u <p, and so forth,
The seguence 1s decreasing and bounded below, and so 1t converges to a
1imit ¢, with 0 ¢c <p. From (8.5.2) we infer that ic-c+c21<.A03. As
Ap 1, O=<¢ <«p, 1t follows that ¢=0,

We Jjust learned that either all u, are »p or u, tends monotonic-
ally to O, For the latter case we can prove a much sharper result:

1‘

(8.5.3) If u~>0, then u=n"" + O(n_elog n).

r
This can be proved as follows, By some simple computations we find that
#here exist positive constants K and N such that, for all n» N the
following 1s true: for 2ll x in the interval

(8,5.4) 0c¢xen™? + K n™%20g n
we have
(8.5.5) 0<x - x° + Ax3<;(n+1)"1 - K(n+1)'2 log(n+1).

Now let k be chosen such that O<u« N4k N8 log N; this is

possible by virtue of the assumption uﬁmao. Then 1t 1s easy to prove
by inductlion that

0<uy Nem)~ 1 & K(N+m)™2 log(N+m) (Mm=0,1,2,...).

Hn“(
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-1

Therefore u<n™  + O(n“glog n). A similar (but slightly more complic-

ated)argument can be used for the lower estimation,

The difficulty lies, of course, not so much in proving a result
like (B.5.3) as 1n guessing what .one has to prove., That n~1 15 a
first approximation may 2already be guessed by comparing the difference
equation u_ , ,-u = _-un2 with the differential equation u'(t)m-(u(t))z,
whose solutions are u(t)=(t+c)” 1. It 1s not so easy to describe how
the O(n~ elog n) can be guessed. It requires some imagination and
experience to see that just the term K n'glog n creates the possibility
of passing from (8.5.4) to (8.5.5).

Accidentally there is o much simpler way to prove (8.5.3) It
depends on the substitution un:vn”q, which transforms the equatlon
(7.5.1) into 2 more suitable form. There i1s no obvious reason to expect
this beforehand, but it 1s suggested by the form of (8.5.,3). We obtain
from (8.5.1)

v = v_(1-u

n+1 n

2yy=1 2
ot 0(u 5))" = v (M+u +0(u %)),

and therefore

-1
As v, »2 for all large n, we infer that Vo 1-Vn>‘g and therefore

Ve n/u for all large n, and 1t follows that Vi -1 =0(n" 1) uonsequently
n+1 -V ~ﬂ+0(n 1), and this leads to v,= n+o(log n). As {n+0(log n)}

b 54

=n" +O(n 1og n), we again have (8.5.3).

About (8.5.1) we proved (8.5.3), that is a statement of the type:
if the un‘s are not too large, then they are very small., Without proof
we quote two similar results, whose validity is, however, not restricted
to real sequences,

(1) If the sequence {an} satisfies, for all n,

(8.5.7) 5 L

- ,  lim n"la_=0,

-2 2
-a = 0(n + 0(n ", %)

n+1
then we have a_=0(log n).

(11) If the sequencejb %satisfies, for all n

-22
)

b, .40, = O(n™"b <),

-1
N+ lim n bnaO,

then we have b =0(1).
Theorem (1i1) can be used for the proof of (i), Theorem (1) 1is
related to (8.5.1): assuming that we have already established N



‘u, satisfying (8.5.1), then the substitution u_=n” +n”2a_ leads to

(8.5.7).

8.6, Iteration of the sine function. We return to the iteration
problem for the sine function. It is assumed that O-<x0<11, X
xeasin Xqs etc, We showed already that xﬁwao. We have

4=8in X,

X = sin X=X, - Xn3/6 + xn5/120 S

n+1 n

As the series contains only odd powers of X, the formula can be
simplified by putting Xngzyn

2 2
Viq = yn(ﬂ-yn/6 + Y, /120...)

Writing y =3z we obtain something of the form of (8.5.1):

(8.6.1) Zo4q = 2(1-2, /2 + 3’zn2/1+o-...)2 = zn—zn2+22575 o

(Zn=xn2/3)'

As Zn 0, (8.5.3) glves an asymptotic formula for Z.s viz,
zn=n'q+0(n‘210g n).

Further results can be found by inserting this result into the
equation (8.6.1), This leads to a better approximation of Zpn~%n
from which a new asymptotic formula for z, can be obtained. This
procedure of step-by-step improvement of an asymptotic formula was
already described at the end of ch.A.

. . -1
Calculations are somewhat easier if we consider wnzzn

instead
of 2, the same substitution that gave such an easy success 1n sec.8.5,

The relation between W and xn is

and we know that W e, Further, W satisfies the recurrence relation
-2

(8.6.2) Wooq = Wb+ 3/5wn + O(w,, ).

It is not difficult to obtain the full development. By different-

lation of the well-known series for cotg x 1t follows that

=T ® -
(8.6.3)  (sin x)"2 =2 (-1)¥(1-2x)B,, x°°9(2k)!,
k=0 2k
where the B's are the Bernoulli numbers. If follows from xn+1=sin Xn
that 2
-k k _
W g 2w TK(1-2k) (-12)% By /(26) 1 =

(8.6.4) 4 2 -2 3 -3 18 -4

+ 38‘5 Wn + @ 9 ® »
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Just as in our conclusions about (B8.5.6), we have wn*qwc(n~¢)’
and w_en+0(log n). Inserting this into (8.6.4), we obtain

-1 -2
W -wWo= 1+ % n"" + 0(n"“log n).

n+1
From this we infer, putting W =n+ % log n + tn, that

-2
t -t = 0({n"“log n),

n+1
and 1t follous that t, tends to a2 limit, to be denoted by C, end that

tnac*zgzm.n (tk‘tk+¢) - C*O{E:; kvelog k) x‘0+0{n'4lag,n).

Substivuting W =0+ g logn +C +rp
obbain

2
log n , 41-42¢C log“n
N R el e S p
n T0n n
and we easlly infer by summation that
2
log n | -79+210C log™n
T = g e+ SRR v o=,

Thils procedure can be contlnued, and it is neot diffieult to show
that there exlsts an asymptotic serles for T of the form

80 ™ -1 k -1
> ¢,y (n” 'log n) n
k=0 ~ 1=0 kel

0 rnmo(n"qlog n} into {8.6.4), we

In other words, L is of the form n Q(n'qlog n, n"q), where Q i§ an
agymptotic series of the same type. Finally we get for xn’3 wn"5 an

asymptotic series, of which we produce a few terms here:

-% 1 -2, . 2
(8.6.5) xnnsinnx0n3%n ?41- %%-~3%~3 - 5% + n"( & log"n+ slog n+ Y )+

+ O(n'BIOan%,
where

27 9 9 3 A2 79
O R ;zgcu%c - s

The value of C of course'depends on X . It 1s remarkable that

the first two terms of the asymptotic series are independent of Xye
In order to find out something about how C depends on Xy we
replaced C by }[(xo) and we consider the following abbreviation of
(8.6.5):
(xg)

(8.6.6) xn,,3%n—% i,,__ % 105 n '?En + 0(n"210g2 )} .

Ag X

n+q=sin x =sin (sin xo), we have
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; F(x_ )
X, uB%n“é,gﬂm %%_log é - Yéna + O(n"gleggn)}.

As x . 4=s8ln x =s8in (sin x_ ), we have

J(sin x_)
B - -2
xn+1-3%n % iq_ % 10%} no_4 - 0 + O(ﬂ 10321,))} ,

n+1

and B0

xn+1-xnw%.3%n”3/gi\y(xo)-xy(sin xo)} + O(n'5/210g2n).

On the other hand, we have X __,-X =sin xn-xnm~xn3/6+0(xn5)u-33/2n'3/2/6+

+0(n'5/210g n). Therefore, it results that\% satisfies the equation

(8.6.7) ¥ (sin x ) -sf(xo) = 1.
The function % 1s uniquely determined by (8.6,6):
. _L
c%(xc) = 1im {En— % log n - 2xn n 3/2 3 ﬁﬁ}.

1) €0

It ean be observed from this formula that x%(x)a\%(n—x) (0<xem),
and that \%(x) 1s non-increasing in the interval 0<x < ®/2, (For, if
X, decreases, and n 1s fixed, then Xy, decreases). Furthermore we have
{A(x)wam if x-»0 (x>0).

8.7. An alternative method., Our second method for dealing with the

asymptotic behaviour of sinn xO has some analogy to the contents of
sec,8.3. It starts from the Schroeder equation (8.3.,4), or, what 1is
slightly simpler in our case, the socalled Abel equation

&»if(x)} -y (x)=1 Ethe connection between the two is expressed by the
relation OJ(x)zaqV

x ). It is a functional equation for the unknown
function \P, whereas £ is a given functlon. In the present case 1t
beeomes

(8.7.1) ¥ (sin x) - p(x) = 1.

A specilal solution was obtained at the end of sec.8.6, but we shall
not use this information here,

Restricting ourselves to the interval O<x s m/2, it is quite
easy to describe the general solution of (8,7.1): Choose an arbitrary
function ¥ ¥in the interval 1<xsim, and take ¥ = ¥ in that inter-
val. In the next interval sin 1< x <1 we take  such that (8.7.1) is
satlsfied. Next we define it in the interval sin2 1< x <s8in 1, such
that (8.7.1) again holds. Continulng this process indefinitely we
obtain a solution for the interval O<x<im.

It is clear that the asumptotic behaviour (as x--0) of this
solution ¥ (x) can be described to a certain extent once the asymptotic
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behaviour of sinn x 1s known, We want to go the other way round,
however, 1n the following order: (i) Find an explicit solution.
(11) Determine its asymptotic behaviour. (1ii) Apply this to the
asymptotic behaviour of sinn X,

Properly speaking we do not require for our purpose that the
solution 1s explicit itself, but only that its asymptotic behaviour
is explicitly known,.

Instead of asking for elementary functions which approximate a
solution of (8.7.1), we start with a simpler problem: we ask for
elementary functions W for which W (sin x)-V(x)tends rapidly to 1
as x—0, One of the first functions to try 1s a monomial x%H(x)=ax’
(b >0). It gives

b

wﬁq(sin x) —\?1(x) = a(sin x)'b-ax'b =
- ax”P {(1—x2/6+...)’b—1} - ab x5 v L.

We want 1t to approximate 1, and this is achieved by taking b=2,
a=3. So }&1(x)=3x'2, and

2 2X4 6

\//,](Sil’) X) - \{/,}(X) = 1 + %— +—FB— + éz(gg + ... ‘\

(the series on the right equals‘ﬂéz:oy(—M)k(2k+1) Boyyo xgk/(2k+2)l,

cf.(8.6.3)).

We next want to modify ‘#H in order to compensate the term X2/5.
Therefore we try to find a function X, such that X 4(sin X)- X%(x)
is approximately —x2/5. We notice that a monomial does not work now.
The following argument shows that it is worth while to try log x: if
we replace the difference :Xﬂ(sin x)—;Kq(x) by (sin x-x))iq'(x), we
see that fﬁq'(x) should be approximately 6/(5x).

Actually, if we take ?{1(x)= = log x, we have

2
Xq(sin X) - Xﬂ(x) = g-log(sin X/x) = - %T -

RN
m!J:
O

+

If we take §b2= 12k Xq, we have

¥ (sin x) =¥, (x) = 1 + p(x),

p(X)=(+6%—%—@-) x4+...=*—3—2——-%+glog81§x.

sin™x X

We can go on this way, by choosing X, such that jxg(sin X)—:KE(X)
equals approximately «p(x), and so on, In this way we would still be
constructing approximate solutions instead of approximations to a
solution, Fortunately we are able to indicate an exact solution of
the equation XY (sin x)- X (x)= -p(x). This equation 1is satisfied by
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the function

(8.7.2) X,(x) = p(x) + p(sin x) + p(sinyx) + p(sinBX) S

We only need’ to show that the series 1s convergent for all real values
of x. This immediately follows from the formulas p(y)=0(y" ) (y—0)
and sin X = O(n "2) (n—sco), whence p(sinﬁ x) = 0(n 2)(nmwuw).

The formula sin, x = 0(n™?) can be proved in the way we proved
(8.5.3). We shall, however, indicate a short independent proof: If &
1s a positive constant, then the iterates of the function f(x)=
mx(1+£‘x2)'% can be evaluated explicitly. We easlly find f (x)=
=x{1+n ¢ xg)'%. Furthermore 1t is not difficult to show that & can be
chosen such that sin x <f(x)<x (0<x<1). Now if x is such that
sin x >0 we obtain sin,x < f(sin x) < (x), sin,x < f(sinyx) < f(fQSK))n
=f3(x), etc. It follows that sin  x<f (x), and so sin x = o(n7?).
The assumption sin x >0 1is, of course, no essential restriction,.

We jJust established the convergence of (8,7.2), but we shall need
something more, viz. an estimate for X .(x) as
that )

(8.7.3) X o(x) = 0(x%)  (0<xsbn)

x-»0, We shall prove

We established before that p(x):O(xu), p(sin, x)zo(n"g). We can
easlly be more specific: There are constants Cﬂ and 02 such that
]
)p(x)2<mpqxu, \p(sinn x)| ¢ Con” " (O<xesm , n=1,2,...). It follows
that 2 p(sin, x)<C, n~". Furthermore we have, if O<x<3T

—n <P
2o ke p(sin, x)<C (sin

4
1 “k=0 x = Cqnx .

kX

So for O<xg¢ 3w and for all values of n we have

€37, we have 3x “> 1, Let n be the smallest
r”) i~
-

We now choose n: As
) )
integer exceeding 3x ~. Then 3x > n<b6bx <, and so

X

o) < (o, - 6ey,),

which proves (8.7.3).
As X, exactly satisfies X,(sin x) + XD(X> = -p(x), the function

(8.7.4) )b(x) = 3x“2 + g log x + ,Xg(x

X, glven by (7.7.2), 1s an exact solution of (8.7.1). We have the
estimate (8,7.3) for 'XQ, but it is not difficult to see that there is
an asymptotic series
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o]

(8.7.5) ;xa(x)~v c X+ <:u;\ti4 + 06x6 Foaen

The leading coefficient equals c2=79/1050. We shall show the
first step of the proof of (8.7.5); 211 further steps are analogous.
We have ‘X?(sin x) - ,Xg(x) = -p(x) =rxxu+..., with &=-79/3150.
Furthermore (sin x)k-xk: RISLALY TN (k=1,2,...); here we use the
case k=2. Now put ‘Xé(x)=—3a<x2+ XS(X), then Xé(sin X)- Ig(x)z-q(x)
is a power series starting with a term 4x°. And from X, (x)=
=q(x)+q(sin x)+ q(sinex)—... we argueﬁ in the way we proved (8.7.3),
that q(x)=0(x"). So 'Xe(x)=—3d1x2+0(x ). It should be noted that the
functionsp(x), q(x),... are power series, with a positive radius of
eonvergence, but that it is very improbable that the same thing could
be said about Xg(x) (or Xg(x),...).

8.8. Final discussion about the iterated sine. The asymptotic inform-
ation about vy, obtained in sec.8.7, will now be applied to the problem
about sinn X. To this end we start from the formula

(8.8.1) '\,Z/(sinn x) =0 + V(x),
which 18 2 direct consequence of (8.7.1). We shall consider x as a
fixed number, and n as a large integer. As Y 1s a given function,we
can consider (8.8.1) ns an eguation for the unknown quantity sin  x.
Therefore the question to express the asymptotical behaviour cf the
solution sinn X in ferms of the parameter n 1s a problem of the type
discussed in ch.1.

We replace the unknown sinn X by the single letter u, The equation
can be written as

(8.8.2) 3uT° 4 g log u + 7%%6 U+ ~n +(x) (n—ro),

In some respects the question is more difficult than the problems
considered in ch.1, Firstly, the left-hand-side represents the function
}D(u) asymptotically, but probably not exactly, and >ﬁ(u) is probably
not analytic at u=0. Secondly, we are not yet sure, that y/is monotonic,
and therefore the uniqueness of the solution of ‘w(u)=n+f%(x) is un-
proved as yet, (This refers to the question whether sinn x depends
uniquely on “/(x); it is of course trivial thst sin  x depends uniguely
on x),

But fortunately we need not bother about the existence and unique-
ness of the solution u of (8.8.2). For, u=sin_ x 1s o well-defined
quantity, and the thing we want to do is to obtain asymptotic inform-
ation about u in the w2y we use to handle the solution of an equation.
In other words, u is not virtually unknown, but the fact that links
our problem with the problems of ch.1 is that the asymptotic behaviour
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of u is unknown,

To start with, 1t easily follows from (8.8.2) that u»a(3/ﬂ)§.
This wlll be used repeatedly for estimating rounding-off errors.

In order to eliminate the difficulty that the left-hand-side of
(8.8.2) represents ‘f(u) only asymptotically, we break it off somewhere,
after the second term say, and the error made thils way is transported
to the right-hand-side. At the same time we substract on both sides
(3/5) log 3 in order to simplify further calculations. So we have

(8.8.3) 3u'2 + g log(B'%u) =n + 3ﬂ(x) -f - % log 3.

Here p is equal to (u) minus the left-hand-side of (8.8.3). So by
(8.7.4) and (8.7.5) it 1s asymptotically

]

(8.8.4) J ~eput o+ cuuu +... (u—0), and therefore 1==o(n'1)(n_a~).

Replacing the right-hand-side of (8.8.3) by y, we have

1
3uTe 4 g— log(372u) = v,
and y=n+0(1), for x is a fixed number., Putting u=(3/y)%v we get
-2, .3 1o _ 6
(8.8.5) Ve =1+ g __%_X 5y log v.

We know that v—-1, and so log v = 0(1). Raising both sides of
(8.8.5) to the power -3, we get

_ v {3 log vy 6 Yool -2 2
(8.8.6) V= 1-3 15-——%—— - 5y log v + 0(y “log v)
and so v=1 + O(y'qlog v), log v = O(y'qlog V).

Inserting this into (8.8.6) we get
1 -2 2
Vo= - 2B L oy Ioe ),

. P
and so log v = - b y 1log y + O(y “log©y). Now we agein raise (8.8.5)
to the power -5, and we develop a little further; according to the

formula L -
(1+2)72 = 1 - 3z + %22 + 0(z?).

Then we obtain

VvV o= 1 -

. ) : 2 -
L8V L 8 gog v )+ 3 (2 2B 8)" o(y108%y).

ol

Ui

{

Contenting ourselves with a third order error, we thus have
, 2
_ 3 log y 27 log"y 9 1lo =31 o3
(8.8.7) vV=1- 55 —?ﬁ—— + e _-fz— =5 -;%—l + 0(y 71og’y).
It is not difficult to show that there exists an asymptotic series
in terms of powers of y'1 and y'1 log y. Actually the equation (8.8.5)



ASE 98

can be transformed into an equation of the type (2.4.6) (put v=e%W),
and it follows that the asymptotic seriesli§ even convergent,

We next replace, in (8.8.7), v by 372y2u, and y by N+ (x)+
+p - % log 3, /3=O(n"1), and then we get a sin x expressed in terms

-5/2

of n, with an error term O(n 1og2n):

(8.8.8) u=sin_ x = (B/n)'%{ﬂ— %% n~l log o - 3((x)- % log 3)n"1+

+ O(n‘glogen)} .

Comparing this to (8.6.6) we learn that there is a simple relation
J(x) = Y (x) - 2 1og 3

between the special solutions k%(x) (see sec.8.6) and ﬁb(x) (see sec.
B.7) of the Abel equation (8.7.1). Incidentally this shows that ¥ (x)
is decreasing (0 <x < m/2),

Refinements of (8.8.8) can be found as follows. On behalf of
(8.8.8) we can improve our formula f>=o(n‘1). Formula (8.8.4) gives

-1

f= 3 con o+ O(n‘glog n).

Inserting this into (8.8.7), with y=n+ %(x)—f?, we get the next
approximation to sin_ x, already given in (8.6.5). It is clear that
this process can be continued indefinitely, and it follows, for the
second time, that there exists an asymptotic series,

Above it was remarked that the asymptotic series for v, of which
(8.8.7) is a beginning segment, is convergent in the ordinary sense,
There is no reason, however, to expect this to remain true for the
series that expresges v asymptotically in terms of n. For in passing
from y to n we use the series (8.8.4), and that one cannot be expected
to be convergent in the ordinary sense,
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Ch.9., Differential Equations

9.1. Introduction., Many problems in pure and applied mathematics are
concerned with the behaviour of the solutions of a differential equat-
ion at a singular point. Such problems are otviously of asymptotical
nature, for by a transformation of the independent variable it is al-
ways possible to transform the singularity to infinity, and the
question takes the following form, Let F(t,y,y',...,y(m))zo be a given
differential equation for the unknown function y=y(t). How do the
solutions behave as t—-~»?

Such questions arise, for instance, in stability problems, in
problems about linear or non-linear oscillations and in guantum
mechanics. Another type of avplicat.on lies in the fact that one can
study the asymptotical beraviour of a rliven function, a Bessel function,
5V, [rom the differcntisal equation which 1t satisfies, instead of
I'rom one of the explicit expressions [for that Tunction,

There 1s a wide variety of problems in this field, and there 1is
a vzst literature about it., It is out ol guestion that an adequate
survey could be given within the scope of this book. Nevertheless, in
the few problems we shall discuss here, several ideas appear which
can be applied in many other cases,

Problems on differential equations are usually very flexible,
owing to the possibllity of transforming both the dependent and the
independent variable. After such a transformation the problem usually
looks different.

Another general trend in the asymptotics of differential equat-
ions 1s the following one., Usually it is quite easy to guess on
asymptotic formula, or even anasymptotic series, and more often than
not 1t is much less easy to prove that it is an asymptotic formula
indeed.

If we have to prove a certain asymptotic formula for a certain
solution of a differential equation, then the obvious thing to try
is, to enclose this solutlon between functions whose asymptotical
behaviour is known. In many cases such inequalities can be derived
by simple theorems of the tollowing type.

Let y(t) be a solution of the first-order differential equation
y'=F(t,y) (agteb), and let (t) be a function satisfying
¢1(t) «F(t, p(t)) (acteb), @(a)sy(a). Then we have ¢(t)<y(t)
(a <t ¢b). (So in order to prove an inequality for y(t) 1t is not
necessary to solve the differentlal equation explicitly, as functions
@ satisfying ¢'< F(t, ¢) are of course quite easy to find).

Proof: We first show that there is an interval (a,a+ ¢ ) where
@(t) <y(t). This is trivial if ¢(a)<y(a). If y%a)zy(a), we have
¢'(a) <« F(t, y(a))mF(t,y(a))ay'(a), and the existence of such an
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interval again follows., Suppose that the inequality ¢(t)< y(t) can
not be sontinued over the whole interval a < t ¢ b, Then there exists

a number ¢ f{a <c ¢b) such that y(c)=y(c), and ¢'(t) <y(t) (a<tec),
This implies ¢'(c)2y'(c), but now ¢'(c)< F(c, p(c))=F(c,y(c))=
y'{c) leads to a contradiction.

The question whether in the above theorem the signs <« can be
replaeed by < , depends on more delicate considerations about the
uniqueness of solutions. For, if ¢ and y were different solutlons
of the differential c¢quation, both having the same value at t=a, then
#{t)cy(t) (2 <t <b) would not be necessarily true.

9.2. A Riecatti equation, Let ~(t), s(t), }(t) be continuous real
funetions for t >0, and let k be an intezer ~ 0, We consider the
differential equation

-2 eTK (1) = (1) +(8) ple) + y(e) p2(0)

4

for the unknown function .f(t). (We choose greek letters for the
functiens &, /3, Yo f in order to be able to use the corresponding
latin letters for the coefficients of their asymptotic expansions),

Az to the existence of solutions, the state of affairs is only
slightly less simple than with linear equations, Since the equation
£an be written as f’(t)zF(tzp), where T is a continuous function in
both variables as long as t >0, the following existence theorem holds,
It to > and fo are given real numbers, then elther there exists a
sqQlution r, with /?(to)m,fo’
there 18 a number tq> Ly and a solution fﬁ(t) in the interval toat~t
such that “f(to)zlﬁo and /?(t) tends to +o00 or to -oe if t tends to
t:,l from the left,

This fact will be repcatedly used in the following way. If we
have numbers t_, p and A(A>0), and if we have proved that for no
value of t,(t,>t.) there cxists a solution p(t) (t <tet,) with
pty)= Po,i/7(t1)'> A, then we know that there is a solution p(t)
(tog t< oo ) with the initial condition )ﬁ(to)zto (and satisfying
'f'(t)isﬁx (tos_t <oo)).

As, in our casec, F(t,;?) has a continuous derivative wlth respect
to £ , there is no difficulty about the uniqueness: any solution is
uniquely determined by its initial conditions.

A clear idea about the existence of solutions of a Riccatti
equatlion, and of their singularities, can be obtained from their
relation to linear second order equations. For example, the equation
P+ ﬁg = x(t)+ p3(t) is related to y"-/3(t)y' - «(t)y=0 by the
substitution y'/y=p . If y(tq)zO for some solution y, then the cor-

in the whole interval tos tc<ow, oOr

/‘,
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responding function p has a singularity at tmtqz it tends to + oo 1f
t tends to t1. The existence and location of roots tq, however, ob-
viously depends on the cholce of the ratio A:B of the integration
constants in the gencral solution y(t)mqu(t)+By2(t).

Returning to the equation (9.2.1), we shall make the further
assumption that the asymptotical behaviour of each of the coefficients
~, ;3; y (88 t—> o) is given by anasymptotic series:

-1 -2

x(t) v a, +a,t +ast R (t—>00),
(9.2.2) AlE)~ by + batT w bt b (£ —>oc)
y(t) ~ Cy t th'1 + cgt'z +o (t-—oa),
and we assume that
(9.2.3) b <0, c = 0.

It is our aim to prove that there is a class of solutions, whose
behavigur is also given by an asymptotic serics

(9.2.8) p{e)~ rg + r,,t"1 + r‘gt'2 oo (t—>o0).

More preclsely, we shall show the exlstence of numbers to> O
and A>® suech that for every number o In the interval -4 < pof,A
the solution with /ﬂ(to)z fo C&n be continued Indefinitely to the
right, and has an asymptotic series of the form (9.2.4). Moreover,
the coefficients LosTqslns-.. ATeE independent of ﬁo'

It is not generally true that all solutlons have this behaviour.
For example, the equation ‘ﬁ‘(t):—ﬂ—f?(t)—t-ﬁ pg(t) has the solution
/?(t):—t, and moreover 1t has solutlons escaping to -co if £ tends to
some (inite number t,. (This can be seen from the equation y”+(1+t'q)y‘+
t"qyzo, and the substitution y'/y:t'qf*).

Let A be a number exceeding ESaO/bO). By virtue of (9.2.3), t
can be determlned such that

1

(9.2.5) Alt)<o,  2le(t)< al ()l (t>t,),

and we can determine to> t1 such that

(9.2.6) 28 by (e) < 2(e) (t>t,).

Let ¢, denote the constant function %1( J==A (¢ to), and ¢,
the constant function ¢,(t)=A (t=t ). It follows from (9.2.5) and
(9.2.6) that

k ‘f'q%t)""((t) +/3(t) ?1(’;) +)(t) ?lf(t) (t%to)’

-k

€7 g (B> < () +8(t) wolt) +y(t) @h(E)  (tat,).
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By virtue of the theorem of sec. 9 1 we infer that any solution Ja( )
of our equation t k_p =ri+‘ﬁ3+jyp w1th§/° )1\ A automatically
satisfies [(t)] <A for all t>t, as long as ;°(t) exists. So these
solutions can not escape to + oo, and it follows that they can be
continued indefinitily to the right and that they satisfy]/?(t)\s A
(t2t_ ). We shall only use the fact that they are bounded: ,(t)=0(1)
(t— o). A solution will be called bounded if it is bounded in some
interval (tB,co), although it 1is possible that this solution can be
continued over some interval <t4’t3) or even over (—no,tu) without
being bounded over the extended interval.

In our ncxt step we show that r(t)=0(1) (t-—e) implics that

(9.2.7) rlt) = rg + O(t'q) (t—s00), where ro=-a0/bO

We consider a special solution p(t), bounded in some interval
£t «t <oo. Agaln we introduce two auxilliary functions

(@]
p3(t) = vgma £ L () =g e a e
and we try to determine A > O and t1> to such that
(9.2.8) £ g (8) « x(8) +3(8) gle) +r(8) g5 ()  (txt,),
(9.2.9) 87 ¢ () > < (8) +,2(8) ¢y(8) + > () ¢h(t) (t>t,),
(9.2.10) p(ty) < ()« pe,).

To this end we rcmark that both sides of (9.2.8) have asymptotic
serics. In both sides the constant term of the series vanishes. The
cocfficient of the term t~ | vanishes on the left; on the right it
equals (notice that ¢ _=0)

a r

- b A+ D ro + c,1 5

1 0 1
Since boc;o, we can determine A > O such that this is > 1, say. There-
fore it is easy to find t, such that (9.2.8) holds. Morcover, we can
argue similarly about (9.2.9), and it results that A and tq can be
chosen such that both (9.2.8) and (9.2.9) are satisfied. However,
(9.2.10) gives a difficulty: it is easily satisfied for a special t1
by making A sufficiently large, but in the previous argument the choice
of tq was depending on A, We therefore restate things more carefully,
considering both t and A as varlables

e have st )=r oHO(AE ) 5 2(£)=0(1)+0(a%t7?), (t)=a _+o(t™),
A(t)=b_+0(t"~ Y, y{t)= O(t ), 3( )=0(At" k-g), where all O-symbols
refer to t>t_, A >1, say. It follows that ﬁu(t)yg(t)=boro-boAt—1+
ot~ 1) +0(at™%)
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¥ (£)¢5(6)=0(t™")+0(a%e ),

and the right-hand side of (9.2.8) exceeds the left-hand-side by the
amount
1> 1

0(at~2)+0(a%c72)=at™" f —b_so(a™N)s0(t7 ) s0(at™E) )

1
It follows that (9.2.8) is truc when A,t, and t%A'1 are sufficiently

large, and the same thing applics, of course, to (9.2.9). Next we
consider (9.2.10). As p (t)-r_=0(1), (9.2.10) holds 1if At;1 is suf-
ficlently large. So the question remains, if C is any large number,

whether A and t1'1 can be found such that

-1 -
b AtTH0(t

ASC, t.>C, toA™ s ¢, At,!'1

-3 MO

> G,

This can be achleved by making Amt,‘j/2 and taking t1 sufficiently
large. Thus we have found A and t, such that (9.2.8), (9.2.9), (9.2.10)
hold simultancously,

By the theorem of sec.9.1 we now infer that
S[)B(t)é/?(t)f;?{h(t) (tWtq),

and thus we have proved (9.2.7).

Next we write /’(t)=r0+t'1 ﬁq(t), so that the result we just

proved is: if p(t)=0(1), then‘fa(t)zo(ﬂ). We casily derive the

differential equation

-k - ) - 2

(9.2.11) £7% AE) = 2 (8) +,3,(8) pa(e)+ yp(t)Aq(t).
with A , 2, .

<y o= t( <+ r‘o/.a) t oty

, ~k-1
34 = 3+ 21"0}' + & .
-1
o=t o y.

The ncw coefficients - )4 turn out to have asymptotic series

again, and the analogug of1(9.2.3) holds, Applylng the above result
to our new equation, we infer that there exists a constant 4 such
that, 1f o (t)=r,+t™" 5 (t), then p,(t)=0(1) implies py(t)=0(1). As
this procedure can be continued, 1t is clear that j‘(t) has an asymp-
totic development of thc type (9.2.4).

The coefficients LoslysToseen follow successively from the above
procedure. It is easlier, however, to proceed by the method of undeter-
mined coefficients. Just substitute the formal series ro+r1t'1+r2t'2+...
into the equation (9.2.1), taking as its derivative the formal

derivative —rqt'q-Qer -... . Then requirc that, for each value of n
(n=0,1,2,...), the coefficients of t~" on both sides are equal, This
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produces a set of equations from which, in virtue of bOJO, cOmQ, the
numbers Cy2Tqse.. CBD be solved successively. The validity of this
procedure 1is easily proved from the fact that there exists asymptotic
series both for p(t) and for t'k_p'(t), but it can also be shown by
comparing the two procedurcs from an algebraic point of view,

With our equation we have a typical case of stability. If fq(t)
1s one of the bounded solutions, and if t 1is given, then there exists
a positive number ¢ such that any solution whose value at to gatisfles
iﬁg(to)- Pﬂ(to)§‘ &, also satisfies /pg(t)- fﬁ(t)‘maO (t—»>>), For a
specilal value of to it 1s contained in our previous results, and it is
not difficult to show it for arbitrary values of tﬂ. It is quite a
strong type of stability, for 174 and [0 have the same asymptotic
series, and therefore p,- fﬁ=o(t‘“)(n=1,z,3,...). We shall even show
that .- /dzo(e'Ct) with some positive constant c,

Let [H and f@ be two bounded solutions, and put Fo- fqz'/. If
/H(t)=/p2(t) for some t, it holds identically, in virtue of the unique-
ness. So we may assume that jﬂe(t)>[ﬁ(t) for all values of t. We evi-
dently have _k
A AT AN LYY

and consequently

£ = (e o(eTT),
As /s ~ b +..., by« 0, and 7(t)>*0 for all t, we have, for some t,» O,
"t - L k
% /v < bt (t:»tq).

It follows by integration that n =0 gﬁxp(botk+1/2(k+1))} .

9.3. An unstable case. We again consider the equation (9.2.1)

(9.3.1) pre) == (t) +a(5) p(t) ¥y (1) p2(t),

and again we assume that 4,3 and ) have asymptotic developments
(9.2.2), but instead of (9.2.3) we assume

(9.3.2) b0> 0, Coy = 0.

Formally nothing has been changed, and thorefore we can again
find a series ry + rqt'q+r2t"2+... which formally satisfies the equat-
ion (in this formal procedure the sign of b0 i1s irrelevant; 1t is only
the condition b0¥0 that matters). The difference with the case b0<0 is
that in the present case there 1s only onec solutlion having thls series
as 1ts development, and that one is the only bounded solution (i.e.
the only solution which is 0(1) when t 3¢9,

We start by defining the functions yg(t)sro-.m"‘, gy (t)=r +at™]
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(rou-aO/bo), just as in sec.9.2. And again we can fix A> 0 and t,> O
such that

(9.3.3) £ g (8> x (1) +5(8) () +y(8) p5e)  (Eaty)
(9.3.4) gk G (e) < oi(t) +3(t) ¢ (t) +)(¢) ¢§(t) (t ;tq).

The 1inequality signs are differcnt from those in (9.2.8) and
(9.2.9). In the present case the conclusion 1s, that if a solution
() exists in an interval (tE’tB)’ where t,> t,, and if /’(tg)‘Vg(tg)’
then we have p(t) <yb(t) (toet atB). Similarly, if a solution p(t)
exceeds ¢3(t) at tst,, where t,>t,, then F(t) >y§(t) for all t > t,,
as long as ,F(t) exists., So the situation is Just the opposlte of the
one in sec.9.2.

We Just made a statement about solutions w:gs or > ¢y, but we
would rather know something atout solutions between ¢§ and Yy
This can still be achieved with the aild of the theorem of sec.9.1,
by taking T=-t as the independent variable, so that df>/dtz—d/>/dri.
That is, we observe what the solutions do if t is decreasing instead

of Increasing. Our conclusion is as follows: Assume t ttg, and let

the number Fa satisfy %3(t2) < pzaeyh(te). Then thquiven equation
has a solution £ (t) in the interval t <t st,, with p(t,)= p, and
%B(t) <p(t)<gu(t) (t,stst,). (The solution determined by f(t,)=
[fp cannot tend to +a when t tends to some tg (t1$ t3<.t2) from the
right, for then there would be a number t, (tBt;t4<it2) where f?(tq)
= yg(ta) or ¢,(ty), and we would have a contradiction).

If f, ranges through the closed interval %B(tz)s L3 ¢ pu(te),
then the value f,=(t,) ranges through a sub-set of the interval
Py(tg) < p <9y (ty).

If follows from the general theory of differential equations that
‘pﬂ is a continuous and increasing function of _p3, and therefore this
sub-set is again a closed interval, We shall denote it by i(tz) (t1
» will bc varied).

The set 1(t2) can be interpreted as the set of all numbers f4
with the property that there exists a solution ;'(t) in the interval
tyet <ty satisfying yg(t) s P(t) < wu(t) throughout that interval,

1

It follows that 1(t2)‘? 1(t2+1), Now applying this with t,=t +n

(n=1,2,3,...) we get a sequence of closed intervals

is conslidered asg fixed, and t

1(t1+1)13 i(t1+2)13 e 43) 2 ..n

and therefore these intervals have a number 4f%‘1n ﬁymmon. Denoting
the solution with the initial value f%* at t, by P (t), we know that
this one can be continued up to tq+n, and stays between ¢3(t) and
Py (t) (t,=t<t,+n). This holds for any value of n, and therefore
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p‘(t) can be continued to infinity, and
i
2(0) e p(E) e gy (1) (6> ,).

Thus we have proved that our guation has a solution of the form
ro+0(t"q). We ncxt show that there is only one such solution. Let
/iq(t) and [“g(t) denote solutions which arc both bounded in an inter-
val t_ < te<oo. We suppose them to be different: pa{t)vj%(t) (tﬂ>to),
say. Putting p,(t)- £,(t) =7 (t), we would have (cf. the end of scc.
9.2.), for some €45

H e e }{ -
_/'/)1} : %bot (t’ tq)
and it would follow that

(9.3.5) ) > ¢ exp 11b0t‘<+"/z(km)} (t>t,)

wlth some positive corstant ¢, So ' would tend to infinity, whereas
101 and S o are bounded, This 1s contradictory; hence there 1s just
one bounded solution,

In order to get the full asymptotic expansion for /’?t), we

write, as in sec.9.2,

1»j1(t), and for |

f‘(t)=r0+t' {4 We get a differential equation

(9.2.11) of the same type as the cquation for ~(t). So we infer that

there is just one solution ;:(t) of the form r1+0(t"q). Now

r*o+t'1 fx: (t) is a solutlon of (9.3.1), and it has the form

Po+r1t'1+0(t'2). As (9.3.1) has only one bounded solution, we have

identically I
r, + T pa(t) = go(t),

and therefore

%
This procedurc can be continued, and it follows that ;’(t) has an
asymptotic development (9.2.4). The numbers Loalyse.. C30 again be
obtained by formal substitution of (9.2.4) into the differential

cguation, and cquating cocflficients of corresponding powers of t.



ASE 107

9.4, Application to a linear second order equation, If y(t) 1is the
unknown function in & linear homogeneous second order equation
y"(t) + P(t)y'(t) + Q(t)y(t) =

then the substitution y'/y=v leads to a first order equation, of
the Riccatti type, for the function v:

vi(e) +ve(t) + P(t) v(t) + Q(t) = O.

By linear substitution v(t)=a(t) + b(t) w(t), where w(t) is the new
unknown functinn, we get for w an equation, again of the Riccattl
type {(i1.e. a2 linear relation between w', w2, w and 1). Now one can
try to obtain a Riccatti equation of one of the types discussed in
the previous sections, or anyway an equation to which the technliques
of those sections can be applied.

As an example we take the eguation

(9.4.7) yU(t) - thy(t) = o,

for wilch the substitution y'/y=v leads to

(9.4.2) vioev? ot <o,

This one is not yet of the right type. In order to get a rough idea
about the behaviour of the solutions, we argue as follows. There are
three terms 1n the equation and so at least two have to be of the
same order of magnitude, So we first try to neglect one of the terms,
and we investigate the remaining equation,

First neglect the term t ., The remaining equation v'+vzzo has
the solutions v=(t-t0)'1 with arbitrary constant t_. Now forgthese
functions v, the neglected term 1s much larger than v' and v~, and
80 we are left nowhere. Next neglect the term v2 Then there remains
v'utu, and therefore v= % t5+C And again the neglected term is much
larger than the others.

So our last attempt 1s to neglect v', The fact that the remain-
ing equation 1s no longer a differential equation does not disturb us
in the least. We obtain v:itg, and now the term v' 1s small indeed.
Nothing has been proved yet, but we have now sufficlient reason to
try the substitutions v=t2+fﬂ(t) and v=-t2+/ﬁ(t). The first one,
Vzt2+/3(t), transforms (9.4.2) into

- - -2
(9.I4~3> t 2}"‘:*21} 1—2}'& -t /:_12,

and this one is of the stable type discussed in sec.9.2(with k=2,
x(t)=-2t"" s B(t)=-2, y(t)=- , so indeed a =0, b_<0). We infer that
there is a solutionIO(t) with an as$¥mptotic series

ple)~ L =7 T £72 & ... ’ (t-—s00),
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(and even that there are infinitely many such solutions). Upon
formal substitution of the series into (9.4.3) we obtain that r.=0,
r1=—1, r2=r3=0, and generally, that Pn=O unless n is of the form
3k+1. So it may have some advantage to substitute ’p(t)=t'1 G(t3),
t3='t, which transforms the equation into

33 - 2+ (2t o () -7 e (D).

As y'/y=v, we obtain log y by integration of t2+t’1c-(t3).
It follows that the equation (9.4.1) has solutions of the form

-1 %ta -3 -6
(9.4.4) y~C t7 e’ (M+a t T +a st 4. L) (t—=o0),
where a +aqx+aEX2+... is the formal development of
1° 15 .2
exp( - T TYX - ZToX -...), and C#0.

We can also try the second substitution, viz. v=—t2+/?(t). We

then get 1

t“g /’3'(t) = 2t7 " + 2/3' —t~2/)21

and we are in the unstable case of sec.9.3. We now infer that there
exists just one solution of the form

S (t)ws_ + 5.t + 8 £7° 4 e s o),
/ 0 1 2

In terms of y it means that there is, apart form the arbitrary
constant C#0 just one solution of the form

- 1t3
(9.4.5) y~c t7 1 e (1 + bqt'B + bzt“6 FoooL) (bt om).

If we select a solution y.(t) of the form (9.4.4), and a solut-
ion ya(t) of the form (9.4.5), then v, and y, are obviously linearly
independent (as yg/quao). Now the general solution of (9.4.1) is
A yq(t) + B yz(t) (A and B constants). This illustrates the in-
stability of the solution Vo! Every solution with A#0 is easily seen
to have (9.4.4) as its asymptotical behaviour (with some value of C),
and only if A=0, B#0 we have something of the type (9.4.5). Moreover,
it is easily seen that when adding B yg(t) to A yq(t), the asymptotical
series for A y,(t) is not altered. “

There is a quite simple relation between the a's of (9.4.4) and
the b's of (9.4.5), due to the fact that the coefficients in (9.4.1)
are even functions of t. Its effect is that

(9.4.6) b= (-1)" & (n=0,1,2,...).

In other words, if the right-hand-side of (9.4.4) 1s denoted formally
by P(t), then the right-hand-side of (9.4.5) is P(-t). This is easily
deduced from the state of affairs with the Riccatti equation (9.4.2).

If we substitute for v the formal series Qq(t)=t2+ro+r1t'q+r2t‘2+.

e o 9



then (9.4.2) is formally satisfied. As tu is an even function, it
follows that the formal series Qe(t)=~Qq(-t) also satisfies (9.4.2).
On the other hand we observe (cf. secs.2.2 and 9.3) that the Riccat-
tl equation has only one formal solution of the type
~t2+so+sqt”1+sgt'2+... It follows that sn=—(—1)nrn (n=0,1,2,...).
Now (9.4.6) is an easy consequence.

Let y,(t) denote the unstable solution of the form (9.4.5) (with
C=1). We shall show, as a consequence of (9.4.6), that the general
solution of y”—tuy=0 can be written in the form y=A y2(-t)+ B yg(t).
First we remark that ye(t) can be continued over (-oo,n0 ), the
equation being linear. As t  is even, the function ygét) also satis-
fies y”—t4y=0. It follows from the asymptotical behaviour that ye(—t)
is positive and increasing if t is negative and large. It follows
from the equation y”:tuy that the solutions are convex whenever they
are positive, and therefore y2(—t) keeps increasing as t tends to
oo . As y,(t)-—0 (t—>ee), it follows that y,(t) and y,(-t) are
linearly independent solutions.

It is not difficult to evaluate the coefficients of the asymptot-
ic series for yg(t). The reader may verify that

Jo>]

1.3
. - t 1 - -
yp(t)me O o AL3B)i g0 =30 (tesoo).

n=0 18%(n!)

9.5, Oscillatory cases. The analysis of sec.9.4 applies to many
equations of the type y"(t)-y(t)f(t)=0, where £(t) >0. The situation
is entirely different, however, with equations y"(t)+y(t)f(t)=0
(again with £(t) >0). Under very general conditions it can be proved

that all solutions are oscillating, i.e. they have infinltely many
zeros in the interval (0,c»). We shall consider the special case

(9.5.1) y'(t) + (14671 y(t) = o.

We obtain a Riccatti equation

vio+ vl 4 (ﬂ+t'1) = 0
by the substitution y'/y=v. Applying the same heuristic argument we
used in the case of (9.4.2), we are led to a substitution v=i+t"10(t),
and p(t) satisfies

(9.5.2) FrE) = -1+ (<214t p(t) - t7] FE(t).

With the notation of (9.2.2), we thus have b_=-2i, ¢_=0. As both
in sec.9.2 and sec.9.3 the reality of the coefficients was postulated,
these sections can not be applied to (9.5.2). Admittedly, we may be
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able to show that the main results of sec.9.2 and sec.9.3 remain
valid for complex eqguations, provided that we replace bo< 0 in (9.2.3)
by Re b_ <0, and b, > 0 in (9.3.2) by Re b, > 0. But in the present
case bo is purely imaginary, and thercefore we neither have the strong
type of stabllity of sec.9.2, nor the strong type of instability of
sec.9.3.

We remark that it is not difficult to find an asymptotic seriles,
formally satisfying (9.5.2), just by substituting the series and
equating coeffcients., The first few terms are

314 (2-1)/(8t) - (4+31)/(166%) + ...

However, at the present stage we cannot say whether this formal
series has any significance,.

We shall attempt an entirely different method. We consider an
equation of the type
(9.5.3) y'(e) +{1 +8(c)} y(t) = o,

LD

where the given function g is continuous and satisfies | g(t) dt < oo,
This means that the results can not be applied directlyoto (9.5.1),
although (9.5.1) can easily be transformed into an equation of the
present type (see the end of sec.9.6).

We shall first transform (9.5.3) into an integral equation., It

can be obtained as follows. We write the equation in the form

v'(t) + y(t) = - g(t)y(L),

and we treat this equation as if the right-hand-side were a given
function h(t). Using the method of variation of constants, we put

y(t) = A(t) cos t + B(t) sin t, |
vi(t)= ~A(t? s3in t + B(t) cos ty A'(t)cos t + B'(t) sin t = O
y(t) - A'(t) sin t + B'(t) cos t, -A'(t)sin t+B'(t)co
‘ +h

]

t=
) -

AU e

t

Thus we have A'=-h(t)sin t, B'= +h(t) cos t. So if a2 is a real number,

every solution of y"(t)+y(t)=h(t) can be written in the form
t
cos t +C, sin t - /’ h(t) (sin t cosT- cos t sinT )dT ,

a
with suitable constants C, and C,. So 1if y(t) is a solution of (9.5.3),

it also satisfies

y=c 1

£
(9.5.4) y(t):Cq cos t + C, sin t - /' g(t) yv(t) sin (t-T)dt ,
a

with suitable constants C,l and 02.

We can now show that every solution of (9.5.3) is bounded in the

interval Ost < oo . To this end we choose a such that jFTé(t))dt <%,
a
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[

which is possible by virtue of the convergence of J/jg(t)'dt. Let
.y(t) be any solution, and let b be any number > 2.9 put
M=maxa$t<b!y(t)\. From (9.5.4) we infer that

b
I . | |
Mo le,l o+ tel o+ M le(u)lat<jo i + leol + &m,
and so Ms;210q§ + 2?Czl , irrespective of the value of b, This shows

the boundcdness.
e le]

The boundedness implies the convergence of [ g(t)y(t)sin(t-T)dT,
and therefore we can rewrite (9.5.4) into the fcrm

(9.5.5) y(t) = Cy

cos t +Cy sin t - f'g(r)y(t) sin (T-t)dT ,
t
with new constants C3 and CM:

LN

03=CW+ g g(t)y(v)sinT d7T , qucz—‘fﬂé(r)y(t)cosr at .

If Cy and C) are given, at most ong solution of (9.5.3) satis-
fies (9.5.5). In order to show this, it suffices to consider the
case CB=C4=O (otherwise consider the difference of two solutions).
Then we infer from (9.5.5) that

| SO0

sup, .., 1¥(t) 1 s SUP, Lt . fy(e)l . foe(t) ar.

a
By taking a so large that the integral is less than 1, we obtain
that y(t) vanishes identically if t za.

On the other hand the general solution of (9.5.3) involves two
3

cribed: to any choice of 03 and Cy there corresponds just one

constants, and we now infer that C, and 04 can be arbitrarily pres-
solution of the differential equation. If Y4 is the solution cor-
responding with CB=1, 04=O, and Yo the one with CB=O’ C4=1, then
Ay +BYo (with constants A and B) gives the general solution.
The integral equation (9.5.5) can be used in order to solve the dif-
ferential equation explicitly, in the form of the so-called Neumann
series, We shall not do this, as our only aim is to obtain asymptotic
information about y(t). This is achieved by iteration, in a way
similar to the derivation of the Neumann series. We choose the
solution v, say, with 03=1, Cy=0. We know already that y(t) is
bounded, and so we infer from (9.5.5) that
(9.5.6) yq(t) = cos t + O<{tf7g(t)l dT‘}= cos £t + o(1).

Next we insert this result into the integral on the right-hand-
side of (9.5.5):

fein)

yq(t)zcos t - g g(t)cost sin(r-t)dat + O(JMTg(S)ids Jﬂog(T)‘d1:>, |

and so on.
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For the calculations it may be easier to deal with the complex
combinations yq(t)+1 yo(t) = elts o(1), y1(t)-i ye(t) = et 4 o(1).

We take a specific example., If in the differential equation for
the n-th Bessel function we write ymt% Jn(t), g - nla 2, we obtain

the equation
(9.5.7) ¥E) + (1 +3t72) y(t) = O,

which is indeed of the type discussed above () i1s a constant). So we
know that there is a solution of the type e1t+o(1) (t—=oc ). Denoting
this one by y(t), we have

v(t) = elt . O(.(TT'QGT) = ety O(t'q).
t

In the next step we get from (9.5.5) (03=1, CM=1)

O

-+

(9.5.8) y(t) = et -3 R sin(T-t)dT + Of ﬁ:'%r).
¢ ¢

(&N ]
We first consider the integrals _{t'keitsin(t-t)dt = qgt), with k

fixed, and k 32, We have, as 21 Ein x = eix—e°1x,

o oo

e ttr (¢) = f(x+t)’k el*sin x ax = gi(k-'l)"‘t’k"'"—gif(x+c)’ke21"dx.

0 0
This last integral can be expanded asymptotically by means of repeated
partial integration, or by steepest descent, It results that e‘itfk(t)
has an asymptotical expansion of the form t'k+1(co+cqt'1+02t'2+...)(bﬂod.
Now (9.5.8) gives y(t):eit(1+aqt’1+0(t"2)) (with aqm-%il) .

Again inserting this into the right-hand-side of (9.5.5), we get a
formula of the type y(t)zeit(1+a1t'1+agt'2+o(t'3)). Continuing this
procedure, we get an asymptotic series

(9.5.9) y(t) A-eit(1+aqt'1+32t‘2+33t'3+...) (t - o),

Once we know that there exlsts an asymptotic series of this type, 1t
is quite easy to determine the coefficlents directly from the dif-
ferential equation. ¢’ =y(t)e % satisfies q“+21«p‘+fht'2¢‘w0. Formal-
ly substituting ip(t)'x'1+a1t’1+azt"2+..., and equating coefficilents,
we can evaluate the ay. In order to justify this procedure it is
sufficient to show that ¢ '(t) and ¢"(t) also have asymptotic series
(for then those series automatically are the derived series of the one

for (t)). It follows from (9.5.7) and (9.5.9) that

1

3"(t) ~ -ert (142 t'2)(1+a1t" Foul) (ts co) .

(4.}
From the asymptotic formulgg of the functions eitr“kdt'(kmﬁ,Q,B,...)

it can now be shown that [(y"(t)+eit)dt converges,and that it has an
t
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it(b +b t'1+b2t'2+...). On the other

asymptotic series of the form e otb,
hand, this integral equals —y‘(t)+1eit+c, where C is a constant, By
a second integration we infer, since y(t) is bounded, that C vanishes.
It now follows that ' and " have asymptotic series of the required
type.

So in order to determine the coefficients in gﬁ(t)»—1+a,‘t'1
we have the right of formal substitution into p"+21¢'+xt_%pu0.

Equating coefficients, we get the relatlions

-2
+32t Feen

2
8pq = 2 (KT+k+2) /2(k+1)1 (k=0,1,2,...),

where aoa1.

The equation (9.5.7) has also a solutlon of the form e ~ " +0(1).
For this one we get similar results, and it 1is easily seen that 1ts
asymptotic series becomes e'it(1~aqt'1+aet'2—a3t'3+...). So every
solution of (9.5.7) has an expansion of the type

it

1 -2

+a,t +...) + B e'it(

A'eit(1+a t” 1-a t'1+aet'2-...).

1 1

The contents of this section do not give us a method to deter-
mine the values of A and B belonging to the special solution t'%Jn(t).
The choice of this special solution from the set of all solutions
depends on its behaviour as t-=0, and there our knowledge about t--=»
has no direct vilue. On the other hand a quite rough estimate for the
behaviour of t"an(t), obtained by any other method, will be sufficient
in order to evaluate the numbers A and B.

9.6. More general oscillatory cases. In sec.9.5 we learned that
v"+(1+g(t))y=06 has solutions eif+o(1) and e’it+c(1) (t -—o0), provided
that jw?g(t)ldt converges. We shall now try to reduce the more general
equat?on

(9.6.1) y'(t) + (p(t))% y(t) = 0

to this special case. It is assumed that p(t) is a positive continuous
function.

We shall replace the variables t and y by new variables x and z. We
put

Here ¢ and v (t) are functions of t, to be determined later. We assume
that (t) tends monotonically to +oc when t—> +eo. We obtain
(accents denoting differentiation with respect to t):

y'n\/,(/)lg_)_zc__'_z\/ll’
daz

2
y' () =y(p)? g—é (ypheyy) gz ¥z
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Our differentlal equation becomes
2

S5 (fr-are{:/.dzn() x__éj

dx

If we now succeed in chosing ¥ and ¥ such that
N

(9.6.2) %4‘2%:—::0, /‘ ) +:f—}—‘-—1'dx<ro,

then we know from what we proved about (9.5.3) that (9.6.1) has
solutions

w(e) {2 () o)} ano w(e) {1F () b o]} (pe).

Bearing in mind that "/y =(y'Ay)' + tyﬂ/¢02, and dx=¢'dt, we
can replace (9.6.2) by

(9.6.3) [T-.‘j;e - %_43_"? . % (%)2_1 \‘f. 4t < o
0

¢ ¢’
If, for example

(9.6.4) j&B p@p3 i 2p" pP|dtcoo
0]

it is possible to chooseysxh that ¢'=p, i.e. ¢(t)= J' p(t)at , and

then (9.6.3) is satisfied (see A. Wintner, Phys.Rev. 72, 516-517 (1947)).
If (9.6.%) holds, we know by virtue of sec.9.5 that (9.6.1) has

solutions Y, and 2 whose asymptotical behaviour is given by

t t
(9.6.5)  va~p(6)F exo{t [ p(r)at}, wp~n(e)F exp{-1 [ p(r)acl.
0 0
(t—m).
The substitutions x= ¢(t), y=p(t)-éz which have to be carried out
in this case, transform the equations into the form dzz/dx2+(1+g(x))z=0,
with a relatively small function g(x). In many cases it will be possible
to apply the method of sec.9.5 in order to obtain asymptotic series for
the functions Y4 and Voo
In a quite wide range of cases the substitution ¢'=p, can be used.
The condition (9.6.4) is satisfied, for example, if p(t)=t” (A >-1).
It fails,however, if p(t)=t'1. In that case we can still satisfy (9.6.3),
but then with w'(t):B%/(Qt). Then the integrand of (9.6.3) vanishes
identically, corresponding to the fact that y"+t’2y=0 has the simple
solutions y=t S A a%iﬁi\fg. “
If ¢ is a positive constant =1/4, then the solutions of y"+ct'2y=0
are no longer osclllatory, and the sames thing can be saild about the
equations y”+t2 y=0 if Nz -1,
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The contents of this sectlion can easily be applied to (9.5.1),
that 1s the special case of (9.6.1) with p(t)n(1+t°1) . It is easily
seen that (9.6.4) is satisfied in this case, if we replace the inte-
gration interval (0,onhzby (1 ,eo ), which obviously does not matter.

So we can take ¢ (t)= 4 £ (1+” ) dr, y(t)= (1+t'ﬂ)'%. This means that
@(t)=t+log t + C + O(t -1 ,\f(t)=1+o(t"1), where C 1s a constant. It
follows that (9.5.1) has solutions yq(t) and yg(t) with the asymptotic-
al behaviour (when t-— o)

v4(t) = eit+%i log t {ﬂ+o(1)}, y (t)me°1t'%i log ¢ {1+o(1)} .

2

If we want to have the asymptotic series for V4 and Yo, W€ can
argue as follows, Let S(t)= 1+§t +8,t "2,... be a formal series satis-

fying
4 2
(9.6.6) (1+t’1>8"2 = % 8118‘3 - 3(8!5-2) + 1,

Then the integrand of (9.6.3) vanishes upon formal substitution of
7'=S. The existence of § is easily established. If S =1+ht™ 4s,t 4., .
s t™"?, is inserted into the right-hand-side of (9. 6 6), then S i1

can be evaluated.

Next take, for some n, ¢(t) such that L;?'(t)zsn(t). Then it is
easily seen that the integrand of g9.6.3) becomes O(t'n‘q). It follows
(cf.(9.5.6)) that y,!(t)z \/,(t)ei‘f"(t (1+0(t™")), where y(t) is related
to y(t) according to (9.6.2). It is now quite easy to prove that we
have asymptotic expansions

1
yq(t)“veit+§i log t S(t)‘% exp(-1s, t” »%is t 2—...) (t-—>oa),

yg(%:)fwze"it"%1 log t S(t)'% exp(iszt‘1+%1s3t'2+...) (t oo},

These lines have to be interpreted in the followlng sense, The
function yq(t)e -it-31 log t has an asymptotic series which 1s obtained
by formal multiplication of the formal series S(t)'% by the formal
series exp(—iset‘q-éith'g— .), and similarly for yz(t).

Once we know the existence of these expansions, 1t is of course
possible to derive them directly from the Riccattl equation (sece the
beginning of sec.9.6).
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6. Applications of the saddle point method

In ch.5 we gave several quite simple applications of the saddle
point method, intended to 1llustrate the principles of the method with
easy examples., As simple examples of the saddle point method seem to
be relatively rare in practice, we shall expose in this chapter three
more difficult cases, in order to give an idea of the complications
which may occur in such problems.

The first problem covers secs.6.1 - 6.3, In this case we have 2
quite simple integrand. There are infinitely many saddle points, but
ag the contribution of the main saddle point is very large compared to
the contribution of all others, these other saddle points need not
even enter into the discussion. An extra difficulty is that the main
saddle point cannot be represented explicitly; it is given by a trans-
cendental equetlon, Fortunately, this equation has already be extensive-
ly studied in ch.2.

The second problem (scc.6.4 - 6.7) 1s complicated because the
integrand contains gamma functions. We have to simplify them by
applicatiorn of the Stirling formula, but this does not work for the
whole Integration path. The problem of finding a suiltable path, however,
is not excecedingly difficult in this problen,

In the third example the major difficulty lies in finding a
sultable path. The parameter is a complex number in this case, and it
is by no means easy to glve a suiltable path for all possible values of
the parameter, The difficulty is overcome »y application of conformal
mapping, which usually is a very efficient instrument for obtaining a
survey of the behaviour of an analytic function in a large arca.

6.1. The number of class partitions of a finite set., Let S be a finite
set, By a class-partition of S we denote a collection of non-empty sub-
sets of S, which are mutually disjoint and whose union is S. For example,
if S consists of the threec elements a,b,c, then there are 5 possible
class-partitions, viz (1) (a)(b)(c), (ii) (ab)(c), (iii) (ac)(b),

(1v) (be)(a), (v) (abc). The number of class-partitions of S obviously
depends only on the number of elements of S. Now by dn we denote the
number of class-partitions of a set of n elements. One easily finds

d1ﬂ1, do=2, 53=5, dy=15. Our problem is to determine the asymptotic
behaviour of dn as n-—s oo,

There is a recurrence relation, expressing dn in terms of

,dn:

+1

d,‘,c--

(6.1.1) S =(3) 4, + (:) P (3) 9, (n=0,1,2,...),

where dom1. The proof runs &8 follows. Let S have the elements



ASE 117

81""’8n’an+1' Consider a class-partition of S, and assume that
the subset which contains 8,,4 contains k further elements (Os¢ k sn).
If we fix k, there are (i)dn_k class-partitiors of this type. For,
the k further elements just mentioned, can be chosen from the set
{aﬁ,..,,an} in (2) ways, and the sct of the remaining n-k elements
from {aﬂ,...,an} admits d__, cless-partitions. (If k=n, there are no
remaining elements, but the convention dozﬂ covers this case), Now
summing with respect to k, we obtain (6.1.1),

Starting from the recurrence relation (6.1.1) we proceed by the
method of generating functions., Putting D(zﬁ:E:zzo d, z%/nt, we
deduce that D'(z) = ¢”.D(z), and, as D(o)=1, it follows that
D{z)=exp(e®-1). Therefore, the dﬂ/ni are the coefficients in the
cxpansion

z —— n
(6.1.2) exp(e?-1) “‘Z—nzo a z"/n

A more direct way of counting the class-partitions, leading to
the same formula (6.1,2), is the following one, Consider a class-
partition of the set S, S having n elements, This is a collection of
sub-sets; let s, denote the number of subsets having j elements.

So sjz=0 (3=1,2,3,...), and n=51+232+353+... . We now fix the sequenc’
81,82,..., satisfying these conditions, and we ask for the number of
class-partitlions corresponding to this sequence. This number 1s easily
seen to be equal to

8 8 2
nt{ (1) 21 B3 s syt syt T

It follows that dn/nl equals the coefficient of z"" in the power
series development of

3 S 3
$,m00 A 1 N (22) 2 1 (:_—(\:) (23) 3 1
; T T 7/ T LI
“s,.=0 17 Z‘ng 210 8,1 “8,=0 3T syt

and this represents

exp(z) . exp(zQ/QI) exp (23/3!)... = exp(z+22/21+...)=exp(ez—ﬁ).

6.2. Asymptotical behaviour. We shall study the asymptotical behaviour
of the coefficients in (6.1.2) by expressing them via Cauchy's formula
for the coefficients of a power series:

(6'?-1) 2mwi e dn/n! = gr exp(ez) z“’“"1 dz,

where the integration path C encircles the origin once, in the
positive sense, To this integral we shall apply the saddle point
method. The saddle points are the roots of zeZ=n+1. This equation
has one positive solution, discussed in sec.2,.4, but this is not the
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only solution. Actually it can be shown, for each integer k, that
there is just one saddle point in the horizontal strip

(2k-1)7 <Im z <(2k+1)7m (k=0,+1,+2,...), provided that n is sufficient-
ly large,

Let the positive saddle point, i.e. the positive solution of
zeZ=n+1, be denoted by u. Fortunately we are in a position where the
other saddle points can be disregarded, that is to say, we are able
to find a path through u, of which u itself is the highest point.

The axis of the saddle point u is easily seen to be vertical.
Proceeding along the principle that the simplest possibilities should
be tried first, we try to take a large part of the path as a vertical
line, Along this vertical line through u we have iexp(ez))s;exp(eu)

iezizeRe z=eu. Secondly, thé ractan

L
. z
as, on that line, we have Re e” <

z'ﬁ"q is, in absolute value, maximal at the point u. So a vertical
path satisfies the requirement that the integrand should attain its
maximal absolute value at the saddle point,

However, a vertical line doeés not encircle the origin. But if we
take a large segment of the vertical line, and complete 1t to a closed
contour by adding a large semi-circle, it does. And, if we make the
radius R of the semi-circle tend to infinity, its contributions to the
integral (6.2.1) tends to zero (1f n>0), the factor 707 being
O(R‘n°1), whereas exp(ez) is bounded in the half-plane Re z g¢u. There-

’ /U"*"l()\.)
fore, the integral f‘in (6.2.1) may be replaced by | .

c “U-1loo
The integrand is exp(e®-(n+1)log z)=exp(eZ-uetlog z). Writing

z=u+ly, we obtain

A0 :
(6.2.2) 2me d_/nl = exp(eY-ue'log u) j exp(P(y))ay,

-

where -
2(y) = eut(eiy—ﬂ)—u log(1 + iyu'q)] .

As lexp ¢(y)i= exp Re ¢(y), we have to study
L
Re ¢(y) = eu[-1+oos y - u 1og(1+y2u'2)2] .

As long as y is not too large, the terms -1+cos y are predominant.
There fore , there is a maximum at y=0, further maxima around y=+277 , etc.
The influence of these further maxima is very small, because of the
large factor e in front. We shall show that in (6.2.2) we can restrict
ourselves essentially to the interval -1T< y<TT,

If TT<y<u, then we have log(1+y2/u2)§:>%y2/u2, and therefore

{4? exp ¢(y)dy‘-<u ) exp,{_eu.%_weu—q }'

If yv»u, then we use 1+y2/u2> 2y/u, and so we have, putting y=ux,

1ftxp(¢(y))dy} < u'[zxp {-—euu log(?x)}' ax.
u 1
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‘ oD ~
- -1
It is easlly seen that Jr(2x)p dx = O(e 2P) . and therefore
oQ 1
Jr exp(@(y)dy = O(u.exp {—%ueu}),
u

It follows that -

(6.3.3) [ exn(d(y))ay - [exp(¢(y))dy = ofexp(-4e%/) |,

-y T
and we can now dircct our attention to the interval (-w,m), where the

saddle point at y=0 gives the main contribution.

As 2 iuy3 2 3
¢(y)=eu[-%’f+i§—3’!—)——+...-%—u+ﬂl%_-...},

3u

we find by the Laplace method (ch.k),
a7

(6.2.4) _[;xp d(y)dy = (QTTQ-u)% (1+O(u‘1)),

~Tr

In order to get an asymptotic expansion, it seems to be in-
convenient to follow the method of sec.L.4, as 7 depends on u in a
rather complicated way. We prefer to apply the method used in sec.4.5,
consisting of the introduction of a new integration variable w such
that exp(¢#(y)) is transformed into exp(~f(u).w2) (f(u) depending on u
only).

Thus far y was real; we shall now treat 1t as a complex variable,
If |yl is small, we define w by

eV 1y log(1+iyu'1) =—%W2(1+U~1),

choosing the root w which satisfies dw/dy=+1 at y=0. Now w car be
written as
")

(6.2.5) W=7 + y2 P(y,u”

b

where P(y,u'q) is a power series in the variables y and u"q, con-
vergent 1f both y and u”ﬂ are sufficiently small. It follows that y
can be solved from (6.2.5), by the technigue explained in sec.2.b

(ef.(2.4.7)): . . , S . ,
g ay - =1 ” a4y "
y=y(w) = T j {y+7 P(T,u )-w} 135§‘37+7 P(V,u )}dl s
c
where C is a contour encircling the origin in the positive direction,

as long as w and u]
it

are sufficilently small. Therefore y 1s a power

series in w and u . We need its derivative

dy/dw = 1 + W 4H(u'1) + wgwkg(u°1) Foeae

where ‘VH»‘VQ:-~' are convergent for large values of u.

It is not quite sure that the integral (6.2.4) can be transformed
succesfully this way, butcat any rate we can find a positive number ¢
such that it works for // . In the w-plane the integration paths becomes
a curve which crosses thé®saddle point at w=0, The errors made by
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braking off the integrals at ¢ and -c, and at the corresponding points
in the w-plane, are in no way alarming, as they are of the type

exp(-cev).
Our final result 1is
L L7 -1 -2
(2m)"2y2 /fexp(¢(y))dy,«,1+a1‘%2(u)U + aé%h(u)U too. (u-——>o0),
—O\D
where U = eu(1+u'1), ak=(2k)£(k£)'42'k.

Using one term only, we get the following expression for dn:

1 S . -
(6.2.6) 4 =nie(2mF (14 ® f1+0(e %)} exp(e-ue10g u-pu).
Here u 1is related to n, by the formula

e = n+1, u >0,
The asymptotic behaviour of u, as n-—>o>, was investigated 1n sec.2.b4.
By (2.4.10), which was the solution of the equation xe*=t, we now have

u= log t - log log t + (log log t)(log t)"q Q(s,T),

where O(c,t) 1s a double power serics, G=(log t)'q, T=log log t/log t,
and t=n+1, However, if we approximate u by taking a finite number of
terms of Q(&,t), the e¢rror introduced in (6.2.6) becomes considerable
and much of the accuracy obtaincd in (6.2.6) is lost. Approximating

u by log t-log log t, we find that

e%-ue¥log u -Lu = t(u‘q—log u) + 0(log t) =

2
f d log log ¢t ,slog log t log 1log ty !
= J-log log t + T + 4 + 0 :
L 0og log 1og T 10% t 2( 0g ) ( (log t)z)j

where t 1s still n+1, but 1t is casy to scece that on replacing n+1 by
n, we make an error which is much smaller than the error already
involved. Further, we use a rough estimate for n!

log n! = n logn - n + 0(log n),

and we find that

2
log d log log n 1 1,1og log n
(6.2.7) = a—2 = log n-log log n-1+ —Sgz—— + Tor v * = ( Tor o ) +

L O(log log n).
(log n)°
It is quite easy to replace the O-term by an asymptotic series, with
terms of the form (log log n)k(log n)™™,

6.3. Alternative method, We indicate a different method by which the
asymptotic behaviour of the sequence dn’ dealt with in sec.6.2, can be

obtained, Starting from (6.1.2) we expand exp(e’) as,i_;;o ekx/k:’ and




in each term we expand ekx into its power serics. So we get an absolute-
ly convergent double scries, in which the order of summation may be
changed, and (6.1.2) gives

(6.3,1) a =V W
n k=0
This sum can be tackled by the methodsof ch.3. The index k A x
of the maximal term lies closc to cu, where u is, again, thc solution
of the equation ucY=n+1. For, k" /k! cquals, roughly, (ETﬁzk 2
exp(n+1)log k-k log k+k), and the function (n+1)log x - x log X + X

is maximal at x=eu. The second derivative of this function is

~(n+4)x'2+x'1, and lt follows that, roughly speaking, it is only an
interval lk"kmaxli‘n -5 that gives a substantious contribution to the
sum, In this interval the sum can be replaced by an integral, if we only

carry out corrections according to the Eulcr-Maclaurin sum formula.

6,4, The sum S(s,n). In sec.4.7 we obtained the asymptotical behaviour
of S{s,n), defined by

(6.4.0) (e =52 (0™ (FY

2

if s is a fixed integer >1, and n oo, The method was definitely
restricted to this case, as s-1 occurred as the number of dimensions
of an euclidean space. In the present section we shall study this sum
for general rcal values of s (s fixed, n—ev). It snould be admitted
that this 1s not a very natural question, as non-integral powers of
binomial coefficilents do not frequently occur in mathematics. The main
reason for 1its discussion here is, that it is a quite difficult
problem with various intercsting aspects.

If s=2,3,... we have, by (4.7.4),

(6.%.2) S(s,n) Nw12 cos(ﬂ/23)12ns+s -1 52- S(ﬂn)e(q 8). '2 (n—oo ).

This formula is definitely false if s=0, for we have S(O,n)=(-—’l)n
If it is negative, it does not hold either. In that case, we are in the
situation that the first few terms, and the last few, are prevailing.
We evidently have the asymptotic series

$(s,n) ~ 2.(-1" {1 - (2“) F () -l (840, n—ea),
or, more explicitly, for h and s fixed,
h
(6.4.3)  S(s,n) = 2.(-1)" 3, (-1¥ (2) + o(n(0*1)9)
(SAOJ l’]-——-’:")c),

(In order to prove this, we have to consider all terms for which
kK<h + (ns)"q, and to remark that the sum of the remalning terms is at
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most 2n times the first necglected term).
If 80, there 18 not such a trivial way. We shall then replace
the sum by an integral, by application of the rcsidue theorem:

- - s
(6.4.4) S(s,n) = j”( IT(2n) \ dz -
TT{n+z)TT(n-2) 21 sin Tz

C

Here the Integration path C is a curve which enclircles the points
“N,-N+1,,..,-1, 0,1,2,...,n just once, but does not encircle the
points #(n+1), +(n+2),... . We may take for C a rectangle, with
vertices +(n+})+pl, wherc p is some positive number. The function
TT(z) is Gouss'extension of the factorial (TT(k)=k!); 1t 1s slightly
more convenilent to operate with 11(z) than with the gamma function,
which is related to ]l by the formula T1(z)=T(z+1).

The function TI(n+z)IT(n-z) has poles 2t the points +(n+1),
+{n,2),..., and thereforc the integrand 1s, unless s 1s an integer,
a multi-valued function. However, if we cut the z-plane along the
real a2xis from n+1 to +oo and from -n-1 to -oo, the integrand 1is
single valued in the remaining domain D of the z-plane, Needless to
8ay, the value of the s-th power occurring in the integrand is given
its positive value at z=0, Furthermore we can take care that the
path € lies entirely inside the domain D. Now it 1s easy to prove
(6,4,4): the residue at z=h (h=0,+1,...,+tn) is {(2n)3/(n+h)1(n-h)l} °.
(-1)h,[2vi)'1, and on replacing h-n by k, the 1;tegral turns out to
be equal to S(s,n).

Before starting any serious work with the integral (6.4.4) we
make some observations.

(1) The integrand is an odd function of z. Therefore, if C is sym-
metric with respect to the origin, it is sufficlent to consider only
half the integration path, and multiply the result by 2.

{(ii) If z is somewhere in the right half-plane, then the absolute
value of the integrand docreases on replacing z by z+1. For, by this
operation, this absolute value is multiplied by [(n-z)/(n+z+1)]5.
This makes 1t plausible that something like a saddle-point can be
expected on the upper, and also on the lower part, of the imaginary
axis,

(111) The integrand is far too complicated for calculations of exact
saddle-points, However, on a large part of the path C we have a
reasonable approximation to the integrand, by the Stirling formula,
It is well-known that the Stirling formula holds in the complex plane
provided that we remove a sedtor containing the negative real axis.
Precisely, if J 1s a positive number (0 < J <), and if R, denotes the
sector Jarg z|l< w-d, then we have



(6.4.5) T(z) = (2m? 221 &72 {as0(l2"")] (z¢R,).

This means that the integrand can be approximated by elementary
functions as long as z stays sufficiently far away from the boundary
of D, i.e. from the half lines (-o9,-n-1) and (n,c0). However, we are
not in a position to apply this to the whole path C, as C has to cross
the real axis between n and n+1, and this 1is not far from the boundary
of D.

(iv) It will not be difficult to find a second approximation to the
integrand, also by the Stirling formula, for values of z which are
not too far from z=n. Therefore we shall have to work with two dif-
ferent approximations, in different regions. This gives, of course,
some difficulty in fitting the respective parts of the path together.
This 1is not so much an essential difficulty, but rather a technical
one, caused by the relative complexity of the integrand.

(v) The difficulty just stated can be overcome by making the connection
between the two regions far away from the main battle fileld, viz. at
+oo and - oo, respectively., Remark (11) suggests that a retreat to
+ow Or to -oeo 15 comparatively easy.

Following the above suggestions, we shall split the problem into
two parts. Let N be an integer >n, and let p be a positive number,
We define PN and QN by

1
P, = fNjﬁiripI'Z oz, Q@ = fl O az.

=N+ +1p (N+3)
‘Here {1 is an abbreviation for the integrand of (6.4%.4). In the case
’ of PN’ the integration path is a2 straight line. The number p 1is a
positive constant. The integration path of QN starts at N+3, proceeds
through the lower half-plane, crosses the real axis between n and n+1,
and then leads back to N+ through the upper half plane., Thercfore,
this path lies apart from its end-points, inside the domain D. We
shall show, if n is fixed, but sifficiently large, that

lim PN = P s lim QN = Q

N oo N-—= oo
both exist, and that
(6.4.6) S(s,n) = -2P + 2Q.
These statements easily follow from the fact that the integrand‘fl
is O(?Z{’E) in the domain described by Re z >, |Im z]| < p, lz-2{>
{z-3] » %,... , provided that n is fixed but sufficiently large (it

suffices that (2n+1)s >2), For, by the functional equation TI(z)TI(-z)=
=1wz/sin Tz, we have

/]

2
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L= {(2”)1LS{TT(z—h)/IT(z+n)}s(gi)*1TT~SZ-S(SiNTTZ)S_1 i

J
=O(!zl’2ns"s).

As to formula (6.4.6) we refcr to remark (1), which shows that S(s,n)
N*+2Qy Plus an integral from N+5 to N+5+ip and a similar inte-
gral in the lower half plane. The latter integrals tend to zero as
N—soo, since (L =O(szl"2)(n fixed).

There are now two scparate problems, viz. the asymptotic

equals 2P

behaviour of P and Q respectively, as n-—oo,

.ip-{—op
6.5. We shall first deal with P—_-f () dz, where p is a fixed

positive number, Clearly P is indggégﬁent of p (cf.6.4.6). We shall
approximate {1 with the aid of Stirling's formula, However, a slight
adjustment of (6.,4.5) is necessary, as our values n+z and n-z do not
always belong to the sector R .. If we use the relation TI(z)Ti(-z)=
=mz/sin 7wz, the behaviour of TT(z) in the quadrant Im z >0, Re z <0
can be deduced from its behaviour in the opposite quadrant. By a
careful discussion of the arguments of z°'2 and (—z)'z+% we find that

- 1 1 _ - :
TI(z) {1-e2”1z} (em)? z%72 72 {’H—Olz 1&} (Re 220, Im z »0).

It now easily follows that we have, 1if Py is positive and fixed,
z+s -z

[} <
L

From this formula we can immediately deduce an estimate for (1L

[

( -2 |Im z))}

TI(z)= (2m) 1+O(lz’1$) + O(e , (Im z >po).

z

(i.e. the integrand of (6.4.4)) by some trivial calculations.
1

(6.5.1) (1 = —Egnshrn)'ﬁs(1—52)_%s exp{n {~S 1og(1-52)-SS' log %;%+ﬂi§}}x
X {1 + O(n"1+n'q\1+§r1+n"q’4—"§r1+e-gvn Im j):} (n>1, Im n¥>p,).

Here p_ 1s positive and fixed, and ¥ stands for z/n.

The integrand 1s, roughly speaking, of the type considered in
sec.5.7, if we put

(6.5.2) (p(g) = -8 log(ﬂ—ﬁg) - 8§ log %;% +ig .

We remark that s is a fixed positive constant, and that the multi-
valued functions log(1+%) and log(1-Y) are given their principal
values in the upper half-plane. Disregarding the O-terms for the
moment, we start looking for saddle points. We have

(6.5.3) ¢(§)=m - s log(1+{)/(1-%),

and therefore tﬁ%7)=0 if» =1 tan(m/2s). So we observe that there is
a saddle point in the upper half-plane if and only if s >1. Assuming
s >1, we take as the integration path, the infinite straight horizontal
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line through the saddle point .. As we have ¢"02)=-QS(4'ﬁ?)—4=
=—23(1+tan2(n/25))"1=—23 cosgﬁr/Qs)<-O, this line coincides with
the axils of the saddle point.

Our path can be described by §'=z7+x (0o « x <o )., Fortunately
the saddle point ») 1s'the highest point" of the path. Re ¢(r)
decreases if X increases from O to oo, and also 1if X runs from O to

-ea . For, by (6.5.3) we have

. 99 _ LR >
Re 3% = -8 log 14‘§ ; 0 (x >0)

as 11+¥] > |1-%| 1f x>0. If x <0, we have a similar thing.

The fact that Re ¢({) decreases (if x-—>oc), combined with the
occurrence of the factor (1~§2)_§S, makes that hardly any complicatilon
is caused by the circumstance that the path has infinite length, so
fortunately we need not go into the trouble of investlgating ¢(§W

as X-—»o3, Actually we infer that OO

| wakl d§71<022ns(ﬂn)—%s‘ )exp(n@SO?+1»7;;1}(1’T2)-%S‘ dg

M)+

with somc positive number C (independent of n). The latter integral

is easlly seen to conver%e by virtue of our assumption s >1. Needless
) -

to say, the integraldf] can be estimated in the same way.

oo

By sec.5.7 we have

17 +1 1 1 1
(6.5.4) f;?+ (1-¢=)72® exp{nqﬁ(y)}dg’.—. (2m)2n 2" ()]
exp{nq)(q)f(ﬂ-ﬁg)'%s {1+O(n'1)§.

)2

i
(SIS

We havcltp”(7)=—23(cos ™/2s)<; 3XP{“¢’(W)}=(Cos(ﬂ/2s))2ns

(1-?2)“§S=(cos 1/25)° and therefore the value of (6.5.4) reduccs to
1
(6.5.5) (7/ns)2 (cos Ti/2s)erRstes~ {m—o(n‘“)} .

The O-terms on (6.5.1) can be reduced to one term O(n” '), by
virtue of the fact that Im f is positive and fixed on our path. It is
not difficult to show that

r+1
J’;iq }exp(n¢>(Y)).O(nuq)‘d§'=0{n-3/2 exp(n¢ @2))}J

.
2

B

and therefore these O-terms result in a correction of the same order
as the O-term in (6.5.5).
Collecting the various results, we obtain our final formula for P:

(6.5.6) p= f}?ﬁfdz:n ["’?wg:_{e cos(m72s) RS tE-T 218 ()2 (1-8)5-2
7o 77 | {'\Jro(n"q)} ,

valid if & is fixed and »>1.
It may be remarked that the factor {1+O(n"q)} can be replaced by
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an asymptotic seriles :E:;ackn"k. In order to obtain this series 1t
is necessary, of course, to use the Stirling formula in the form of
an asymptotic series.

The saddle point " moves to i~ when 8 decreases to 1. This
suggests that, if 8 =1, an estimate for the integral can be obtalned
by shifting tne whole horizontal path to infinity in the vertical
direction. In fact we can show that, if O<s ¢1, n~‘%(s"1-ﬂ), the
integral P vanlshes, For, i1f n 1is fixed and Im =z > Dy (po positive
and fixed), |2} --»c0o, we have, using for {) the expression in the
integrand of (6.4.4)

€L = o((TT(n+2) TT(n-2))"% |sin 7z]™") =

= 0(121—2n3~sisin‘nzqs'1) - 0(‘zi~(2n+1)s)

So if (2n+1)s >1, we have fﬁ,zo(izl“x

Therefore the integral P vanishes.

), with a congtant = >1.

6.6. We next turn our attention to @, defined in sec.6.4. We of
course expect a saddle point on the real axis between n and n+1,
close to n+1. If we replace, in the integrand, TT(n+z) by its Stir-
ling approximation, such a saddle point turns out to exist, but only
if O«<s <1, Moreover, the singularity of n+1 can be shown to lie
within the range of thils saddle point. Therefore the ordinary saddle
point enalysis does not apply in the case of our integral for Q.

For a first orientation, we remark that the only factor depend-
ing "heavily" on n is, apart form the trivial multiplier 3(2n)!}s,
the factor TT(z+n). By a well-known formula (actually a consequence
of the Stirling formula) we have, TT(z+n)~ TT(n).n? (z fixed, n-—co).
Therefore it seems to be sensible to pull the integration path to
the right; as far as possible. We can of course not pull it over
the branch point at z=n+1.

We shall now deform the integration path of the integral Q by
making a path following the real axis from o to n+1, taking the
values of the multi-valued functions which correspond to thelr
values in the lower half-plane, and back from n+1 toee with the
values from the upper half-plane. Thils path has to be provided with
small semi-circles around n+2, n+3,... and with a full circle
around n+1 in the well-known fashion, in order to circumvent the
singularities, but, as commonly happens in such cases, these circles
can be removed by making their radll tend to zero. Furthermore it
should be remarked that the integral was not defined originally as
an integral from oo toovw , but as the limit of an integral QN lead-
ing from N+% to N+4, where N runs through the integers. However,
1t is easily shown that thils is no essentlal restriction.



The factor { TT(n—z)}"S seems to be awkward. We can replace it
by (TT(z-n-1))% 7w %(sin17(z-n))®, using the functional equation
TT(w)TT(-w)=w/sin 7w. By this procedure, the singularities are
shifted from the non-elementary function T1 to the elementary
function sin, where they are easier to handle. So for {1 we write

] =(_1)n17‘5(21)”1((2n):)S{TT(z—n—ﬂ)/TT(z+n)}s(sin‘W(z—n))s'q.

The TT-factor here is single-valued in the half-plane Re z >n, and
positive if z is real, z >n. The behaviour of-{sinw(z—n)}s'1 is also
. easy to describe. It is positive if n< z <n+1. Its argument increases
with 77(s-1) if we pass the branch point n+k(k=1,2,3,...) by a semi-
circle in the lower half-plane from n+k-< to n+k+d , and for the
similar thing in the upper half-plane we find - T(s-1). So we obtailn,
writing z=n+x, S
(6.6.1) Q=(—1)n+1-w's fi(Qn)1TT(X—1)/TT(X+2n)}S.lsin nx 571,
L sin&ﬁ(s—ﬂ)[x}}dx.

(Here [x] denotes the largest integer < x). A first consequence 1is
that Q=0 if s 1is an integer = 0, for then sin(m(s-1){x] ) vanishes
identically.

It will turn out that the main contribution to the integral is
given by values of x close to 1. In the interval 1< x <2, say, we
can use the formula

(6.6.2)  (2n)!/TT(x+2n) = (2n)°% {wo(n‘“) ¥

where the constant implied in the O-symbol does not depend on x,
(This uniformity in x is lost if we take the interval 1< X < oo ).
Formula (6.6.2) is a well-known consequence of the Stirling formula,
Therefore we obtain, with the integrand of (6.6.1),

2 2 |
'A = sin17(s-1).»£.(2n)—xs %TT(X—W)}S'Sin'WX‘S_1{1+O(ﬂ‘1)}dX.
This integral is of the type of those discussed in sec.4.3, log ©2n
playing the rfle of the parameter t occurring in that section.
Writing x=1+y, and comparing the integral with

Note)
// e~y 8 log on yS"q dy = [(8) (s log 2n)—s,
0
we easily obtain that

5 N
(6.6.3) j’ = o] M(s) (2ns log 2n)~® {;sin'w(s—1)+0((log n)-q)} .
1

Instead of the term O((log n)"q) we can get an asymptotic series in
terms of powers (log m)"k (k=1,2,3,...).
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The remaining integral / requires some careful attention as
(6.6.2) does not hold uniforﬂly with respect to x. On the other hand
a rough estimate will do: we shall show that it is O(n"°%), so that
it amply vanishes into the O-term of (6.6.3).

Let K be an integer >s“1. We shall show that there exists a
constant 01 (depending neither on x nor on n), such that

(6.6.4) TT(x+2n)/ { (2n)! TT(z- 1); , 0% (xa2, neK).

The left hand side can be written as

(1 + 1) (1 + ). (1 + )

and this is
2n _2n
> K’(x DT (wen s oK T (een™,
(K- 1 o en
with C3 ~(K 1)1 T (1+2h~'). The product ! Tq can be compared to
h=1
TT(1+2h~ T4n™%);
2n 2en .en -
T (1s2nT)= s (1+h‘1)2.T‘11 -110(h+1) 2} (2n+1) {1(h+1f}

The latter product being convergent, we have proved (6.6.4), with
e =402T} \ﬂ -(h+1)~ %. We can now glve a satlsfactory upper bound

o0 SO
o ) i - / -s -Ks -
for”/’ (with the integrand of (6.6.1)) yfpgcn 28 / Cqsx K |sin ﬂxfslhx,
o) 2 2
and as the integral on the right 1s convergent (as K >s'q), and in-
dependent of n, we have
j {'] <C,n"°8 (C, independent of n).
A 3 3

Comparing this to (6.6.3) we observe that n"%% can be absorbed into

the O-term n~%(s log n)~° 0((log n)'q). Therefore, our final result
for Q (cf.(6.6.1)) is (s>0).

(6.6.5) a=(-1)" 71 "(s) (2ns log 2n)" ®{sin ms + 0((1og ) H

©.7. We have thus, for all real values of s, obtained the asymptotic
behaviour of S(s,n). If s <0, we have (6.4.3); if s=0 we have S(O,n)=
=(-1)"; 1if 0<s <1 we use S=2Q-2P (see (6.4.6)), with P=0; if s=1 we
have S(1,n)=0; if 1<s8 <3/2 P is much smaller than Q as 2 cos(m/2s)<1
in that case, (c¢f.(6.5.6) and (6.6.5)); if s >3/2 P 1s much larger
than Q (if s=3/2 P and Q are almost of the same order, although Q is
still the smaller of the two). We give a 1list of the results:

8 <01 S(s,n) =2.(-1)" + o(n®). s=0: 38(0,n)=(-1)"

0<s<3/2: S(s,n) = 2(-1)". w1 P(s)(ens 1og(2n))'s{sin “8+0«103!1r4%n
8=1: S(1,n)=0

s =23/2: S(s ,n) = p2-8 {2 cos(w/?s)}2ns+8°1ﬁwn)5(1"8)87%{1+0(n'1)}.



ASE 129

In the cases 8 <0, and s >3/2 the O-term can be replaced by an asymp-
totic series in terms of powers of n'q; the same thing can be done 1if
0 <8 <3/2, but then in terms of powers of (log n)’q. If s=3/2 the
asymptotic series 1s more complicated, as both P and Q give their

contributions:

s8(3/2,n) m¢a§%}ﬂ’:{n'q/u+cqn'5/u+c2n'3/2(lug n)'3/2+03n'3/2(logrﬁﬁﬁi..

the terms of the development of P are, from the third term onwards,
negligible compared to the developmenrt of Q.

6.8. A modified Gamma function. We shall discuss an example where the
problem of finding a suitable integration path is quite difficult.
This difficulty 1is mairly caused by the circumstance that the resal
variable t, which occurred thus far in our saddle point problems, is
replaced by a complex variable s, and we want to ascertain the

asymptotical behaviour of the integral for all complex values of s,
when |s|— eo, The integration path will therefore depend both on s
and on arg s, and 1t is the dependence on arg s which gives the major
trouble. We shall meet these difficultles by application of conformal
mapping.

The function to be considered is defined by

A0 o
(6.8.1) G(s) = j' eﬁp(u)u” 1 du,
0]
if Re 8> 0, where P(u) is a2 polynomial

N uN-1

P(u) = u’ +e 4 FoooatoLu F et

1 0

The degree N i1s a fixed positive integer, and the coefflicients
‘*N_q,...,ab are fixed complex numbers. In the special case that
Myoq=e+.=%=0 the function G(s) becomes N'qi”(s/N), and therefore
the complex Stirling formula (cf.(6.4.5))will form a special case,
This speclal case can, of course, be derived much easler than the
formula for G(s). For example, with the gamma function it is sufficient
to discuss the half-plane Re s >0, because of the functional equation
" (z)=1(1-2)= 7/sin(wz). Moreover, it can be done by other methods as
well, e;g. by application of the Euler-Maclaurin technique to the
infinite product for [ (z).

As in the case of the [ -integral, it 1s easily seen that the
integral (6.8.1) converges only if Re 8 >0, But it is not difficult
to show that G(s) can be continued analytically over the whole plane
cvecpt for single poles at the points s=0,-1,-2,... (however, for
exceptional sets of coefficients ~ , some of these points can be
regular points of the function)., The possibility of this continuation
is a well-known consequence of the fact that e'P(u) is analytic at

We
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u=0. The argumcnt is as follows. If k is any integer > 0, we have
-P(u) 2 Kk

e = a,+8,uta u+.. . 48,0 +R(u),
R(u) = O(uk+1) (tat < 1),
and therefore
LN /1 k
G(s) = / e‘P(u) w1 gy +'j R(u)us'qdu +'Z¥Ja0 aj(m—g)'1
1 0 (Re 8 >0).

The first integral is analytic for all complex values of s, and the
gecond one 1is analytic in the half-plane Re 8 > -k-1. This shows the
analytic continuation of G(s) throughout that half-plane, and, as k
is arbltrary, it solves the problem for the whole plane.

A second method for establishing the analytic continuation
depends on the functional equation

s G(s) = NG(s+N) + N-1 G(s+N=-1)+...+ o, G(s+1),

N-1 1

which is, if Re 8 >0, easily derived from (6.8.1) by partial inte-
gration.
A third method 1is closcly connected to our way of attacking the
asymptotic problem, and we shall postpone it for a moment (sce (6.8.8)).
First we want to get rid of the multi-valued function us'q in the
integrand. Performing the substitution u=ez, we obtain

00

(6.8.2) G(s) = / exXp {-P(ez) + sz{}dz (Re 8>0).

Leo l

The integral converges if Re s >0, but if we alter the integration
path, 1t can be used for other parts of the s-plane as well., We choose
some small positive number o , and we define the path QJ , consisting
of two half lines

(1) the half line described by z:ixeid., >o> X 3 0.

(i1) the positive real axis z=x, Og&X<oo.

It is not difficult to show that the integral along Qy 1s equal to G(s)
if Re s >0, Im 8 30, and that the integral is an analytic function of
S in the half-plane defined by - J<arg s <« w-J ., As & 18 arbitrary,
this furnishes the analytic continuation over the whole upper half-
plane, but it does not give the behaviour of G(s) orn the negative real
axis.

The asymptotic behaviour of the integral along Qf can be tackled
by saddle point analysis. The saddle points are the solutions of

(6.8.3) e? pr(e?) = s .
If |sl is large, the solutions of (6.8,3) are easily localised.

We write aalsleie, with —%TT < E<%JF. Now 1in every horizontal strip
8y (k=0,+1,4+2,...), defined by



(6.8.8)  8.:  |Imz - (&+2kw)/N|[< WN

there lies just one root of (6.8.3), close to z=2,, where

z N1 { log(Isi/N) +61 + QKWiI .

J
This we observe on replacing eZP'(eZ) by its first term, viz,. NeNZ,

k:

ard applying the Rouché¢ theorem (sce sec.2.4) to the strip just
mentioned, with the functions e“P'(e”)-s and NeN?_s. The difference
Nz—sl for all

velues of z on the boundary, provided that is!| is sufficlently large.

between the two 1s, in absolute value, smaller than | Ne

(In order to have a bounded domain it is necessary, of course, to

Nz

approximate the strip by a long horizontal rectangle). As Ne ~-s has

just one root, viz.z in the k-th strip, the same holds for

k}
¢?Pr(e?)-s, by virtue of the Rouché theorem.
Moreover, if |s! i large enough, the roots of (6.8.3) can be expanded

into powers of S“W/N

s~ WN Lo g/

(6.8.5) (k = %k * Ciq Lo t oeee

where I, denotes the root in the k-th strip. The series in (6.8.5)
converges absolutely for all large values of |si . We do not go into
details of the proof of (6.8.5), and refer to a similar case in sec.2
(see (2.4.7)).

Our integration path qf lecads to +evo through the strip SO .
We have to move the path such that it leads over the saddle point :%.
However, we cannot keep the path entirely inside the strip So; as q

s
14 o, 1t has to cross the strips S4s8ps... . And, 1t has

starts at ie
to be feared that (in order to avoid values of the integrand greater
than its value at §b) the crossings have to be made quite close to
the saddle points Kq,xé,Eé,... . Actually this makes our problem
awkward to deal with. It could easily be done if the problem were
restricted to the case that is| tends to infinity with arg s fixed,
or with arg s restricted to some small interval. Under such circum-
stances the problem would be of the type of the one in sec.6.2, where
the infinite collection of saddle points did not cause mucn trouble.
Fven so a certain amount of non-elegant calculations would be involved,
And, as we are interested in the whole upper half-plane, we would have
to divide it into some smaller sectors, and in cach sector the cal-
culations would be differvent.
Fortunately there is a much simpler way out, in virtue of the fact
that the exponents in P(ez)=eNZ+o%c(N—1)z+... are integers, which im-
plies that P(ez) is periodic mod 271mi., We shall first define new paths
L (k=0,+1,4+2,...).

L, consists of three parts: (i) The half-line z=2kwi/N+x
(o >x 20), (ii) The segment z=ix (2km/N<x< 2(k+1)w/N, (iii) The half-



line z=(2k+2)N/N+x (0 <X <oo ),
Let the function Gk(s) be defined by

(6.8.6) Gk(s) exp{ +sz)'dz

Obviously, Gk(s) is analytic for all s. And, as Lk+N is obtained from

Lk by shifting it in vertical direction over a distance 217, we have

(6.8.7) Gy (s) = ¢ 6, (s) (k=0,+1,+2,...).

The function G(s) can be expresscd in terms of G, ..., Gy 1. Assume,
for a moment, that Re s >0, so that G(s) is repruJantcd by (6.8.2).
Obviously we have

2mit oo RN
H _2enis |

2ni-oo T

in analogy to (6.8.7). Furthermore, it can be shown that

fgﬂi'l"\:' e
J —./’ = GO + G,I + ...+ GN_1 s
21l —0o -2
shifting the paths Lo”"’LN~1 indefinitely to the left. Therefore, if
Re s >0,
(6.8.8) 6(s) = -(1-c"™) 1 g (s)+.. 46y, (s) 1.

The right-hand side is analytic for all s, except for possible
poles at s=0, +1,+2,... . But, of course, we know that G is regular
at s8=1,2,3,... . So the possibility of analytic continuation has been
proved for the third time.

It will turn out that the asymptotic bchaviour of GO,...,GN_,1 can
be satisfactorily described in the sector J <arg s <2m7-d¢ ., So by
(6.8.8) we get a satisfactory result for G(s), except for those¢ s which
are close to the positive real axis. It is, however, gquite easy to
solve the asymptotic problem for s in a small sector, around the
positive real axis, |arg s! <« v/8, say, directly from (6.8.2) by saddle-
point analysis, and we shall not devote much attention to 1it.

6.9. The entire function G,(s). For the time being, we shall consider
Go(s) only. We shall assumc that o= arg s «<2% -« , with some positive
number J . Then the saddle point o of exp(-P(aZ)+sz) lies inside the
path L if [s| is large, for Y  is closc to z, (see (6.8.5)), and
ZO=N"1{10g( sl/N)+9i‘}, where € = arg s.

In order to find our way in the darkness, we first take the specilal

case thathN*1=...= “,4=0, whence So coincides with z_ . In that specilal

-
case we write Go instead of Go’
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By the substitution z=zo+w, the saddle point 1s shifted to the
origin. The path is also shifted; it becomes (Lol—zo), by which we
denote the path described by Z2-2 1f z describes the path Lo‘ It
follows from Cauchy's theorem that a horizontal shift of the path
(LO,—ZD) has no influence upon the value of the integral, and there-
fore we may replace it by (Lol-ie). This path passes through the
saddle point w=0.

The integrand becomes

Nz

exp(-e “+sz) = exp(s(zo—N—q)).exp {—sN'q(er—Nw-ﬂ)} >

where the splitting has becen made so ag to make the second factor of
the form exp(~%sN(w2+...)), for small values of w. Now G;(s) becomes

(6.9.1) GZ(S):@Xp(s(zo—N‘q))J( exp j—sN-q(erwNw—ﬂ)l dw.

(L i-18) U ;o
At this point we apply a conformal mapping in order to get a
clear idea about the bechaviour of ch~Nw—1. We consider this function
in the strip |Im w|< 27/N. The path (Loi-ie) lies, for all & satis-
fying J <€ <« 2v-d , inside this strip. |

N

Needless to say, e " _Nw-1 cannot give a conformal mapping of

any region containing w=0, the function having a doublf zero there,
Instead, we consider the function ;(w)= {2(eNW-Nw—1)}§, where in a
nelghbourhood of w=0 the sign of the square root has been chosen such
that ?(w):Nw+... . By analysing what happens to } if w runs through
the boundary of a long horizontal rectangle }Im w?s 2w/N, |Re wl = M,
and making M—+ oo , we find that the strip is mapped one-to-one onto
a set S which is obtained from the complete }—plane by deleting two

hyperbolic arcs. These arcs can be described by

(Re ;) . (Im j) = +271, Re ; <~|Im } .

We want to have ; as a new integration varliable, and therefore
we have to investigate dw/d %. Needless to say, this 1s an analytic
function of ? throughout the set S. As ;2=2(eNW—Nw—1), we have
59§ = N(eNY_1)aw.

Nw

Now e~ "-1 1s, as far as our strip is concerned, close to O only

if w is close to either O, or 2mi/N, or -27i/N. Therefore we have
(6.9.2)  aw/a§= o(}) (gapg/us;r ; 1§1-3).

It is not difficult to show that dw/d; is even 0(5"1) in this region,
yet O(}) is sufficient for our purpose. ‘
Our integral becomes ;
* -1 i -1.2 d
(6.9.3)  6.(s) = exp(s(z_-N ))/C exp(-kon§%) aﬁig A
and the next problem is what C is. Analysing the image of (Lotuie)
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un?gr the conformal mappinghw?‘find that C is a curve starting at
e‘ile.oo and tending to eﬂliﬁle.oo, avoiding the hyperbolic arcs.

We have, however, considerable freedom in modifying this path. Along
the line through the origin, with arguments -3 8 and T-3© (a
straight line through the origin has two arguments!) the expression
%SN—1>2 is positive. It is easily seen that this line may be re-
placed by other lines, whose arguments differ from -36 and ©w-36

by less than T/4, for then the real part of —%—SN-T2 is still larger
than a constant positive multiple of i;\z, so that, by virtue of
(6.9.2), the convergence is guaranteed. Naturally, in the finite

part of the plane a deviation from the straight line may be necessary
in order to avoid the hyperbolic arcs.

All such lines are, at the same time, satisfactory from the
pbint of view of the saddle-point method: on these lines the absolute
'1}2) is maximal at the saddle point ;:0. However,
for this purpose, deviations from the straight line, as mentioned
above, cannot always be tolerated. In other words, we can only admit
straight lines from -ei7.o0 to +ei?ﬂﬂg, where /4 < M <3m/4k, This
is no objection: as 2 -(T-36) is allowed to lie between - /4 and

value of exp(-%sN

/4, we can find a satisfactory value for 7 to any © in the inter-
val J <@ < 2n-d , Actually we could take v7=(3ﬂ—6)/4.
It is, however, preferable to have a fixed integration path,
not depending on >7 . This can only be achieved under restriction of
€ , and therefore we shall consider two different values of Wz:
(1) 77:(3v-d)/4. This can be used as long as 3d <6 <mwid,
(1i) = (w+d)/4. Car be used if w-3d < 8 <2w -1d,

It will turn out that, for reasons of symmetry, we can restrict
ourselves to ¢ < 6 <m+d/4, So we replace, in (6.9.3%, the path C by

the straight line through the origin, from _ei(3w-J Ju
(3m-d) /4

.00 To

+ei . This path will be denoted by D. Along D we have

{exp(—%sN"qu)} < exp {—%ls}.qu.§§fe. sin(dyu)}

Now the stage has been set for application of the method of sec.4.4,
The value of dwﬁj} at ?:O equals N~ (fon,}=Nw+...).

Furthermore, dw/d? is an analytic function of } along the line D,
and dw/d} =o(5) if 151>3.

The integral can be compared with the formula
1

f’ exp(-%sN—q 2)d §=_(2wN)25'%,
D

1
where s 2 1s to be interpreted as

(6.9.4) G_(s) = -exp(s(z ")) (2m0)¥s 72y~ {av0(s™M],

5] 3e-316
S e . S0 finally we obtain

and the O-term can be replaced by an asymptotic series cqs’1+028*2+... .
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It should be roted that (6.9.4) holds uniformly in the region |s| >1,
S < arg 8 c w4+ /b,

Formula (6.9.4) 1s not new, of course. We have (cf.(6.8.8);
notice that G;(s) - e2niks/N G;(s)), G;Ys)=—N"1(1-e2"18/N) (s/N),
and therefore, if we replace s/N by w, (6.9.4) reduces to

P(w) = (2m(1-e270) 1 (97108 W 4y o(ym ) ) (2 arg wemoA),

and this is an easy consequence of the Stirling formula (log w is
given the value with < <Im log w « v+ J/4), It was not, however, our
purpose to deduce well-known results on the gamma function for which
easler methods exist, but rather to develop a technique for G;(s)
which can be modified to a techrnique for Go(s).

As a preparation to the problem of the asymptotical behaviour of

Go(z) we shall first %ngestigate the following integral
g(x
(6.9.5) f(t,w) = [ exp(-txz-t Q(x,w)) dx.

~g(x)
Here g(x) is a fixed positive number, Q(x,w) is a double power series
in x and w: - o
Qx,w) = E’_ S C x" WM s

feey M
n=0 m=1

absolutely convergent if Ix| <2p and lwl<b, where b is a fixed
positive number, The function g(x) 1s assumed to be analytic in the
circle fx! <«2p, and it 1is assumed that g(o)#0 We want to determine
the behaviour of f(t,w) when tw) is small and |t]| 1s large, where t
is restricted to a sector larg t|<sm-d

Searching for saddle points, we investigate the equation

(6'9’6) -2tx -t Q'(X,U)) = O,

the dash indicating differentiation with respect to x. By the Rouché
theorem (see sec.2.4), this eguation has exactly one solution X,
inside the circle |x| < p if |w| is sufficiently small. For then we
have |Q(x,w)| < 2ix| on the boundary of that circle, whence 2x+Q'(x,w)
has as many roots in the interior as 2x 1itself, PFurthermore, X, can be

written as a sum of a power series:

oo
< 3 u)k

Xo = Lpan O 0

convergent 1f |wi is sufficiently small.

The straight line from -p to +p is a satisfactory path for apply—
ing the saddle point method to the simplified integral f’exp -tx )dx.
This path makes an angle < E -J with the axis of the saddle point in
the origin. In the modified integral (6.9.5) the saddle point X, is
close to the original saddle point, and also the direction of its axis
does not differ much from the original axis. So if (w! is small enough,
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the horilzontal path through X, makes an angle < %TT~ %cf with the new
axls, and therefore it can be used, anyway in a neighbourhood of the
saddle point. These remarks are, of course, only given as an orient-
ation; the work remains to be done.

Wz replace (6.9.5) by

(o) [ e [P

-P 'p+xo p+XO

where the integration is along straight line segments in all three

cases. The first and the last term in (6.9.7) are easily seen to be

exponentially small in comparison to the value of exp(—txg-tQ) at the

saddle point, and therefore they can be neglected. In the middle term
f (6.9.7) we carry out the substitution x=%x_+y. Then the integral

becomes
P

{6.9.8) f(t,w)=exp(—txgvt@,(xo,w)) / g(x,+y) eXD(—tyz—th(yw))dy,
-P
where Q,(y,w) = Q(Xo+y;u)_Q(xO,u0-y Q' (x,,») is again a double power
series R nom
Q,(y,w) = o r{?‘ Fom ¥ ¢ s

convergent if [y| <3p/2 and lwl| sufficiently small (if w is small
enough, this condition on y implies that }y+xo}<.2p).

We can now proceed along various methods. For example, we can
expand exp(-t Q (y,uﬁ) in terms of powers of y. Another method is to
apply conformal transformation again, putting y +Q(y, w)= 2°. Thea z
can be solved as a double power series in y and w , and we get an
integral 2)

/‘QB(zsuQ exp(-tz)dz.

Omitting the details, which are all implied in the usual saddle point
routine, we state the result:

(6.9.9) f(t’w) - (1v~)%t“%{/|+%Qu(Xo,u})?(-

oj-

{g J+0(t 1)}exp( -tx th( g@}
uniformly in the region jarg t| < 3m-d | [t] »1, |w| <b, (for some
fixed positive number bq). The term O(t'q) can be replaced by an
asymptotic series with terms fk(uﬁt'k, where the fkbm) are power serles
in terms of powers of w , convergent if |w]| <b,. It should be remarked
that also g(x_ ) and Q"(x,,w) are convergent power series in terms of
powers of w ,

In order to apply the result about f(t,w) to G, it is easler to
express the main result about (6.9.5) in words: If w 1s small enough,
there is just one saddle point near x=0, and thas contribution of this
saddle point gives an asymptotic series for f(t,w).

In the integral (6.8.6) for Go(s), we carry out the same sub-
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stitutions as we did in the case of G (s) That 1s, Z=2Z +W, where
Nzomlmg(isi/N)+18 , ©=arg 8, 2(e Nw Nw 1)= }2, and we discuss the
integral in the ‘fnplane:

(6.9.10) G (s) = exg(s(zoww""))/' exp{-kan" 1% + (eNz-p(ez))}gﬂ ay.
: D | { .

D is the straight line through the origin, from -ei(Bﬁ“J)/u.ms to
1(3W .oo. We shall agailn restrict © by ¢ < @ .wt /4,
We first investigate the term e 2-P(e”), which embodies the

deviation of Go from GJ . It is equal to
NZO+N =7 n=W -220~2w }

(6.9.11) e ~Noq € ~op ©

It is not difficult to show from the properties of the conformal
mapping that Re w tends to + oo if i}!tunds to infinity, provided that
} runs along D, It casily follows, for any positive number p, that

e 'O(QE/N)(} on D,i}? > p). Therefore
ieNZ~ P(ez)5501§5 ;Qﬁ(N‘“)/N ( ?on D, 1yl >p, §s§>c2),

where the c's are sultable positive numbers independent of s and } .
It follows that, if p 13 any positive number, we can restrict the
integration in (6.9.10) to a segment of D with length 2p, symmetric
with respect to the origin, For, the further parts of D are casily
seen to give a contribution which is exponentially negligible if
[ S| —>an,

To the remaining part of D, with length 2p, we apply the result
about (6.9.5). We have, of course, to turn the integration pathh over

an angle - (3n-d )/4, by the substitution }-:xel(Bw'd)/q, and to put
5="1(3™-U)/2¢ (0 that t is restricted by the condition

- o]
~ﬂ/;+d/2<.arg t < 1/2-d/b, and s%° becomes tx“, Furthermore, we have,

/
in some circle i}ic?p,
Mp(e?) = ws a(y,w,

where (cf.(6.9.11))uﬁ=s"1/N, and 0 is a double power series with
@(},9):0. (For w:N-1}+.. ard 2™V, ..., - (N-1)w are COUV&PEEPt power
series in powers of } for small values of §, and e %o Nq/N v)., It
follows that for Go(s) we have an asymptotic series, which is entirely
given by the contribution of the saddle point. The series equals a
certain function multiplied by an asymptotic series co(u9+cq(uﬁs"q+...
and the c(w)'s are convergent serles in powers of w=s" N, Therefore,
the series ¢ (uﬂ+... can be rewritten as an asymptotic series of the
form Co*tc,s” /N+c23”2/N+ .

We do not evaluate explicitly the contributlon of the saddle
point in the integral in the }~plane, as 1t is easier to do 1t in the

original z-plane (:ee (6.8.6), with the saddlc point Q;, given by
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(6.8.5)). It is not difficult to sce that the contribution of the
saddle point 1s not affected by the substitutlons relating z to
and } to x. So our final result is (cf.sec.4.4) an asymptotic series

(6.9.12)  ay(a)~ - exp {-p(eF)rsy, . (-2 Y (FNES e, 87N,
0

where ¢ =1, and ¥/ (z) 1s the function -P(e®)+sz. There is of course
the difficulty to determine the sign of the contribution, but this
sign is easily derived from the sign in (6.9.4), by a continulty
argument. We have

N-1

) ‘ -1/N -2/N
N—ﬂe Z+... = N8 {1+aﬂs +628 +u..}

so that {6.9.12) can be slightly simplified, introducing new coeffi-
clermts d, (with d=1):

(6.9.13) G (s) ~ - exp {-P(eso) + 8% } . (EW/NS)%”§f dks°k/N,

e ’:5
__\’I n( SO) = NQGNuﬁ-(N—")L(X

(o) L

O .
and the formu%a has been proved if J<arg s< w+ J/4, |sl—-ee. The
argument of s? 1is understood to lie between 3« and v + /8. Formula
(6.9.13) obviously generalizes(6.9.4).

6.10. Conclusions about G(s). In order to deal with G(s), we need,
according to (6.8.8), the asymptotical behaviour of G sGaseeesly_qe
The problem about G (k=1,...,N-1) is casily reduced to the problem
for G, . It follows from (6.8.6) that

(6.10.1) G () = exp (2nika/n) [ exp|-p(e®THN

L

0
and this integral equals the function Go(s), constructed for the

2““{/Nu) instead of P(u). The leading term of the new

polynomial is again uN.
Replacing P(u) by P(92W1K/N) can have an influence upon the
situation of the saddle polnt; the difference of the two saddle points

'1/N. And, as in (6.10.1) there occurs,a term

ez)+sz} dz,

polynomial P(e

can be of the order of s
s;; in the exponent, the influence upon the asymptotical behaviour
can be considerable.

It 1s quite easy to state a simpler but weaker result;

(6.10.2) GK(S) = QEWiKS/N (EW/NS)% exp {_ % + % log % + O(S(N‘q)/N)} R

where ¢ <arg 8 < n+ /4, From this we infer that G (k »0) 1is
negligible compared to G0 as soon as the factor exp(EWiks/N) beats the
exp éO(S(N'q)/N)}. This 1s certainly the case 1f s is restricted to

J <arg s « w-d ., And, under that assumption, the factor (ﬁ~eg"18)“1
in (6.8.8) can be replaccd by 1. The relative errors made this way
are of the type o(e'C’S!) with some positive c¢. So summarizing, we

have, from (6.9.13)
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(6.10.3)  G(s)~(2n/Ns)¥ exp(-p(e ©)4s ) S0, 57N (g 1)

in the sector J<arg s <v-dJ,

For the sector -m+J<arg s <« we can obtain the same result,
provided that 3"0 indicates the saddle polrt elose to N’qlag(s/N), where
the log has its principal value., In a sector like -2d < arg s - 2-7 it
is quite easy to obtain (6.10.3) again, by direct application of the
saddle point method to the integral (6.8.2). In that case we can take
the horizontal line through the saddlc point as the integration path.

So (6.10.3) has been proved in the sector -mw+d < arg s « W~ .
In the special case that P(u)meNu, it reduces to the Stirling formuls,
which 18 known to hold in the same sector.

We finally state a rough inequality which 1s easily deduced from
(6.10.2) and (6.8.8). If we delete from the complex plane the half
3trip described by IIm s! < 1, Re 8 <1, thern in the remaining regilon
we have

lG(S)/iﬂ(s)I < C, exp (ngﬂ‘(N~1)/N)’





