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"Introduction

by J. de Groot

Although there have been tqpological characterizetions of metrizability
- for half a century, a realﬁunderstanding of this problem has only ob-
tained in the fifties through the work of J. Nagata, Smirnov, Bing and .
othere. This development depended on the fundamental nqtion of para=
compactness (Dieudonné, A.H. Stone, etc.). Similarly, if we ask for a
topological characterization of eomplete metrizability (topological N
completeness),. several characterizations are known. However; in my
opinion, they don't reach the core of the matter. .
First, this is shown very ciearly in the status of the Baire category
theorem. Locally compact Hausdorff spaces and completely metrizable
spaces are Baire spaces. A nice unifying theorem (Cech) says that any
Gy-subspace of a compact Hausdorff space is a Baire space. But this is
not an "intrinsic" theorem. Also it does not tell us anything really
new about complete metrizab1lity from the topological point of view.
Secondlx completely metrizable spaces find their proper generalizatien.
- or better: many mathematicians think this to be the case - in the
theory of "complete unlform spaces, However, as has been asked by
A. Weil in the first edition of a historical note in one of the
Bourbaki volumes, what is the status of the Baire category theorem?
The answer is simple (Dieudonné and in particular G. Choquet, C.R.
-Acad. Sci. Paris 232 (1951), 2281-2283): there is no theorem! The
rationals, e.g., are complete in a suitable uniform structure, but
they constitute the prime example of a space which is not a Baire

space. S0, again, what does complete metrizability mean topologically?

Satisfactory and by no means simple answer to this guestion is given

by the statement: (1) a metrizable space is topologically complete iff

it is cocompact.

Now there are several closely related notions of cocompactness (see
Indag. Math. 25 (1963), 761-767 for the also related notion of sub-
' compactness). Let us look at the space of irrationals M. This space
is cocompact. What does this mean? If we take all closed intervals in

M (with irrational endpoints) and we consider "nests" of such intervals
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(thét is a family satisfying the finite intersection property), and

. we maximalize such nests (taking maximal families as indicated) we

| obtain "ultra-nests’ which can be considered as points of a new space.
So we find the real line R, by the "usual completion" of M. This is
nothing new. But now, we p}oceed'just a bit differentiy. We ‘do not
take all closed intervals in M to start with but only certain suitable
ones, but still so mahy that their interiors form an open base for M
(that is, they still determine the topology of M). Furthermore, by
careful arréngement, one can define this family'g:of closed intervals
in such a way that every nest of intervals has a non-empty intersection
in M; in other words, the irrationals are cocompact, that is compact
i‘elafivé to the family ‘F The irrationals ére also topologically complete,

-but the rationals are neither tdpologically complete nor éocompacf.

"In general a regular spacé s = (X,9) is cocompact (that is complementary
compact) if there exists a family F = {F} of closed sets F for which. the
1nter10rs form an open base of 92 and for which the cospace S _ = (X, Q’)
(where 9' is that topology on X generated by the complementary sets
{X\F} as an open subbase) is compact, (S* is compact,Tl;
be rather unimportant, contrary to expectations, whether S* is Hausdorff.) -

it appears to

There are various gospaces S*, Also various definitions (not mentioned
here) of % define various types of éospaces S*. However, the topology

§ of a cospace is always weakef than that of the given space. A regular

| space is always a cospace of itself. A compact Hausdorff space has only
itself for a cospace (and conversely).

In all our definitions cocompactness means compactness of a suitable

cospace and statement (1) above always holds.

Also, locally compact Hausdorff spaces are cocompact. -~

Cocompactness is a beautiful invariant: it is invariant for arbitrary
‘topological unions, arbitrary products, even boxproducts, for open

(but not for closed) subsets, and it is invariant under fitting mappings

(closed continuous mappings onto for which the.inverse image of every

point is compact),




Using the earliest version of cocompactness, G. Strecker and G. Viglino
(independently) obtained in their theses results in, and connections
with, the theory of absolutely closed and minimal (Hausdorff or regular)

spaces.

Cotopology may be roughly defined as'that part of topology in which
cospaces are used to study the properties of the given space. Indeed,
apart from cocompactness one can introduce other co-properties, e.g.
co-connectedness. ‘

it appeérs to be useful to consider a whole category of spaces and
maps and to look at the corresponding cospaces and comappings.

E.g., a (not necessarily continuous) onto map £: X -»Y is cocontinubus

if there is a commutative scheme

X ..E...; Y

6:'LX”l ..._f_*___; J’A
in which X* and Y* are suitable cospaces of X and Y (and J’and A
the induced natural maps, the so called compression,maps), such that
f* is continuous onto.
A cocontinuous map admits a certain but limited amount of discontinuity.v
A significant application is the following. In the class S of separable
metrizable spaces we have: the continuous images pf the Cantor space
are exactly the compact spaces., This is a classical result, and nowadays
we have almost trivial proofs of this theorem. Now the following gene-
"ralization holds in S: the cocontinuous images of the Cantor space are
éxactly the completely metrizable spaces. The proof is intricate and
by no means a simple generalization. We really obtain a better insight
in the area. | ' .
An interesting application which arose out of cotopblogy is the theory
of antispaces., I.e., if we consider the real line R and the cospace
over the family ‘Fof all compact subsets of R we obtain 'an IR* which is
a compact Tl—space, but which conversely determines IR, althéugh -
paradoxically - its topology is strictly weaker. A major part of

*
mathematics could be based on R instead of R (!); one loses the Haus~

dorff property but gains compactness. Also R is superconnected (i.e.,

£
~




every open subset is connected!).

Cotopology is still very much underdeveloped. There is a general back-
ground, including Strecker's and Viglino'’s results; also there are gqmé
specific, rather deep applications in the theory of metric spaces, as
mentioned above. However, there are also grave unsolved problems.
Finally, we mention a note by P.C. Baayen and A.B. Paalman-de Miranda,

Bohr-compactifications are cocompactifications (Math. Centre, WN 16).
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Colloquium Co—-topologie

Conventions and Notations

If X is a set andﬁ a family of subsets of X, thehﬂ is an additive

(multiplicative) semigroup iff .19 is closed under finite unions (in-

tersections). IfJ@ is closed under finite intersections and finite

' uni.ons, /2 is called a semiring. |

If X is a topological space and 5 a system of closed subsets of X,

then ? is a ring iff ; is a semiring and'Gl‘\ Gz, the difference of

1

G, and Gz, is contained in ? for every pair Gl’GZ of y . A ring
~which contains X, is called an algebra. ‘ '

The additive semigroup generated i)y a family S’, is denoted by .‘f+(§);
the multiplicative semigroup generated by a family ? ‘is denoted by
ff‘(y). f(;), resp. R (?), resp. ﬂ(;) will denote the semiring,
resp. ring resp. algebra which are generated by ; .

Let X be a topological space, A family 53 of open subsets of X is an
"open base for X iff each open subset of X is thé union of members of
' ﬁ o 'A family f of open subsets of X is called a subbase for the open
subsets iff $°(¥) is an open base for X. A family 3 of closed sub-

sets of X is a base for the closed subsets iff each closed subset of

X is the intersection of members of g3 . A far.nily Y of closed subsets
of X is a subbase for the closed subsets iff :-f*(:f) is a base for the

closed subsets,

Chapter 1

- COSPACES

_1.'1. Definition of a cospace

) A (closed) base for a topological space T is a family 53 of closed )

subsets of T such that for each point p of T and each open subset O of
T which contains p, there is a member B of .ﬂ satisfying

&
~




pe int(B) 2 0 , peBca.

-A ©losed) probase for a topological space T is a family $ of closed
subsets such that ¥7(§”) is a base.

Let T be'a topological. spa:ce defined on a set X and let f’ be a pro-
base for T. The cotopology (of T) relative P is obtained by taking

g’_for a subbase for the closed sets. Or equivalently, the cotopo-

logy (of T) relative & is the topology on X which has the family

X\ PlPeg‘)} for a subbase for its open sets. The spiace on X defined ‘

by the cotopology relative 65 is. the cospace (of T) relative:gp~. f
* This space will be denoted by T*((’) ;and, if no confusion is to be . .

. . feared, by T

~Notation. To distinguish between obj'ects of a -space and objects of
one of its cospaces we will attach an asterisk.to each object of i
cospace’. So, e.g. if x is a point of the space we write X if we
"wish to consider x as a point of T, o
For .bette‘r typography we attach the asterisk on the upper right éide ;

" although the construction of  the cospace is of covariant nature.

The map ¢ : T-—"T*(p),' defined by c(x) = x*, is called the ~comdpres-'-

sion map relative f) . The map e = 'c-':l : T (P) -» T, defined by

e(x*) = x, is called the expansion map rel. .P .

Obviously, ¢ is a continuous map. So the topology of T is coarser

than the topology of T.

Caution: The space T (P) is completely determined by the family 53

- . Soon we will prove that a space is not necessarily determined by a
‘probase for it. As a matter of fact, given a topological space T and
a probase Wfor it, one can find a probase 9 for T such that ‘9*
probase for T*(g)). (1.2, Proposition 2) . . :
IfE is a topological prop"er'ty; then T has co-E relative  iff ™)
has E. T has co-E iff there is a probasis § of T such that T has
co-E relative ? ' | |
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1.2. Some simple properties of cospaces

: *
Proposition 1: If T is a space and Pa probase for T, and if 9 is
% Ck *
the family of all closed sets of T ‘(ﬂ), then T (.‘f/)) = T (?f+(f’)) =
* *
=T (Y (FN =1 ().

~

is the family of all closed
. *
is a probase for T (%°) -

Proposition 2: If T is a space and if
*
subsets of a cospace T (#) of T, then

g
g

" and ‘§' is a probase of T.

Proposition 3: Let f£:T -» S be a one-to-one continuous map. If there
exists a probase f’_of T such that f£f(P) is closed for each P & ﬂ
then 8 is a cospace of T (relatiwe the familff of inverse images of

all closed sets in S).

Proposition 4: If £:T-» S is a one~to-one continuous map on a locally

compact Hausdorff space T onto a Hausdorff space S, then 8 is a co-,'
space of T relative the probase consisting of all compact subsets of
T, -

Proof: Apply proposifion 3‘. )

1.3. Examples

Remark: In this section we make use of a theorem which will be
proved in the next section stating that a space T is cocompact relative

a probase f) iff each centered system of #? has non~-empty intersection.

_1133;_____1_ If T is a Tl-épace on a;set Vand if ¥ ={UjU is a closed sub-
set of T}, then U is a probase of the discrete space D on V and,
consequently, T is a cospace of D relative U. -
~Particu1ar1y,. the space of the rationals is a cospace of the count-

able discrete, spaée .

Ex. 2: Let D be the discrete space on a set V. V endowed with the
Zariski-topology (a set is closed iff it is finite) is a compact




cospace of D relative the family of all one-point sets.

.Propcsition 1: A 100a11y compact space is cocompact relative the

family of all compact closed subsets.

Proof: If O is an open set and if p ¢ 0; choose an open neighbourhood

V of p whose closure is compact. Then p € 0NV, and O n V is compact,
closed and comtained in O. So the family of closed compact subsets
constitutes a base. From a well-known compactness~criterion it follows

that each centered system of this base has'non—empty intersection.
Excercise: A space is cocompact iff it is co-(locally compact).

Proposition 2: If T is a locally compact Hausdorff space, then there.

exists a cospace of T which is compact Hausdorff.

Proof: If «(T) denotes the one-point compactification of T, and if

S is obtained from o(T) by identifying the point at infinity and an :
" arbitrary point of T, proposition 1.2.4 shows that S is a cospace.

of T.

Ex. 3: As follows from proposition 1, the space /R .of the real numbers

is cocompact. R is also cocompact relative the following probase 5” .

P - U{ ﬂnl'n = 1,2,...}, An = { A: McZ}, and A: =
= { xim 2%¢ x ¢ (m+1)2-n}. .

Ex. 4: The space I of the irrationals is cocompact.

Proof- Let ri, be a counting of the rationals.

2’.0’.
Let u@ , n=1,2,... be defined as in ex. 3.

Put ﬁ {Almeﬂn, rk¢Afork_12,,..,n} Let 93 be a system
of closed intervals filling up those A & 44 which are not contained

in ﬁn, but avoiding the points r,_ with k .s n, and having pairwise at

most one point in common.

Observe that any centered system in 53 V) 93' is finite.
Let B=U{% U931,|n_12,...}.

1 € _{c/lx,—l ne Be B U ﬁ}andif
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= U { ¢ .fn:l 2,...} , then t is a probase of I (easy excercise)
and I*( €) is compact. )
For, if ¥ is a centered system in € , then q;'l'f ={FIF e 53 JFnle 97}
is also a centered system. From the obsérvation above it follows that‘>
G *contains arbifrary~émg11'sets (i.e.% '"is a Cauchy-filter) and
_consequently, N E?A consist of just one point, because R is a cbmplete'
metric spacé Beﬁause rk is not contained in any element of .
53 v ¢3; if n 2 k, (\g?b id contained in I and it follows that
4] 9: f\g;‘ equals a 'point of I.

Excercise: Proof that the space of the rationals is not cocompact.

Ex. 5: Let T be the subspace of E2 the pointset of which is
{(x,y)ﬁ/y:o and x is an irrational number, or, x=p/q with (p,q)=1 and’
v=l/q } . . ‘ v
T is cocompact relative the probase consisting of all isolated points
(x,y) with y # 0 and of all intersections of T and a square having a -
set of % (ex. 4) as an edge. |

Ex. 6: Consider the . following subspaces of Ez.

Y

7
%

g .‘:./,/é 7
,Tl T2
-~ : ” : 7 ‘
i i Z
1 ¢ _

T entre of this T
3 edge is missing 4

Using 'proposition 1.2.3 one easily shows that T4 is a cospace of Tl

- and T2 However, it is not a cospace of T3

‘ From the pictures ‘'we see that an expansion map tears up the space

(T4-b Tl’ T4-9 Tz). However not every tearing up is an .expansion map
: (T4 -»Ta) .




Ex. 7: Let A -{x | x is a rational number and 0 § x ¢ 1} and B={x Ix-.
"is an irrational number and 2 < x < 3 }. The unit interval is not a co~- -
space of the union of A and B, although there is a (very natural) one-

to-one map of A U B onto the unit interval (see excercise after ex. 4).

"

Ex. 8: The map f(n) = exp(27 i« n), ot irrational, is a continuous map

of the 1ntegers ZZ into the c1rc1e C in the complex plane.
This map is a homomorphism into if QZ and C are taken to be topological
groups. £(Z) is a cospace of Z .

Ex. 9: Let T be a torus which is obtained from the plane vector group ‘
- by reduciﬁg mod one in both the x and y diréctions.
The line y = & x,o{ irrational,is mapped into T by reduction mod one.
This reduction is a continuous homomorphism. The image of the line is

a cospace of it.

1.4. A compact Hausdorff space coincides with each of its cospaceé

- Two points p and q of.a space T are separated by open sets if there
are open subsets U en V of T satisfying

pe U, qe V " and Un V=290

Lemma 1: If T is a space and 93 a probase, then the points p and g

are separated by open sets in Tf(gb) iff there is finite cover of T
the elements of which are taken from 9’ such that any element of the
cover does not contain both p and q. : .

- -Proof: p and q are separated by open sets in T*(fa) iff p and q are
separated by elements of an open base of 'I"*"(gD iff there are elements
Q & {;1; \ P|P e ?}’xjﬂ:l"“'m' satisfying [} Q = ¢‘ ,

% %

pe [} 9 ae ) Q.. A
1£f (putting P, = T \ Q,) ' o
m n m:

N ) | Vi |
imp Py =T P ¢ M Py ad 1y Py~




Remark: Separation-axioms and rélated questions are treated in se'ction‘

1.7,

Theorem 1: In a ;;egular Tl-space T the following properties are

equlvalent ~ )

a) If # is some probase, then T (fa)—T

b) If f') is some probase, then T (ﬁ) is a Hausdorff space,

c) If $ is some probase, then in T*(g") there are points p and gq
which are separated by open sets",'- ‘unless T has only one point,

d) T is compact, ' ’ '

e) T is cocompact relative a base which is an algebra,

f) T is cocompact relative a base 93 satbisfying.'l‘ € ﬁ and if B sﬁ,
then T\ B ¢ .

Proof: a) —s b) =» c) is obvious.

¢)—» d) Let (* be a cover of T no finite subset of which is a cover.
Choose a base $ which refines . '
Proposition c) and lemma 1 imply the existence of a finite cover of
T by means of elements from ﬁ.,Hence ¢ has a -finité subcover,
contradicting the hypothesis.

d) -» a). It suffices to prove that the expansion-map e: T*(f’)-b T
is continuous. Let p ¢ 0 < T.

For each q € T \ O choose ah open neighbourhood U the closure of
which avoids p, and choose qu 93 = f+(§a) such that q € qu, '
Bq [ U . By compactness of T \ 0, there is a finite cover of T\ O
by means of elements of {B la e T \ 0} The union of this cover,
B say, 1s element of 3. So T* N\ B is an open set containing p .
e(T \ B ) € T\ B. So, continuity of e follows,

- d)~+ €): Take the algebra of all closed sets.

e) =» f): trivial. ‘ | _ .

f) -» d): It suffices to prove -that the expansion map e-T* (@B3)—>T

.is continuous. If p € O <« T, then choose a member B of 93 such that
pe B°c B c: 0 (regularity ) It follows that T T\ B B ¢ @B and
(T\(T\B)) isopeninT .

.




e((T \ (T B)) ) TN(T N\ B) = Bo c 0. So, e is continuous .

Theorem 2: In a regular Tz-space T the following properties are

_equivalent: :

a) T is locally eompact‘, . .

~b) T is cocompact relative a base which is a ring,

c¢c) T is cocompact relative a base 493 which is closed for taking
differences.

Proof: a) ~» b)—+ c) is obvious. ‘

c)-» a). If B is any member of 53 then B is cocompact relative

the base .ﬁo_{BonB | B e 53} Ifseﬁ , then By B NBE) =

=B\NB=B\NBn B € . so, 93 satisfies f) ‘of Theorem 1.,“
o o o o o ,

and, consequently, Bo is compact.

1.5. Cocompactness

Prop051t10n 1: Let T be a space and 9) a probase of T and let 5
denote the family of all closed subsets of T (f’)

Then, T is cocompact rel. ﬁ,' iff T is cocompact rel.. f.+(f’), iff ‘
. T is cocompact rel. f(@), iff T is cocompact rel. R (‘f"), iff

T is cocompact rel.g.

Proof: Apply proposition 1.2.1.

Proposition 2: A space T is cocompact relative e prqbase P iff each

"centered system of F has non-void intersection.

._1_3_1_'_(53_f_: "only if" is trivial. The "if-part" of the proposition is
essentially the lemma of Alexander.statiyng that if ¥ is.a subbase for
the open sets of a space T such that every cover of T by' members of ¥

has a finite subcover, then T is compact. Each centered system of f

has non-void intersection iff each cover the elements of which are
taken from { X \ P | Pe f’}has a finite subcover.

Recall that the family {X \P l P e?} serves as a subbase for

T (@), so the lemma of Alexander yields the compactness of T (?)
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Problem 1: Let T be a cocompact space Give a survey of all compact

cospaces of T

The following - proposition gives some information of the family of all
compact cospaces of a given space._:= ‘ '

Lemma 1: If T is a Hausdorff space and if G* is a compact subset of
T (P), then G is a closed subset of T.

Proof: Suppose p & a,. p ¢ G. If "% denotes the family of all
neighbourhoodsof p which belong to J’+(¢)), then the trace of U on
G,‘7ZG say,, is a centered system the intersection of which is

empty for T is a Hausdorff space and p ¢ G. Consequently, W; is a
centered system of closed sets on G the intersection of which is

empty, contradicting the compactness of G .

Proposition 3: If T is a Hausdorff space and if S is a compact space

* ,
which can be mapped one~to-one onto T (f’), then S is a cospace of T.

Proof: ' 1 o, - IfGisa closed subset of S,
~ S _ _ then G is compact and so is Lf(G).
l 3 /‘, Bg_rllemma 1 this implies_:hat
™ _ ' , c "@(G) is closed. So ¢ "C is
' continuous. -

1f P ¢ £, then c(P) is closed by the definition of T (4§°) and
quc(P) is closed by continuity of @.:From proposition 1.2.3 ‘it
foliows that S is a cospace of T. '

1f a space T is co(countably compact) relative gp, then each count-
‘able centered system of 53 hag non-void intersection.

R.H. Mc,Dowell has constructed an example which shows that the
converse of this statemenf does not hold.

Problem 2: If é)is a probase of T each countable centered system
of which has non-empty intersection, does there exist a probase 93’
"of T such T (¢O) is co(countably compact)

Cocompactnegs does not imply any separatiop,as the following examples
illustrate.

]
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Ex. 1: Let T be a space the pointset of which is the set 6j.rea1." e
numbers. ' e . VLR .
. Take the family of all open intervals togefher with the set of the
rationals as a subbase fof the open sets of T. T is:a Hausdorff space,
but T is not a regular 8pace. o

'T is cocompact and the family of all compéct ihfervéls series as é

base relative which T is cocompact.

Ex. 2;(The Tychonoff plank). Let .ﬂ._" "be the set of ordinal numbers
not greater than the first uncountable ordinal £) , and let W' * be

the set of ordinals not greater than the first infinite ordinal, w,
each with the order topology. The procl_uét ,ﬂ.‘ Xw' is called the‘
‘Tychonoff plank. The subspace P = D'xw' A\ { (,a,w)} is 1qch11y
compact, so cocompact. | | ' 4 ' . v

Pisa completely regular space which is not a normal one,

BEx. 3 (The Tychonoff ladder). Fo,r each n ¢ % define P .Q. ns ete., -
as in ex. 2. Let P = U { P ‘ n 6%} be the topological union of
'{P [ne'Z}(WesupposePnP P if n £ m).

Identify the points (£, y), , and (£, y), , and identify the pomts‘

(x, w) and (x, o.)) ':Eor each ¥y, x and n, and denote the de -
comp051t10n space by P , and the natural project of P onto P by 9.
We obtain the Tychonoff ladder T by adding two points, ‘iand N say,
“to P and by taking as a base for the neighbourhoodsystem the :family
of open sets of P toggther with the sets V (}) _f U ¢ ( U P )
and V(1) = m U (L U P_), n=l,2,... .

I1f £ is any continuous real valugd function on L, then f(f ) = f(ﬂ)_
(hard excercise), so L is mot completely regular.

It is not hard to show that L is a regular space.

if ﬁ:{compact setsofL}U {V (n)}neN {V (f)}noﬂ’

then IB is a base for L and L is cocompact relative .
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.Reﬁark:' )
The Tychohoff ladder L cannot be maﬁied one~to-one and continuously

' _onto a compart Hausdorff space. For, if 80y points of L could be
separated by continuous functions. _ ]
So, the Tychonoff 1adder has no cospace which is at the same time
compact and Hausdorff. Shortly, the,Tychonoif.laner is cocompact but

}

not co-{compact Hausdorff).

. . .
[ Cy v Tonddy o B0 Cateres U b dncpipaioad wne g e sadd GG e 1
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1.6. Constructing new cocompact spaces from zld

Proposition 1: For regular spaces cocompactness is an invariant for

the taking of open subsets. 4

Proof: Suppose T is cocbmpact relative a prebase 58 . If O is an open
subset of T, then ' = {B|Be 3, Bc 0} is a prebase for the re-
lative topology on O, because T is regular. Obviously, every centered

system of $' has a non-void intersection, so 0*(f") is compact.

Remark: In general cocompactness is Eg&_én invariant for the taking
of closed subsets; see ex. 2 below,

.However, in locally compact spaces and in metrizable spaces cocompact- ;
ness is an invariant for the taking of closed subsets. In case of 104
cally compact spaces this follows from the fact that a closed subéet'
is locally compact. For metric spaces we.will prove the invariance in

the following chapter.

Proposition 2: Cocompactness is an'invariant for the forming of topo-

logical unions, .
Proof: Take a base which is a union of the bases relative to which each

summand 1s cocompact.

The cocompactness of a product of cocompact spaces follows from the

" next theorem. In fact, cocompactness is an invariant for the forming

. of mixed-product which we now define.’

If for each o from an index set A, Te( is a space on Xu ahd if Wd_ de-
notes the natural projection of the cartesian product W{Xu[et € A}
onto X and if f is a subset of the family 2A of all subsets of A,

ol ;
which contains all one-element sets 0f A, then the mixed-product P,°

¢

of the family {T‘ |ﬂ.é A} is a space on the cartesian product of

{xy lot ¢ A} for wnich the tamily {N {76, (o/)ll ecllcec, oy
open in T } serves as a subbase for the open sets.

So, the usual topological product is a mixed product (take for € the’u
family of one-element subsets of A) and every mixed product gf is
finer than the usual topological product. IfAt equals ZA, then P€ -
is the box-product of the family {T“ lu € A} , and every mixed pro-' '

duct is coarser than the box product. Obviously, in Pﬂ the natural
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' _projectiom '7(.' is both open and continuous for every o € A,
The usual topological product of a family{T ‘K € A} is denoted by
T, |ue a}. ' :

Lemma 1: If for each o € A Tu' is a space and ZL« a base of T,
and if T is a mixed prodict of the family {T‘ ‘u € A} , then
T{Tz(’ud) "d; e A}’ is a cospace of T. . '
Proof: First, observe that if Yu is a subset of To( for each o ,
then the closure of T{ Yo( lure A} in T equals Tr{Y; ‘deA } . For,
if ‘K' denotes the natural projection onto T, , then the closure of
.ﬂ_{Y OL C A} is contained in ‘n:u (Yat) for each o, so, contained
in ('\{ (Y )Iu € A} Tr{ Y, [ot € A} Conversely, if «
q e‘ﬂ'-{Y& ‘Me A} and if @ is a fixed memper of A, then ‘R‘F(q) (3 Yﬁ
and consequently Vo, N Y # @ for every neighbourhood Vp. of n;s (a).
" So, if 'ﬂ'{v;‘j ® & A} is a neighbourhood of q in T, then ,
T{v (eea}n Ty, juea}=T{r, n v |swea}#0 and there-
fore q belongs to the closure of ‘“.-{Y,*l“ € A } .

Now, let € be a subset of 2A such that the family of subsets of
the form ﬂi’n:}, (OJ,) Ur € C} ce €, (2; open in T,) is a base for
the open sets of T. Then, the family

ﬂ{‘it;-(v,)!(] P c} (ce ¥ , I?é u/,> is a base for T. For, if p is

of subsets of T of the form

T, then choose an element of the base
for the open sets n{n"l (0 )“«e c € 'C} which is contained in O,
For each & C select an element U// of the base ’u/ satisfying

a point of an open subset O o

T(p) & and U é 0/ Then,
ﬂ/‘ic (U, “/ec € 8} is contalned in the set ﬂ{w (o )‘/&C € 2}
Whlch equals the closure of ﬂ (0 )[erc -3 f} as’follows from the
observation above. M {'n: (U )Uje C e 'f is a member of the base
for the open sets, so p s contained in the interior of
'{,( | ec e €. o
Let T* denote the cospace of T relative the family 4. Then ¥ is a
subbase for the closed subsets of TY. BeCause bgeach element of U /is
the intersectlon of sets of the form Tl?, (U,) (}«e A, 1}6 ’Il/);we conr
clude that { Tt (U,) &€ AU, € /u/} 1s a subbase forYthe closed sub-

sets of T'. But {®, (U )IU e 15 a subbase which defines

' thé topological product of * {'I‘*ZIL )ld. 3 A}
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Corollary: Any two mixed products of a faﬁxily {Td. ‘ue A} have cbspaces

which are homeomorphic.,

Theorem 1: If T is a mixed prbdu.ct of a fanfil.y of cocompact spaces,
then T is cocompact. .

Proof: If T is a mixed product of the family {T‘*lu 6 A}, then for
each T& choose a base ’u.“ such that T* Wu) is compaét. Applying lemma
1 and the Tychonoff product theorem, we deduce that T{ T (’u&)]ut A }

is a compact cospace of T.

5

. Corollary: If T is a mixed product of a family of co-(compact hausdorff)

spaces, then T is co-(compact hausdorff).

Ex.l: An interesting application of the lemma above is obtained by the
observation that the space of the irrationals I is homeomorphic to the
product space j=1

Z‘i, Zi being the space of the integers. For each
factor 'Zi take a cospace as described in the proof of proposition 1,

3,2 and denote this cospace by 'Z i*’ Z i* vgs compact, metric and zero~

. dimensional, so PARY Zi* is. Furthermore ;‘I Zi* is dense in itself,

s0 it is homeomorphic to the Cantor-set as follows from the character-
ization of the Cantor-set: any compact zerodimensional metrié space
which is dense in itself is homeomorphic to the Cantor-set.

So, the Cantor-set is a cospace of the space of the irrationals,

Now, we start the construction of an example Jf a cocompact space which

has closed non-cocompact subspaces.

Proposition 3: Every separable metric space is homeomorphic to a closed

subset of /R =. 4

Proof: If M is a separable metrizable space, then by the Urysohn-em-

bedding-theorem M is homeomorphic to a dlosed subset of a countable

product of copies of the real line. So we suppose Mc7R a. let

A=TR?%\ M. For each x € A: £.: M=>R is defined by fx(y) = (F(x,y))fl,
being a metric of 7Ra. Clearly, f;{ is continuous, Let

£ : M—RE =T{7Rx‘x e A} be defined by £(y) = (£ (y))_ ¢ ar then

is continuous. Consider the graph G of f in M xR E. Because of the

continuity of £, G is a closed subset of M¥% 7R L3 and G.is homeomorphic
to M. Now, we prove that G is a closed subset of 7R-‘-‘¢fx RE. For, 1t

B
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not, let z be an accumulation puint of G which is not contained in G,

Put zb= (zl,zz), z, € 7R i, z,, ‘€ 7RE and let 7 denote the natural pro-

1
Jjection of R2x R £ onto R 2, zlf M, for G is’ a closed subset of

M XZRSu Clearly, z, is an accumulation point of M. Because fz (y)

1

1 ,
tends to infinity if y tends to z for every real number k there

11
, such that if w € G, we T ! (U(z,)), then
T, (w)>k, T, denoting the natural projection into 7Rz . Now,
pu%ting:k = R;l(zz) + 1, we obtain a neighbourhood 15-1(Ui )n

' “il(zz-l,z2+1)1 of (zl,zz) which is disjoint from G, contr%dicting

is a neighbourhood U of z

the assumption that z is an accumulation point of G.
As an application of proposition 3 we obtain:

,EE;E’ The space of the rational numbers is homeomorphic to a closed.
subsat of TQE. ﬂls is cocompact by Theorem 1 and the rationals are
not (sectionri.S, exercise).

So cocompactness is not an invariant for the taking of closed sub-
sets. For later use we observe that 7R-E is not a GJ' -subset. of any

compact hausdorff space (see chapter 2).

We finish this section by formulating some problems related to the
invariance of cocompactness.
Problem 1: Is a q;-subset of a cocompact space cocompact?

Is a Garsubset of a compact hausdorff space cocompact?

Problem 2: From proposition 1 and 2 it follows that the topological
union of a family of spaces is cocompact iff each summand is cocompact.
Does the cocompactness of the product of a family imply the cocom-

pactness of every factor?

Problem 3: Let T = A Yy B, A open, B open, A and‘B cocompact, Is T -

cocompact?

Problem 4: Let T

A U B, A and B cocompact. Is AN B cocompéct?
Illustrating problem 3 and 4 we have the following example. -

Ex.3: The cocompactness of a space T relative a prebase U and rela-

tive a prebase V does not imply the cocompactness of T relative the

&
-
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prebase U U V, For, let T be the subspace of the plane the point set
‘of which is [0,1]x [0,1] N\ {0,0} . For each natural number n let
Vn ={&,n} ;c,s‘ 1/n} and U = { G, my¢ 1/n} . If 1-:{(: |c is com-
, pac‘c} U{Vn}ml and U ={C lc is compact} v {Un}n=1’ then T is

cocompact relative U and V, but T is not cocompact relative UV V.

Problem 5: Let T be a space which is
1. separable metric A

2. zerodimensional

3. cocompact (or, equivalently (see chapter 2), complete in a sditéble
metric) ‘
4., nowhere locaily compact,

: ; Is T homeomorphic to the space of the irrational numbers? (Cf.: ex.l,)

1.7. Separation axioms

In this section we give a characterization of separation axioms for
a topological space by means cof properties of a suitable (sub)bése
“for the closed sgts. Its usefulness for the study of cospaces is
evident.

The characterization of complete regularity see@s to be new and is

rather surprising (theorem 1). -

If T is.a space and if C? is a family of open sets of T then two
subsets A1 and'A2 are separated by C7'if there are elements O1 and
0, of 0" such that A €0, A, €0, and 0, N O, = §.

1 2 ,
Dually, if T is a space and if 5} is a family of closed sets of T

then twd subsets A1 andAA2 are separated byggl if there are elements

G, and G, of g, such that Glﬂ A = g, G, N A, = g andclu G2 =T
(and consequently AZ c Gl’ A1 C G2) . ‘

Proposition 1: A T _-space T is hausdorff iff there is a base for

1
the closed sets 13 such that any two points are separated by IS.

Verification of this proposition is straightforward.

i - Proposition 2: A Tl-space T. isiregulas iff there is a base for the

j; | closed sets D such that, if p is a point of T and B .an element
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of B not containing p, then p and B are separated by B .

Proof: "only if": If T is regular, then the family of all closed
sets satisfies the condition of the theorem.

"if": Let p be a point of T and G a closed set not containing p.
Because B is a base, there is an elvement B1 € B such that pl £ Bl
and Bl 2 G. ‘

p and B1 can be separated by .B and so there are 82 and B3 in B

satisfying: péB BnB = @ and B IJB3 T.
are neighbourhoods of p resp. G which

" The complement of B resp. B

2 3

are disjoint.
In the same way we obtain

Proposition 3: A T ~space T is nbrmal iff there is a base for the

1
closed sets B such that any two disjoint closed subsets of T are

separated by B

Thedrem 1: A Tl—space T is.completely regular iff there is a base ﬁ -

for the closed sets such that

1. any point p and any element B of B not containing p, are
separated by B, . |

2. any two disjoint elements of B are sepaxjated by B.

Proof: "only if": If f is a continuous real-valued function on T,

then the zero-set of £, Z(f), is defined by:

z(f) = {x| xeT, £(x) = 0] . Let X denote the family of all zero-

sets of T. Obviously, as T is completely regular, & is a base for

the closed sets. If Bed , p € B, then, as it is easy to see, there

is a zero-set Zl such that p & Z1 and Z1 N B

@. So it remains to
proof 2. ;
1f zZ(f) A Z(g) = @, let h be defined by h(x) = ,f(x;,f(f):g(x), .
Then h(Z(£f)) = 0 and h(Z(g)) =

Z, = Z(sup(n,2/3) - 2/3) = {xInx)<2/3} and Zy -

Z(inf(h,1/3) - 1/3) = {x | h(x)» 1/3} satisfy Z N Z(g) =
znz(f)_ﬂandZUZ = T.

"if". We will make use of the following lemma (see J L. Kelley' .

General Topology pag.1ll4):
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Lemma 1: Suppose that for each member t of a dense subset D of the

positive reals F

that:

& is an open subset of a topological space X such
(a) if t €« s, then the closure of Ft is a subset Of.Fsi and

(® U {F, |teD} =x.° ‘
Then the function f such that f(x)

inf {‘t | x eFt} is continuous.

To show the complete regularity of T we have to construct for every
point p and every set G not containing p a continuous real-valued
function f satisfying £(T) € {0,1], £(p) = 0 and £(G) = 1.

Because of condition 1 it is sufficient to constructrfor any two
disjoint elements C_ and B
£ such that £(C) =0, £(B)) =1 and £(T) C fo,1].

of B a continuous real-valued function

The coﬁstruction resembles the usual one for a similar function for
disjoint closed sets of a normal space (cf. J.L. Kelley, p.115). v
Observe, that. in view of proposition 3 our construction also yields f
for any pair of disjoint closed sets F and G in a normal space a.
continuous function to the interval [0,1] such that f is zero on F

)

and one on G.

let D be the set of positive numbers of the form p.Z—q, where p and
q are positive integers. For t ;n Dand t > 1 let F(t) = T and let
F(1) =T \Bl' For t in D and 0<t<1 write t in the form

t = (2m+1)2” (nz1, m 2 0) and choose, inductivély on n, two
elements C(t) and B(t) from B such that B((2m+2).2_n)f1 c(t) = g,
c(2m.2™™) N B(t) = ¢ and C(t) U B(t) = T.

This choise is possible_becaﬁse B satisfies-conditioh 2.

| Co ‘ | - . Bl
c _
c% By
Ci By
i B
i

Now, define F(t) = T \ B, and £(x) = inf {t |x€F | then £ is
continuous in view of lemma 1, £(C_) = 0 and f(Bl)f= 1. '

Y
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To obtain analogous theorems for subbases we define:
If T is a space and if g/ is a family of closed sets, then two

subsets A and A are screened by l; if there is a finite cover of

T by elements of ; such that each element of the covering meets

at most one of the sets A ~and A2

'Obvmusly we have the follOW1ng

Lemma 2: Let T be a space and let A and A be subsets of T.
' If ;, is a family of closed sets, then A1 and A2 are screened by ;
iff A and A are separated by s (7,) '

From this we obtain

Proposition 4: A T1

the closed sets B such that any two points are screened by b .

-space T is hausdorff iff there is a subbase for

Proposition 5: A Tl-space T is normal iff there is a subbase for
the closed sets B such that any two disjoint closed subsets of T

are screened by .B .

Proposition 6: A Tl-space T is regular iff there is a subbase for
the closed sets 8 such that, if p is a point of T and B an element
of (D) not containing p, then p and B are screened by 8.

Proposition 7: A Tl—space T is completely regular iff there is a |

subbase for the closed sets B such that ,

1. any point p and any element B of f+(‘ﬁ) not containing p, are
screened by 8 , ' ' ‘

2. any two disjoint elements of d’+(b) are screened by »B .

g

The following proposition is a modification of proposition 7

Proposition 8: A Tl—space T is completely régular iff‘there is a
subbase for the closed sets 3 such that

18- I (B,

2. any point p and any element B of 3 not containing p, are

\

screened by o.B

jw

.any two disjoint elements of B are screened by B .
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Proof: We proof that :f*(B) satisfies 1 and 2 of theorem 1.
- We only verify condition 2, as condition 1 is verified similarly.

n : 1
let ¢ = Uc, and D= U, , c,eB, 11,0,
=1 = Dy e, 3=1,...,1.

-

let CND = @.

For each pair (Ci’D j) _take a "screening. cover" ij the elements .

" of which are taken from B

For i=1,...,n and j=1,...,1 put A, = U{x sBijj_x nec, #9}

ij

By =VUlxeE |xnc -9j
. and, finally, - ‘
~on 1 .m 1
E , A=U N A and B=( U B, ..

Clearly condition 1 implies that A and B belong to .'f+(5)'. Further-
more,the construction insures that ‘ '
AUB=T,AND=¢Yand BAOAC = ¢,

Remark: In the proof of proposition 8 given above condition 1 cannot
be omitted as the following example shows.

Let T be the unit interval and let $ = {[O,XJ l X 6[0,1]} U
{ix,1] | xef0,13} U {{x} | xel0, 9} .

H satisfies condition 2 and 3 of proposifion 8, but it does not.
satisfy 1. The 'family f+(3) does not satisfy condition 2 of

theorem 1, as the reader may verify.
Problem 1: Can we omit condition 1 of proposition 8?

Problem 2: If T is a space and if there'are_bases for the c¢losed
sets.of T 'Bl and .ﬁzf suf:h that -731 satisfies condition 1 of -
theorem 1 and 32 satisfies condition 2 of theorem 1, then is T
completely regular? '
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}.8, Cocontinuity

If T and S are spaces and if f is a map from T to S, then f is co-

‘continuous (resp. cotopologlcal) relative to prebases 9 and Y if

_ the induced map f: T (U)=¥S ("lf) is continuous (resp. topological,

f is cocontinuous (resp, “cotopological) if there are pr_ebases WU and

4»” such that f£f is cocontinuous (res-f).bcotopological) relative to u-
and V*

Obviously, f is cocontinuous iff there is a prebase Vof 8 such that
(V) is closed in T whenever V & v ,
For if T is a space and A the family of all closed sets in T, then
T is homeomorphic to T ()
Further, if T (resp. S8) is a compact Hausdorff épace, then in view of
1.4 theorem 1 no specificatlon of QL (resp. 9”) is needed.

From the deflnitions we immediately obtain a proof of proposition 1

up to proposition 4 inclusive.

Proposition 1: A map f: T=9S is cétopological iff f_l is cotopo-

1ogica1. If £f: T=yS is cotopological, then f is cocontinuous, If
f: T=)S, and if for any V € 9% f-l(v) € U, YUresp. G being pre-.

bases of T resp. S, then f is cocontinuous relative to ¢ and 4.

Propositon 2: If f: T=3S is cocontinuous relative to  and Q%
and if U'> U and Ve ‘v‘, 9»'! being a prebase of S, then f is co-

continuous relative to Ql. and Y~/

Proposition 3: If f: T—)S is cocontinuous relative to Q4 and 9*” and
if g: S=PR is cocontinuous relative to @¢» and W, then gf T ~)R is8

cocontinuous relative to Q4 and W.

Proposition 4: If T is cocompact relative to ¢u and if £f: T-$S is

. cocontinuous relative to ¥ and ¢ , then S is cocompact relative

to @ . A cocontinuous image of a compact space is cocompact.

‘The relation befweén continuity and cocontinuity is given in pro-.

"position 5,6  and 7.

Proposition 5: A: continuous (topological)map is cocontinuous
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(cotopological), If f: T=9S is cocontinuous relative the base of all

closed sets of S, then £ is - continuous.

Proposition 6: The compositon of a contiﬁuous map- and -a -cocontinuous

" one is cocontinuous., (If f: T =S is +3.continuous and g: S-yR is -

cocontinuous, then gf is cocontinuous).

Proof: Use propositions 2 and 3,

PrOpoéi'tion 7: A cocontinuous map in a compact Hausdorff space is -

continuous.

Proof: Consider the following diagram.

R._.i_..) c Tixe condensation map c1 is c_ontinuous;
¢ l 102 C is homeomorphic with C (section 1.4).
R*—K——) c* So_ f = clf* c;l is continuous if f, is continuous.

-Properties of the condensation map and the expénsion map are given in

‘proposition 8 and 9.

Proposition 8: The condensation map and the expansion map are co-
topological,

Proof: Consider the following diagram:

* ' - :
T S 3T (U) If cis a condensation map relative A, then let c

1
cy ko ~ be the condensation map relative to WU, so Tl is :
C

homeomorphic with T (U ). If c, is the condensation
Ty Cxe 7 T2 map relative to the family of all closed sets of

* * :
T (@) then T, is homeorphic to T (). So ¢, is a homeomorphism.

2
Therefore, a condensation map is cotopological , and consequently

in view of proposition 1 an ‘expansion map is botopological.

Proposition 9: A map f: T-$S is a compression map iff £ is one-to-one  ,

and onto and cotopological relé.tive to the family of all closed sets
in S.
Proof: "only if": see proposition 8.

"if": £ is continuous as follows from proposition 5. So 1.2. pro- - .

position 3 applies.
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Proposition 10: The following proberties of a space T are equivalent,

a) T is a cotopological image of a compact space

b) T is a cocontinuous image of a compact space

c) T ié'cocompact.

Proof: a) —=pb) see proposition 1) ; b) —yc) see proposition 4) ;
.¢c) =pa) see proposition 8)

Proposition 11:If f is an one-to-one map from S onto a Hausdorff space

T, which is cocontinuous relative to L and §#’, and if S is co-
compact relative to # , then f is cotopological.

An one~to-one cocontinuous map from a compact sbace onto a Hausdorff
space is cotopological. o .

25925: S*( U) is compact ahd S*(Ql ) can be mapped continuously and
one-to-one onto T*(Qfﬁ. In view'of 1.5 proposition ‘3. S*(Ql) is a

_cospace of T,

Example 1: The order of the maps in proposition 6 .1is essantial, as

the following picture shows

> e o
—_—d —) ' . o
. ®
f is cocontinuous (so cotopological by proposition 11), g is

continuous, If gf is,cocontinuous,_thenvby proposition 7 it is

continuous . So gf is not cocontinuous.

Example 2: As the following picture indicates the composition of two

cotopological mappings need not to be cotOpological.

i
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T is a cospace of R; R is a cospace of S (1.2 pr;)p. 3). gf is not co~
continuous, for the inverse under gf of any neighbourhood of p which
is contained in S1 is not closed in T.
-S0, a cospace of a cospace need not to be a cospace.
Example 3: If £ is a map from T to S, then the cocontinuity of f¢:
. T ~»£(T) (£' being induced by f) does not imply the cocontinuity of‘f‘.
There is a natural map £' from T onto [0,3] U {1}
(see ex. 1), which is cotopological: £'(t) = 4 t
3 if t¢ 1, £Y(1) =-1. The induced map £f: T -»S is

1 i

e
(=]

.not cocontinuous (Consider base elements containing

T S .
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Chapter 2

METRIC SPACES

The main purpose of this chapter is to prove, for metric spaces, the
equivalence of topological completeness and cocompactness. The first
section contains characterizations of topological completeness which
are taken from the literature. In the second section we prove the
equiValence for the separablé case, and in the third section we
attack the proof of the equivalence in the general case.

The fourth section treats the notion of co-(compacf hausdorff)-ness
and gives a characterization of cocompact spaces in the separable

metric case.

2.1. Topological completeness

If (M, P) is a metric space and if {x } is a sequence of points, then

‘ ix § is called a Cauchy sequence if for every ¢ > O there is a

natural number N such that f(x X ) < ¢ whenever m,n 2> N; (M,p) is

a complete (metric) space if every Cauchy sequence converges. A

metric space (M,f) is topologically complete if there is an k

equivalent metric‘f' such that (M, p') is complete.

Theorem: For a metric space M the foil&wihg properties are

equivalent:

1. M is topologically complete,

2. Mis a Gs—subset of every hausdorff space H in which M is embedded
as a dense subset,

3. Mis a Gs-subset of‘FM (éech—Stone-compgctification),

4. M is a G_-subset of every hausdorff compactification of M,

5. M is a G.-subset of some hausdorff compacfification of M,

“ @G

6. M is a G_-subset of every metric space in which M is embedded,

N

7. M is a Gs-subset of every topologically complete metric spacé in
which M is embedded, |

8. M is a Gs—subset of some topologically complete metric space in
‘which M is embedded. R '
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The characterlzatlon 8 is due to Alexandroff and Hausdorff 6 and 7
te sierpinski; 3 and 4 to Cech and 2 to Frolik.
Proof:

1-»2: Let ¢ be a metric in which M is complete. If u = {U | U open

in M, dlamf(U) < -—} and if U = U U.n then for each element

U e U choose an open subset u' of H such that U''N M = U. We will
. * o>
prove that if V_ = Vivr l v e u,n§, then M = nQ V . Trivially
Mch v.
n=1 n

If x e (n— ) \M and if N denotes the neighbourhoodsystem of %,
_then n* ={Nn M| Ne?7} is a centered system, since M is dense
in H.

L d
Furthermore the assertion x e (nol Vn) \ M implies that for each
n=1,2,... there is an element U € u which belongs to M . Choose

X € Ui’ n=1,2,...; clearly {x } is a Cauchy sequence since

i=1
=) and converges to a point y € M because Mis

complete Evidentiy X#£y. Nowy & ™ for every N € n . For if
not, choose i so large that 2'- < f(y,N ), then U n N = @, which
contradicts the fact that ’ﬂ is a centered s_ystem.

On the other hand, because H is a hausdorff space there is A € n
such that y ¢ KH, s0 y £ mM. Contradiction.

2 -»3: Trivial,

3 -—»4: 1If yM is an arbitrary hausdorff compactification of M, then
by the éech-Stone-extension theorem, the identity map i: M -» M can
be extended to a continuous map j: pM -5 ,M. First we will prove that
M\ M) = yM \ M. For if pe gM \ M and if j(p) € M, then the map
J | MV {pr}: MU{p} -» M restricted to M is the identity on M, so '
equals the identity on M U {p} since M is dense in the hausdorff
sﬁace M U {p}. So j(p) = p € M, which contradicts the fact that

P €EpM \ M.

A compactness argument shows that IM j(FM) , S0 the statement
follows. Now, if M is a Gs—subset of gM, then gM \M is an F -subset

of gM. A compactness argument shows that j(eM \M) M \ M-is an -

Fo'_ subset of ]M
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4 -»5: Trivial.

5->3: If M is a G,-subset of some hausdorff compactification [M of :

M, then if j: pM —’GIM is a continuous extension of the identity’
mapping i: M M it is clear that ,j (M) Pil is a Gc-subset of 'eM.
4 —»>6: If M is embedded.in a metric space M , then it suffices to
prove that M is a Gs—subset of M (closure in M ), because M being a’:
closed subset of the metric space M is- a Gs-subset of M .
If [M is a hausdorff compactification of M, then it is also a
hausdorff compactification of M.. ‘As M is a Gs-subset of IM Mis a
Gg—subset of M. e

6 = 7: Trivial.
7 =»8: Trivial. _
8-»1: If N is some complete metric space, anci M c N such that

oty
= . the = P H ->
M ngl G , G open in N; then for each n 1,2, define f Qn (4

1
by fn(X) = f(x)N\Gn) o; .
: a
Let f: M»R — = nEI R be defined by (f(x)) = f (x), n=1 2,...,

"“ then f is continuous. Con51der the graph G of f in N X ﬂl - G is -

homeomorphic to M and G is a closed subset of N x]l = (c.f. 1.6.
proposition 3). N x R 2 is topologically complete, so the closed

subset G is, and the same statement holds for M.

Corollary 1: A separable metric space is topologically complete iff
it is homeomorphic to a closed subset of 72?‘ = r;‘--rl 7/?n.
Proof: If M is a separable metric space, then by the Urysohn embedding

theorem M can be embedded in 7/? . Now reproduce 6 ~» 1 of the theorem.

For metric spaces we have:

A hedgehog (resp. open hedgehog) of spininess T is obtained from a

family of T intervals {I_| t € T}, I, ={x] 0e€x <1} (resp.
{x | 0 ¢ x < 1}) by identifying the zeros of the intervals and by
defining P(x,y) = |x-y| if X% and y belong to the same spine and
P(x,y) = sup(|x|,|yl) otherwise. '

A porcupine (resp. open porcupine) is a countable product of
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hedgehogs (resp. open hedgehogs). Now by an embedding theorem of
Kowalsky a metric space can be embedded in an (open) porcupine, so

in the same way as above this yields:

- Corollary 2: A metric space is topologically complete iff it is

| , homeomorphic to a closed subset of an open porcupine.

!
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2.2. The separable case

Theoren: 1: If M is a sepa;able metric space dnd if M is topologicaliy
corplete, then M is cocorpact. '

Proof: By corollary 1 of section 1 M is homeomorphic to a closed
subset M of H = Tr (R

Now, we construct a fann.ly @, which turns out to be a prebase for H,
such that the intersection of an ihfinite centered system in @ '
consists of one point. ‘ |

For each i define

i - -n -1 | '
An,m = {x | x e/ﬂzi, m2 € x ‘:(»m+1)2 }, , n;:l,2,..., m e Z,
i i
ﬁn = {An, } m‘l 3 n=1 2,04.- "
i o , .
j)i = {kﬂl kl(Pk) \ P (- .ﬁ'k} Ty H -v'i{k denoting the.
: natural projection, ﬁ
and finally :
U Pt
n _
’[ Toi=1 :
. k‘ -1 ' L . .
First we show that if p & 01,, O = le “j (Qj), open in ’Ihj, then
there is a number n, such that n > no, pepP, Pe implies P ' 01

. For each j 4 k choose n, such that 2 J < j’(‘lt (p) 0 ), § denoting
the usual metric for ﬂJ
Put n_ =max{{n } 3= 1,?..,1{} U {k}}, If nan y pe.P pe‘lD
- and if qeP N 0 , then for same j € k the inclusion ®,(q) € o° holds.

-n J J
So f(m (p),]t {q)) > 2 jz 2 °. On the other hand p,q € P implies

plw, (p),)‘( (q)) <22 2 °. This contradiction shows that n_

satlsfies the desired condition. ,

If ?‘ is a centered system in ?k then Cf contains at most 2k elements,

for the centered system {T(. F|F € 7‘} contains at most 2 elements for
C each j. So, if F is an infinite centered system in 7)
| Fn ka # @ for an infinite number of indices. k .kz,.. oo

From this it follows that for each natural number ;j the intersaction

, then .

»

of {1\' B ) F s?} ‘contains one point. So, 7: has a one point inter-

; section.
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Now we show that .‘/3 is a prebase for H. Tf p belongs to an open subset

0 of H, then choose an element of the product-base 01 = f\ T (0 )
and“a numbker n such that n » n , Pe P, Pe @ implies P c:()1 If
U{PI Pe ? °. pe P} then one easily verifies that

P e B ¢ Be€O, € O. B heing the union of a centered system in ﬁJ °

i# a finite un;on of P's, so g) is a prebase for H.
Now, put P = {pnm* | p e P}.
P isa prebase for M* and we will show that M* is cocompact reléfive
to @* For if fF is an infinlte centered system in ?*, then

= {F|Fe P, Fn Me F } is an infinite centered system in ¥,
so has one—p01nt 1ntersect10n p. We claim that p & M . For, if not,
choose 0, = f\ 1( (0) such that p € 0,, O, N M =@ (M is closed!).
Choose n such that n ; no, peP, Pe .‘P 1mplies Pc 01. Then there
"is. an F ¢ F such that F ¢ P" for some n 3 n, so Fc O, So
FN M = §. On the other hand by the definition of ¥ we have ’
FAM # 0. ‘

Contradiction.

Theorem 2: If M is a metric'space and if M is cocompact fhen Mis
topologically complete. | '

Proof: Let ('Irll,f) denote the (metric) completion of (M,p).

We will show that M is a G.-subset of ﬁ, which yields a proof of the

13
theorem in view of section 1. Let M be cocompact relative tg the
base &B.
Define 731 = {B|Be B, diameter of B ¢ 1/1] ,
O, = {olo= ™ 5 B Y
o =V {Gil i=1,2,...} .

Observe that for each i O'i'is an open base for M. For each O & (o
let O be an open subset of M such that 6 AM=0. Since M is dense
in ﬁ, the diameter of O and 5 are equal.

oo
1f O U{oionMcU} then M = 0,5 .
a0 = A
For trivially Mc 01 , and if p e 191 Ni then for each i there is
a V, such that V nM=v, & (71 and p € '!71. Since the diameters of

i
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- .
the Vi converge to zero if i -»ee the intersection N -Vi = {p}ﬁ Hence

if p &M then NV such that
v, = 100
i i
so {B,} is. One casily verifies that NV

i = . For each i choose a fixed Bi
. Because M is dense in‘ﬁ, {Vi} is a centered system, and
g = (\B:l and l'\Bi # ¥ because
of the cocompactness of M relative to 93. 3‘ '

Contradiction.
Combining theorem 1 and theorem 2 we have

Theorem 3: If M is a separable metric space then M is cocompact iff M

is topologically complete.

Remark: A proof of the equivalence of cocompactness and topological
completeness in the general case could be basedcnxqorollary 2 of
section 1 and a modification of theorem 1..An easier proof is given

in the next section.:

2.3. The general case

Recall that a family of subsets of X is point finite iff no point of

"X belongs to more than a finite number of members of the family. A

family A of subsets of X is locally finite (discrete) iff each point

.. of X has a neighbourhood which intersets only finitely many (at most

one) members of JQ,
A space is paracompact iff it is hausdorff and each open cover has
"an open locally finite refinement.

-A theorem of A.H. Stone states that a metric space is paracompact.

Lemma 1: If U = {Uu}“ is a point finite open cover of a regular

space X, and if 5; is normal for each«, then there is an open cover

. {0,}, of X such that O, ¢ U, for each a.

Proof: Let F be the class of all functions F, defined in the following
way: the domain of F is a subfamily of u, F(ﬁ) is an open set whose

closure is contained in U for each U in the domain of F and
*) U {F) | U edomainF} U {V|VeU and V ¢ domain F} = X.

[N
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1< F2 iff domain F1 el Fiomain FZ

then < partially orders F.

If we define for each pair F,,F,e F: F
and FI(U) F. (U) for each U € domaln F;

17
In other words, F1< F2 iff ]3‘2 is an extension of F1 If ? is a
chain in F (i.e. ?1 is linearly ordered by <€ ) then 7: has an
upper bound F, \/_U {domain F | F & F } and if U e domaln F, and

Ue domaln F, for some F_ € 97 then F (v = F, (u. Fl satisfies

cond1t1on (), For, if p ¢ X, p e U, for i=1,...,n, and if

pf U{F w | UedomainF} v {VlVeu andV&domainF} ,
then clearly there exist F"i € ‘fl such that U“i € domain F“i for
each i £ n. Take j such that Fy < Fd for each i £ n. Then

U, € domain F_, and so F_, does not gat:tsfy (*). Clearly, Fe¢F

Ay 1

if F & f‘ . Now, applying %orn lemma we obtain a maximal element F
of F. To flnlSh the proof, we_w111 show that domain Fo =U. For,.
if not, take a V_e U which is not contained in domain F . Let

U {FO(U) | U e domain Fo} U{v|{VveU, Ve domain F‘o, \ #AVO}.
If Y = X then define fo(‘vo) to be an open set, whose closure is
contained in V_ and F_ (U) = F, (U} if U € domain F . Otherwise, take
resp. O of ¥°¢ resp. V \ V inV

1 2

and define F (V ) = 01 and F ) = FO(U) if Ue domain Fo'

*
"Then Fo < Fo’ contradicting the maximality of Fo'

disjoint open ne1ghbourhoods O

Observe that from the last part of the proof it also follows that
F is not void. '

lemma 2: If {Oa}“‘; is a well ordered locally finitecopen covei' )

~ of a regular space X and if 6“ is normal for each & < ¥, then there

i_s an open cover {V: ‘ei < y , n =1, 2, } of X. satisfyiné:

1. Each centered system in{V: lot <¥,n=1, 2,‘....5 id finite,
2. {Vﬁ ] ug‘)'} is a discrete family for each n,

3. Vu C 0“.

Proof: Applying lemma 1, take an open cover {w“}“‘“f such that
wd c o, forvevery A<y,
Using the normality of 0“, choose, inductively on n, open sets

O: satisfying

J/' domain F

1=
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W,c 0, c0.c0, ,
Q=9 if W =g and o:=o;1 =4 .
Define Uz 0:: \02-2 , on:j, n=1, 2, ... ,
Vo= Uﬁ\U{;i;T'p<d},ﬂ<7,n=1, 2, ... .

Now we have

n n n+1
a. Vdnclﬁco.‘cc“ c o, |
b. {v, ]«<3§,n=1,2, ...} isa cover of X.

For if xeX, let A(x) be the smallest ordinal number such that
,xeong 3 for some n. Let n(x) be the smallest number such that
X € 0 . Then x € O% p () and xcvn(x) .

o () «(x) 77 Vo)

c. V‘d is an open set, for U is an open set and{

o |e<«} 1s

locally finite, so closure preserving. _ |

d. If |n - m| » 3, then V3 N'V, = .

For if n - m 2 3, then?nc—m o 3C On"-2 and v“no“‘z =@,
o ol o ot ‘

so Vn no = .

e. If a<pandk<1 thendnV = @.. !

n+1

—1+1
Forvkco co e 1”‘ cU{o"’ lu&p}
131 1+1
So 0, N V‘3 = @ and consequently O N VP = @,
anVP g.

From b and ¢ it follows that {V':‘l |¢<3 y n=1, 2, } is an open
cover of X. 3. follows from a.

To prove 2, observe that from e it follows that if « 4(6 and k=1,
then 7, NV = #. The local finiteness of {0, }u g imPlies the local
-finiteness of {Vk } ot < 3} So this family is discrete. If F is a
centered system in {Vn | o <3, n=1, 2, ...} , then from d it follows
that for each of there are at most three members of F of the form -W;n
Let a( be the smallest ordinal number such that Vno € F for some no
and let o( be the smallest ordinal number such that o( # o( ’

V:i' eF for some n,. Now e implies n

1 1 £ no. Let, induct;lvely on i,

J

oy be the smallest ordinal number such that di # o - for J = 0,;'1,»..{';,, A-1,
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ny

and V e? for some n . Then from e it follows that n0 > n:l > n2 P s
1

cee > My > ni+1 ... 5 S0 this sequence breaks off. So for not more
thae finitely many « the inclusion V:: e F holds. This proves 1.

Lemma 3: If O is an open cover of a paracompact space X, then (v 4 |

has ‘an open refinement {Va} such that each centered sysfem o'ij‘ {V;L',

is finite. )

Proof: First, take a locaily finite open refinement U of .

Well order the set U : U = {U.“ | < 51, . Since a paracompact space X

is normal, we can apply lemma 2.

Theorem 1: If M is a metric space and if M is topologically complete,
then M is cocompact.

Proof: Let ¢ be a metric such that (M, f) is complete.

For each i, let U = (U | U open, diam U< 1/1} . Since M is a metric
space, by lemma 3 there is an open refinement v {V } of the cover
ui such that each centered system in Vi = {Vik is finite. Clearly
U{vl ’ i=1, 2, } is an open base for M, so

7 =U {—_i I i=1, 2, " is a closed base for M.

Mis c:ocompact relative to 37— For if ? is an infinite centered system
in ¥, then F N 7 is flnite for each i. So there is an infinite

10 igr e such that F N V K40 ,x=1, 2, ..o .
So J' contains elements of arbitrarily small diameter and consequently
NF #g, since (M, f) is complete. - ‘ , : 3

number of indices i

From theorem 1 and § 2. theorem 2 we infer

Theorem:. 2: If M is a metric space, then M is topologically complete

iff Mis cocompact.
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2.4, Co—(compac£ Hausdofff) spaces

Notation. cocH stands for co-(c¢ompact Hausdorff).
We start this section with cbllecting some propositions on cocH-spaces

and some counterexamples.

"

- * ' .
Proposition 1: Let T be a cospace of a Hausdorff space T, and suppose

_ : *
there is a continuous map f from a compact Hausdorff space K onto T ,

Identify k, and k, in K if f(ki)

quotient space by K', Then KXK' is a cospace of X, ,lying between X and X .

f(k ), and denote the resulting

Proof: The map Cfln K T K' > T is obviously continuous, one-to-one
and onto T . Apply proposition 1.5.3.

! .
Corollary 1: If T is a Hausdorff space, then T is cocH iff T is a one-
to-one cocontinuous image of'a compact Hausdorff space.

Theorem 1: If T is the mixed product of a family of cocH spaces, then.

) T is cocH.
Proof: Apply lemma 1.6.1.

Proposition 2: Every locally compact Hausdorff space is cocH.

Proof: Proposition 1.3.2.

Proposition 3: If T is a Hausdorff space which is locally compact except .

at a single point p&T, then T is cocH.

Proof: If 4(p) denotes a neighbourhoodbase at p, then\T is cocompact
relative the baseV {V 'V U for some Ué.u(p) or V is compact or
Vc— is compactz ’
For any element of‘175h1ch is not compact contains p. T (15 is Hausdorff

in view of lemma 1.4.1.

Remark: It is easy to prove (see the following proposition) that a
regular space which is locally compact except at a finite pointset is

cocompact .

FaS

~
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Proposition 4: Let T be a regular.space which is locally compact except

at the points p and q, end.let W consist of all compact sets and all
complements of interiors of compact sets, Then (1) W' can always be .
enlarged to a closed base W such that T*(u) is compact. (2) ' can
be enlarged to a closed base U such that T*('I,D is compact Hausdorff iif '

there is a compact set C‘.in T separating p and q.

Proof: (1) Let U, and U2 be disjoint closed neighbourhoods of p and q.

1
Let U(p) (resp. U(q)) be closed neighbourhoodbases of p (q) such that

each element of YUp) (’l,l,(q)) is contained in U (Uz). Let U=U Uu(p)

1
U@ . .
", on - v - - = o°
(2) "if". Let T\C = 0,U0,, PED,, 40y, 0; 10, = @, Let U, = Of
and U, = 0,. Let Up) Uq)) be closed neighbourhoodbases of p (q)

2
such 'fhat each element of U(p) (Uq)) is contained in o, (O ).

Let U=U'YWp) U'u(q)U{U]} uiu . It is easy to verii’y that ™ @D
‘is compact. In v1ew of lemma 1.4.1 T ) is Hausdoriff, i
"only if". Let '1‘, @) be a cospace of T which is compact Hausdorff and
suppose UDW . First, we will show that if c: T—';T*('ll) denotes the
" compression map, then c l T \{p,q} is a homeomorphism. To show this
we have only to verify that (ch\{p,q}) is continuous. .
Let rsT\ip,q} and O be an arbitrary neighbourhood of r. Choose a
neighbourhood O, such that 0. ¢O and 0 is compact. Then o, - e, so
(Ogc-c)* is an open set of T (W and by tc } T\ {p,q}) this set is
mapped onto 01 co. . . .
Now, if T W is compact Hausdorff, then p and q can be separated
in T*(’LD by a compact set C*, so0 C separates pand q in T, C is. compact
because ¢ ’ T \{p,q} is a homeomorphism.

Example 1: We construct a space X with the following properties

(1) X is cocompact relative to some base U,
(2) For no closed base YP5Uis X cocH relative to P
(3) X is cocH.
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Let S = {;c | er3 and |lxl| = 1} and let ¥ denote the usual metric

of E3 (i.e., f(x,y) = [|x - yll ). Let n = (0,0,1) and s = (0,0,-1).
Define a metric g’on S as follows, '
olx,y) = P(x,y) if x and y lie on a circle through the points n and s.
Otherwise ¢(x,y) = inf (P(x,n) + P(n,y), P(x,8) +P(y,8)). X = (8,00 .
(1) and (2) follow from proposition 4, (é) follows from the observation.
that (S,f) is a cospace of X (proposition 1.2.3).

"Example 2: We construct a space X with the following properties.
(1) X is cocompact .

(2) X is metrizable _

(3) X is not cocH. In fact, there is no one-to-one continuous map

from X onto any compact Hausdorff space H.

1/n, 0 4y < 1§.
O 1 Ui, 0,0}.

To prove (1), observe that X is a q;—subset o% a compact metric space.

For each n, let In = f(x,y)/f(x,y)eEZ, X
. ) .
Let X be the subspace of E defined by X

i

Now, to prove (3), suppose X* is a compact Hausdorff space and f a
continuous one-to-one map of X onto X . Denote f(x) = x* for x«ex, ;
. p=(0,1), q = (0,0). N |
1f 0* is a clopen set of X* containing p*, then O is a clopen set
containing p. Then clearly qe.O, so q eO . From th‘is it follows that
the gquasicomponent of p* in X contains q*. Since X is a compact '
Hausdorff space it follows that the component C of p contains q*.
Because f is one-to-one, C* is a non-degenerated continuum. C is the
countable union of pairwise disjoint compact sets., Because f is
one-to-one C* is the countable union of pairwise disjoint compact sets.
’ However, this contradicts a theorem of Sierpinski: A compact connected
space cannot be decomposed into countably many pairwise disjoint nlosed

sets.,

Example 3: Let X be the space from example 2. Let Y be the topological
union of X and an open interval. It is easy to check that U I Uf(() y)‘
0y £ 1§ (see ex. 2) is a cospace of Y. So ¥ is cocH, bu% }ts clopen

subset X is not.
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Example 4: Let X = U InU{(O,y) ‘ y=0,y= '1/n, n=1, 2, ... } ‘
(see Ex. 2), Let ¥ ﬁzlthe topological union of X and countably many :
open intervals. Then (i) Y is cocompact, (2) the}e is a one-to-one . ’
continuous mapping from Y onto a compact Hausdorff space, '(3) Y is ‘

"not cocH.

"

(1) =znd (2) are easy to check. Suppose Y is cocH rélative a base ‘B. o
On account of the definition of a closed base, P has to contain a
member B which satisfies: (a) the interior of B contains (0,0), and

(b) BCX. From (a) it follows that B contains a "rectangular” subset

of X,..By the compression map this set is mapped one-to-one and onto

a compact set. Applying the argmnént of example 2 we obtain a
contradiction. _
From the first part of this section it follows that a cocompact space -
need not to be cocH. However, for separable metrizablé spaces we |
have that cocompact spaces coincide with the cdcontinuous images of
the Cantor set. Recall tl{at for separable metrizable spaces the
compalct spaces coincide with the continuous images of the Cantor set.
.First we prove that for separable metrizable ri:;\compact spaces the ,

notions cocompact and cocH coincide, - '

N

—

- Lemma 1: If a metric space M can be compactified to a metric space M ‘
by adjoining countably many points, then M is co-(compact—metrizable).;:j.” :
In particular M is cocH. P

Proof: Let M = M Uipn}. Let f be a metric on M. For each n, identify

P, with a p01nf; xnéM in such a way that f(xn;pn) < 1/n and X # Xy |

for k # n. Call the resulting quotient space M, and denote by q the =

M
i]\
M

quotient map of M onto M. Letc.
q o

denote the identity mapping of

M pn-to ﬁ and i the ~inc1uéion”map o
of .M into M. ’

. : §

=
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Evidently, M is compact, since it is a continuoqé image of M. Clearly

¢ is continuous. Now we will prove that b : |
(1) M is a normal T, -space,

- (2) M is a cospace of M,

(3) ¥ is metrizable.

T ER

(1) We show that the decomposition - {q—l (k) \ x&ﬁ} of M is upper
semi~continuous (for definition see Kelley, p. 99). The normality of
M then follows from the normality of M. Let U be an open neighbourhood
of some member D of §. The set {xk ] x, €U, p_ éU}A is a closed subset
of the subspace U, :

For if s is any accumulation point of ixk ) x, €U, p ‘ U} then

f(xk,s') is arbitrarily small for suitable x, . Then f(pk,s) is also

arbitrarily small for suitable pk, since f(:lzn,pn) tends to zero if
n tends to infinity. Consequer;tly P(U,s) = 0 and S’(Uc,s) = 0, So s
is an element of the boundary of U and a fortiori not contained in U,
In the same way it is proved that Spk | b, €U, x_ # U} is a closed
subset of U. Now, it is easy to check that the set V defined by
V=uU \(?xk | x, €U, p & USU{pk \ p, €U, xkﬁU} contains D, is
open and is the union of members of fD. _
= (2) We construct a closed base Bin M such that for each Be$, c(®)

is closed inﬁ' (c.f. proposition 1.2.3). Let x&M and W a neighbour~-
hood of x in M. Let W' be an dpen set of M whose iﬁtersec'tion with
M equals W. Take an open £-sphere with radius € and center ' x, 'Ss(x),
which is contained in W', Let P = {pk | P, €8x, x, & S (x),

f(xk,pk) y 3 E.}. Observe that

P is finite, because f(xn,pn)

tends to zero., Take a closed

neighbourhood V of x which is

contained in SE.,/2 (x) and avqids P,

Now, let V¥ =V U{xk | pkev,'

x @V v'es ). For if
xké Sg(x) and p_&V, then . '
Plx,,p) 7 1€, s0 p aP.
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Hence Py €&V and consequently xké V', Now, if s is any accumulation
point of ixk | p eV, X, = V} in M, then s is also an accumulation
point of {pk \ pev, x €& v}. Hence s &V. From this it follows that
V' is a closed neighbourhood of x in M which is contained in W',

The constructlon of V' 1nsures that q(V*) equals c(V'ﬂM) So
c(V'(\M) is a closed subset of M.

. Hence V'NA M is a closed neighbourhood of x in M which is contained

in W snd which is mapped onto a closed subset c(V'/IM) of M. The

collection of all such closed neighbourhoods is the required closed

baoe for M

(3) For compact spaces the weight of the image does not exceed the
weight of the domain. So ﬁ is second countable and hence metrizable

(the normality of M is proved in (1)).

~ Remark: For later use, observe that in the proof of (2) we have

(an upper bar demotes closure in M) V'AM = (V' M)U{xk \ pke (V’ﬂM)‘}.
For if pke(V'(\M)_, then pkeV' , SO xkeV'. Consequently xke-v' NM.
Hence it follows that for each point x&M and each M-neighbourhood

€ closure of V in -D_dg.

= VU{xk | P,

A space is called rimcompact if each point has arbitrarily small
neighbourhoods With compact boundary.

J. de Groot has proved that a rimcompact separable metric space X
has a metric compactification )? such that dim(X \X) = 0 (J. de Groot,
Topologische Studié‘n, Assen 1942). However, fof a rimcompact

topologically complete separable métric space X ‘his construction

yields a compactification X such that X VX is countable.
The last result has also been obtained by L. Zippin (Amer. J. of Math,
57 (1935) p. 327-341). '

Hence, the following theorem holds.

Theorem 2: A rimcompact cocompact separable metric space is co-

(compact metrizable). In particular, it is co-(compact Hausdorff) .
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Corollarz: A zero-dimensional cocompact separable metric space. is

1)

co- (compact Hausdorff).

Lemma 2: Let M be a cocompact separable metrizable ;spacie. Then there
is a zero-dimensional separable metric space C and a continuous map -

cr: C -9 M such that

"

1) pointinverses of q’are compact
2) Pis one-to-one on a dense Gg-subset D of C
3) If ip} converges to p, 1 e&f(m then there is a subsequence

ipi'l' of {p} such that lim cr (pi ) = x and §(x) =
ko

21"9.‘1?.: Let M be a metric compactification of M.

Let iUk} be a finite collection of pairwise disjoint open sets in ﬁ,
each of diameter ¢ %4, such that U Ek =M (an upper bar denotes closure
in M). Corresponding to each -ﬁk’ let I, be a closed subinterval of [O,JJ

k
in such a way that the Ik are pairwise disjoint and of equal length < i.

For each fixed k, we now regard U; a8 a compact metric space and repeat »
the procedure. That is, we construct a finite collection of pairwise
d15301nt sets iU open in U such that U U = U—, each of diameter

k1l k

< 1/2 , and corresponding to each 1l let I be a closed subinterval

k1l
of Ik" with the Ikl pairwise disjoint and of equal length < 1/22.
Proceeding inductively we define Un n In n with each index

restricted to a finite set, and ‘the diameters of the Un n’

I .. a < k. Now if nn, ... n ... is an infinite sequence of

1n1t'egers, each chosen from a finite set Nl’ N ‘... etc, the sets

U o, Un (\Unin l...and I nn. . = Inlnlnlnzn e each
consists of a single point; let In no.lL gxn n Un n.. "

= pn n ...} further, each pEM is :(lie%ermined by such a sequence,

wh11e %he set of all xe.[() 1} so determined is a compact O-dimensional
set which we denote by C .

: %
Define a map ‘-f C -> M by f(x n .“) = pn n ... The map P is
evidently continuous. Now if péMzis not on tﬁe boundary of any of

the sets Un n? then p is the image of exactly one xe{o,ﬂ » Since
10.0 k .

1 We can even prove that such a space is co (zerodimensional compact

Hausdorff) .

&

-
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each index in the "expansion" of p is uniquely determined. The set S
of all such p which lie in M 1s a G6set in M. S is a dense subset
of M, so of M as follows from the Baire—category theorem.' .
If D= ? (S) then 2 is a Ga-subset in C . Let f" ‘f |p, D deneting
the closure of D in C , Thenq? (D) = M. Let tf’ C. Then Disa
dense Gé-subset of C. Define Cf f fC then 2) is clear. (F (x) is

]

compact for each x&M since CF (x) -CP (x) is a closed subset of the
compact space D. This proves 1). To proof 3) observe that from the ’
compactness of D it follqws that {q> (pi)’i i, 2, S has a sub-
sequence icf (p )3 " which converges to a point x €D, Continuity
of C" insures tha%Cflfx} = p. Hence x €C. '

Now, we can prove the main theorem of this section.

Theorem 3: A separable metrizable space is cocompact (so completely - =~

metii'q‘.zable) if and only if it is a cocontinuous image of the Cantor.

set,

This theorem generalizes a well I&newn.theorem stating that for S
separable metrizable spaces the compact spaces coincide with the_ A‘

continuous images of the Cantor set.

Proof: "if".Proposition 1.8.4.
"only if". Let M be a separable metrizable space which is cocompact.
It suffices to shqw that M is a cocontinuous image of a compact spac,e.v.:"’
For a compact space is a continuous image of the Cantor set and we
can apply proposition 1.8,6, Embed M in a compact metric space M and
construct a zerodimensional separable metric space C and a continuoﬁe .
map C?: C —»M, which is one-to-one on a dense set D as in lemma 2. }H
Now C can be compactified by a countable set ipki (see the remarks

before theorem 2). Let C denote this compactification. Identify each
p, to an x,_ in C in such a way that f(xk,pk) <1/n (here f is any
- metric on ©), x,_# x, if k # 1, and x,_ c??'l(x ) Gi.e. % &D; ¢ this -
is possible since q?is one-to-one on D and D is dense).‘ L
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Denote the resulting quotient space
by c. By lemma 1 C is & compact

metriiable cospace of C..v In the

diagram q indicates the quotient .

(I" map, ¢ the compression map and i

Y the inclusion of C in '6:1 ‘
We shall see thatP= <fc is the -
required cocontinuous map.

-To sktow this we have to construct a closed pase U in ¥ such that if

Uel, then '-P_l (V) is closed in C.

" Recali that if G is any closed set in C and G' = GVf{x, | p

of G in E}, then since c(G') = q (closure of G in E), c(G') is closed

in C Therefore it suffices to find a closed base U in M such that for

a1l vel, ¢ oy =] .

Recall that for each point x of C and each C-neighbourhood W of x there

& closure

is a closed C-neighbourhocd V of x such that V = V' (see the remark
after theorem 1). Now we proceed as follows, V

Let p be any point of M and W any. ﬁ‘eighbourhood of p. We shall construct
a closed neighbourhood U of p such that péU CW and ‘f-l (U) =[°P'1 (U)]’ .
Then, the collection of all such U is our required base U. _(P-l(W) is a
neighbourhood of X =Cf_1(p) in C. K is compact as pointinverse of the map
(F For ea.ch y€K let Vy be a closed neighbourhood of y with V}: =V

and V C‘P (W). Since X is compact, KCVyU ...UVy ="V, V being a closed
1 n
neighbourhood of K, contained inCF (W) and satisfying V = V', We show

' that there is a closed neighbourhcod N of p such that (f (N) cV.
Suppose there is not such a neighbourhood of p. Choose a sequence {qj}
converging to p such that for each i we have q, e-.(f(D) - which is a
dense subset of M - andcf (qi) ev. By property 3) of lemma 2 there

is a subsequence {q. } such that lim (f (qi ) = x and (f(x) = p. Hence
k ke k
x &K, Consequently‘? (q )éV if k is sufficiently large, contradicting

the choice of iq} Let N = {?(x ) ‘ pké closure of (? (N) in Cg
Define U = NUN : ‘
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First obs‘erve that ?—1 wy = ¢ (N)U{x 'p € closure of c”-]'(N) in
03 [‘P (N)] CV' o= VC.(P (W), so UCW, Moreover f(x CP (N)) tends
to zero if k tends to infinity. k raanging over the set L = il | n &
closure of Cf" (N) in CS From this it follows that Cf l(U) is closed
and that Cf o -U_LF (N)] ] [‘P w]".

Mcrecver, U is a closed neighbourhood of x., We have only to show that
2ach accumulation point of Nl belengs to U. Suppose that {q i} Clll.
convergss to y € U, Using property 3) of lemma 2 there is a subsequence

{qi { such that 1im ¢t (a, ) =% and Px) = y. However 1P (q %
¥ 1 kmee 'k | otk
= (r ‘(Nl)’ s0 xe? (U), whence y&U.,

Hence U satisfies all properties required.

Chapter 3 .

MISCELLANY

3.1, Another definition of a cospace

Here we present another definition of a cospace. Actually, this defi-.
nition and the definition of 1.1 define the same notion as is easily
seen, However, the definition given here is a more elegant one.

Proposition 2 is new,

Let T be a topology on a set X. A topology *T on X is called a (topo~
logical) co-space of T if :
(1) *T is weaker than T: T &T _
(ii) For every point p&T and every neighbourhood b of p in T, there
exist a neighbourhood of p in T contained in it for which the

*
closure in T is closed in T.

. ] %
If P is a property, then by definition T has co-P (relative to T) if

. *
there exists a cospace T of T which has property P.

1)

A neighbourhood need not to be open. Observe that the c],osure of
 the smaller neighbourhood in (ii) is the same in T and T,
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*T is also called a cotopolpgy on.T‘

In particular T is a cotopology on T and T is a cospace of itself;
if T has P, then T has co-P.

It T is a cospace of T, then any topology V with

T <VKT

»

is a cospace of T. On the other hand *T is not necessarily a cospace
vof V (c.f. 1.3 ex. 1). Neither is the cospace relation symmetric

or tramsitive. ' A
‘The identity map of X onto itself inducesva one to one continuous
map of T into T (because of (i)) of a special ‘kind (because of (ii))

: -1
which we will call a compre551on map ¢. The inverse map ¢ is called"

an expansion map.

If f: T =»S is a mapping (transformation) of the spacé T onto 8, we
*
say that f has co—P (relative to T, s) if there exist cospaces

*
T, s such that f defined by the commutat1v1ty of the diagram
T £

1
5

©s

has property P. T
- » Y > v * *
In particular, f is cocontinuous, if there are cospaces T, S such

*
that £ is continuous.

If £ has P, then f has co-P, In particular, evéry continuous or

topological mapping is cocontinuous or cotopological.

Propos1t10n 1: £: T-q;S 1s cocontinuous iff there exists a cospace

S of S such that f is S continuous .relative to TL

Proof: "if" is evident, ;

. ' . *
"only if" follows from the fact that in the diagram above fec, is
continuous,. 4

l
Proposition 2: f is cotopological iff it is one~to-one and both

-1
f and £ are cocont:muous°
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Proof: "only if" is evident.

"if": Let T be a tdpology on X and S be a topology on Y and suppose

~that f is a one-to-one mapping of X ohto Y such that both f and f_l
are cocont1nuous According to prop051tion 1 there exist cospaces *T
and S of T and S respectlvely such that f is relative to T, *8

*
continuous and (f ) is relative to S, T continuous.
T £ — S

Let T1 and S1 respectively denote the topoldgies generated by

iw |\ weET or f(W)e*SS and § | we™s or £71(w) e*TS. We will show
that T1 and S1 are cospaces of T and S respectively, such that the
induced map*fl- T —€>S is :opologlcal.

Obviously, T < T { Tand 8 <.S1 < 8. S:, T1 and S1 are cospaces
of T and S respectively. Let WC.Y. If We S, then £ “ (W) &T since

. 1
f(f 1(W)) we's, 1 £ lwme* T, then £ (w)e'rl. s:tnce{w ] we's or

(W)éa Tﬁgis a subbase for Sl’ f is cocontinuous relative T1 and S

Hence, £, is continuous. The continuity of £ -1 is proved similarly.

1

3.2. Cocompactness as a mapp{gg invariant

“Agcording to Isbell (Uniform Spaces, p. 119) a proper map onto is
called a fitting map. Recall that a proper'mapvis a closed continuous -
map such that the preimage of each’point is compact, A topological
property P is called a fitting property if wheneyer‘f: A—>B is a

fitting map, both or neither of A and B must have P,
It is well known that in the metric case cocompactness is a fitting
property. The following example shows that this does not hold in

general.

Example: Let Tl be the topological sum of RS and the rationals Q and.
let T. be the spaceIR". Recall (1.6 ex.. 2) that Q is homeomorphic to

2
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a closed subset Q' ofIRC. Define f: T1-€>T2 as follows: f is the

identity on T.. On Q f is the natural map from Q onto Q', f is fitting

1

as is easily seen. However, T, is not cocompact, since its open sub-

1

space is Q, and T, is cocompact (cf. 1.6).

2
We have the following proposition:

Proposition: If f! X ~»Y is g fitting map and X is cocompact, then
Y is cocompact. Briefly cocompactness is invariant under fitting

maps.

2£2§£: Suppose X is cocompact félative to *X.'If C is a closed subset
of X, then C is a closed subset of X, Consequently fC is closed in

Y and the family ifC | C closed in *Xf7defines a topology *Y which

is weaker than Y. The induced map f£: *X da*Y is closed and continuous,
as follows from the definition of *Y. It follows that *Y is compact. '
We shall prove that *Y is a cospace of_Y, which'completes the proof.
We only have to verify that for each point y €Y and each neighbour-
hood U of y in Y, there is a neighbourhood V of y in Y such that
cl.V = cl¥_V, Each point xef_1 (y) contains a neighbourhood W in X

Y Y
- . *
which is mapped into U such that W = ¢l _W is closed in X.

Consequently, f(W ) is closed in *Y. *
Since fﬁl(y)'is compact, it is covered by the interior of finitely
many sets W of this form., Let R be the union of the corresponding
W . Since f is closed continuous, V = fR is a closed neighbourhbod

of y in Y. It follows that V = clYVCLU- and is closed considered

* .
as a subset of Y.




The following i)roblem's are solved

bp. 15 Problem 4: The answer is no (embed the rationals Q as a closed

c
subset of P = R—; take a compact extension 8P of P. The intersection:

of the cocompact subspaces ,661) and P of §P is the non coconpact

space Q). ' .

p. 16 Problem 5: The answer is yes (this is a theorem of Alexandroff

and Urysohn, cf., Math. Ann. 98 (1927), pp. 89).

§
]
|
.
|
o




Errata

~

Instead of Read
page 2, 1. 1 peint(B)CO p eintB CQ
page 3, 1. 14 of all compact subsets of the preimages of all

of T closed subsets of S
page 8, 1. 2 Tz—space ] Tl-space
page 8, 1. 17 remove ", iff T is cocompact rel. P(%, '

Ly

page 9, 1. 14 can be mapped one to one can be mapped one to one

_ onto continuously onto

page 12, 1. 10 s in locally compact in locally compact Hausdorffv

spaces _ spaces
page 14, 1. 26 homeomorphic to a " homeomorphic to a subset

o closed subset :

page 18, 1. 8 and every set G ‘ and every closed set G !
page 21, 1, 26 if f: T —=S is it £: 7 8 5 46
page 22, 1. 10, 1. 13, 1. 15, 1. 18, 1. 19, 1, 20,.1. 23

condensation map compression map
page 23, 1. 1 proberties ' properties
page 24, 1. 7 there is a natural map ~ there is a matural map‘f1

£~ from T onto from T onto (0,&]\){1}
page 29, 1. 16 if p €0, (\-u' (o } if peo', O' = n-u‘J (oj)
page 29, 1. 17 implies p&O1 implies p &0’
page 29, 1. 21 qepno : .;1e=_'-19t'\o"c

..1 -

page 30, 1. 2 (1 o (1 Tf (0 )

o 1 © 3

J= ;
page 30, 1. 3 PC.Ol P CO'
page 30, 1. 5 pe&B’CBcoO, CO ' pes®CBcoO'CcO
N_.‘ ~ =

page 31, 1. 1 N Vi = {p} N Vi~ = {p}
page 31, 1. 2 (N Vi=¢g N ?{;M =4
page 31, 1. 4 Nvi=4g - Ot

page 33, 1. 17 ....C o ¢t e cotled?




