






































































































































































































































Our. d ifferentia 1 equation becomes 

If we now 

d 2z ·r -+ { _t;. + 2 t:) dz + J, { )2 + '+' u t z C. 
dx2 cLJ <f,' y 0i l \ (f) ,1, '~ J 

.,,!1 ,, 
7 
'r 

T . . T <{ 

st~ch that 

ASE 1~4 

then we know from what we proved about (9.5.3) that (9.6.1) has 

solutions 

y(t) { eitp (t,) + o(1)} ( t -~,. c'-' ) . ' 
Bearing in mind that y.- 11 /v,·=(\/, 1 /v)' + (y•·'/y./2 , and dX•f'1 dt, we 

can replace (9.6.2) by 

(9.6.3) r n 2 1 ~1 n ' i I ·'' \ 2 \ { I _s:_2 - 'I",' + if I ½ l -1 if' d t: "· ,x_) 

6 :p r.: iJ.'' 'if' .1 

If, for example 
00 

(9.6.4) _,11· 3· ""', '2 'P, - 3 - 11 -2 l d t . ,., ' t-' - - c p p '- ,,.,,,:, , 

0 t 

it is possible to chooser1 a.r:h that Cf'=P, i.e. f(t):m d p(r)d-r, ~nd 

then (9.6.3) is satisfied (see A, Wintnt:r, Phys.Rev. 72, 516-517 (1947)). 

If (9.6.4) holds, we know by virtue of sec.9,5 that (9.6.1) has 
solutions y1 and y2 whose asymptotical behaviour 1s given by 

(9.6.5) 
½ . 

Y1r-•vp(t)- expli fv p(T)dt} JJ Y2•--p(t)-t exp{-i 
0 0 

\ 

p(T)dc\. 
-' 

( t ...,. ''-:>) • 

The substitutions X= f(t), Y=p(t)-½z which have to be carried out 

in this case, transform the equations into the form a2z/dx2+(1+g(x))z=O, 
with ,9 rE·latively small function g(x). In many cases it will be possible 

to apply the method of se8.9.5 in order to obtJin asymptotic series for 

the functions y 1 and y 2 . 

In a quite wlde range of cases the subs ti tutlon )l'.11 :::::p, can be used. 

The condlt:ton (9.6,4) is satisfied, for exami:le, if p(t)=t·» ("' ":>-1). 

It fails.,however, if p{t)=t-1 . In that case we can still satisfy (9.6.J)., 
but then with 1 1 (t)=3½/(2t). Then the integrand of (9.6.3) vanishes 
identically, corresponding to the fact that yn+t- 2ym0 has the simple 

"I¾ 
solutions Y==t ,),, ...-½~1 \0. 

If c ia a posit1.ve constant ~1/4.1' then the solutions of y 11 +ct-2y==O 

at'e no longer oscillatory, and the same thing can be said about the 
equations y 11 +t2"y .. Q if )- ,,(; -1. 
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The contents of this section can easily be applied to (9.5.1), 
that is the special case of (9.6.1) with p(t)•(1+t-1)¼. It is easily 
seen that (9.6.4) is satisfied in this case, if we replace the inte­
gration interval (O,o..")t by (1,C,;)), which obviously does not matter. 
So we can take r(t)• / (1+t-1 )½dT, \f'(t)•(1+t-1 )'-½. This means that 
y( t }•t+log t + C + O(t1-1), y( t )=1+0( t-1 ), where C 1s a constant. It 

follows that {9.5.1) has solutions y1(t) and y2(t) with the asymptotic­
al behaviour (when t ➔ c1-::) 

Y 1 ( t ) • e 1 t +ti log t { 1 +o ( 1 ) } , Y 2 ( t ) .e -1 t-½ 1 1 og t { 1 +o ( 1 ) } • 

If we want to have the asymptotic series for y1 and y2, we can 
argue as follows. Let S(t)•1+½t-1+s 2t-2+ .•• be a formal series satis­
fying 

(9.6.6) 

Then tha integrand of (9.6.3) vanishes ·upon fonnal substitution of 
· ,j_ -1 -2 f'•S. The existence of Sis easily established. If Sn=1T"2"t +a2t + ... '. 

+snt-n, is inserted into the right-hand-side of (9,6.6), then Sn+1 
can be evaluated. 

Next take, for some n, r(t) such that <p'(t)==Sn(t). Then it 1s 
easily seen that the integrand of (9.6.3) becomes O(t-n- 1). It follows 
(cf .(9.5.6)) that y 1(t)= f(t)e 1<f(t}(1+0(t-n)), where y(t) 1a related 
to ~(t) according to (9.6.2). It is now quite easy to prove that we 
have asymptotic expansions 

( ) 1 t ➔ 1 1 og t ( ) -½ ( -1 1. - 2 ) y 1 t ~~e St exp -1s 2t -~ia3t - •.• 

Y2(t),._,e-it-½1 log t S(t)-½ exp(is2t-1f½is3t-2+ ..• ) 

These lines have to be interpreted in the following sense. The 

function y1(t)e-it-½i log t hns an asymptotic series which is obtained 

by formal multiplication of the fonnal series S(t)-½ by the formal 
series exp(-1s2t- 1-½1a3t-2- ••. ), and similarly for y2(t). 

Once we know the existence of these expansions, it is of course 
possible to derive them directly from the R1ccatt1 equation (see the 
beginning of aec.9.6). 
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6. AEElications of th~_saddle polnt methoj 

In ch.5 we gave several quite simple Applications or the saddl~ 

point method, intended to 1lluetratc the pr1nc1plea of the method with 

f:asy examplt-.;s. As simple e:xRmples of the saddle point method seern to 
h:1 relativtly rare in practice, W6 shall expcs~ in this chapter three 

more difficult c,HH:Hi, in or·dt:1:' to giv~: ari idea of the comp11c:.1tions 
which rrmy occur in such problems. 

The first problem covers secs.6.1 - 6.3. In this Cf.lSe we hav<;; a 

quite simple integrand. ThE:re are 1nf1niU,ly many 1:1addle points, but 

as the contr-1bution of the main :J3ddle point is V€"r'Y lar•ge compared to 
the contribution of all others, th~ae other saddle points need not 
even enter into tho diecuaoion. An ~xtra difficulty is that the main 
saddle point cRnnot b~ r~present~d explicitly; it is given by a trans­

cend~ntal ~quetion. Fortu~2tely, this ~quation has alre8dy b~ ext~nsive­
ly studied in ch.2. 

The second problem (scc.6.4 - 6.7) ls complicated becAusc tht 
integrand contains gamma fune t1ons. We have to s irnplify them by 

applicatior, of the Stirling formula J but this docs not work for- th12 
whole integration path. The problem of finding a suitable path, how~v~r, 

is not exceedingly difficult in this p~oblem. 

In the thit·d example th2 maJor difficulty lies in finding a 
:suitable pa th. 'l'he parameter is 9 complex number in this C8S-=, and it 

is by no means ~asy to give a suitable path for all possible VAlues cf 

the parmneter. Th~ difficulty iB tW<::rcor.a:: :,1y application of conformal 

mapping, which uaua lly is a very E ff' le l,;;rt iris t rument for obtaining c 

survey of the behaviour of nn an9lyt1c function in a large 1r0a. 

6.'i. Ths:: number of class partitions of a finite SEJt. Let S be a f:tn:Hr-:: 

set. By a class-partition of S we denote a collection of non-empty sub­

sets of S ., which a re mutually d inJ oint and whoS(2 union is S. Fot· example, 
if S consists of the three elements a,b,c, then there are 5 possible 

class-partitions. viz (1) (a)(b)(c), (11) (ab)(c), (111) (ac)(b), 
(iv) (bc)(a), {v) (abc). The number of' class-pArtitions of S obv:1.ously 

depends only on the number of elements of S. Now by d11 We cknote the 

number of class-partitions of a s~t of n elements. One easily finds 

d 1=1, a2=2, a3=5, dl.'"'15. Our problem ls to determine th~ asymptotic 

beha,riout• of d as n ---·-.. c,.:}. n 
The-re is a r~➔ currence re la t1on, expressing dn+'l in tems of' 

a1,•··.,dn: 

{6.'1.1) ( n-o, 1, 2, .•• ) , 

wher-e d0 •1. The proof runs as follows. Let Shave the elements 
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a1 , ..• ,an,an+1 • Consider a class-partition of s, and assume that 
the subset which contains an+1 contains k further elements (o. k ,n). 
If we fix k, there are (nk)d k class-partitions of this type. For, n-
the k further elements jUSt mentioned, can be chosen from the set 

{ a 1 , •• •,an} in ( ~) ways, and the set of the remaining n-k elements 
from {a 1 , .•• ,a 0 } admits dn-k class-p~rtit1ons. (If k•n, there are no 
remaining elements, but the convention d0 =1 covers this case). Now 
summing with respect to k, we obtain {6.1.1). 

Starting from the recurrence relation (6.1.1) we proceed by the ,()0 n 
method c,f,~tMrat1ne,funct1ons. Putting D(z)•L..-n~O dn z /n!, we 
deduce that D'(z) = cz.D{z), and, as D(o)=1, it follows that 
D(z).exp{ez-1). Therefore, the dn/n! are the coefficients in the 
expansion 

(6.1.2) 

A more direct way of counting the class-partitions, leading to 
the same formula (6.1.2), 1s the following one. Consider a class­
partition of the set S, Shaving n elements. This 1s a collection of 
sub-sets; lets~ denote the number of subsets having J elements. 

J 
So aj"?;Q (j=1,2,3, •.• ), and n=s 1+2s 2+3s3+ ••.. We now fix the sequenc-
s1,s2, ..• , satisfying these conditions, and we ask for the number of 
class-partitions corresponding to this sequence. This number is easil~• 
seen to be equal to 

s a s 
'{(1') 1(2') 2(3') 3 I I I }-1 n. . . • ... s 1 . s 2 . s3 .. ,. • 

It follows that dn/n! equals the coefficient of n in the power z 

series development of 
S1 2 3 2 a 

>00 z ~~ ( z ) 1 ')<JO (z3) 3 1 
-;;-r -;;--r -;;--i- ... J 

,.___ s 1 =0 81. ~ s2. ,__R Orr S3 • 82=0 "j= 

and this represents 

exp(z) .. exp(z2/2!) exp (z3/3!) ... = exp(z+z2/2!+ ... )=exp(ez-1). 

6.2. AsymEtotical behaviour. We shall study the aaymptotical behaviour 
of the coefficients in (6.1.2} by expressing them via Cauchy's formula 
for the coefficients of a power series: 

(6,_2,1) 2,,-1 e d0 /n! = [ exp(ez) z·0 • 1 dz, 

where the integration path C encircles the origin once, in the 
positive sense. To tbis integral we shall apply the saddle point 
method., '!be saddle points are the roots of zez.n+1. This equation 
has one positive solution, discussed in sec.2.4, but this is not the 
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only solution. Actually it can be shown, for each integer k, that 

there 1s just one saddle point in the horizontal strip 

( 2k-1) Tr < Im z <::. ( 2k+1 )n ( k=O ,±,1, +2, ... ), provided that n is sufficient­

ly large. 

Let the positive saddle point, i.e. the positive solution of 
z ze =n+1, be denoted by u. Fortunately we are in a position where the 

other saddle points can be disregarded, that is to say, wear~ able 

to find a path through u, of which u itself is the highest point. 

The axis of the saddle point u is easily seen to be vertical. 

Proceeding along the principle that the simplest possibilities should 

be tried fir~t, ~ try to t-ak~ a large part of the path as a vertical 
line. Along this vertical line through u we hQv,=-, iexo(e 2 ) I,;;: exp(eu), 

. z r z I Re z u th as, on that line, we have Ree $: 1e =e =e . Secondly, G raot~, 

z-n- 1 is, in absolute value, maximal at the point u. So a vertical 

path satisfies the requirement that the integrand should attain its 

max:1.m.a 1 absolute value at the saddle point. 
However, a vertical line does not encircle the origin. But if w~ 

take a large segment of the vertical line, and complete it to a closed 

contour by adding a large semi-circle, it does. And, if we make the 

radius R of the semi-circle tend to infinity, its contributions to the 

integra 1 ( 6. 2 .1) tends to zero ( if n > O), the factor z-n-'1 b81ng 

O{R-n-'1), whereas exp(e 2 ) is bounded in th(:; half-plane.Re z~u. There-
}

.. ,-U+lO\.J 
fore, the integral in (6.2.1) may be replaced by J . 

C U-io-o 

The integrand is exp(e 2 -(n+1)1og z)=exp(e 2 -ueulog z). Writing 

Z=U+iy, we obtain 
,CO 

(6.2.2) 2TTe dn/nl ::::: exp(eu-ueulog u) / exp(¢(y))dy, 

where 
~(y) = eu[(e1Y-1)-u log(1 + iyu- 1 )] . 

As \exp ¢(y)I= exp Re f(y), we have to study 

Re ¢(y) = eu[-1+cos y - u log(1+y2u-2 )½] . 
As long as y is not too large, the terms -1+cos y are predominant. 

Th:re"for(:,, there. is a maximum at Y=O, further maxima around Y=±_21T, etc, 

The influence of these further maxima is very small, because of the 

large factor eu in front. We shall show that in (6.2.2) we can restrict 

ourselves essentially to the interval -TT<=? <'..TT. 

If Tr, y < u, then we have log( 1 +y 2 /u2 )2 > ½Y 2 /u2 , and therefore 

!l exp ¢(y)ay/ <u. exp{-eu.½ Tr2u- 1 }. 

If y >U., then we use 1+y2/u2 :;, 2y/u, and so we have, putting y:::::ux., 

\ J:xp(¢(y))ctyJ f u{:xp {-euu log(2x)}- dx., 
u 1 
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It is easily seen that 

J('°exp(¢(y)dy 

0\) 

f(2xfP dx = O(e-½P), and therefore 
1 
= O(u.exp [ -½ueu j). 

u 

It follows that ·rr 

(6.3.3) J:xp(¢(y))dy - f exp(¢(y))dy = o{exp(-4eu/u)_}, 
-0\:'1 - rT 

and we can now diruct our attention to the interval (-ir;rr), where the: 
saddle point at Y=O gives the main contribution. 

As 
~(y) 

we find by the Laplace method (ch.4), 

( 6 • 2 • 4 ) f: x p ~ ( y ) d y = ( 2 Tr e - u ) ½ ( 1 +o ( u - '1 ) L 
-TT' 

In order to get an asymptotic expansion, it seems to be in­
convenient to follow the method of sec.4.4, as if d~pends on u in a 
rather complicated way. We prefer to apply the method used in sec.4.5, 
consisting of the introduction of a new integration variable w such 

that exp(j(y)) is transformed into exp(-f(u).w2 ) (f(u) depending on u 

only). 
Thus far y was real; we shall now treat it as a complex variabl,). 

If lyl is small, we define w by 

choosing the root w which satisfies dw/dy=+1 at Y=O. N0w w can be 
written as 

(6.2.5) 2 ( -1) w = y + y P y,u , 
1 -1 where P(y,u- ) is a power series in the variables y and u , con-

vergent if bothy and u- 1 are sufficiently small. It follows that y 

can be solved from (6.2.5), by the technique explained in sec.2.4 

(cf.(2.4.7)): . 

Y=Y(w) = 2;i f {,7+)?2P(17,u-1 )-w}-1 ,z.J;z {?+1lP(?;,u-1 )}d:], 

wher8 C is a contour 
as long as wand u-1 

i -1 seres in wand u . 

C 

encircling the origin in the positive direction, 
are sufficiently small. Therefore y is a power 

We need its derivative 

. . . , 

where y1 , y--2 , ••• are convergent for large value::s of u. 
It is not quiti::~ sure that the integral (6.2.4) can be transformed 

succesfully this way, but at any ratE.- we can find a positive number c 
Jc 

such that it works for • In the w-plane the integration paths becomBs 
a curve which crosses thecsaddle point at w=O. The errors made by 
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braking off the integrals at c and -c, and at the corresponding points 

in the w-plane., are in no way alarming., as they are of the type 

exp(-Ceu). 

Our final result is 
l 1 ro.:, 

(2rr)-2 U2 . exp(¢(y) )dy ,...,._, 1+a 1 'f'✓ 2 (u)u- 1 
-co 

( U -'H>O) , 

where U = eu(1+u- 1 ), ak=(2k)!(k!)-12-k. 

Using one term only, we get the following expression for dn: 

(6.2.6) 

Here u is related ton, by the formula 

ueu = n+1, u > 0. 

The asymptotic behaviour of u, as n-~0'l, was investigated in sec.2.4. 
By (2.4.10)., which was the solution of ths equation xex=t, we now have 

u = log t - log log t + (log log t)(log t)-1 Q(o,T), 

where Q(c,., .. r) is a doubl8 power SE;rie:s, o=(log t)-1 , T=log log t/log t, 
and t=n+1. However., if we approximate u by taking a finite number of 
terms of Q(G"","C), the error introduced in (6.2.6) bt;COmes considerable 
and much of the accuracy obtained in (6.2.6) is lost. Approximating 

u by log t-log log t, we find that 

eu-ueulog u -½u = t(u-1 -log u) + O(log t) = 

= Jl -log log t + lo~ t + log log t + .1 ( log log t) 2 + O( log log t) i 
log t 2 log t (log t)2 J' 

where tis still n+1, but it is easy to see that on replacing n+1 by 

n, we make an error which is much smaller than the error already 
involved. Further, we use a rough estimate for 

log n! = n log n - n + O(log n), 

and we find that 

n l • . . 

(6.2.7) ~ 0§ dn = log n-log log n-1+ 10!0 ~ 0 ~ n + 1 + 1. ( log log; 
log n 2 log n 

+ o(log log2n). 
(log n) 

It is quite easy to r~place the 0-term by an asymptotic series, with 
terms of the form (log log n)k(log n)-m. 

6.3. Alternative method. We indicate a different method by which th~ 
asymptotic behaviour of the s~quence d , dealt with in sec.6.2, can be 

n ~= k 
obtained. Starting from (6.1.2) we expand exp(ex) as L-k=O e x/k!., and 



kx in each term we expand e into its power seri~s. So w0 g~t an absolute-

ly convergent double s~ries, in which tho order of summation may be 

changed, and (6.1.2) giv~s 
_,., ~{'l\:) 11 

d I / k /k .' n = e .L-k=O (6.3.1) 

This sum can be tackled by th8 methodSof ch.3. Th~ index k max 
of the maximal term lies close to ~u, where u is, again, the solution 

U n l l 
of the equation u~ =n+1. For, k /k! ~quals, roughly, (2r~2 k-2 • 

exp(n+1)1og k-k log k+k), and the function (n+1)log x - x log x + x 
is maximal at x=eu. The second derivative of this function is 
-(n+1)x-2+x-1 , and it follows that, roughly speaking, it is only an 

l 
interval \ k-k l < n-2 that givE:s a substantious contribution to tht: max 
sum. In this interval the sum can be rtcplaced by an integral, if we only 

carry out corrections according to the Euler-Maclaurin sum formuln. 

6.4. The sum S(s,n). In sec.4.7 WG obtained the asymptotical behaviour 
of sf s ,n), defined by 

(6,4.1) s ( s , n ) = ' 2n ( -1 ) n +k ( 2k r ' 
Lk=O 

ifs is a fixed integer >1, and n -➔~. The method was definitely 
restricted to this case., as s-1 occurred as the number of dimensions 
of an euclidean space. In the pres1::nt SE:c tion we sha 11 study this sum 

for general real values of s (s fixed, n---,<-,)). It Bnould be admitted 
that this is not a very natural question, as non-integral powers of 
binomial coefficients do not frequently occur in mathematics. The main 

reason for its discussion here is, that it is a quite difficult 
problem with various interesting aspects. 

If s=2.,3, ... we hav8, by (4.7.4), 

(6.4.2) (n-=). 

This formula is definitely false if s=O, for we have S(O,n)=(-1)n. 
If it is negative, it does not hold either, In that case, we are in the 
situation that the first few terms, and the last few, are prevailing. 
We evidently have the asymptotic series 

( ) ( ) n < ( 2n )s ( 2n ) 8 ) Ss,n ,...__,2.-1 1_1- 1 + 2 -···J (s "'- o, n -oo), 

or, more expliciily, for hands fixed, 

(6.4.3) S(s,n) = 2.(-1)n L:=0 (-1)k (2:)s + O(n(h+1)s) 

(s "'-- O;, n-=). 

(In order to prove this, we have to consider all terms for which 
k<h + (-s)-1 , and to remark that the sum of the remaining terms is at 



most 2n 

If' 

thi::; SUJ:rl 

tlmes 
6 :> 0., 

by a r:. 
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tht: first neg lee tc:d tt:r'm). 

there is not such a trivial woy. w~ shall then replace 
integril, by application of the r~sidu~ theore1n: 

(6.4.4) '

,. 1· r1·1r·· r' • 2)r1n ' '\ 8 ~ dz S(A.,n) ,.. 1 , - , 

~ \ IT(n+:::)rT(n-z) / 21 cln nz 
·~,,I 

H~re the integration pnth ~ is o curv~ which ~ncir~l0s th~ points 

-n,-n+1, ••• ,-1, O,1,2, ... ,n just o~ce, but does not encircle the 

points !:_(n+1L ,:t.{n+2), •..• We m:.iy talu: for ca n.ct1rngle, with 

vertices .:.{n+½),:pi., whcr·•-~ p t:J sor-,,~ r,ositivt numter-. 1fhc funetion 

TT(z) is Gnuiss'cxtensior .. , of th1.: r,~ct-::ir1ril (I"'!(lc),,,k:); it is slightly 

more: convenient to oper3tt• with ·y f(z) th:rn with th1:: gTtr,m.a function, 
whif"h 1° ""'"•l;•tE'd f·o·1i·T}._,1 t·h,.1•~·-1i•~-,.,,1~, 1 r,\'?)"··I•·(•y.._1)' , - ..,..~,- t.V -~ ._, ···-- l.i.,y .._,,,.-. .. , ,.\_;i..,;.\.-1. ,.;. 1;; o1.~, -- .L.; • 

T,.., - f' 1n .. ti ~,1 Tf fr i-'" \ r··rt l' ,, \ }" ··; ,, l' ,,, ' ,, " ~- , .. "' · "'C' J' t• t· ,. ' ( n +" ) 
l .t t;; \. \... , ... i.. t.,;.. .., \ ~ : ,l, l ,. .. \ ; - .... ~, I i lc ... i ... J ,J .Li: ... .,; .i ~ 1..., ~ l t:' t., , .... .; · 0 ,.::: ~ i '! 

.:~.Jn 12),., •• , and therefor-, .. the ir,t.1.i(irAnd 1::,, unl,:ss EJ ls an int;,~ge:r, 

a multi-valued functioD. How~v~r, if w~ cut th~ z-plane along the 

re,al ex1s f'ron n+1 to .... :--::, a:·,'.:l rro:;1 -n-1 ·co - "'°, th1:: inttgr0:-mj 1(3 

single valued in the rcm81n1ng domain~ of' th0 z-plane. Needl~ss to 

say, the value of the s-th power occurring 111 th0 int~grnnd !s given 

its positive valu(, at z=O, Furtlwrn:or-e we c:rn tGke care 'chat thi:.· 
path I lies 8nt1rely insl1e the domain J. Nsw it is easy to prove 
(6,4,,4): the residue at Z-=h (h=0,+1, ... ,+n) is {(2n)!/(n+h)!(r,-h)! 1, s 

( ... 1)h.,l2i""1)-1 , and on l''E'fJlaci.ng h:n by k~ thi.::: i~itegral turns out t~ 

be ~qual to S(s,~). 
Before starting ::rny at.::riowi work witt, the integral (6.l,1.,4) we 

make some observaU.ons. 

(1) The integrand is an odd function of z. Therefore, if C is sym­

metric with resp2ct to the origin, it is suffici~nt to consid~r only 

half the intugration path, and multiply the r~sult by 2. 

(11) If z is 3cmcwhere in tt1e right half-plane, then th~ absolute 
value :if th~; integr>fHid c.l:::cr•,:ast·S ori rcplscine-; z by z+1. Fm', by this 

op~ration, this absolute value is multiplied by l(n-z)/(n+z+1)l 8 . 

This makes it plausible that someth1t1g like 3 saddle-point :an be 

expected on the upper, at·d also on the lower part, 8f the imaginary 

:':XlS. 

(iii) The integrand is fa 1~ too c omp11ca ted for calculations of t!Xa ct 

saddle-points. However, on A large part of tht path C we have a 
reasonable approx1mat101, to thP intt.:grrrnd, by the Stirling formula. 

It is well-known that the Stirling formula holds in the complex plane 
provided that we remove a sedtor containing the negative real axis. 
Pree isely:; if cf is a posi t1v€: numbe :r ( G < ,/ ... ·rr), and if R.f denotes the 

sector larg zl < ·rr-J J then we havri 



(6.4.5) 

This means that the integrand can be approximated by elementary 

functions as long as z stays sufficiently far away from the boundary 

of D, i.e. from the half lines (-0v,-n-1) and (n,o.:::>). However, we are 
not in a position to apply this to the whole path C, as Chas to cross 

the real axis between n and n+1, and this is not far from the boundary 

of D. 
(iv) It will not be difficult to find a second approximation to the 

integrand, also by the Stirling formula, for values of z which are 
not too far from Z=n. Therefore we shall have to work with two dif­
ferent approximations, in different regions. This gives, of course, 

some difficulty in fitting the respective parts of the path together. 
This is not so much an essential difficulty, but rather a technical 
one, caused by the relative complexity of the integrand. 
(v) The difficulty just stated can be overcome by making the connection 
between the two regions far away from the main battle field, viz. at 
+CQand -=,respectively.Remark (ii) suggests that a retreat to 

+"" or to - o-o is comparatively eG sy. 

Following the above suggestions, we shall split the problem into 
two parts. Let N be an integer .> n, and let p be a positive number. 

We define PN and QN by 

I N+½+ip 
PN::; [2 dz, 

-N+½+ip 
QN = f {l dz. 

(N+½) 

•Here.<"2 is an abbreviation for the integrand of (6.4.4). In the case 

of PN, the integration path is a straight line. T~e number pis a 
positive constant. The integration path of QN starts at N+½, proceeds 
through the lower half-plane, crosses the real axis between n and n+1, 
and then leads back to N+½ through the upper half plane. Therefore, 
this path lies apart from its end-points, inside the domain D. We 
shall show, if n is fixed, but sifficiently large, that 

lim PN = P 
N--= 

both exist, and that 

, lim QN = Q 
N --- (,"'-::> 

(6.4.6) S(s,n) = -2P + 2Q. 

These statements easily follow from the fact that the integrand£l 
. 2 

is 0( l zl - ) in the domain described by Re z > 1, I Im z I ~ p, \z-21 >;} , 
. I 1 lz-3 ~ ~, ... , provided that n is fixed but sufficiently large (it 
suffices that (2n+1)s ::-2). For, by the functional equation .. IT(z)TI(-z)= 
= 1rz/sin TfZ, we have 
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S }o .fl= {(2n)!} {rr(z-n)/IT(z+n) 0 (2i)-1 ·rr·-sz- 3 (sinnz) 3 - 1 = 

=O(lzl-211s-s). 

As to formula (6.4.6) we refer to remark (1), which shows that S(s,n) 

equals 2PN+2QN plus an integra 1 from N+½ to N+½+ip and a similar inte­

gral in the lower half plane. Th~ latt0r integrals tend to zero as 

N-:,oQ, since .O_ =0( !zl-2 )(n fiXt:;ci). 

There □ r~ now two s2parnte problems, viz. the asymptotic 

behaviour of P and Q respectively, as n ---'; O\'.) • 

.. 1p+(),..'.) 
6,5. We shall first dc::al with P== { 0 dz, where p is a fixed 

positive number. ClE:arly P is ind~p;;~aent of p (cf .6.4.6). We shall 
approximate (1 with thL' 8id of Stirling rs formula. HuvJeVEcr, a slight 

adjustment of (6.4.5) is necessary, as our values n+z and n-z do not 

always belong to the sE.:ctor R . If we use th8 relation TI(z)TI-(-z)= 
<) 

= 11·z/sin nz., th2 behaviour of TT(z) in thc: quadrant Im z > 0, Re z «:. 0 

can be deduced from its b~haviour in the opposite quadrfnt. By a 
ca rc:ful disc us sion of the: arguments of z 2 ~ and ( -z) -z~ we find that 

( Re z ,:.. 0 > Im z :> 0) • 

It now easily follows that we have, if p 0 is positive and fixed, 

l 

TT( z )= ( 2nf2 
1 Zrz z -z 

8 } 1 +o ( I z -1 I ) + o ( e -2rr \ Im z \ ) }. ' 
l . 

From this formula we can immediately deduce an estimate for{l 

(i.e. the integrsnd of (6.4.4)) by some trivial calculations. 

(6.5.1) f). = -22n 8 (-rrn)-1 8 (1-)2 )-½s exp[n {-s log(-1-32 )-s ). log ~~{+m5}] x 

x { 1 + O(n-1+n-1\1+!1-1+n-111- I)-1+e-21n1 Im!)} (n.,, 1, Im nI>Po). 

Herie p 0 is positive and fixed, and ~, stands for z/n. 

The integrand 1s, roughly speaking., of the type considered in 

s0c.5.7, if we put 

(6.5.2) ( ) 2) 1+'<' ,p ~ = -s log(1-) - s ~ log tj +n1r;. 

We remark thats is a fixed positive constant, and that the multi­
valued functions log(1+!) and log(1-)) are given their principal 
values in the upper half-plane. Disregarding the 0-terms for the 

moment, we start looking for saddle points. We have 

(6.5.3) 

and therefore ¢1(7)==0 if·1;=i tan(rr/2s). So we observe that there is 
a saddle point in the upper half-plane if and only ifs >1. Assuming 

s > 1., we take as the integration path., the infinite straight horizontal 
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1 in1c~ th rough the sa dd ls: point ? . As we havE::: ¢"( 1l )=-2S ( 1- ,,.z2) -\= 
= -2 s ( 1 + t rrn 2 (rr / 2 s ) ) - 1 = - 2 s c o s 2 (ir / 2 s ) <- O 3 this 1 in 8 c o inc ides with 

the axis of the saddle point. 

Our path car, be described by f = 7+x (-c·o""' x < ""-'">). Fortunately 

the saddle point -i,l is 11 th:::: hie;hest point" of the path. Re ¢( )) 
decreasEcs if x increD;:l(;S from O to (k), and also if x runs from O to 

-=. For, by (6.5.3) \>Je have 

RE: ~~ = -s 1 og l ~ ~ f \ ~ O ( x > 0) 

as \1+rl > \1-s·\ if X>O. If x.,:::O, we have a similar thing. 

The fact that Re ¢(5') decreases (if x----,o-o)., combined with the 

f , ( 2 ) -½ s h d 1 1 . t . occurrence o ~he factor 1-) - J mak~s that ar y any comp ica ion 

is caus8d by the circumstance that the path has infinite langth; so 

fortunatf:.;ly v~,:.: need not go into the trouble of investigating ¢ ( f) 
as x -·--)'Ov. Actually we inf8r that _ 

·1 f ""n d r I < C 2 2n s (n n ) -½ s • I exp ( n ¢ ( 7 +1 ) ) fl ( 1 -r2 ) -½ s I d ) 

"l +1 '1 +1 

with some, positivE: numb1.::r C ( independent of n). The latter integral 

is easily s~en to converge by virtue of our assumptions ,1. Needless 

to say, thu integral l:-1 can be estimated in the same way. 

By sec.5.7 we hav8 

(6.5.4) exp{ n ¢ ( f )_} d) = ( 2T1)½ n -½\111 (-yl)) -½. 

exp { n (p ( 17) J ( 1 - v/ ) -½ s { 1 +0 ( n - 1 ) J . 
WC h 8 V (; 1 lf n ( iz ) = - 2 S ( C OS 7T / 2 S ) 2 ; c X p t n ¢ ( ~} ) } = ( C OS ( 11/ 2 S ) ) 2n S ; 

(1- 172 )--2 s=(cos n/2s) 8 and therefore' the value of (6.5.4) reducl:s to 

(6,5.5) (-rr/ns)"~ (co;J rr/2s) 211 s+s-'1 {1+o(ri- 1 )}. 

The 0- t c; rm s on ( 6 . 5 . 1 ) ca n b c' red u c e d to one t e rm O ( n - '1 ) , by 

virtue of the fact that Im! is positive and fixed on our path. It is 

not difficult to show that 

and thereforu these 0-terms result in a correction of the same order 

as the 0-term in (6.5.5). 
Collecting the various results, wo 

-1+.= / 'fl--°: -( 6. 5 .6) P= j Jl. dz=n _ .i. lcl f=-{ 2 
7-= "'/-'""' 

valid ifs is fixed and >'1. 

obtain our final formula for P: 

c Os (l'Tj 2 3 ) } 2n s + s -1 2 1 - s (1Tn ) ½ ( 1 - s ) s -½ . 
{ 1 +0 ( n - 1 ) } , 

It may be remarked that the factor {1+0(n-1 )} can b0 replaced by 
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an asymptotic series 2 : ckn-k. In order to obtain this series it 
is necessary, of course, to use the Stirling formula in the form or 
an asymptotic series. 

The saddle point ? moves to 1.:-,:, when s decreases to 1. This 
suggests that, ifs ~1, an estimate for the integral can be obtained 
by shifting t~e whole horizontal path to infinity in the vertical 
direction. In fact we cnn show that, if O <. s ~1, n '> ½(s-1-1), the 
integral P vanishes. For, if n is fixed and Im z ~p0 {p0 positive 
ar.d fixed) I I z I -··+CO, we have, using for n the expression in the 
integrand of (6.4.4) 

.0 ""o((iT(n+z)TT(n-z))-8 \sin irzl-1) = 

= 0( 1zl-2ns-s\sin nzls-1) = O(lzl-(2n+1)s). 

So if (2n+1)s ,1, we have St =0( lzl-~), with a constant ~ ,1. 
Therefore the integral P vanishes. 

6.6. We next turn our attention to Q, defined in sec.6.4. We of 
course expect a saddle point on the real axis between n and n+1, 
close to n+1. If we replace, in the integrand, TT(n+z) by its Stir­
ling approximation, such a saddle point turns out to exist, but only 
if O < s < 1. Moreover, the singularity of n+1 can be shown to lie 
within the range of this saddle point. Therefore the ordinary saddle 
point analysis does not apply in the case of our integral for Q. 

For a first orientation, we remark that the only factor depend­
ing "heavily" on n is, apart form the trivial multiplier f{2n) ! }8 , 

the factor TT(z+n). By a well-known formula (actually a consequence 
of the Stirling formula) we have, TT(z+n).-TT{n).nz (z fixed, n-.~). 

Therefore it seems to be sensible to pull the integration path to 
the right, as far as possible. We can of course not pull it over 
the branch point at Z=n+1. 

We shall now deform the integration path of the integral Q by 

making a path following the real axis from= to n+1, taking the 
values of the multi-valued functions which correspond to their 
values in the lower half-plane, and back from n+1 to,~ with the 
values from the upper half-plane. This path has to be provided with 
small semi-circles around n+2, n+3,.,. and with a full circle 
around n+1 in the well-known fashion, in order to circumvent the 
singularities, but, as commonly happens in such cases, these circles 
can be removed by making their radii tend to zero. Furthermore it 
should be remarked that the integral was not defined originally as 
an integral from c.o too,,:,, but as the limit of an integral QN lead• 
ing from N+i to N+½, where N runs through the integers. However, 
it is easily shown that this is no essential restriction. 



The factor { TT(n-z)}-s seems to be awkward. We can replace it 

by (TT(z-n-1) ) 6 TT-s(sin 1T(z-n) )s, using the functional equation 

TT(w)TT(-w)=·rrw/sin 11w. By this procedure, the singularities are 

shifted from the non-elementary function TT to the elementary 

function sin, where they are easier to handle. So for 0.. we write 

The TT-factor here is single-valued in the half-plane Re z > n, and 
· 1 ( )ls-1 positive if z is real, z > n. The behaviour ofl sin n z-n J is also 

. easy to describe. It is positive if n < z < n+1. Its argument increases 

with TT( s-1) if we pass the branch point n+k( k=1, 2,3, ..• ) by a semi­

circle in the lower half-plane from n+k-cf to n+k+J, and for the 

similar thing in the upper half-plane we find -TT(s-1). So we obtain, 

writing Z=n+x, 
(6.6.1) Q=(-1)n+1 TT-s G72n) ! ·n(x-1 )/TT(x+2n )} s. l sin TIX l8 - 1 • 

• t 
1 . sin{,,( s-1) [ x]} dx. 

(Here [ x] denotes the largest integer S: x). A first consequence is 

that Q=O ifs is an integer >O, for then sin(n(s-1)[x) ) vanishes 

identically. 

It will turn out that the main contribution to tta integral is 

given by values of x close to 1. In the interval 1~x~2, say, we 

can use the formula 

(6.6.2) (2n)!/17(x+2n) = (2n)-x { 1+0(n-1 )}, 

where the constant implied in the 0-symbol does not depend on x. 

( This uniformity in x is lost if we take the interva 1 1 ~ x < = ) . 
Formula (6.6.2) is a well-known consequence of the Stirling formula. 

Therefore we obtain, with the integrand of (6.6.1), 
2 2 . 

f = sin Tf ( s -1 ) • r ( 2n ) - X s { 1 T ( x-1 ) ~ s I s 1 n TT X I s - 1 ~. 1 +o ( n - 1 ) 1J d X • 
1 1 J . l 

This integral is of the type of those discussed in sec.4.3, log 2n 

playing the r6le of the parameter t occurring in that section. 

Writing X=1+y, and comparing the integral with 
.. c-.:J J e-Y slog 2n ys-1 dy = r(s) (slog 2n)-s, 

0 

we easily obtain that 
2 

(6.6.3) f = TTs- 1 r(s) (2ns log 2n)-s {sin TT(s-1)+o((log n)-1 )}. 

1 

Instead of the term O(~og n)-1) we cary get an asymptotic series in 

terms of powers (log n)-k (k=1,2,3, ••. ). 



( 

:i. t 

( • • 4} 

with ·"' 
"'2 

(1 

for 

a 

d 

ha 

( 

+h 

t 0 

( ) ! -

K- ( - ) .. 

- ) ·= 

(' 

of { 

, we 

+- ,,.. F-. ) 
vO lb .. J •. we 

-s ( , 
\ s .l. 

) .. s , ( 
0( .1 

e P 

glve 

sepve 

'1 

C 

x. r 
t s ) so t 

a 
~-,¾ 

ii 

( 2, K). 

1 ( 1 - ), 

UC t can 

' 
11 (h•··1)-2(>f 
1- 1,1" j ···\ +·1) 

E: (6.6,4), 

s tis c tory r 

s 

j. (os 1r s-1) v,,;;. l\> 1 8 

t l1) • 

t 11 a 

re t 

tS­
rrx i 

into 

our f l result 

for Q ( f.( .. )) s (s 0). 

( ) ( 

6.7. We ve a 11 

of S(s,n). I 

=(-1 )"\ if '- ... we use 

havt: S(1 3 n · if 1 < s 

case, ( 

( a 
still smal r 

l ) -s ( ( SJ. TIS + 

l s r s, 

ve ( 6. . 3); 

Pis much 

( . 6. ) ); if s 

) . list 

we 
ot 

ve S( O,n 

; 1f s=1 we 

) 1 

is 

s ... 0: S{s,n) • (··1) + O(ri13 ). S(O,n)""'(-1)n • 
: S(s,n) 

S( n) 
S(s ,,n) :;::. 

= 2(-'1) 11 • ,r-1 f'(s)( 

s { 
~ l 2 COB 

8 ( ) ) s 1T8 

+s-1 



ASE 129 

In the CcH:.es s '"' O, and ti > 3/2 thE: 0-te rm can be replaced by an a aymp-
. ., 

tot:tc s~iries ln terms of po1,•1ers of n- '; the aam~? th1.ng can be done 1.f 

0 ..;. a < 3/2, but then in term~J of powers of ( log n )-1 . If s-3/2 the 

asyn~totic series 1s mo~e complicated, as both P and Q give their 
cont r-ibutton~:;: 

;. _lf _411;. _r:•/ii. -)·/'::> -~l? -3/~' ...::ii> ) 
S()/2,n)---2.J~.rr •tn 1 +.c 1n -,.;, +c:/' '-{los r:) .1t -·+·c:,ri · c(logn)-''"l· ..• i; 

the terms of the dE,Velc,rm1.~rd:, of P a re, from the thir-d terr:1 01·1wards, 

n~gligible compared to the developme~t of Q. 

6.8. A mod:tfied Gam.ma funct:lon. We shall disr::uss an example wherf: the 

rr.oblem of fi.r:rJing a suttable 1itegr.at1on pr.it:h !.'.3 quite dlfficult. 

Thi.:1 dlft'icult;y is :"(J,'.:lir ly ea·.1.s,:d b? the circumstance that the real 

variablP t, which occurred thus far in our sadJle point problems, is 

r~placed by a complex variables, and we wJnt t8 ascertain the 
~sym;totical behaviour of the integral for all complex values of a, 
when !s!---1,c-.:.. The integration path will therefore depend both on s 

and on a rg s, ,:;r,d 1 t is the dependence on a rg s which gives the m.a JO!' 

trouble. ~e shall meet tl10se difficulties by application of conformal 
mapping. 

The function to be cona1dered is defined by 

(6.8.·1) /'X' - T) ( U \ ''l -1 
1'' 1 --·) - I '" 1 1 u'· du .:11,::i - ,i •, , 

() 

lf Re s > 0, where P(u) is a polynomial 

F.,(u) = UN + o<. • N-1 N·•1 u + •.. + c...:1u t c,J., If 

0 

The degree N is a fixed positive integer, and the coefficients 

("Y.N--1'··•,'~ are fixed complex r1umbers. In the special case that 
.::xN-·f"'· •• =0<.0 =0 the function G(s) becomes N-'1 T'(s/N), and therefore 
+-h,:. ·0 om··),"'X c<-•..-1111g· f:.,..,m"la {r,f' ff.,' ii !'~ 1 )·11·11 f'o,~m" sp""C~..,1 Cl"'l"''~, ~.1,_ -.... t,. J..C4 uv,~"" _ 1 .... _. ;.,.,. \...t \ '-F~". \ ,h ~"'t ..,.,,/), ,. J. 1.., a ~ J.a c.~.;~. 

This special case can, of course, be derived much easier than the 
formula for G( s). For example, w1 th the gamm..:i function t t is sufficient 

to di.scuss the half-pl?.r.c He s > O, because of the functional equation 

Ci (z),.., [''('1-z)= rr/sin(Trz). Mot·eover, it can be done by other· methods as 

well, e.g. by application of the E'.lle:r-Maclaurin technique to the 
infinite pro duet for C' ( z). 

As in the case of the f' -integra 1, it 1s ea B:ily seen that the 

integral {6.8.1) converges only if Re s >O. But it is not difficult 
to show that G( a) can be continued analytically over the whole plane 

:vc~pt for single poles at the points s~0,-1,-2, ..• (however, for 
ex 1::c,ptional sets of coefficients ~, some of these points can be 
regular points of the function). The possibility of this continuation 
is a well-known oonoequer·icE: or the fact that e-P(u) is analytic at 
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u ... o. Th(! Brg1..uncnt 1.s at) foll'.::,1,1s. If k :ts ,::ny integer ~ O, w1: hBV(~ 

0 -P(u) 0 "' ,_, 'J2, ·~ k_.LRI) ,, • i:,o-t·,:,,1Ura2, , ..... ·h,kU .,... ,u , 

• ( 1 ) ,., ( , , k + ·1 ) it .1 "" ,1 , .. (:ui,.1L 

..; 

' -:-- l< -·1 
+ .:· j O a:(s-1-,i) · 

"··-· C J . 
( He s ,. 0} . 

The first integral is ~nilytlc for all complex values of G, and the 

;3<::cond onf.: iFJ ana lyt1c 1.n th1;; ha lf-p1ane Re s .,, -k-1. This shows tht: 

'""~ .... -1 "'" "J" ., o~ t: 1· 1~• '"ti"" · 1/C> ,, 1 ··) .... , •·"ugh ·~t· +- .. }·1~.. ·n~ ·1,· pla 1·11:> ",·1 4 •1 s k (.,,. 1 ! .(]. , ,.,, V ~ -. .., \,. , .l J ~ .1 ',,.lU •v .. - ,., -i. J 1,) . J \ ;::,, . \., 1 l ._ \,.J _I~\,.,.' ,t t...,.: \..o- t -~: ~ ., ct , A, - l --• J ,::;i: 1. U J (., ¥' .. 

is arbitrary, it ~t)lV~s the problem for the whole plane. 

A secon~ m~thoj f0r ~stablial1ing the analytic c~ntinuation 

ch::petids on thE: fun(:tJ.ons 1 1.:qu3 clor, 

which is, if Re s > O, r .. Hrnily tkr:l.vi;d from (G.8.1) by par-tial inte­

grt:1tion. 

A third metl1od is closely ccnn~ctcd to our way of attacking the 

Gsymr,>totic pr·obl::m, c=rncl \1e shall postpone it for'~~ moment (sE.:c (6,8.::i}). 

First w0 waGt to g~t rid of the multi-valu~d function u 8- 1 in th~ 
pi:-, r,f',·)rw,~ r·,· r the. S''l,D"' ti'(· U'l· •l ,,·t1 l·'-C'z Mr .. ... -L.-•. •-•~-..i, ··~.: .~ .. c ·• u ~ .J..'-•. A•--. , n,,; 

-~~ } I ry 

G(s):::: / r:xp ~- -P{e'·) + sz. dz 
··:.. (°"-.":' { 

( Re :s :- 0) • 

The integral co~verges if Res ~o, but 1f we alter thE integratiJn 

path, it can be used for other parts of the a-plane as well. We choose 

some small p'.)sitive t:umber J, cind we define the path Cc! , cor1t1istln1~ 

of two half li~e3 
i /" ( i) the ta 1f' 1i;1e ,jesc: rib•2d by Z= ix~c: <..: , ,x, > x :,:: J. 

(ii) the i:,ositivE:t re8l axis Z=X, 0 l:e, x <,~..,. 

It is not difficult tc show that the integral along C. is equal to G(s) 
cl 

if Res >O, Im s ?:0, ancl that the integral .ifl an analytic functton of 

sin the- h31f'-plane defined by -J<nrg s ..:. n-d. As J ia arbitrary_, 

thi:::; furnishes tl12 2-:i:·'.:llyt}c cont:l.nu::1t:i.on over the whole upper ha1f­

plane, but 1t does not give the buhaviour of G(s) on the negativ~ real 
,?-Xis. 

The asymptotic behaviour of the integral along C _ can be tackl~d 
d 

by a~ddl0 point analysis. Th~ saddle points arL the solutions of 

(6.8.3) 

If isl i:J lar•ge, tt1e solut1.ons of (6.8,3) i?re easily localised. 

We writ,:: S= Isl e 18., with -½ 1r < G .:.Jrr. Now in t'Vcr-y hot•i:rnntal strip 
'" 



(6.8.4) I Im z - ( e + 2k 1T ) /N ! 5: rr/N 

there lies just one root of (6.8.3), close to z=zk, where 

zk = N·-'1 { log( ls I /N) + e i + 2krri} . 

This we observe on replacing E?P 1 (e 2 ) by its first term, viz. NeNz, 

ard applying the Rouch~ theorem (sGe sec,2.4) to the strip Just 

mentioned, with the functions e 2 P'(ez)-s and NeN 2 -s. The difference 

between the two is, in absolute value, smaller than I NeN2 -s I for all 

velues of z on the boundary, provided that isl is sufficiently larg~. 

(In order to hav0 a bounded domain it is nec~ssary, of course, to 
approximate the strip by a long horizontal rectangle). As NeN 2 -s ho~ 

Just one root, viz.z 1 , in the le-th strip, the same holds for 
z z .{ 

c P'(e )-s, by virtue of the Rouch6 theorem. 
Moreover, if js\ is large enough, the roots of (6.8.3) can be expanded 
into powers of s-'1/N 

(6.8.5) Z + C S -1/N 
~k = k k1 

-2/N + C S k2 + • • • , 

where rk denotes the root in the k-th strip. The series in (6.8.5) 
converges absolutely for all large values of Isl . We do not go into 

details of the proof of (6.8.5), and refer to a similar case in s8c,2 

(see (2.4.7)). 
Our integration path CJ l:2ads to +t"--"' through the strip S0 • 

We have to move th8 path such that it leads over the saddle point :)~· 
However, we cannot keep the path 8ntirely inside the strip S; as C . r o J 
starts at iel< .o-o, it h8s to cross the:: strips s1 ,s2 ,., .. And~ it ha::, 

to be feared that (in oraer to avoid values of the integrand greater 

than its value at }~) the crossings have to be made quite close to 

the saddle points f1' I2 , ~3 , .••. Actually this makes our probl<=m 
awkward to deal with. It could easily be done if the probl8m were 

restricted to the case that is I tends to infinity with arg s fix6d, 

or with arg s restrict~d to some small interval. Under such circum­
stances the problem would be; of the typ2 of th,, one in sec .6.2, where 

the infinite coll8ction of saddle points did not cause mucn trouble. 

Even so a certain amount of non-elegant calculations would be involved. 
And, as we are interested j_n the whole upper half-plane, we would hav2 

to divide it into some smaller sectors, and in each sector th~ cal­
culations would be different. 

Fortunately the-;_"c: is a much simpler way out, in virtue of the fact 
th::i t the expon1:;nts in P ( e 2 )=eNz + oi:1 o ( N- 1 ) 2 +. . . a re integ8 rs, which im­

plies that P(e 2 ) is periodic mod 21ri. w~ shall first definE new paths 

Lk(k=0,±1,±2, ... ). 

Lk consists of three parts: (i) The half-line z=2kni/N+x 

((A? ~ x ~ OL (ii) The sr:,gment Z=ix (2kn/N E. x ~ 2(k+1 )n/N., (iii) The half-



line Z==( 2k+2 )n/N+x ( O ~ x < o-::i ) • 

L~t the function Gk(s) be defined by 

(6.8.6) Gk(s) =f expt-P(e 2 )+sz} dz. 
Lk 

Obviously, Gk(s) is analytic for 111 s. And, as Lk+N 1s obtained from 
Lk by shifting J.t in verticBl dir~ction over a distance 2n, w2 have 

(6.8.7) 2TTiS ( ) Gk+N(s) = e Gk s 

The function G(s) can be exprcss,:;d in terms of G0 , ... ,GN-'1. AssumL::J 
for a moment, that Res >O, so that G(s) is repres8nted by (6.8.2). 
Obviously we have 

2rri+tXJ 
( 

_j 
2nis ( = 2 i , 

2TT i- ,;,..? 

in analogy to (6.8.7). Furth1c~rmorf_:, it can bt· shown that 

r 
j 

2nit,--x.:. 

2ni-r;so 

,- C'<.J 

J =Go+ a,,+ .,. + GN-1 , 
-<.-.....::, 

,shifting the paths L0 ., ••• ,LN-'1 L'idefini tely to the 18ft. Therefore, if 
Re: s > 0, 

(6.8.8) ( ) ( 2rris )-1 ( ( ) ( ) 1 G s = - 1-8 ) GO s + • . • +G N _ 1 s { . 
w ~ 

The right-hand side is analytic for alls, except for possible 

poles at s=O, +1,.±:_2, .•.. But, of cour·se, we know that G is regular 

at S=1,2,3,., .. So the possibility of analytic continuation has been 

proved for the third time. 

It will turn out that the asymptotic behaviour of G0 , ••• ,GN-'1 can 
be satisfactorily described in the sec tor d < a rg s '- 2-IT- cf • So by 

(6.8.8) we get a satisfactory result for G(s), except for those s which 

are close to the positive real axis. It is, however, quite easy to 

solve th8 asymptotic problem for sin a small sector, around the 

positive real axis, !arg s! -:.. ,-,/8., say., directly from (6.8.2) by saddle­

point analysis, and we shall not devote much attention to it. 

6.9. The entire function G0 ~ For the: time being, we shall consider 
G0 (s) only. We shall assume thcit d-, o.rg s .;.2Y<" -<r, with some positive 

number er. Then the saddle point 5'0 of exp(-P({'?)+sz) lies inside the 

!)ath 1 0 if lsi is lArge., for ~(~ is closC; to z 0 (see (6.8.5)), and 

z0 ==N- 1 [1og( ls! /N)+8i}., where G = arg s. 
In order to find our way in the darkness, we first take the special 

case that o(N-1=· •• = C7.,,=0, whence ro coincides with zo. In that special 
,,,_ 

cas8 we write G instead of G o o· 
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By the substitution z=z 0 +w, trw saddle point is shifwd to tht~ 

origin. The path is also shifted; it becomes (L0 l-z 0 ), by which we 
denote the path described by z-z 0 , if z describes the path 1 0 • It 

follows from Cauchy 1 s theorem that a horizontal shift of th0 path 

(L ,-z ) has no influence upon the value of the integral, and there­o 0 

for~ we may replace it by (10 \-iS). This path passes through the 

saddle point W=O. 

The integrand becomes 

exp( -eNz +s z) = exp ( s ( z -N-'1)) . 12xp 1L,· -sN-1 ( eNw -Nw-1) \ , 
0 J 

where the splitting has bGen made so as to make the second factor of 
2 "" the form exp(--½sN(w + .•. )), for small values of w. Now G0 (s) becomes 

(6,9.1) a'"(s)=exp(s(z -N- 1 ))/ exp 1-sN-1 (e;;Nw_Nw-1) l dw. 
o o (L 1-iC➔) L J 

0 

At this point we apply a conformal mapping in order to get a 

clear idea about the behaviour of eNw_Nw-1. W2 consider this function 

in the strip \Im w I~ 2n/N. The path (L0 l-io) lies, for all e satis­

fying cf<=-fl<2TT-S, inside this str:Lp. 

Needless to say, eNw_N~-1 cannot give a conformal mapping of 

any region conta~_ning W=O, the function having a double zero there, 

Instead, we consider the function j(w)= {2(eNw_Nw-1)}½, where in a 

neighbourho0d of W=O the sign of the square root has been chosen such 

that ;·(w)=Nw+ ..•. By analysing what happens to ) if w runs through 

the boundary of a long horizonta 1 rec tangle l Im w I ::; 2.r/N, l Re w I ::: M, 

and moking M--~ t:--.'J, we find that the strip is mapped one-to-one onto 

a set S which is obtained from the complete ;-plane by deleting two 

hyperbolic ar-cs. These arcs can be described by 

( Re ) ) . ( Im ) ) = +2 ff , Re J ,:; - \ Im ? \ . 
We want to have } as a new integration va r>iable, and therefore 

we have to investigate dw/d j . Needles.s to say, this is an analytic 

function of f throughout the set S. As ~ 2=2(eNw_Nw-1), we have 
pd f = N(eNw_1)dw. ? 

Now eNw_1 ls, as far as our strip is concerned> close to O only 

if w is close to either O, or 21Ti/N, or -2:ri/N. Therefore we have 

(6.9,2) ( I a rg J I :,, ¾ , I J I , 3 ) , 

It is not difficult to show that dw/d l is even o( 1-1 ) in this region,, 

yet O(J) is sufficient for our purpose. 
Our integral becomes 

(6.9.3) G ;( s ) = exp ( s ( z O - N- '1 ) ) ~ exp ( -½ s N- 1 / 2) . ~ • d J J 

and the next problem is what C is. Analysing the image of (L l-i0) 
0 
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under the conformal mapping we find that C is a curve starting at 
e-½i 8 .9':) and tending to e-rrl-½i 8 .C"::l, avoiding the hyperbolic arcs. 

We have, however, considerable freedom in modifying this path. Along 

the line through the origin, with arguments -½A and 71-½0 (a 

straight line through the origin has two argumentst) the expression­

½sN-1)2 is positive. It is easily seen that this line may be re­

placed by other lines_. whose'! arguments differ- from -½ 0 and n-½ 8 

by less than rr/4, for then the real part of ½sN- 1/ 2 is still larger 

than a constant positive multiple of l)\ 2 , so that, by virtue of 

(6.9.2), the convergence is guaranteed. Naturally, in the finite 

part of the plane a deviation from the straight line may be necessary 

in order to avoid the hyperbolic arcs. 

All such lines are, at the same time, satisfactory from the 

point of view of the saddle-point method: on these lines the absolute 

value of exp(-½sN- 1) 2) is maximal at the saddle point )=0. However, 

for this purpose, deviations from the straight line, as mentioned 

above, cannot always be tolerated. In other words, we can only admit 

straight lines from -e 1 7.o-.:;, to +e 1 ?.,7'.:>, where n/4< '? <- 3n/4. This 

is no objection: as,-; -(rr-½8) is allowed to lie between - -rr/4 and 

rr /4, we can find a satisfactory value for 'l to any e in the inter­

val cf<-8 <- 2n-cf. Actually we could take f7=(3n-El)/4. 
It is, however, preferable to have a fixed integration path, 

not depending on 77. This can only be achieved under restriction of 

e, and therefore we shall consider two different values of 1: 
(i) 7=(3rr-d)/4. This can be used as long as ½d<G<ff+½(f. 
(ii) 17= (1,+ti)/4. Car. be used if Ti--½J < e < 2n -½cf, 

It will turn out that, for reasons of symmetry, we can restrict 

ourselves to cf< e crr+cf/4. So we replace, in (6.9,3), the path C by 
th t . ht 1 · th h th . . f i ( 3lT-4°) /4 e s ra ig ine roug e origin, · rom -e . o-.:;, to 
+ei( 3rr-J)/4 _ This path will be denoted by D. Along D we have 

I ex P ( -½ s N-1 ) 2 ) J f: ex P { -½ I s f • N - 1 • I } 12 • s in ( o / 4 ) } , 

Now the stage has been set for application of the method of sec,4,4. 

The value of dw/d 1 at J=O equals N-"1 (for, ) =Nw+ ... ). 

Furthermore, dw/d? is an analytic function of f a long the line D, 

and dw/dj =O(;) if I )1>3. 
The integral can be compared with the formula 

f ( l -1~2) ~ ( .l. _.l. exp - 2 sN ( d / =- 2rrN ) 2 s 2 , 

D 
l 1 1 • e 

where s-2 is to be interpreted as lsl-2 e-21 /. So finally we obtain 

( 6 • 9 • 4 ) G: ( s ) = - exp ( s ( z O -N- 1 ) ) ( 2nN ) ½ s -½ N- '1 { '1 +o ( s - 1 ) } , 

and the 0-term can be replaced by an asymptotic series c 1s-1 +c 2s-2+ ..• 



It should be noted t~at ( ,,, . \ 
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r<=:·gion ! s l 

-1•or,~u-1a (6; 0 ~'J 1n ro~ ' 0 W ~lr ~~·1r·~ 6 Wu ha••~ t~·.1." (or RA) ■ ,.. 1. it ,,'J • 'I ,.,.. •> .\ "-!· • J ,;:;.; 'Jt ,_,, \,.,;- Y \ •l,;:;. • ,.,,. Y .._,. \ '--' •. \ " s - • V . I 
~ ,.,,. it<,.. t"'l ""' ... .,, "rr-1 'j /N . 

notice that G1,(s},.. e:.: · .:i;. G.Js)L G,,.,(s}=-N- 1 (1-e ... ··· · ·) r(s/N), 
h,. .,,..I ",~ 

ai•d th 0 r~f<•~ 0 1 f ~t~ r~r1~~.~ ··/~ ~~ ·~ (F o 4\ ~0 -d11~~ 0 •.,·o 1;:~ ' ' • \,., .._. _., ,.I .. - :, .,1,, ,., , ~ ~ ',,.. i:;'J '""' ~, •- ,J I ~" L~- ,J f'I' ,j \ "'' e _,•· 111 , / -~ ._, ~,.. ·-... 1,..J 

.... 1 ,, • J 

and this is an easy com:equence of the Stirlicg for.rnula ( log w is 

g:1.ven the value with <.r.: Im log w <. n + d/1!). It was not, however"' our 

purpose to deduc•~! well--knowr1 :'cs·.11 ts or; the garnn.a funr::t;icn for- which 
"" easier methods exist, but rather to develop a tPchnique for 00 (e) 

which can be modified to a techrioue for G f3), 
- 0 \ ' 

As a p~eparation to the problem of the asymptotical behaviour of 

sh8ll first i~vestigate the following integral 
_g(x) •'l 

f:'l+- ,) 1' -~ ·• i t ,c. ' ,•,I )) .. 1 .. 
>-\Vj(,. '-' I t.X1)\- X -r «.\X_,u.l u.< .. , (6 ('\ "J·) • ;,,1 $ ,, 

.:'.g( X) 

Here g(x) is a fixed po~itive number, Q(x,•M) is a double power series 
1.n X 

Q I \ 
\X$<'-'J = 

•'--·•·•-•" 
t.!=0 

i;"/"Jt 

''\:'-" 
,(_"_, ..•. 
rn=1 

., 
\.., nm, 

Xn rr. 
cu , 

absolutely convergent if !xi,._ 2p and h,.,,\,b, where b ls a fixed 

positlve nur.1ber". 'I'he ·tunct:L:in ;:(:-:) is as:::iurr,ed to be analytic in the 
.. ,~rr•l ·, !X 1 '".),, ~nd 11" ·\•.• •~-""'W'1''•'·1 t·h'-'t ,tr•,) 1 o~· ' 1"" "'P:i'')"\". t·o a',0.·tE0 m·,1·n•'> "-',.l. ..._, .. l._Jt::~ 1 '- '-~-'I ,._l~i . .: .• ..,- .... ,..:, Ci~\.J ,~\:..-,,.,,1 ...- 1..,.. ~ ~·i\U 1' /ftf'l.,,> V'\f. l • .., -.. . . ...., 

the tehavjo1..H' of f'(t, .. ~ .. ) l<JlH:n \,0\ is small and 1ti is lat>ge, where t 
ls restr'icted to a r;ec tor l ari7 t ! ... ~-rr- cf. 

' 0 ·, 4 

Searching :or saddle po111ts, w0 investigate the equation 

(6.9.6) -2tx - t O'(x;,J) = O, 

the dash indicating differentiation with respect to x. By the Rouch~ 

theorem (see se~.2.4), this equation has exa~tly one solution x0 

1nq111'e +-r,·e ,-,,~,,:p lx 1 ,·'"'if' ic,,;I ;,, :s,1ff'!,•,1,·,'"1tl"V q-;·11:::;ll p,,., th•·t1 w~, 
- • 1,,,,, · t.,., '-·' J.. Ji.. V -.. •·· , l -~ t:··' . ,; ; '" ,..., i.. ,~.J \, . ..,. ~ \.,.- ·"'"' "-' l l .) ~.,, ,t, .,_. " • .., 1.,, ,_ "- ,;:;,. 

has as many r.oot2 ln the :interior' as 2x itself. Furthermore, 

conver•gent if !1,1.)i if;; suf'fic1ent1y small. 

x c:an be 
0 

The straight line from -p to +pis a satisfactory path for apply­

ing the saddle po:!.nt mE:thod to the s implif led tnte.gra 1 f exp (-tx2 )dx. 
This path makes an angle < ;} - ,/ w:tth the axis of the saddle point in 

the origin. In the modified integral (6.9.5) the saddle point x 0 is 

close to the original saddle point, and 3lso the direction of its axia 
clof:s not differ much from th+.' orig:i,nal axis. So if {l .. ,! is small enough, 
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the horizontal path through x0 makes an angle -< J-rr- Jc::r with the new 

axis, and therefore it can be used, anyway in a neighbourhood of the 

saddle point. These remarks are, of course, only given as an orient­

ation; the work remains to be done. 

W8 replace (6.9.5) by 

!--p+xo + Jr p+xo 
(6.9.7) 

-p -p+xo 
, 

where the integration is along straight line segments in all three 

cases. The first and the last term in (6.9.7) are easily seen to be 

exponentially small in comparison to the value of exp(-tx2-tQ) at the 

saddle point, and therefore they can be neglected. In the middle term 

of (6.9.7) we carry out the substitution X=X 0 +y. Then the integral 

becomes 

(6.9.8) 
p 

f(t,w)=exp(-tx 2-tQ(x ,w)) •f 
0 0 

where Q.,i( y ,w} = 
series 

-p 
Q(x +y,o.))-Q(x .,u:1)-y Q' (x ,<..0) is again a double power 

0 0 0 

c-o n m 2-v yc.o, -1 onm m= 

convergent if I y I .(. Jp/2 and Jw I sufficiently sma 11 ( if {D is sma 11 

enough, this condition on y implies that \y+x \ <- 2p). 
0 

We can now proceed along various methods. For example, we can 

expand exp(-t Q1 (y _,LJ..,)) in terms of powers of y. Another method is to 

apply conformal transformation again, putting y2 +Q(y,w)=z 2 . Theo z 

can be solved as a double p0wer series in y and w, and we get an 
integra 1 

Omitting the details, which are all implied in the usual saddle point 

routine, we state the result: 

(6.9.9) f(t,w) = ("1•·)½t-½J1+½Q 11 (x ,t,))1,-½lfg(x )+O(t-1 )}exp~-tx2 -tQ(x ,(..:i)} 
l o _ o Lo o 

uniformly in the region iarg ti~ ½"rr-J, ltl '>1, ju,l~b1 (for some 

fixed positive number b1 ). The term O(t-1 ) can be replaced bJ an 

asymptotic series with terms fk(w)t-k, where the fk(w) are power series 
in terms of powers of~, convergent if j,vl ~b1 • It should be remarked 

that also g(x 0 ) and Q"(x 0 .,t0) are convergent power series in terms of 
powers of i..U • 

In order to apply the result about f(t,w) to G it is easier to 
0 

express the main result about (6.9.5) in words: If wis small enough, 

there is just one saddle point near X=O, and the contribution of this 
saddle point gives an asymptotic series for f(t,w). 

In the integral (6.8.6) for G0 (s), we carry out the same sub-
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stitutions es we did in the case of G~(e). That is, Z•Z0 +w, where 
Nz0 -log(/sl/N)+1~, e .arg a, 2(eNw_N~-1)• ) 2 , and we discuss the 
integra 1 in the } -plane: 

(6.9.10) 00 (s) • exp(s(z 0 -N-1))j. expJ-~sN-1 12 + (eNz_P(ez))}t, d'. 
D i I 

D is the straight 11.nf.) through the origin, from -ei(3rr-J)/4 ·°" to 

+e 1 (31T-J/4 ·"°. We shall again restrict e by (f < e -.rr+ d/4. 
w~ first investigat~ the term eNz_P(ez), which embodies th~ .. 

deviation of 00 from G0 • It is equal to 
Nz 0 +N"t -7 0 -w -2z 0 -2w } 

(6.9.11) e l-.:N-1 e -<N-2 e - ••• • 

It is not difficult to show from the properties of the conformal 
mapping that Re w tends to + ,.,._.., if I ) I tends to infinity, provided that 

J runs along D. It easily follows, fol".' any positive number p, that 
ew=0()2/N)(} on D, I)! ::> p}. Therefore 

jeNz_ P(e 2 ) I~ c 1 ls J2 l(N-1 )/N ( )on D, !)I ~p, Is! >c 2 ), 

where the e's are suitable positive numbers independent of sand). 
It follows that, if pis any positive number, we can t'estrict the 
integration in (6.9.10) to a segment of D with length 2p, symmetric 
with respect to the origin. For, th~ further parts of Dare easily 

seen to give a contribution which is exponentially negligible if 

isl-'!"°'-"• 

To the remaining part of D, with length 2p, we apply the result 
about (6.9.5). We have, of course, to turn th2 integration path over 
an an~le - (Jrr-J')/4, by the Gubstitution Y=xei(3rr-,r)/4, and to put 
S=e-i{3ff-J}/2t, so that tis restricted by th~ condition 

- ir/2+J/2 <- a rg t -:: 1./2- d/4, and s ) 2 bee omes tx2-. Furthermore, we have, 
in some c 1 r c 1 E: I ) l , 2p > 

eNz_p(~z} = N-1s Q(),uJ, 

where (cf.(6.9.11)) ~~J=s-1/N, and Q is a double power seriE;:s with 
() ) ( -1'f. -w -(N-1)w 

Q ~~ =0. For W=N 1 + ... ard e , ••. ,e are convergent power 
series in powers of j for sma 11 values of } , and e -zo=N 1/N ,..., ) • It 

follows that for G0 (s) we have an asymptotic seri~s, which is entirely 
given by the contribution of the saddle point. The series equals a 
certain function multiplied by an asymptotic aeries c0 ( t.u)+c 1 (~v)s-1 +... , 
and the c(w)'s are convergent series in powers of w.s-1/N. Therefore., 
the aeries c0(~v)+ ••. can be rewritten as an asymptotic series of the 
fo c + -1/N+ -2/N rm O c1s c2s + ..•. 

W"' do not evaluate explicitly thr: contribution of the saddle 
point 1n the integral in the ,-plane, as it is easier to do it 1n the 

original z-plane ( 1ee (6.8.6), with thG saddle point J>, given by 
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(6.8.5}~ It is net difficult to a~€ that the contribution of the 

S8ddl~ point ls ~ot affected by th~ subet1t~t1ons r~lating z to J 
snd ~ to x. So our firial rt-,:sult 1.e (cf.st·c.ii.in ar) asymptotic series 

I 

G0 (s),"" - tc:xp {-P(e·fo)+:3'50 . (-2rr/,t,- 11 (_t))½f ck a-k/N~ 
() 

whcrt.: c .,,·1, and \11•(z) L.1 th..:..· functlon -F(ez)4-:sz. r:Pher.::: is of court:H:: 
0 

tl--:.f: -dl f"fi.::!ll1 t~y to dett. r'rnir;r tt1-;.:: s.1g:r.: (:.:,f tilt:~ cc)ntribut.tor1, but thl!li 

sign is ,::as1.1y rh:rived frcrn tr:,~ t~lgr: in (6.9.L~), by a eontinuity 

t • t { ~ .n 1 ··)) so (\,9 o • . , . ,. can be slightly simplified, introducing new coeffi-

'-' 1 1- (""r•/Ns)½~:.! 1j s-k/N 
l_J JC) , IP c:., 1

' · .L~~.~~ le ' 
J 0 

and the formula bas been nr0 oved 1.r d < arg s < rr + d/4, I a 1--+~:;. The 

ar,gU1n1:~"'.t ')f 0 ~ ·t 0 • und,"'1~ctt:,.~d t·o l'e - f, • -... \ ••• J , d .::.. . ,.,, V 1 .. ~ ...,. ~ . ..J.. ~ bct\,Jeer: !-tI and ½ 1, + ,f/8. B'orrnula 
(6 <.). ,. •. ,., b ~1 1· , .... 9 '•) •..• IJ} 0 V.LOUS .. y g(:nera lZe.:;qb •• 4 • 

6.10. Conclusions about G(s). In order to deal with G(s), we need, 
"'C'"'~t' 1j·lr1g .. n ,,. ;:, !:::) .. }· ·, .. " r t-~""'al b ~av1 ...,, "'of G O o· 
0 1,,-V ,.,..,, \,I,, \n •.. J,,.,, 1.,.le d • .iympvO .... ,i.,., ·E:1, ~L,l, o' 11•••J N-1' 

The problem about Gk (k=1, ..• ,N-1) is easily reduced to the problem 

for G0 • It follows from (6.8.6) that .., 
l , 2,,. ~ k/N " ~ 

Q.K(r,;) = ,:::xp (2n1ks/N) I 1:':XD;-f(e .1. e'·)+sz; dre:, 
I . t J 
,o 

and thiLl integral equals the function G.(s), construct~d for the 
•') 'k/N u 

polynomial P(e~~ 1 u) instead of P(u). The leading term of the new 
polynomial is again uN, 

2nik IN R placing P(u) by F(e ' ) can have an influence upon the 
situation of the saddle point; the difference of th~ two saddle points 

-1 /N 
can be of the opder- of s- '· • (ind, .:rn in (6.10.1) ther,: occur:-J.,a term 

s ~ in the expon8nt, the influence upon the asymptotical behavi0ur 
can be considerable. 

It is quite aaay to state a simpler but weaker result; 

(6.10.2) Gk(s) = o2~•iks/N (2n/Ns)~ exp { - ! +~log~+ O(s(N-·1)/N)i, 
t N l~ H ...J 

wher(; ;r .:.ar-g s,;; rr+ cl/4. From thts i~1:· infe:r that Gk (k>O) is 

negligible compared to G as soon as the facto:r exp(2rriks/N) beats the 

exp i O(s(N-'1)/N)}. This ~s certainly the case ifs is ref~tricted to 
r · . ')rris 1 

'-' .:. arg s <- rr - '1. And, under that assumption, the factor (1-e~ )-

in (6,8.8) can bd replaced by 1. The relative errors made this way 
are of the type O(e-c Is!) with san~:: positive c. So su.nimar1z1ng, we 

have, from (6.9.13) 
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(6.10.3) 

1n th .. ~ sec t.cr ,r.,. a r-g s . .: ,., - ,) • 

For the sector -n-,-d < arg fJ < rf 1•JC' ca:1 obt.i:iin the s::ime Nieult,. ,. 
"'' .~,v)·-1· '(} +-h ... •· .., -~.,--~1~-••",-r· l-1,' ,,,. ,;,,,,·j' .,,..,,. ....... 1·~--- t·, t··-11••1 I',.,.,.,..) c.,h,·•••·· t,,rc ,,.t. \:.. i \.1lJ(;;i l, J,~ ....... ,"'" .... ~;..,;:~ i,.,.,;(,3 ,.,~.i:::-:: ~-)d\,,JU_....,t;.,. l"J...UI--- C,!)i..Jt:· (., , _\.,.,g\..:;;./ .. 1 :, "~.i.:.;i ..... -

\,l 

,., .. 1·,1r·,g ha:<:r 1·t,·· '"'" 0Ll'"'<'''"'"" 1 ""'lll. Ir1 ·-- s·,.-,t!'J" 11k·· ,; ,. "'rg O r, r ·4 t \ . .1i t,,. • ., .. ~ Ii,;., .•• ,~j ~1~ • J,.,.J ...... 11:;1,.1,. VCI (,,,;., , Cl t,:,l, , i, , ,:. -c;.<J < ~~ ;,J, ,:., t.:..t. J,., 

ag3lr, by dlr~ct application cf the 

saddle point mt'thod to th~ integral (6.8.2). Ir: that case we can take 

th~ horizontal ljne th~ough the uaddl~ point as the integration path. 
( .. ) ,. . 

So tl."10.3 har; beer; pr0 0·.;cd in tht: fi('Ctor -n-+-o < arg s <- ff-c.1. 

In tht! speclal eas\·., that P(u),..l'Nu, H reduc:.::s to theStirli.ng formula, 

which ls known to hole ir! thE same sector. 
W~ finally Rtate a rough inequality which is easily deduced from 

(6.10.2) ar,d (6.8.B). Il' w;_ dcL·tc fcom the comph:x plane th0· half 
I ! 

3tr1p d2scribcd by iim sl ~ 1, Res ,1, th~ri 1n the remaining region 
WA hav\: 

( t-l- 1 \ /u 
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\,' A, l,:. X t-) \ ...... (~) ) d I lJ 
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