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The t-designs with v < 18

by

A.E. Brouwer

Below we list the known and unknown t-designs without repeated blocks
. . v—-t
for 2 £t <k £ v, X < %A+ = %(k—t) and v < 18.
is a preliminary one - we hope to be able to extend it much
= 28. Comments, addi-
< 28

This table
further, at least up to v = 24 and perhaps even to v

tions and corrections and also references for t-designs with 18 < v

are very much appreciated.

KEY WORDS & PHRASES: t—design



rable of t-desians without repeated hlocks,
z <= t < k <= v/2, A <= A+/2,

A.L. wrouwer, 771529

v ot K A= A+  aroup order remarks

6 Z 3 2 4 PELS 6 ext ot 1-(%,%,2) -~ unicue
7 z 3 1 S PCL3.2 168 X=1: PG(2,2) (Fano) - unicue
A=2: 2 disjoint copies of kFano - unicue
8 2z 3 6 6
4 3 15 see 3-(8,4,0/3).
A=3: 4 nonisomorvhic systems (NANDI)
8 3 4 1 5 ext of 2-(7,3,N) - unioue
A=1l: Hadamard 3-desian
9 2 3 1 7 x=1: AG(2,3) urnicue - has (2 different)
nackinns of 7 disjoint cooies [KIEKMAN]
4 3 21 €9 9 A=3: 3 disjoint conies
A=3: 11 nonisomorphic systems [S1ANICd e.a.]
9 3 4 A 6
16 2 3 z 3 (9o 9 A=2
Clwu 18 \=4
4 2 2% A=Z: 3 nonisomorphic systems [NANLI]
A>2: der of 3-(11,5,))
5 4 56 CYo 8 XA=4: 6 disjoint cories
A=28: ext of 1-(9,4,28)
A=4: 21 nonisomorrhic svstems [van LINT e.a.]
1 3 4 1 7 der of 4-(11,5,\)
A=1: MG (Z2,3) - unicue
5 3 21 ext of 2-(Y,4,N)
A=3: 7 nonisomornhic systems [CIBEOWY])
1l 4 5 5 3
11 z 3 3 9 der of 3-(1z2,4,)\)
4 6 36 der of 3-(12,5,)\)
5 Z g4  Cll 11 X=2: 2 disjoint cories - unicue [HUSAIN]
A=4: 6 disjoint cories (5* (A=4)+2*(A=2))
oll 22 all N\ except 2\=2,6,8
11 3 4 4 8 der of 4-(12,5,\)
5 z 28 A=Z: does not exist |[DEVCH, O3FKRSCHLLP
Cll1 11 X>2
N1l 22 A>h
11 4 5 1 7 &A1l 55 X=1l: 2 disjoint conies [wWITT] = unicue
S4mza 24 X=3 [BROULEORE]
12 2 3 2 le der of 3-(13,4,\)
4 3 45 Clln 11 X=3: at least 7 disjoint copies
5 Zw lzwu der of 3-(13,6,))
6 5 21 see 3-(12z,6,2\*2/5)
1z 3 4 3 9 der of 4-(13,5,\)
5 ) 36 SAll 55 A=6,18
G3*%Ca 24 N=1zZ
o z g4 ext of Z-(11,5,N\)
A=2: Hadamard 3-cesian
1z 4 5 4 8  PCLOS*LEZ 12¢ A=4 [DENNISTOW]
f Z 28 A=Z does not exist (see 3-(11,%5,2))

A=4,8,12: see 5-(1lz,6,N/4)
A=14: ext of 3-(11,5,1¢)
A=6,1li: unknown

12 5 & 1 7 ext of 4-(11,5,N\)
A=l: uvnicue [wITT)
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1] der ot 3-(l24,4,N)
A=1: Z nonisomorrnic systems with auvtaps
of order 3%, 6.

55 €13 13 disjoint: 4% (A=1)+0%(A=5)
A=1l: PC(2,3) - unicue
145 der of 3=(14,6,\)
334 OA13 156 disjoint: 1% (A=5)+1*(x=1u)+3*(A=15)+3* (A=34)
1o Gal3 136 A=4
nl3 26 N=2,4

45 der of 4-(14,5,\)
120 CAl3 1545

g der of 5-(14,6,)\)

39 BALS 75 A=1Z [KRAVER & MESEA ]

A=h,1%: unknown

g A=4: unknown

1o =213n 78

wi) der of 3-(15,5,)\)
L2 der of 3-(15,6,\)
495 der of 3-(15,7.,\)
732 5213p 78 disjoint: ZX(A\=6)+Z*(A=1Z)+2* (A=18)+9% (\=36)
11 S47*%pZ 21 a=1: 2 JlSjOlnt solutions [12AYS & Bt wECK]

4 nonisomorwhic ~y tems with autqgns
of order 427,14,6, [FMLeDELSORe & RUNC]
S£13n 7¢  N=2,3,4,5
55 A=5: unknown

PSL13 lwd%Zz A=14,15,25

A=<¢u: residual of 4-(15,5,4)
P65 GALZET 156

33w ext of 2z~-(13,6,\)
Nt
45 G&l3o 154
12v ) Zu: unknown
A=bi: see 5-(14,7,12)
)=6‘: ext of 3-(13,6,60)
G (Ci3main RE
36 A=1 z: ext of 4-(13,6,12)
A=6,18: unknown
£ A=4: unknown - ext of 5-(13,6,4)
12 der of 3-(16,4,)\)
A=1: 8w nonisorornhic systems [HALL § 5%IFT]
75 der of 3-(16,5,\)
K4 A=z does not exist [HALL & CONLOLV]

Az der of 3-(16,6,0)
715 PCLS® 1Zzu disj: A=5)+ A=1u)+(A=20)+ (A=4u) +5% (A=AL)
for A>5 also res of 3~(16,6 A*2/5)
n7  pPCLSh 1Z2¢ all N excent \=6,%
A=3: 50IPD - 5 nonisomornhic svstems
[UHAYL & SHRIKHANDL]
- perm: 3 disjoint coples ot A=3
565  ARhL 366 A=12,30 1
(SA7*CZ)n 42 A\=6 1
A=18,24: see 4-(15,5,0\/6) 1

L2 der of 4-(16,7,N\)
445 A=90,165,1%¢,135,165,...,225: see 4=(15,7,)\/2)
Gialior 156 x=15,3%¢ ‘S,n;,/:,ﬁu,lw5,12»,135 H
S6h 70 N=6b, 7), 3 135,150 ,165,16%,225,240 [K & ~]
il A=l: does not exist [VWPNLELSOU: & huLd)
2=2,5: unknown
PEL3R Al a=4 1
(8AT7*C2)r 42 X=3 !
55 FEL13mm 1692 A=15 !
SA13me T A=10d
A=5,c6,2%: unknown



7 5 1les  Lh13dnp 15A 0 A=3{,35,40,45,55,00,65,7w,75 1
2=5,1",15,2,25,5%,8.: unknown
15 5 6 1w 1¢
7 15 45 A=15: unknown
15 6 7 3 G A=3: unknown
16 72 3 2 12 der of 3-(17,4,\)
4 1 a1 der ot 3-(17,5,\) excent nerhaos tor 2\=3

54[C2] 384 A=3

A=1: AC(z2,4) - unicue

5 4 364 der ot 3~(17,6,\)

6 1 166l Ad{CZ| 1Sz A>19 (disj: A=%4,6,8,2%12,15,2*%24,32,36,6%48,96)
A=1: does not exist [FISCHEEK]
A=2: S2IBD - 3 nonisomornhic systems [HUSAIN]
A=3: nonresidual examnle [RUETTACHARYA]

or residual of 2-(25,9,3)

rerm: usina A=2,3 one finds all A\<65

7 14 2uliZ der of 3-(17,8,\)
M>Z2R: see 3-(l6,7,2*%*5/14)

3 7 3ui3 see 3-(16,8,A*3/7)
16 3 4 1 13 A=4,5: der of 4-(17,5,)\)
CFloam3 80 X=1l: 2 disijeoint solutions - nlanes in AC(4,2)
C3c[Cz] 48 X=1,3,4,6
5 6 748 der of 4-(17,6,\)
6 2 288 A=z: "does not exist (see 2-(15,5,2))
A=6 or A\>1lu: der of 4-(17,7,)\)
X5 ote 368 N=4,12,16,22,34,34,36,4%,42,46,52,54,60 etc
ESL7*EZ2 336 A=8 and A=1Z and all \>16 !
GAl6 240 2=6,10,16,28,26,34,36,4u etc
7 5 715 A=15 or A>25: res of 4-(17,7,A*%2/5)
GCAl6 24v%  N=15 and A=2¢ and all A\>z5
PGLSbe  1zv X=15%,25,34 etc
A=5,10: unknown
g 3 1287 ext of Z-(15,7,\)
A=3: HademaArd 3-~design
le 4 S 1z 1z
6 5 6¢ A=12,24: der of 5-~(17,7,\)
A=18: see 5-(16,6,3)
GAlG 749 A=3. |
A=5: unknown
726 22v GAlA 24y A=2w,du,6v ,1un !
A=8u: der of 5-(17,8,8u)
8 15 405 see 5-(16,8,\/3) but:
amnalsh 96y A=75,240
A=15,3%,45,64,15u: unknown
16 5 6 1 11 EBEZL7*EZ 336 A=3 1!
A=1: does not exist (see 4-(15,5,1))
2=Z,4,5: unknown
7 5 55 CAl6 246 2=15 !
MA=5,14,24,25: unknown
3 5 165 ext of 4-(15,7,\), hut:
A=5,1:,15,2t,25,5¢,80: unknown
1s o 7 1@ 1
g 15 15 A=15: unknown
16 7 8 3 G A=3: unknown - ext of f-(15,7,3)
17 2z 3 3 15 GAl7 272 disijoint: (A=3)+2* (A=8)
4 31U GAl7 272 disjoint: (AN=3)+43*¥(A\=8)+7*(N\=1%)
5 5 455 GAL7 27z disjoint: (A=5)+3*(A=1lu)+21*(A\=2')
¢ 15 1345 (©Al7 272 disjoint: 7*(X\=15)+42%(\=3u)
7 2zl 3uu3 CALT 272 disjoint: 7*(A=21)+Aa* (\=42)
8§ 7 5045 ©Al7 272 aisjoint: (\=T7)+(A=14) 4% (A=re) +R5% (A=56)
17 3 4 < 14 GA17 272 disjoint: (A=2)+3*(h=4)
5 1 91 GALT 272 all )\ exceot 2\=1,3
SA17 136 MX=1: 2z dicijcint sclutions
A=3: unknown



b 4 304 GAalY 212
7 7 1ldwl  CAl7 272 all N\ except A=7
A=7: unknown
8§ 14 2¢LZz GAl7 272
17 4 5 1 13 G&1l17 272 disjoint: 2% (A=4)+(\=5) [KRAMER]
A=1,2,3,6: unknown
A=1l: if existina then autqpr is el7 [CENNMISTION]
5 ) 7 der of 5-(18,7,\) [RKRALEKF]
7 2 2RG 1T 272 X>1lu !
POL16  4UBU  A=6,4v,46,6v,66,104,166,110,116 [KEAMEF]
=2: does not ecxist (see 2-(15,5,2))
A=4,8,1(: unknown
8 5 715 PGL16 484 A\=15,8¢,95,16¢,115,12%,135,16%,175,2u8,215,
224,235,244 ,255,26%,275,28w,295,324,335,
34,355 [KRAMEL]
cal7 272 A=3t,00es55, 70 000,955,120, 000,130 !
A=5: doces not exist [UELSAFTE]
some other values of X\ are known:
res of 5-(18,8 A*2/5): A=1104,156,155,165 etc
der of S5=(1%,9,\): A=14v etc
A=1¢,15,24,25,55,€4,65,65,145,145 etc: unknown
17 5 & 12 1z
6 §5  CGA17 272 X=1z,24 1
X=6,18,3¢w: unknown
8 2 2z ECLL1G 448U \=80 [ERAMER]
all other N\ are unknown
17 & 7 1 11 A=1: does not exist (see 4-(15,5,1))
all otner A\ are urknown
3 5 55 all N\ unknownr
L7 7 1 ie
16 2 3 2 16 Cl7o 17 X=2: 6 disijoint conies
txclanation:
ahbreviations:
der derived decinan
ext extension
res recsidual desian
aut automorechism
ar qrouc
disj disjoint
s including all intermediate admicsahle values of lambda
BRI halanced incomnlete block decian
SEIND sympretric RIBD
aqroun denotations:
L# identitv (as permutation grouv on # elements) - order 1
C# cyclic nrouo ~ order &
Lig dihedral qrour - order 2 * &
54 symmetric arouc - order #!
At alternating aJroun - order #! / 2
GAE aeneral affine qrour. - order # * (% - 1)
Gad .o Jeneral aftine grour on AC(E, )
SA# special affine arour - order ¢ * (£ - 1) / 2
PGLE general onrojective grouo - order (¢ + 1) * & * (& - 1)
PCLd.o  Jeneral wrojective grour on EG(d,a0)
PSL# soecial nrojective 7Jrouc - order (¥ + 1) * & * (& ~ 1) / Z
S4AmS4 recresentation of S4 of denree 11 - order 24
(nerrute points, bivartitions and trirles of A d=-set)
Cl3m3 subarour of CA1l3 generaterd by x => x+1 anl x => 3x - orier 39
Crlhams subgroun of GAl6 aenerated by x => x+1 ana x -> ax, where
a ** 5 =1 - order 3u



Low let © and # he permutation aroung actiny on setg ¥ and Y, resc,
with devrees n = |¥| and n = |Y|. Then we rdefine:

G+ direct cum actinag on X+Y - Jdearee m+n -~ orider |0G] * ||
G*u direct rroduct actina on %*Y - deagrec m*n - order |G| * |11}
Gn representation of the aictract ~rourn G with Aecaree m+l

obtainerd by addint a moint fixed hy all grourn elements
(i.e., CG+F1) = oraer [

Gn renresentation of the amcstract arour G with dearee
m* (m=1) /2 acting on the unordered vairs of X - order |[C]
) arouz of dearce n ** 1 and orler |G| * ([#] ** m)

ohtained hy lettiniy & meraute the coordinates of the
direct rroduct of m cornies of H

G~k aqroun of dearee n * wm and order |G| * (|H] ** m)
obtained bv letting § rermute tne summands of the
direct sum ctf m cocies of I (wreath rroduct)

geometry denotations:
G(d,c) projective neoretry of <imension d over GF(c)
AG(d,c) affine geometry of dirmension d over GF(c)
MO (G ,a) moekius deometry of dim d over GF(c) (d=2: inversive plane)

svroole:

v number of wvoints of thne desinn

o) number of blocks of the -desinn

K hlocksize

t strenath

X larhda: each t-set is covereas hv A hlocks

- csmallezt lambida satisfvina the “ivisibility conditions
A+ larmhde of the trivial Adesianr (each k-set is a block)

remarks:
ext a t-(2*k+1,k,\) desian is extendable to a
(t+1)—-(2*k+2,k+1,\) rdesiqgn when t is even, or
when t is odd and X = N+/2 [ATL10P]

der derive from a t-{(v,k,A\) degiqn a (t=1)~{(v-1,k=1,x) design
res the reszidual of a t-(v,k,A) “desiar is a

(t~1)=(v=1,k , N*(v=t+1)/(k=-t+1)=-N\) desian
groun usually the aroun <iven is not the full automorohism

arour oOf tne desian (e.a. we aive S211 for tipe unicue
4-(11,5,1) whicn has #11 as full automorchism aroun)
rermn it 2 t=(v,k,x) existe tren it can be chosen disioint
from & niven collection of d k~sets when
vi > b * 4 * kI * (y=-k)!
i.e. when
4 < A+/N.
Padamard 3-desinanr: a 3-(4r,2zr,r-1) exists wherever a Jdademard
Tatrix ot order 4r exists.
! thic Adecian (or: the degiar with smallest )\ amornag these)
seems to be new.



List of unknownr desians with smell v

Bafs

v < 11:

v = 11:

13:

14:

15:

16:

17:

Brouwer,

all known

3_(111614)
all others

4=(12,06,2)
4‘(12161)\)
all others

4-(13,5,N)
5-(13,6,4)
all others

unknown:

3-(14,5,5),

77u828

does not exist [LEHUN e.a.)

are known

does not exist
are unknown for )\ = 6,1
are known

are unknown for \ = 6,18
is unknown (and extendabhle to 6-(14,7,4)
are known

[ALLLGR])

4-(14,7,2¢), 5=-(14,7,\) I=0,18, €-(14,7,4).

nonexistent:

2-(15,5,2)
4-(15,5,1)
unknown:
4=-(15,5,)0)
4_(15161>\)
4"(1517r>\)
5-(15,7,15)
6"(15]713)

[HALL & COmpOE]
[MENDELSORN & HURG]

A= 2,5
X = 5,248,25
A= 5,1a,15,2i,25,50,84

nonexistent:

2-(16,6,1)
3-(16,6,2)
5-(16,6,1)
unknown:
3-(L6,7,N)
4-(16,6,6)
4_(1(‘187%)
5- (1616r>\)
5"(16171>\)
5-(16,8,))
b-(16,8,15)
T7-(16,8,3)

[FISCHIR]

5,1u

15,34,45,64,154
2,4,5

5,1v,26,25
5,16,15,24,25,54,80

>>> > >
oo

nonexistent:

4-(17,7,2)
4~(17,8,5%)
6-(17,7,1)
note:
4-(17,5,1)
unknown:
3-(17,5,3)
3-(17,7,7)
4-(17,5,N)
A-(l7l7l)\)
A"‘(l7781)\)
E=(17,k,\)
hut Known:
5’(17171/\)

5-(17,8,8:)

[DFLSAKIF)

cannot have automorrhisms [DLHNTISTOU]

20,25,60,65,105,145,175,16,185,210, «ue, 330

> > >

N o=12,24
[EREMEER)

[BROGUWER]

nonexistent:

4-(187,6,1)
5-(1&,5,2)
5_(187915)

(#I7T]
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