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The contents of this sectlion can easily be applied to (9.5.1),
that 1s the special case of (9.6.1) with p(t)n(1+t°1) . It is easily
seen that (9.6.4) is satisfied in this case, if we replace the inte-
gration interval (0,onhzby (1 ,eo ), which obviously does not matter.

So we can take ¢ (t)= 4 £ (1+” ) dr, y(t)= (1+t'ﬂ)'%. This means that
@(t)=t+log t + C + O(t -1 ,\f(t)=1+o(t"1), where C 1s a constant. It
follows that (9.5.1) has solutions yq(t) and yg(t) with the asymptotic-
al behaviour (when t-— o)

v4(t) = eit+%i log t {ﬂ+o(1)}, y (t)me°1t'%i log ¢ {1+o(1)} .

2

If we want to have the asymptotic series for V4 and Yo, W€ can
argue as follows, Let S(t)= 1+§t +8,t "2,... be a formal series satis-

fying
4 2
(9.6.6) (1+t’1>8"2 = % 8118‘3 - 3(8!5-2) + 1,

Then the integrand of (9.6.3) vanishes upon formal substitution of
7'=S. The existence of § is easily established. If S =1+ht™ 4s,t 4., .
s t™"?, is inserted into the right-hand-side of (9. 6 6), then S i1

can be evaluated.

Next take, for some n, ¢(t) such that L;?'(t)zsn(t). Then it is
easily seen that the integrand of g9.6.3) becomes O(t'n‘q). It follows
(cf.(9.5.6)) that y,!(t)z \/,(t)ei‘f"(t (1+0(t™")), where y(t) is related
to y(t) according to (9.6.2). It is now quite easy to prove that we
have asymptotic expansions

1
yq(t)“veit+§i log t S(t)‘% exp(-1s, t” »%is t 2—...) (t-—>oa),

yg(%:)fwze"it"%1 log t S(t)'% exp(iszt‘1+%1s3t'2+...) (t oo},

These lines have to be interpreted in the followlng sense, The
function yq(t)e -it-31 log t has an asymptotic series which 1s obtained
by formal multiplication of the formal series S(t)'% by the formal
series exp(—iset‘q-éith'g— .), and similarly for yz(t).

Once we know the existence of these expansions, 1t is of course
possible to derive them directly from the Riccattl equation (sece the
beginning of sec.9.6).
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6. Applications of the saddle point method

In ch.5 we gave several quite simple applications of the saddle
point method, intended to 1llustrate the principles of the method with
easy examples., As simple examples of the saddle point method seem to
be relatively rare in practice, we shall expose in this chapter three
more difficult cases, in order to give an idea of the complications
which may occur in such problems.

The first problem covers secs.6.1 - 6.3, In this case we have 2
quite simple integrand. There are infinitely many saddle points, but
ag the contribution of the main saddle point is very large compared to
the contribution of all others, these other saddle points need not
even enter into the discussion. An extra difficulty is that the main
saddle point cannot be represented explicitly; it is given by a trans-
cendental equetlon, Fortunately, this equation has already be extensive-
ly studied in ch.2.

The second problem (scc.6.4 - 6.7) 1s complicated because the
integrand contains gamma functions. We have to simplify them by
applicatiorn of the Stirling formula, but this does not work for the
whole Integration path. The problem of finding a suiltable path, however,
is not excecedingly difficult in this problen,

In the third example the major difficulty lies in finding a
sultable path. The parameter is a complex number in this case, and it
is by no means easy to glve a suiltable path for all possible values of
the parameter, The difficulty is overcome »y application of conformal
mapping, which usually is a very efficient instrument for obtaining a
survey of the behaviour of an analytic function in a large arca.

6.1. The number of class partitions of a finite set., Let S be a finite
set, By a class-partition of S we denote a collection of non-empty sub-
sets of S, which are mutually disjoint and whose union is S. For example,
if S consists of the threec elements a,b,c, then there are 5 possible
class-partitions, viz (1) (a)(b)(c), (ii) (ab)(c), (iii) (ac)(b),

(1v) (be)(a), (v) (abc). The number of class-partitions of S obviously
depends only on the number of elements of S. Now by dn we denote the
number of class-partitions of a set of n elements. One easily finds

d1ﬂ1, do=2, 53=5, dy=15. Our problem is to determine the asymptotic
behaviour of dn as n-—s oo,

There is a recurrence relation, expressing dn in terms of

,dn:

+1

d,‘,c--

(6.1.1) S =(3) 4, + (:) P (3) 9, (n=0,1,2,...),

where dom1. The proof runs &8 follows. Let S have the elements
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81""’8n’an+1' Consider a class-partition of S, and assume that
the subset which contains 8,,4 contains k further elements (Os¢ k sn).
If we fix k, there are (i)dn_k class-partitiors of this type. For,
the k further elements just mentioned, can be chosen from the set
{aﬁ,..,,an} in (2) ways, and the sct of the remaining n-k elements
from {aﬂ,...,an} admits d__, cless-partitions. (If k=n, there are no
remaining elements, but the convention dozﬂ covers this case), Now
summing with respect to k, we obtain (6.1.1),

Starting from the recurrence relation (6.1.1) we proceed by the
method of generating functions., Putting D(zﬁ:E:zzo d, z%/nt, we
deduce that D'(z) = ¢”.D(z), and, as D(o)=1, it follows that
D{z)=exp(e®-1). Therefore, the dﬂ/ni are the coefficients in the
cxpansion

z —— n
(6.1.2) exp(e?-1) “‘Z—nzo a z"/n

A more direct way of counting the class-partitions, leading to
the same formula (6.1,2), is the following one, Consider a class-
partition of the set S, S having n elements, This is a collection of
sub-sets; let s, denote the number of subsets having j elements.

So sjz=0 (3=1,2,3,...), and n=51+232+353+... . We now fix the sequenc’
81,82,..., satisfying these conditions, and we ask for the number of
class-partitlions corresponding to this sequence. This number 1s easily
seen to be equal to

8 8 2
nt{ (1) 21 B3 s syt syt T

It follows that dn/nl equals the coefficient of z"" in the power
series development of

3 S 3
$,m00 A 1 N (22) 2 1 (:_—(\:) (23) 3 1
; T T 7/ T LI
“s,.=0 17 Z‘ng 210 8,1 “8,=0 3T syt

and this represents

exp(z) . exp(zQ/QI) exp (23/3!)... = exp(z+22/21+...)=exp(ez—ﬁ).

6.2. Asymptotical behaviour. We shall study the asymptotical behaviour
of the coefficients in (6.1.2) by expressing them via Cauchy's formula
for the coefficients of a power series:

(6'?-1) 2mwi e dn/n! = gr exp(ez) z“’“"1 dz,

where the integration path C encircles the origin once, in the
positive sense, To this integral we shall apply the saddle point
method. The saddle points are the roots of zeZ=n+1. This equation
has one positive solution, discussed in sec.2,.4, but this is not the
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only solution. Actually it can be shown, for each integer k, that
there is just one saddle point in the horizontal strip

(2k-1)7 <Im z <(2k+1)7m (k=0,+1,+2,...), provided that n is sufficient-
ly large,

Let the positive saddle point, i.e. the positive solution of
zeZ=n+1, be denoted by u. Fortunately we are in a position where the
other saddle points can be disregarded, that is to say, we are able
to find a path through u, of which u itself is the highest point.

The axis of the saddle point u is easily seen to be vertical.
Proceeding along the principle that the simplest possibilities should
be tried first, we try to take a large part of the path as a vertical
line, Along this vertical line through u we have iexp(ez))s;exp(eu)

iezizeRe z=eu. Secondly, thé ractan

L
. z
as, on that line, we have Re e” <

z'ﬁ"q is, in absolute value, maximal at the point u. So a vertical
path satisfies the requirement that the integrand should attain its
maximal absolute value at the saddle point,

However, a vertical line doeés not encircle the origin. But if we
take a large segment of the vertical line, and complete 1t to a closed
contour by adding a large semi-circle, it does. And, if we make the
radius R of the semi-circle tend to infinity, its contributions to the
integral (6.2.1) tends to zero (1f n>0), the factor 707 being
O(R‘n°1), whereas exp(ez) is bounded in the half-plane Re z g¢u. There-

’ /U"*"l()\.)
fore, the integral f‘in (6.2.1) may be replaced by | .

c “U-1loo
The integrand is exp(e®-(n+1)log z)=exp(eZ-uetlog z). Writing

z=u+ly, we obtain

A0 :
(6.2.2) 2me d_/nl = exp(eY-ue'log u) j exp(P(y))ay,

-

where -
2(y) = eut(eiy—ﬂ)—u log(1 + iyu'q)] .

As lexp ¢(y)i= exp Re ¢(y), we have to study
L
Re ¢(y) = eu[-1+oos y - u 1og(1+y2u'2)2] .

As long as y is not too large, the terms -1+cos y are predominant.
There fore , there is a maximum at y=0, further maxima around y=+277 , etc.
The influence of these further maxima is very small, because of the
large factor e in front. We shall show that in (6.2.2) we can restrict
ourselves essentially to the interval -1T< y<TT,

If TT<y<u, then we have log(1+y2/u2)§:>%y2/u2, and therefore

{4? exp ¢(y)dy‘-<u ) exp,{_eu.%_weu—q }'

If yv»u, then we use 1+y2/u2> 2y/u, and so we have, putting y=ux,

1ftxp(¢(y))dy} < u'[zxp {-—euu log(?x)}' ax.
u 1
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‘ oD ~
- -1
It is easlly seen that Jr(2x)p dx = O(e 2P) . and therefore
oQ 1
Jr exp(@(y)dy = O(u.exp {—%ueu}),
u

It follows that -

(6.3.3) [ exn(d(y))ay - [exp(¢(y))dy = ofexp(-4e%/) |,

-y T
and we can now dircct our attention to the interval (-w,m), where the

saddle point at y=0 gives the main contribution.

As 2 iuy3 2 3
¢(y)=eu[-%’f+i§—3’!—)——+...-%—u+ﬂl%_-...},

3u

we find by the Laplace method (ch.k),
a7

(6.2.4) _[;xp d(y)dy = (QTTQ-u)% (1+O(u‘1)),

~Tr

In order to get an asymptotic expansion, it seems to be in-
convenient to follow the method of sec.L.4, as 7 depends on u in a
rather complicated way. We prefer to apply the method used in sec.4.5,
consisting of the introduction of a new integration variable w such
that exp(¢#(y)) is transformed into exp(~f(u).w2) (f(u) depending on u
only).

Thus far y was real; we shall now treat 1t as a complex variable,
If |yl is small, we define w by

eV 1y log(1+iyu'1) =—%W2(1+U~1),

choosing the root w which satisfies dw/dy=+1 at y=0. Now w car be
written as
")

(6.2.5) W=7 + y2 P(y,u”

b

where P(y,u'q) is a power series in the variables y and u"q, con-
vergent 1f both y and u”ﬂ are sufficiently small. It follows that y
can be solved from (6.2.5), by the technigue explained in sec.2.b

(ef.(2.4.7)): . . , S . ,
g ay - =1 ” a4y "
y=y(w) = T j {y+7 P(T,u )-w} 135§‘37+7 P(V,u )}dl s
c
where C is a contour encircling the origin in the positive direction,

as long as w and u]
it

are sufficilently small. Therefore y 1s a power

series in w and u . We need its derivative

dy/dw = 1 + W 4H(u'1) + wgwkg(u°1) Foeae

where ‘VH»‘VQ:-~' are convergent for large values of u.

It is not quite sure that the integral (6.2.4) can be transformed
succesfully this way, butcat any rate we can find a positive number ¢
such that it works for // . In the w-plane the integration paths becomes
a curve which crosses thé®saddle point at w=0, The errors made by



ASE 120

braking off the integrals at ¢ and -c, and at the corresponding points
in the w-plane, are in no way alarming, as they are of the type

exp(-cev).
Our final result 1is
L L7 -1 -2
(2m)"2y2 /fexp(¢(y))dy,«,1+a1‘%2(u)U + aé%h(u)U too. (u-——>o0),
—O\D
where U = eu(1+u'1), ak=(2k)£(k£)'42'k.

Using one term only, we get the following expression for dn:

1 S . -
(6.2.6) 4 =nie(2mF (14 ® f1+0(e %)} exp(e-ue10g u-pu).
Here u 1is related to n, by the formula

e = n+1, u >0,
The asymptotic behaviour of u, as n-—>o>, was investigated 1n sec.2.b4.
By (2.4.10), which was the solution of the equation xe*=t, we now have

u= log t - log log t + (log log t)(log t)"q Q(s,T),

where O(c,t) 1s a double power serics, G=(log t)'q, T=log log t/log t,
and t=n+1, However, if we approximate u by taking a finite number of
terms of Q(&,t), the e¢rror introduced in (6.2.6) becomes considerable
and much of the accuracy obtaincd in (6.2.6) is lost. Approximating

u by log t-log log t, we find that

e%-ue¥log u -Lu = t(u‘q—log u) + 0(log t) =

2
f d log log ¢t ,slog log t log 1log ty !
= J-log log t + T + 4 + 0 :
L 0og log 1og T 10% t 2( 0g ) ( (log t)z)j

where t 1s still n+1, but 1t is casy to scece that on replacing n+1 by
n, we make an error which is much smaller than the error already
involved. Further, we use a rough estimate for n!

log n! = n logn - n + 0(log n),

and we find that

2
log d log log n 1 1,1og log n
(6.2.7) = a—2 = log n-log log n-1+ —Sgz—— + Tor v * = ( Tor o ) +

L O(log log n).
(log n)°
It is quite easy to replace the O-term by an asymptotic series, with
terms of the form (log log n)k(log n)™™,

6.3. Alternative method, We indicate a different method by which the
asymptotic behaviour of the sequence dn’ dealt with in sec.6.2, can be

obtained, Starting from (6.1.2) we expand exp(e’) as,i_;;o ekx/k:’ and




in each term we expand ekx into its power serics. So we get an absolute-
ly convergent double scries, in which the order of summation may be
changed, and (6.1.2) gives

(6.3,1) a =V W
n k=0
This sum can be tackled by the methodsof ch.3. The index k A x
of the maximal term lies closc to cu, where u is, again, thc solution
of the equation ucY=n+1. For, k" /k! cquals, roughly, (ETﬁzk 2
exp(n+1)log k-k log k+k), and the function (n+1)log x - x log X + X

is maximal at x=eu. The second derivative of this function is

~(n+4)x'2+x'1, and lt follows that, roughly speaking, it is only an
interval lk"kmaxli‘n -5 that gives a substantious contribution to the
sum, In this interval the sum can be replaced by an integral, if we only

carry out corrections according to the Eulcr-Maclaurin sum formula.

6,4, The sum S(s,n). In sec.4.7 we obtained the asymptotical behaviour
of S{s,n), defined by

(6.4.0) (e =52 (0™ (FY

2

if s is a fixed integer >1, and n oo, The method was definitely
restricted to this case, as s-1 occurred as the number of dimensions
of an euclidean space. In the present section we shall study this sum
for general rcal values of s (s fixed, n—ev). It snould be admitted
that this 1s not a very natural question, as non-integral powers of
binomial coefficilents do not frequently occur in mathematics. The main
reason for 1its discussion here is, that it is a quite difficult
problem with various intercsting aspects.

If s=2,3,... we have, by (4.7.4),

(6.%.2) S(s,n) Nw12 cos(ﬂ/23)12ns+s -1 52- S(ﬂn)e(q 8). '2 (n—oo ).

This formula is definitely false if s=0, for we have S(O,n)=(-—’l)n
If it is negative, it does not hold either. In that case, we are in the
situation that the first few terms, and the last few, are prevailing.
We evidently have the asymptotic series

$(s,n) ~ 2.(-1" {1 - (2“) F () -l (840, n—ea),
or, more explicitly, for h and s fixed,
h
(6.4.3)  S(s,n) = 2.(-1)" 3, (-1¥ (2) + o(n(0*1)9)
(SAOJ l’]-——-’:")c),

(In order to prove this, we have to consider all terms for which
kK<h + (ns)"q, and to remark that the sum of the remalning terms is at
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most 2n times the first necglected term).
If 80, there 18 not such a trivial way. We shall then replace
the sum by an integral, by application of the rcsidue theorem:

- - s
(6.4.4) S(s,n) = j”( IT(2n) \ dz -
TT{n+z)TT(n-2) 21 sin Tz

C

Here the Integration path C is a curve which enclircles the points
“N,-N+1,,..,-1, 0,1,2,...,n just once, but does not encircle the
points #(n+1), +(n+2),... . We may take for C a rectangle, with
vertices +(n+})+pl, wherc p is some positive number. The function
TT(z) is Gouss'extension of the factorial (TT(k)=k!); 1t 1s slightly
more convenilent to operate with 11(z) than with the gamma function,
which is related to ]l by the formula T1(z)=T(z+1).

The function TI(n+z)IT(n-z) has poles 2t the points +(n+1),
+{n,2),..., and thereforc the integrand 1s, unless s 1s an integer,
a multi-valued function. However, if we cut the z-plane along the
real a2xis from n+1 to +oo and from -n-1 to -oo, the integrand 1is
single valued in the remaining domain D of the z-plane, Needless to
8ay, the value of the s-th power occurring in the integrand is given
its positive value at z=0, Furthermore we can take care that the
path € lies entirely inside the domain D. Now it 1s easy to prove
(6,4,4): the residue at z=h (h=0,+1,...,+tn) is {(2n)3/(n+h)1(n-h)l} °.
(-1)h,[2vi)'1, and on replacing h-n by k, the 1;tegral turns out to
be equal to S(s,n).

Before starting any serious work with the integral (6.4.4) we
make some observations.

(1) The integrand is an odd function of z. Therefore, if C is sym-
metric with respect to the origin, it is sufficlent to consider only
half the integration path, and multiply the result by 2.

{(ii) If z is somewhere in the right half-plane, then the absolute
value of the integrand docreases on replacing z by z+1. For, by this
operation, this absolute value is multiplied by [(n-z)/(n+z+1)]5.
This makes 1t plausible that something like a saddle-point can be
expected on the upper, and also on the lower part, of the imaginary
axis,

(111) The integrand is far too complicated for calculations of exact
saddle-points, However, on a large part of the path C we have a
reasonable approximation to the integrand, by the Stirling formula,
It is well-known that the Stirling formula holds in the complex plane
provided that we remove a sedtor containing the negative real axis.
Precisely, if J 1s a positive number (0 < J <), and if R, denotes the
sector Jarg z|l< w-d, then we have



(6.4.5) T(z) = (2m? 221 &72 {as0(l2"")] (z¢R,).

This means that the integrand can be approximated by elementary
functions as long as z stays sufficiently far away from the boundary
of D, i.e. from the half lines (-o9,-n-1) and (n,c0). However, we are
not in a position to apply this to the whole path C, as C has to cross
the real axis between n and n+1, and this 1is not far from the boundary
of D.

(iv) It will not be difficult to find a second approximation to the
integrand, also by the Stirling formula, for values of z which are
not too far from z=n. Therefore we shall have to work with two dif-
ferent approximations, in different regions. This gives, of course,
some difficulty in fitting the respective parts of the path together.
This 1is not so much an essential difficulty, but rather a technical
one, caused by the relative complexity of the integrand.

(v) The difficulty just stated can be overcome by making the connection
between the two regions far away from the main battle fileld, viz. at
+oo and - oo, respectively., Remark (11) suggests that a retreat to
+ow Or to -oeo 15 comparatively easy.

Following the above suggestions, we shall split the problem into
two parts. Let N be an integer >n, and let p be a positive number,
We define PN and QN by

1
P, = fNjﬁiripI'Z oz, Q@ = fl O az.

=N+ +1p (N+3)
‘Here {1 is an abbreviation for the integrand of (6.4%.4). In the case
’ of PN’ the integration path is a2 straight line. The number p 1is a
positive constant. The integration path of QN starts at N+3, proceeds
through the lower half-plane, crosses the real axis between n and n+1,
and then leads back to N+ through the upper half plane., Thercfore,
this path lies apart from its end-points, inside the domain D. We
shall show, if n is fixed, but sifficiently large, that

lim PN = P s lim QN = Q

N oo N-—= oo
both exist, and that
(6.4.6) S(s,n) = -2P + 2Q.
These statements easily follow from the fact that the integrand‘fl
is O(?Z{’E) in the domain described by Re z >, |Im z]| < p, lz-2{>
{z-3] » %,... , provided that n is fixed but sufficiently large (it

suffices that (2n+1)s >2), For, by the functional equation TI(z)TI(-z)=
=1wz/sin Tz, we have

/]

2
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L= {(2”)1LS{TT(z—h)/IT(z+n)}s(gi)*1TT~SZ-S(SiNTTZ)S_1 i

J
=O(!zl’2ns"s).

As to formula (6.4.6) we refcr to remark (1), which shows that S(s,n)
N*+2Qy Plus an integral from N+5 to N+5+ip and a similar inte-
gral in the lower half plane. The latter integrals tend to zero as
N—soo, since (L =O(szl"2)(n fixed).

There are now two scparate problems, viz. the asymptotic

equals 2P

behaviour of P and Q respectively, as n-—oo,

.ip-{—op
6.5. We shall first deal with P—_-f () dz, where p is a fixed

positive number, Clearly P is indggégﬁent of p (cf.6.4.6). We shall
approximate {1 with the aid of Stirling's formula, However, a slight
adjustment of (6.,4.5) is necessary, as our values n+z and n-z do not
always belong to the sector R .. If we use the relation TI(z)Ti(-z)=
=mz/sin 7wz, the behaviour of TT(z) in the quadrant Im z >0, Re z <0
can be deduced from its behaviour in the opposite quadrant. By a
careful discussion of the arguments of z°'2 and (—z)'z+% we find that

- 1 1 _ - :
TI(z) {1-e2”1z} (em)? z%72 72 {’H—Olz 1&} (Re 220, Im z »0).

It now easily follows that we have, 1if Py is positive and fixed,
z+s -z

[} <
L

From this formula we can immediately deduce an estimate for (1L

[

( -2 |Im z))}

TI(z)= (2m) 1+O(lz’1$) + O(e , (Im z >po).

z

(i.e. the integrand of (6.4.4)) by some trivial calculations.
1

(6.5.1) (1 = —Egnshrn)'ﬁs(1—52)_%s exp{n {~S 1og(1-52)-SS' log %;%+ﬂi§}}x
X {1 + O(n"1+n'q\1+§r1+n"q’4—"§r1+e-gvn Im j):} (n>1, Im n¥>p,).

Here p_ 1s positive and fixed, and ¥ stands for z/n.

The integrand 1s, roughly speaking, of the type considered in
sec.5.7, if we put

(6.5.2) (p(g) = -8 log(ﬂ—ﬁg) - 8§ log %;% +ig .

We remark that s is a fixed positive constant, and that the multi-
valued functions log(1+%) and log(1-Y) are given their principal
values in the upper half-plane. Disregarding the O-terms for the
moment, we start looking for saddle points. We have

(6.5.3) ¢(§)=m - s log(1+{)/(1-%),

and therefore tﬁ%7)=0 if» =1 tan(m/2s). So we observe that there is
a saddle point in the upper half-plane if and only if s >1. Assuming
s >1, we take as the integration path, the infinite straight horizontal
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line through the saddle point .. As we have ¢"02)=-QS(4'ﬁ?)—4=
=—23(1+tan2(n/25))"1=—23 cosgﬁr/Qs)<-O, this line coincides with
the axils of the saddle point.

Our path can be described by §'=z7+x (0o « x <o )., Fortunately
the saddle point ») 1s'the highest point" of the path. Re ¢(r)
decreases if X increases from O to oo, and also 1if X runs from O to

-ea . For, by (6.5.3) we have

. 99 _ LR >
Re 3% = -8 log 14‘§ ; 0 (x >0)

as 11+¥] > |1-%| 1f x>0. If x <0, we have a similar thing.

The fact that Re ¢({) decreases (if x-—>oc), combined with the
occurrence of the factor (1~§2)_§S, makes that hardly any complicatilon
is caused by the circumstance that the path has infinite length, so
fortunately we need not go into the trouble of investlgating ¢(§W

as X-—»o3, Actually we infer that OO

| wakl d§71<022ns(ﬂn)—%s‘ )exp(n@SO?+1»7;;1}(1’T2)-%S‘ dg

M)+

with somc positive number C (independent of n). The latter integral

is easlly seen to conver%e by virtue of our assumption s >1. Needless
) -

to say, the integraldf] can be estimated in the same way.

oo

By sec.5.7 we have

17 +1 1 1 1
(6.5.4) f;?+ (1-¢=)72® exp{nqﬁ(y)}dg’.—. (2m)2n 2" ()]
exp{nq)(q)f(ﬂ-ﬁg)'%s {1+O(n'1)§.

)2

i
(SIS

We havcltp”(7)=—23(cos ™/2s)<; 3XP{“¢’(W)}=(Cos(ﬂ/2s))2ns

(1-?2)“§S=(cos 1/25)° and therefore the value of (6.5.4) reduccs to
1
(6.5.5) (7/ns)2 (cos Ti/2s)erRstes~ {m—o(n‘“)} .

The O-terms on (6.5.1) can be reduced to one term O(n” '), by
virtue of the fact that Im f is positive and fixed on our path. It is
not difficult to show that

r+1
J’;iq }exp(n¢>(Y)).O(nuq)‘d§'=0{n-3/2 exp(n¢ @2))}J

.
2

B

and therefore these O-terms result in a correction of the same order
as the O-term in (6.5.5).
Collecting the various results, we obtain our final formula for P:

(6.5.6) p= f}?ﬁfdz:n ["’?wg:_{e cos(m72s) RS tE-T 218 ()2 (1-8)5-2
7o 77 | {'\Jro(n"q)} ,

valid if & is fixed and »>1.
It may be remarked that the factor {1+O(n"q)} can be replaced by
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an asymptotic seriles :E:;ackn"k. In order to obtain this series 1t
is necessary, of course, to use the Stirling formula in the form of
an asymptotic series.

The saddle point " moves to i~ when 8 decreases to 1. This
suggests that, if 8 =1, an estimate for the integral can be obtalned
by shifting tne whole horizontal path to infinity in the vertical
direction. In fact we can show that, if O<s ¢1, n~‘%(s"1-ﬂ), the
integral P vanlshes, For, i1f n 1is fixed and Im =z > Dy (po positive
and fixed), |2} --»c0o, we have, using for {) the expression in the
integrand of (6.4.4)

€L = o((TT(n+2) TT(n-2))"% |sin 7z]™") =

= 0(121—2n3~sisin‘nzqs'1) - 0(‘zi~(2n+1)s)

So if (2n+1)s >1, we have fﬁ,zo(izl“x

Therefore the integral P vanishes.

), with a congtant = >1.

6.6. We next turn our attention to @, defined in sec.6.4. We of
course expect a saddle point on the real axis between n and n+1,
close to n+1. If we replace, in the integrand, TT(n+z) by its Stir-
ling approximation, such a saddle point turns out to exist, but only
if O«<s <1, Moreover, the singularity of n+1 can be shown to lie
within the range of thils saddle point. Therefore the ordinary saddle
point enalysis does not apply in the case of our integral for Q.

For a first orientation, we remark that the only factor depend-
ing "heavily" on n is, apart form the trivial multiplier 3(2n)!}s,
the factor TT(z+n). By a well-known formula (actually a consequence
of the Stirling formula) we have, TT(z+n)~ TT(n).n? (z fixed, n-—co).
Therefore it seems to be sensible to pull the integration path to
the right; as far as possible. We can of course not pull it over
the branch point at z=n+1.

We shall now deform the integration path of the integral Q by
making a path following the real axis from o to n+1, taking the
values of the multi-valued functions which correspond to thelr
values in the lower half-plane, and back from n+1 toee with the
values from the upper half-plane. Thils path has to be provided with
small semi-circles around n+2, n+3,... and with a full circle
around n+1 in the well-known fashion, in order to circumvent the
singularities, but, as commonly happens in such cases, these circles
can be removed by making their radll tend to zero. Furthermore it
should be remarked that the integral was not defined originally as
an integral from oo toovw , but as the limit of an integral QN lead-
ing from N+% to N+4, where N runs through the integers. However,
1t is easily shown that thils is no essentlal restriction.



The factor { TT(n—z)}"S seems to be awkward. We can replace it
by (TT(z-n-1))% 7w %(sin17(z-n))®, using the functional equation
TT(w)TT(-w)=w/sin 7w. By this procedure, the singularities are
shifted from the non-elementary function T1 to the elementary
function sin, where they are easier to handle. So for {1 we write

] =(_1)n17‘5(21)”1((2n):)S{TT(z—n—ﬂ)/TT(z+n)}s(sin‘W(z—n))s'q.

The TT-factor here is single-valued in the half-plane Re z >n, and
positive if z is real, z >n. The behaviour of-{sinw(z—n)}s'1 is also
. easy to describe. It is positive if n< z <n+1. Its argument increases
with 77(s-1) if we pass the branch point n+k(k=1,2,3,...) by a semi-
circle in the lower half-plane from n+k-< to n+k+d , and for the
similar thing in the upper half-plane we find - T(s-1). So we obtailn,
writing z=n+x, S
(6.6.1) Q=(—1)n+1-w's fi(Qn)1TT(X—1)/TT(X+2n)}S.lsin nx 571,
L sin&ﬁ(s—ﬂ)[x}}dx.

(Here [x] denotes the largest integer < x). A first consequence 1is
that Q=0 if s 1is an integer = 0, for then sin(m(s-1){x] ) vanishes
identically.

It will turn out that the main contribution to the integral is
given by values of x close to 1. In the interval 1< x <2, say, we
can use the formula

(6.6.2)  (2n)!/TT(x+2n) = (2n)°% {wo(n‘“) ¥

where the constant implied in the O-symbol does not depend on x,
(This uniformity in x is lost if we take the interval 1< X < oo ).
Formula (6.6.2) is a well-known consequence of the Stirling formula,
Therefore we obtain, with the integrand of (6.6.1),

2 2 |
'A = sin17(s-1).»£.(2n)—xs %TT(X—W)}S'Sin'WX‘S_1{1+O(ﬂ‘1)}dX.
This integral is of the type of those discussed in sec.4.3, log ©2n
playing the rfle of the parameter t occurring in that section.
Writing x=1+y, and comparing the integral with

Note)
// e~y 8 log on yS"q dy = [(8) (s log 2n)—s,
0
we easily obtain that

5 N
(6.6.3) j’ = o] M(s) (2ns log 2n)~® {;sin'w(s—1)+0((log n)-q)} .
1

Instead of the term O((log n)"q) we can get an asymptotic series in
terms of powers (log m)"k (k=1,2,3,...).
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The remaining integral / requires some careful attention as
(6.6.2) does not hold uniforﬂly with respect to x. On the other hand
a rough estimate will do: we shall show that it is O(n"°%), so that
it amply vanishes into the O-term of (6.6.3).

Let K be an integer >s“1. We shall show that there exists a
constant 01 (depending neither on x nor on n), such that

(6.6.4) TT(x+2n)/ { (2n)! TT(z- 1); , 0% (xa2, neK).

The left hand side can be written as

(1 + 1) (1 + ). (1 + )

and this is
2n _2n
> K’(x DT (wen s oK T (een™,
(K- 1 o en
with C3 ~(K 1)1 T (1+2h~'). The product ! Tq can be compared to
h=1
TT(1+2h~ T4n™%);
2n 2en .en -
T (1s2nT)= s (1+h‘1)2.T‘11 -110(h+1) 2} (2n+1) {1(h+1f}

The latter product being convergent, we have proved (6.6.4), with
e =402T} \ﬂ -(h+1)~ %. We can now glve a satlsfactory upper bound

o0 SO
o ) i - / -s -Ks -
for”/’ (with the integrand of (6.6.1)) yfpgcn 28 / Cqsx K |sin ﬂxfslhx,
o) 2 2
and as the integral on the right 1s convergent (as K >s'q), and in-
dependent of n, we have
j {'] <C,n"°8 (C, independent of n).
A 3 3

Comparing this to (6.6.3) we observe that n"%% can be absorbed into

the O-term n~%(s log n)~° 0((log n)'q). Therefore, our final result
for Q (cf.(6.6.1)) is (s>0).

(6.6.5) a=(-1)" 71 "(s) (2ns log 2n)" ®{sin ms + 0((1og ) H

©.7. We have thus, for all real values of s, obtained the asymptotic
behaviour of S(s,n). If s <0, we have (6.4.3); if s=0 we have S(O,n)=
=(-1)"; 1if 0<s <1 we use S=2Q-2P (see (6.4.6)), with P=0; if s=1 we
have S(1,n)=0; if 1<s8 <3/2 P is much smaller than Q as 2 cos(m/2s)<1
in that case, (c¢f.(6.5.6) and (6.6.5)); if s >3/2 P 1s much larger
than Q (if s=3/2 P and Q are almost of the same order, although Q is
still the smaller of the two). We give a 1list of the results:

8 <01 S(s,n) =2.(-1)" + o(n®). s=0: 38(0,n)=(-1)"

0<s<3/2: S(s,n) = 2(-1)". w1 P(s)(ens 1og(2n))'s{sin “8+0«103!1r4%n
8=1: S(1,n)=0

s =23/2: S(s ,n) = p2-8 {2 cos(w/?s)}2ns+8°1ﬁwn)5(1"8)87%{1+0(n'1)}.
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In the cases 8 <0, and s >3/2 the O-term can be replaced by an asymp-
totic series in terms of powers of n'q; the same thing can be done 1if
0 <8 <3/2, but then in terms of powers of (log n)’q. If s=3/2 the
asymptotic series 1s more complicated, as both P and Q give their

contributions:

s8(3/2,n) m¢a§%}ﬂ’:{n'q/u+cqn'5/u+c2n'3/2(lug n)'3/2+03n'3/2(logrﬁﬁﬁi..

the terms of the development of P are, from the third term onwards,
negligible compared to the developmenrt of Q.

6.8. A modified Gamma function. We shall discuss an example where the
problem of finding a suitable integration path is quite difficult.
This difficulty 1is mairly caused by the circumstance that the resal
variable t, which occurred thus far in our saddle point problems, is
replaced by a complex variable s, and we want to ascertain the

asymptotical behaviour of the integral for all complex values of s,
when |s|— eo, The integration path will therefore depend both on s
and on arg s, and 1t is the dependence on arg s which gives the major
trouble. We shall meet these difficultles by application of conformal
mapping.

The function to be considered is defined by

A0 o
(6.8.1) G(s) = j' eﬁp(u)u” 1 du,
0]
if Re 8> 0, where P(u) is a2 polynomial

N uN-1

P(u) = u’ +e 4 FoooatoLu F et

1 0

The degree N i1s a fixed positive integer, and the coefflicients
‘*N_q,...,ab are fixed complex numbers. In the special case that
Myoq=e+.=%=0 the function G(s) becomes N'qi”(s/N), and therefore
the complex Stirling formula (cf.(6.4.5))will form a special case,
This speclal case can, of course, be derived much easler than the
formula for G(s). For example, with the gamma function it is sufficient
to discuss the half-plane Re s >0, because of the functional equation
" (z)=1(1-2)= 7/sin(wz). Moreover, it can be done by other methods as
well, e;g. by application of the Euler-Maclaurin technique to the
infinite product for [ (z).

As in the case of the [ -integral, it 1s easily seen that the
integral (6.8.1) converges only if Re 8 >0, But it is not difficult
to show that G(s) can be continued analytically over the whole plane
cvecpt for single poles at the points s=0,-1,-2,... (however, for
exceptional sets of coefficients ~ , some of these points can be
regular points of the function)., The possibility of this continuation
is a well-known consequence of the fact that e'P(u) is analytic at

We
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u=0. The argumcnt is as follows. If k is any integer > 0, we have
-P(u) 2 Kk

e = a,+8,uta u+.. . 48,0 +R(u),
R(u) = O(uk+1) (tat < 1),
and therefore
LN /1 k
G(s) = / e‘P(u) w1 gy +'j R(u)us'qdu +'Z¥Ja0 aj(m—g)'1
1 0 (Re 8 >0).

The first integral is analytic for all complex values of s, and the
gecond one 1is analytic in the half-plane Re 8 > -k-1. This shows the
analytic continuation of G(s) throughout that half-plane, and, as k
is arbltrary, it solves the problem for the whole plane.

A second method for establishing the analytic continuation
depends on the functional equation

s G(s) = NG(s+N) + N-1 G(s+N=-1)+...+ o, G(s+1),

N-1 1

which is, if Re 8 >0, easily derived from (6.8.1) by partial inte-
gration.
A third method 1is closcly connected to our way of attacking the
asymptotic problem, and we shall postpone it for a moment (sce (6.8.8)).
First we want to get rid of the multi-valued function us'q in the
integrand. Performing the substitution u=ez, we obtain

00

(6.8.2) G(s) = / exXp {-P(ez) + sz{}dz (Re 8>0).

Leo l

The integral converges if Re s >0, but if we alter the integration
path, 1t can be used for other parts of the s-plane as well., We choose
some small positive number o , and we define the path QJ , consisting
of two half lines

(1) the half line described by z:ixeid., >o> X 3 0.

(i1) the positive real axis z=x, Og&X<oo.

It is not difficult to show that the integral along Qy 1s equal to G(s)
if Re s >0, Im 8 30, and that the integral is an analytic function of
S in the half-plane defined by - J<arg s <« w-J ., As & 18 arbitrary,
this furnishes the analytic continuation over the whole upper half-
plane, but it does not give the behaviour of G(s) orn the negative real
axis.

The asymptotic behaviour of the integral along Qf can be tackled
by saddle point analysis. The saddle points are the solutions of

(6.8.3) e? pr(e?) = s .
If |sl is large, the solutions of (6.8,3) are easily localised.

We write aalsleie, with —%TT < E<%JF. Now 1in every horizontal strip
8y (k=0,+1,4+2,...), defined by



(6.8.8)  8.:  |Imz - (&+2kw)/N|[< WN

there lies just one root of (6.8.3), close to z=2,, where

z N1 { log(Isi/N) +61 + QKWiI .

J
This we observe on replacing eZP'(eZ) by its first term, viz,. NeNZ,

k:

ard applying the Rouché¢ theorem (sce sec.2.4) to the strip just
mentioned, with the functions e“P'(e”)-s and NeN?_s. The difference
Nz—sl for all

velues of z on the boundary, provided that is!| is sufficlently large.

between the two 1s, in absolute value, smaller than | Ne

(In order to have a bounded domain it is necessary, of course, to

Nz

approximate the strip by a long horizontal rectangle). As Ne ~-s has

just one root, viz.z in the k-th strip, the same holds for

k}
¢?Pr(e?)-s, by virtue of the Rouché theorem.
Moreover, if |s! i large enough, the roots of (6.8.3) can be expanded

into powers of S“W/N

s~ WN Lo g/

(6.8.5) (k = %k * Ciq Lo t oeee

where I, denotes the root in the k-th strip. The series in (6.8.5)
converges absolutely for all large values of |si . We do not go into
details of the proof of (6.8.5), and refer to a similar case in sec.2
(see (2.4.7)).

Our integration path qf lecads to +evo through the strip SO .
We have to move the path such that it leads over the saddle point :%.
However, we cannot keep the path entirely inside the strip So; as q

s
14 o, 1t has to cross the strips S4s8ps... . And, 1t has

starts at ie
to be feared that (in order to avoid values of the integrand greater
than its value at §b) the crossings have to be made quite close to
the saddle points Kq,xé,Eé,... . Actually this makes our problem
awkward to deal with. It could easily be done if the problem were
restricted to the case that is| tends to infinity with arg s fixed,
or with arg s restricted to some small interval. Under such circum-
stances the problem would be of the type of the one in sec.6.2, where
the infinite collection of saddle points did not cause mucn trouble.
Fven so a certain amount of non-elegant calculations would be involved,
And, as we are interested in the whole upper half-plane, we would have
to divide it into some smaller sectors, and in cach sector the cal-
culations would be differvent.
Fortunately there is a much simpler way out, in virtue of the fact
that the exponents in P(ez)=eNZ+o%c(N—1)z+... are integers, which im-
plies that P(ez) is periodic mod 271mi., We shall first define new paths
L (k=0,+1,4+2,...).

L, consists of three parts: (i) The half-line z=2kwi/N+x
(o >x 20), (ii) The segment z=ix (2km/N<x< 2(k+1)w/N, (iii) The half-



line z=(2k+2)N/N+x (0 <X <oo ),
Let the function Gk(s) be defined by

(6.8.6) Gk(s) exp{ +sz)'dz

Obviously, Gk(s) is analytic for all s. And, as Lk+N is obtained from

Lk by shifting it in vertical direction over a distance 217, we have

(6.8.7) Gy (s) = ¢ 6, (s) (k=0,+1,+2,...).

The function G(s) can be expresscd in terms of G, ..., Gy 1. Assume,
for a moment, that Re s >0, so that G(s) is repruJantcd by (6.8.2).
Obviously we have

2mit oo RN
H _2enis |

2ni-oo T

in analogy to (6.8.7). Furthermore, it can be shown that

fgﬂi'l"\:' e
J —./’ = GO + G,I + ...+ GN_1 s
21l —0o -2
shifting the paths Lo”"’LN~1 indefinitely to the left. Therefore, if
Re s >0,
(6.8.8) 6(s) = -(1-c"™) 1 g (s)+.. 46y, (s) 1.

The right-hand side is analytic for all s, except for possible
poles at s=0, +1,+2,... . But, of course, we know that G is regular
at s8=1,2,3,... . So the possibility of analytic continuation has been
proved for the third time.

It will turn out that the asymptotic bchaviour of GO,...,GN_,1 can
be satisfactorily described in the sector J <arg s <2m7-d¢ ., So by
(6.8.8) we get a satisfactory result for G(s), except for those¢ s which
are close to the positive real axis. It is, however, gquite easy to
solve the asymptotic problem for s in a small sector, around the
positive real axis, |arg s! <« v/8, say, directly from (6.8.2) by saddle-
point analysis, and we shall not devote much attention to 1it.

6.9. The entire function G,(s). For the time being, we shall consider
Go(s) only. We shall assumc that o= arg s «<2% -« , with some positive
number J . Then the saddle point o of exp(-P(aZ)+sz) lies inside the
path L if [s| is large, for Y  is closc to z, (see (6.8.5)), and
ZO=N"1{10g( sl/N)+9i‘}, where € = arg s.

In order to find our way in the darkness, we first take the specilal

case thathN*1=...= “,4=0, whence So coincides with z_ . In that specilal

-
case we write Go instead of Go’
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By the substitution z=zo+w, the saddle point 1s shifted to the
origin. The path is also shifted; it becomes (Lol—zo), by which we
denote the path described by Z2-2 1f z describes the path Lo‘ It
follows from Cauchy's theorem that a horizontal shift of the path
(LO,—ZD) has no influence upon the value of the integral, and there-
fore we may replace it by (Lol-ie). This path passes through the
saddle point w=0.

The integrand becomes

Nz

exp(-e “+sz) = exp(s(zo—N—q)).exp {—sN'q(er—Nw-ﬂ)} >

where the splitting has becen made so ag to make the second factor of
the form exp(~%sN(w2+...)), for small values of w. Now G;(s) becomes

(6.9.1) GZ(S):@Xp(s(zo—N‘q))J( exp j—sN-q(erwNw—ﬂ)l dw.

(L i-18) U ;o
At this point we apply a conformal mapping in order to get a
clear idea about the bechaviour of ch~Nw—1. We consider this function
in the strip |Im w|< 27/N. The path (Loi-ie) lies, for all & satis-
fying J <€ <« 2v-d , inside this strip. |

N

Needless to say, e " _Nw-1 cannot give a conformal mapping of

any region containing w=0, the function having a doublf zero there,
Instead, we consider the function ;(w)= {2(eNW-Nw—1)}§, where in a
nelghbourhood of w=0 the sign of the square root has been chosen such
that ?(w):Nw+... . By analysing what happens to } if w runs through
the boundary of a long horizontal rectangle }Im w?s 2w/N, |Re wl = M,
and making M—+ oo , we find that the strip is mapped one-to-one onto
a set S which is obtained from the complete }—plane by deleting two

hyperbolic arcs. These arcs can be described by

(Re ;) . (Im j) = +271, Re ; <~|Im } .

We want to have ; as a new integration varliable, and therefore
we have to investigate dw/d %. Needless to say, this 1s an analytic
function of ? throughout the set S. As ;2=2(eNW—Nw—1), we have
59§ = N(eNY_1)aw.

Nw

Now e~ "-1 1s, as far as our strip is concerned, close to O only

if w is close to either O, or 2mi/N, or -27i/N. Therefore we have
(6.9.2)  aw/a§= o(}) (gapg/us;r ; 1§1-3).

It is not difficult to show that dw/d; is even 0(5"1) in this region,
yet O(}) is sufficient for our purpose. ‘
Our integral becomes ;
* -1 i -1.2 d
(6.9.3)  6.(s) = exp(s(z_-N ))/C exp(-kon§%) aﬁig A
and the next problem is what C is. Analysing the image of (Lotuie)
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un?gr the conformal mappinghw?‘find that C is a curve starting at
e‘ile.oo and tending to eﬂliﬁle.oo, avoiding the hyperbolic arcs.

We have, however, considerable freedom in modifying this path. Along
the line through the origin, with arguments -3 8 and T-3© (a
straight line through the origin has two arguments!) the expression
%SN—1>2 is positive. It is easily seen that this line may be re-
placed by other lines, whose arguments differ from -36 and ©w-36

by less than T/4, for then the real part of —%—SN-T2 is still larger
than a constant positive multiple of i;\z, so that, by virtue of
(6.9.2), the convergence is guaranteed. Naturally, in the finite

part of the plane a deviation from the straight line may be necessary
in order to avoid the hyperbolic arcs.

All such lines are, at the same time, satisfactory from the
pbint of view of the saddle-point method: on these lines the absolute
'1}2) is maximal at the saddle point ;:0. However,
for this purpose, deviations from the straight line, as mentioned
above, cannot always be tolerated. In other words, we can only admit
straight lines from -ei7.o0 to +ei?ﬂﬂg, where /4 < M <3m/4k, This
is no objection: as 2 -(T-36) is allowed to lie between - /4 and

value of exp(-%sN

/4, we can find a satisfactory value for 7 to any © in the inter-
val J <@ < 2n-d , Actually we could take v7=(3ﬂ—6)/4.
It is, however, preferable to have a fixed integration path,
not depending on >7 . This can only be achieved under restriction of
€ , and therefore we shall consider two different values of Wz:
(1) 77:(3v-d)/4. This can be used as long as 3d <6 <mwid,
(1i) = (w+d)/4. Car be used if w-3d < 8 <2w -1d,

It will turn out that, for reasons of symmetry, we can restrict
ourselves to ¢ < 6 <m+d/4, So we replace, in (6.9.3%, the path C by

the straight line through the origin, from _ei(3w-J Ju
(3m-d) /4

.00 To

+ei . This path will be denoted by D. Along D we have

{exp(—%sN"qu)} < exp {—%ls}.qu.§§fe. sin(dyu)}

Now the stage has been set for application of the method of sec.4.4,
The value of dwﬁj} at ?:O equals N~ (fon,}=Nw+...).

Furthermore, dw/d? is an analytic function of } along the line D,
and dw/d} =o(5) if 151>3.

The integral can be compared with the formula
1

f’ exp(-%sN—q 2)d §=_(2wN)25'%,
D

1
where s 2 1s to be interpreted as

(6.9.4) G_(s) = -exp(s(z ")) (2m0)¥s 72y~ {av0(s™M],

5] 3e-316
S e . S0 finally we obtain

and the O-term can be replaced by an asymptotic series cqs’1+028*2+... .
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It should be roted that (6.9.4) holds uniformly in the region |s| >1,
S < arg 8 c w4+ /b,

Formula (6.9.4) 1s not new, of course. We have (cf.(6.8.8);
notice that G;(s) - e2niks/N G;(s)), G;Ys)=—N"1(1-e2"18/N) (s/N),
and therefore, if we replace s/N by w, (6.9.4) reduces to

P(w) = (2m(1-e270) 1 (97108 W 4y o(ym ) ) (2 arg wemoA),

and this is an easy consequence of the Stirling formula (log w is
given the value with < <Im log w « v+ J/4), It was not, however, our
purpose to deduce well-known results on the gamma function for which
easler methods exist, but rather to develop a technique for G;(s)
which can be modified to a techrnique for Go(s).

As a preparation to the problem of the asymptotical behaviour of

Go(z) we shall first %ngestigate the following integral
g(x
(6.9.5) f(t,w) = [ exp(-txz-t Q(x,w)) dx.

~g(x)
Here g(x) is a fixed positive number, Q(x,w) is a double power series
in x and w: - o
Qx,w) = E’_ S C x" WM s

feey M
n=0 m=1

absolutely convergent if Ix| <2p and lwl<b, where b is a fixed
positive number, The function g(x) 1s assumed to be analytic in the
circle fx! <«2p, and it 1is assumed that g(o)#0 We want to determine
the behaviour of f(t,w) when tw) is small and |t]| 1s large, where t
is restricted to a sector larg t|<sm-d

Searching for saddle points, we investigate the equation

(6'9’6) -2tx -t Q'(X,U)) = O,

the dash indicating differentiation with respect to x. By the Rouché
theorem (see sec.2.4), this eguation has exactly one solution X,
inside the circle |x| < p if |w| is sufficiently small. For then we
have |Q(x,w)| < 2ix| on the boundary of that circle, whence 2x+Q'(x,w)
has as many roots in the interior as 2x 1itself, PFurthermore, X, can be

written as a sum of a power series:

oo
< 3 u)k

Xo = Lpan O 0

convergent 1f |wi is sufficiently small.

The straight line from -p to +p is a satisfactory path for apply—
ing the saddle point method to the simplified integral f’exp -tx )dx.
This path makes an angle < E -J with the axis of the saddle point in
the origin. In the modified integral (6.9.5) the saddle point X, is
close to the original saddle point, and also the direction of its axis
does not differ much from the original axis. So if (w! is small enough,
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the horilzontal path through X, makes an angle < %TT~ %cf with the new
axls, and therefore it can be used, anyway in a neighbourhood of the
saddle point. These remarks are, of course, only given as an orient-
ation; the work remains to be done.

Wz replace (6.9.5) by

(o) [ e [P

-P 'p+xo p+XO

where the integration is along straight line segments in all three

cases. The first and the last term in (6.9.7) are easily seen to be

exponentially small in comparison to the value of exp(—txg-tQ) at the

saddle point, and therefore they can be neglected. In the middle term
f (6.9.7) we carry out the substitution x=%x_+y. Then the integral

becomes
P

{6.9.8) f(t,w)=exp(—txgvt@,(xo,w)) / g(x,+y) eXD(—tyz—th(yw))dy,
-P
where Q,(y,w) = Q(Xo+y;u)_Q(xO,u0-y Q' (x,,») is again a double power
series R nom
Q,(y,w) = o r{?‘ Fom ¥ ¢ s

convergent if [y| <3p/2 and lwl| sufficiently small (if w is small
enough, this condition on y implies that }y+xo}<.2p).

We can now proceed along various methods. For example, we can
expand exp(-t Q (y,uﬁ) in terms of powers of y. Another method is to
apply conformal transformation again, putting y +Q(y, w)= 2°. Thea z
can be solved as a double power series in y and w , and we get an
integral 2)

/‘QB(zsuQ exp(-tz)dz.

Omitting the details, which are all implied in the usual saddle point
routine, we state the result:

(6.9.9) f(t’w) - (1v~)%t“%{/|+%Qu(Xo,u})?(-

oj-

{g J+0(t 1)}exp( -tx th( g@}
uniformly in the region jarg t| < 3m-d | [t] »1, |w| <b, (for some
fixed positive number bq). The term O(t'q) can be replaced by an
asymptotic series with terms fk(uﬁt'k, where the fkbm) are power serles
in terms of powers of w , convergent if |w]| <b,. It should be remarked
that also g(x_ ) and Q"(x,,w) are convergent power series in terms of
powers of w ,

In order to apply the result about f(t,w) to G, it is easler to
express the main result about (6.9.5) in words: If w 1s small enough,
there is just one saddle point near x=0, and thas contribution of this
saddle point gives an asymptotic series for f(t,w).

In the integral (6.8.6) for Go(s), we carry out the same sub-



ASE 137

stitutions as we did in the case of G (s) That 1s, Z=2Z +W, where
Nzomlmg(isi/N)+18 , ©=arg 8, 2(e Nw Nw 1)= }2, and we discuss the
integral in the ‘fnplane:

(6.9.10) G (s) = exg(s(zoww""))/' exp{-kan" 1% + (eNz-p(ez))}gﬂ ay.
: D | { .

D is the straight line through the origin, from -ei(Bﬁ“J)/u.ms to
1(3W .oo. We shall agailn restrict © by ¢ < @ .wt /4,
We first investigate the term e 2-P(e”), which embodies the

deviation of Go from GJ . It is equal to
NZO+N =7 n=W -220~2w }

(6.9.11) e ~Noq € ~op ©

It is not difficult to show from the properties of the conformal
mapping that Re w tends to + oo if i}!tunds to infinity, provided that
} runs along D, It casily follows, for any positive number p, that

e 'O(QE/N)(} on D,i}? > p). Therefore
ieNZ~ P(ez)5501§5 ;Qﬁ(N‘“)/N ( ?on D, 1yl >p, §s§>c2),

where the c's are sultable positive numbers independent of s and } .
It follows that, if p 13 any positive number, we can restrict the
integration in (6.9.10) to a segment of D with length 2p, symmetric
with respect to the origin, For, the further parts of D are casily
seen to give a contribution which is exponentially negligible if
[ S| —>an,

To the remaining part of D, with length 2p, we apply the result
about (6.9.5). We have, of course, to turn the integration pathh over

an angle - (3n-d )/4, by the substitution }-:xel(Bw'd)/q, and to put
5="1(3™-U)/2¢ (0 that t is restricted by the condition

- o]
~ﬂ/;+d/2<.arg t < 1/2-d/b, and s%° becomes tx“, Furthermore, we have,

/
in some circle i}ic?p,
Mp(e?) = ws a(y,w,

where (cf.(6.9.11))uﬁ=s"1/N, and 0 is a double power series with
@(},9):0. (For w:N-1}+.. ard 2™V, ..., - (N-1)w are COUV&PEEPt power
series in powers of } for small values of §, and e %o Nq/N v)., It
follows that for Go(s) we have an asymptotic series, which is entirely
given by the contribution of the saddle point. The series equals a
certain function multiplied by an asymptotic series co(u9+cq(uﬁs"q+...
and the c(w)'s are convergent serles in powers of w=s" N, Therefore,
the series ¢ (uﬂ+... can be rewritten as an asymptotic series of the
form Co*tc,s” /N+c23”2/N+ .

We do not evaluate explicitly the contributlon of the saddle
point in the integral in the }~plane, as 1t is easier to do 1t in the

original z-plane (:ee (6.8.6), with the saddlc point Q;, given by
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(6.8.5)). It is not difficult to sce that the contribution of the
saddle point 1s not affected by the substitutlons relating z to
and } to x. So our final result is (cf.sec.4.4) an asymptotic series

(6.9.12)  ay(a)~ - exp {-p(eF)rsy, . (-2 Y (FNES e, 87N,
0

where ¢ =1, and ¥/ (z) 1s the function -P(e®)+sz. There is of course
the difficulty to determine the sign of the contribution, but this
sign is easily derived from the sign in (6.9.4), by a continulty
argument. We have

N-1

) ‘ -1/N -2/N
N—ﬂe Z+... = N8 {1+aﬂs +628 +u..}

so that {6.9.12) can be slightly simplified, introducing new coeffi-
clermts d, (with d=1):

(6.9.13) G (s) ~ - exp {-P(eso) + 8% } . (EW/NS)%”§f dks°k/N,

e ’:5
__\’I n( SO) = NQGNuﬁ-(N—")L(X

(o) L

O .
and the formu%a has been proved if J<arg s< w+ J/4, |sl—-ee. The
argument of s? 1is understood to lie between 3« and v + /8. Formula
(6.9.13) obviously generalizes(6.9.4).

6.10. Conclusions about G(s). In order to deal with G(s), we need,
according to (6.8.8), the asymptotical behaviour of G sGaseeesly_qe
The problem about G (k=1,...,N-1) is casily reduced to the problem
for G, . It follows from (6.8.6) that

(6.10.1) G () = exp (2nika/n) [ exp|-p(e®THN

L

0
and this integral equals the function Go(s), constructed for the

2““{/Nu) instead of P(u). The leading term of the new

polynomial is again uN.
Replacing P(u) by P(92W1K/N) can have an influence upon the
situation of the saddle polnt; the difference of the two saddle points

'1/N. And, as in (6.10.1) there occurs,a term

ez)+sz} dz,

polynomial P(e

can be of the order of s
s;; in the exponent, the influence upon the asymptotical behaviour
can be considerable.

It 1s quite easy to state a simpler but weaker result;

(6.10.2) GK(S) = QEWiKS/N (EW/NS)% exp {_ % + % log % + O(S(N‘q)/N)} R

where ¢ <arg 8 < n+ /4, From this we infer that G (k »0) 1is
negligible compared to G0 as soon as the factor exp(EWiks/N) beats the
exp éO(S(N'q)/N)}. This 1s certainly the case 1f s is restricted to

J <arg s « w-d ., And, under that assumption, the factor (ﬁ~eg"18)“1
in (6.8.8) can be replaccd by 1. The relative errors made this way
are of the type o(e'C’S!) with some positive c¢. So summarizing, we

have, from (6.9.13)
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(6.10.3)  G(s)~(2n/Ns)¥ exp(-p(e ©)4s ) S0, 57N (g 1)

in the sector J<arg s <v-dJ,

For the sector -m+J<arg s <« we can obtain the same result,
provided that 3"0 indicates the saddle polrt elose to N’qlag(s/N), where
the log has its principal value., In a sector like -2d < arg s - 2-7 it
is quite easy to obtain (6.10.3) again, by direct application of the
saddle point method to the integral (6.8.2). In that case we can take
the horizontal line through the saddlc point as the integration path.

So (6.10.3) has been proved in the sector -mw+d < arg s « W~ .
In the special case that P(u)meNu, it reduces to the Stirling formuls,
which 18 known to hold in the same sector.

We finally state a rough inequality which 1s easily deduced from
(6.10.2) and (6.8.8). If we delete from the complex plane the half
3trip described by IIm s! < 1, Re 8 <1, thern in the remaining regilon
we have

lG(S)/iﬂ(s)I < C, exp (ngﬂ‘(N~1)/N)’





