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1. Introduction.

Ve consider\<()<g@independent series of independent trials,
each trial resulting in a success or a failure. The i-th series

consists of m, trials with gj)successes and b, failures 2);

—_—4

for each trial of the i-thseries.

t_‘r.ZQ. t,=2%; ,N: Imand b. is the probability of a success

The observations way be swiaarized in the following table.
4
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We want to test the hypothesis:

(1.1) He v pos bas -0 = pi

against an upward or downwarc trend. This way be done e.g. in
the following ways Yo o J.all ,

e congider the m, trials of the i-thseries as m;ebserva-
tions of a random variable x; , where o, takes the values o

-—A -

and 1 with
(1‘2) ?[33_;‘:1]:\0;_ \ ‘P[G_C&:O}:!—P; , Az Lo W,

Then H, 1s identical with the hypothesis that «x,,%,.....,% »OS-—
sess the same probability disvribution and this hynothesis
may be tested against the above uentioned alternatives by apply-
ing TERPSTRA's [5] test against trend to the observations of
X, %, ..., %X, o This test is executed as followss

We apply WILCOXON's two-sample-test to the samples of «;
and %y . Then, if we denote WILCOXON's test ~ statistic for these
two samples by U, . :
1) Random variables will be denoted by underlined characters;
values taken by a random variable are denoted by the same cha-
racter, not underlined.

2) Unless explicity stated otherwise 4 gnd-i teke the values
1,y vess K



.cie.}
(1.3) W—:,i = 2[\:\&,@ “Z(\:.L;,“He')] =My - Qg

and for TERPSTRA's test statistic I‘ we have

(1.4) W= a[T-2(TiH)] - zz

*41

Consequently

(1.5) W o= E%——(Qa’“r‘lim)

with (ef. [5] )¢

(1.6) o wis, M= Bl Emi)
= 3N (N-y)

In section 6§ we shall prove that this test is consistent for
the class of alternative hypotheses:

3)
(127) i o EEmNilBB)
- Z./Yl,, Z_/’na—z_—_mal
«v,é Av4

and, for sufficiently small o« , for no other alternatives.

Consequently if we apply TELPHTRa's test the class of al-
ternative hynotheses for whicn the test is consistent depends
on the sample--sizes m,; « This means, vhat as soon as at least
one of the p, differs from the others, the m; may be chosen
such, that the test is consistent, even 1f the p, do not show
a trend at all. According to & rewmark oif J.HEMELRIJI this dis-
agreable property ought to be avoided by choosing the test-
statistic in such a way that the alternative hypotheses, for
which the test is consistent, do not dewend on the ratios of
the numbers of observations taken from the different random
variables, except possibly for boundary conditions of a gene-
ral nature.

Taking this into account, the general form of our problem
may be stated as follows. Consider N independent trials, each
trial resulting in a success or a failure. The total number
of successes is t, , t, =N-t,, =, is the number of successes
and b, the probability of a success for the A-th trial. We now
want a test for the hypothesis

(198) Hn: P\" P’J.’"':PN 9

3) If bm T W W -L %) #0  then (1.7) is identical with

N oo L )&<1 \)1

N-—)w A<y

4) Unless explicitely s”cated otherwise A and p ke the values
L2, ..., N



3.

which is consistent fqr~the class of alternative hypotheses

(1.9) o é;mrm§%p>*o
and 1f possible for no other alternatives, where %>(*“3‘“'- N)

are given numbers.

These numbers must satisfy the condition

(1.10) Z%w

b
because, if H, 1is true %.%xkax must be equal to zero, in accor-
dance with our wishes as to the consistency (cf.(1.9)). Imposing
without any loss of generality, the condition

(1.11) Zlg,l=1
we have
(1,’]2) l%a)\o;‘ € 1.
In the special case (1.7) the class of admissible hypotheses
consists of those values of ST =PI SV which satisfy
P‘zpﬁ‘ v o = P’l‘\.| >
P,“‘*‘:..- = p"’\y*"“'a‘ My >0, Az L,2,.,. K
(1.13) )
: kzz o, Zwi:N
\0'\1,-\....—\-'\'\“_‘-\-1 Foes.e B Iom,+...+mK
and thus 1f we take
(’l./lq‘) Ca;: —%‘IT_ {fh.,~r-.,.+’\’).;_..< g Myt Ty
Az LR, % ) N 2,00 N
where ﬂl are given numbers and 1f we put
by = p“ Myt w T N R oyt Mg
(1‘15) {j_:uz..‘.,l« todw 1, 2,... ,N
then
(1.16) 9 brx T o9l P
Condition (1.10) and (1.11) reduce to
(10,}7) %%l = O
and
(1.18) Zlqil =1
respectively.

Consequently in the case (1.17) N is proportional to
my (Zmy - ZL"H ), which introduces the m; 1into (1.9).
iti

e

'\)‘

If we take %g proportional to (k+1-24) the above mentio-
ned drawback of TERPSTRA's test 1s avoided and the alternatives,



for which the test toc be developed is consistent, are those,
Tor which Z (k+1-24) §, = ZZ(}Q - %;) *o.

In this pnaner we hal1 consider the general case (1.9).
test the hynothesis H, conditionally under the oonultlonih;%
and we cnoose, on intuitive grounds as a test-statistic a 1i-
near combination of the random variables o=cy 3

v

(1.19) \Q/:z; hy ey

The h, (Axi.2,... ,N) will later on be expressed in terms of
%,.%1,‘.., N such that the test is consistent for the class

of alternative hynotheses (1.9)and for no other alternatives.
in the gpecial case of TERPSTRA's test against trend hy(Asi,2...N)

is proportional 0 Z m; - X my (motodtm <X amtoamiienaok)
£<3 3 iy k!

Without any Lloszs of generality we can supnose

(1.20) hy =

>

which means that W is chosen in such a way that €Wt H.l=0
— (. A (]

(cf. (2.6)).

2. The uzan and varizrce of W unfor the hypothesis Hs. .
Uncer MW, and under the condition % =1, the simulio-
nious distrivution of the o, Isan N-dimensional hypergeome-

tric dipgtribution, 1sca

y ~t

(2‘1> P{."\5{:’2‘:\""-:{‘2“"‘("1.""""O_S'N=mN‘tU|H0}:-1:(‘_(;?32"— = (;\:l’) ]
(+)
and
(2.2) 'g[acxlt--Ho]”—‘%
(203) o %y |4, . H,] =
t t

(zo/‘l-) CO’U‘[Q&X,’.}EP!t‘,Hle—m >k3£'.*,L.

Consecguently

(2.5) [ W]t H = L ko[t H] + %;Z;f“ N ERCMENAR

t\tz 5 2
- N ‘i‘h* (ef. (1.20)),

(2.6) E[W]t, H] = Z;_h,\.%' -0 (cf.(1.20)).
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3. Ihe asvmptotic distribution of \W under the hypothesisHs.

We consider a sequence of groups of trials, the wthgroup
of which consists of N, +trials of the kind described in sec-
tion 1 and where

(3.1) diva N, = oo .

V- o0

hen we have for each Vi %, successes, t., failures and a
test-statistic

(3:2) W, = Zhyx

with
(3.3) £l W, 1t mHa] = 0

: oW, I SO S
(3 4) [_v‘ \V’H°] N(N-l) %‘hl\v‘

We shall now prove the following theorems:
If the conditions

£
U,

Nv 2 OO)

tzv - \
) T*O(.)

T

(3.5)
\‘2. Max hkv Zh)\v o)

‘§‘>\§Nv Py

or the conditions

“~L
" -
1o N Z;hj" v :;O(Q for each integer x>z
[é" h’)v]
(3.6)

L2o ’Efnﬂmt‘zco ,"emtxzoo

are fulfilled the randowm variable

W,

o [ Wy [, Ho]
is under the sequence of conditions %, =%,, and under the
hypothesis H, , for v tending to infinity,asymptotically
nomally distributed with mean o and variance 4.

6)

Proof R

For the proof we use theorems by WALD and WOLFOWITZ
[6] , NOETHER [4] and HOEFTDING [3] . To apply these theorems
to our problem we consider the N trials as one observation

- s b e St

5) In this and the following section A and R take the wvalues
b2....,N, and all HMmits are for v—sco.
6) To simplify the notation we shall omit the index v,



6.

of each of the random variables y, y,,... .y, Waere the values
taken by these variablass form a permutation of the numbers
S,Ch..... ey LT we take for these numbers a row consisting of
the numbers h, h,, ... h, and if a second rowd, d,....,d, consists

of t, *times the number 41 and t, times the numbero,then

(3.7) LS Zodgn=W.

The above mentioned theorcms state that if
1. all permutations of ¢,,¢,....,c, have the same prota -
bility,
2. the row{dx}satisfies the condition

/U’«.{d')\}

/ [Aajen]™
(3.8)

=00) for each integer >2

where
G\tf t

~
Pede} = T T

3. the row{ck}satisfies the condition
goex Lo -t Zen)

T e g

= 0(.\)

N
then the random variable

L, - 2(L,)

a (L)
igs for vy tending to infinity asymptotically normally distri-

butced with mean o and varisnce 1.

The condition (3.8.1.)is, given the independence of the
trials, fulfilled if and only if H, is true and it is easy
to sec that the conditions (3.8.2.)and (3.8.3) reduce to (3.5.1)
and (3.5.2) respectively.

The above mentioned theorens may also be applied In the
following way:
If a row {c;} consists of %, . times the number i and 4, times
the number ¢ and a row {d&} consists of the numbers h hy...nh

N
then

(3.9) W = ZA—dL@A

where the values taken DY o, (A=t N) form a permutation of
the numbers ¢, ,c).....c).(cf.section 1) .



Consequently ;TTZT;‘QG* is under the hypothesis W, and under

the condition ¢, =1, , for v tending to infinity, asymptoti-
cally normally distributed with mean O and variance 41 1f the
row {cﬁ} satisf¥® condition (38.2) and the row {ciﬁthe condi-
tion (3.8.3).

It is easy to see that in this case (3.8.2) reduces to
(3.6.1) and (3.8.3) to (3.6.2).

4, The conslstency of the test.

In this section we shall investigate the consistency of
the test for the hypothesis W, 1f we take a one-sided critical
region consisting of positive value of \W . We again consider
a sequence, the v-th term of which consists of N, trials with

Lo N, = o (cf. section 3).

We suppose that the conditions (3,5) or the conditians
(3.6) are fullfilled; then for large v the conditional critigal
region under the condition t‘a't.T) consists of those values af
W which satisfy

W >
(4.1) Q’[W‘tho] = g&\

where o 1s the level of significance and ¢ _follows from

o

! j P =
Vare

If an alternative hypothe31s H 1s true, @‘[ygiy,J&J converges
in probability, for v tending to infinity to

(4.2) Lo Eb Zhi (=Lim o for short)
NUN-) (ef. (2.5).

We define
(4.3) s lwH] = Zhpy
(4.4) & e [WH] = TR pyay-

We can suppose without any loss of generality

(4.5) %)hxt 2

e o Gn W Gum W Gwe D SN e

7) We agaln omit the index v .



then
(4.6) MW[:M]%hApxlgt,

and from (3.5,2) or<3.6,1) follows

(%.7) Lim T W) =o.

Consequently

(4.8) Aiven &2 2 0 (cf.( 4.2))
(%.9) Lo * 2o (cf.(4.4))
If now

(4.10) Lien, Ty By 3o

then the probability of not-rejecting W, converges in proba-
bility for YV — o to:

(4.11)  Aiw P[.\g: <£,] = Lm PLW-p<go.-p].

From (4.8) and(%4.10) follows that 4,0, - 1s negative for suf-
ficiently large y ; consequently

(4‘12)‘&"‘?[% <2.] = A Pllw-pis p-g0.] =

é*&m«, UZ = O :
. (H _ _g‘%)z (Cf. (4-9)).

(4.13) MZALMFHO

we see in the same way that the probability of rejecting H, con-
verges 1n probability for v—sea to o. If finally

(4.14) /é-mghx b =0
the probability of rejecting H,converges in probability for yv-oto
~(#.15) Aom. Pl w 2 4, 01]
Consequently if
(. 46) Lo 22 5
a
and
(3.77) £ s dim 2

T



then

(4.18) e Plw oz g, 0] = Bom -T2 < 4.

£l od

The condition (4.16) is satisfied, if
(4.19) Lm«. be /&.m'\: —'L;\!Cb >0

but this is not necessary the case if (4.16) is fullfilled. The
class of alternative hypotheses with ALim 03 zaand £Usz:hkPA;o
is of a rather unusual character, but it may be worthly of fur-

ther investigation, because probably for at least a part of thi:
class the test is also consistent.

5. Summary.

Substituting 9 for h, in the above formulae, we get
the following results. If we use the test-statistic

(5-1) ci; —~x

where %;<A="%~“N) are given numbers, satisfying

(5.2) S qu e
then

(5.3) £ [ Wit Ho) =0

(5.4) [ W | b, Ha] - ':Taf”‘"';) s
Ir

(5.5) Z g ]-c

and if the conditions

. &
(5.6) 1. —:f—" =O(|) and -—r=0(|)for N—-ioo.\ i
(cf. (3.5))

AT R ¢
2. LELE_':L__%_)L_ = a () for N — ca

% q}

or the conditions:
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i 2
1, N Q) forv-ewand each integer ~>a2

E@
(o™ (ct. (3.6))
2-’&th=® ,J&M\.taaoo

are satisfied and

(5.7)

(5.8) i —B _ ko ERTBEG (cf. (4.16))
o NEN -1) Z)C%:;qu')‘
and
(5.9) 22y Lo T (cf. (4.17) ).
a~

then the test is consisfent for the class of alternative hypo-
theses

and for no other alternatives, and the conditional distribution
ET:E%;:Q: is under the hypothesis H, fOr‘V—>a>asympto~

tically normal.

6. Examples.
1. 8uppose we want to test the hypothesis H, agalnst the
alternative hypotheses of trend, where a trend 1s defined by

22 (F;*PH)%O.

X<
> - - -
From E:;;(F“ by) = 2}(N+x 23) by, follows that g, 1s
proportional to N +i1-ax {X=t1,2,...,N)and therefore condition (5.2)
is satisfied.
If we take

(6.1) CA)\=2'—N——T\T‘::—ZA A= L2, ..,N

then the conditims (5.5), (5.6.2) and (5.7.1) are all Pullfilied.,
The test-statistic is

(6.2) Woo T (N+1-ad) oy = §_<§_(Q_gx—a_gp)

with

(6.3) i{\l_\/'t,, Ho,]' =0,

(6.4) o' [W |4, We] = Srta Z.(Nm—xk)":%t.tl (N+1),

N(N-1) &
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and the test is consitent for the class of alternative hypothe
ses

(6.5) Lo o ZZ (pa-pe) w0
and for no other alternative hypotheses if (5.8) 2nd (5.9) are
satisfied.

2. Suppose the class of admissible hypotheses consists of
those values OfY%‘P*““‘PN which satisfy (1.13). From sec-
tion 5 it follows then that if we take as a test-statistic

(5.6) .

% A

where %;(;r.ﬁun‘)k)are given numbers, satisfying

(6,7) z‘\;%l =Q

then

(6.8) £ W | t,,H,] =0,

(6.9) 01[V£3t',H°]= tt, oy %

N(N-1) L mi

The test is then consistent for the class of alternative hypo-
theses

(6.10) Lo, Z g, ki #o (cf. (1.46) ")

—» oo ~

and for no othecr 2lternatives, if

(6.11) Zlgil=1 (cf. (5.5) ),

the conditions

1. —{T ~0¢y  end Z‘ =0() for Noow
(6.192)¢ . o (ef. (5.6) )
'YYT_.C\.X Y
D, a=lik  Mi = o) for N - =
b il
A Noa
or the conditions
%
, .~ TR
1« N ‘ Z"}é"‘;,_ oy =O(\) for N -«
(6.13) { PR } (cf. (5.8) )

2. /&mxt.=oo and lmtl-;m

are satisfied and if furthermore the conditions
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2

: Tmip: Tmiq T 2

(6.14) L Fo o o, R e iy (cf.(5.8)
(N-0 280 piq;

(6.15) £2 sl I (cf.(5.9)

are fullfilled. Consequently if 9. 1s independent of mima,.., "«
the test is consistent for a class of alternative hypotheses which
does not depend on the sample sizes E.g. if we take

A= L2, o0,k

(6.46) g = 2SIt

K’“

then the conditions (6.7) and (6.11) are satisfied. If k is fi-
nite condition (6.12.2) is fullfilled if

/gjwn. My o= oo for /Lsé-'\i:;""‘
(6.17) N =<0

L. m, = oo for = kxt

N —ree 2%

and (6.13.1) is fullfilled if

.08 b3 v or sl
Lirons Dk > for 4 = kx|
N —»ece N - 2

The test-statistic is

(6.19) WeZ I (& -2) 2T B (er(1.3),
v\.</i Yoy ﬂf\..} ,.;<_x "’1)\.'\’1,&

with

{6.20) W %M =0

(6.21) o"'[\ﬁ/\t“Ho} .tk Z(M\»u)"

N{N-) & m; !

and the test is consistent for the class of alternative hypothe
6.22 A = T L (b, ~ b;) %0
( ) N e K* £<4 (\F* Pﬁ) +

and for no other alternatives if (6.14) and (6.15) are fullfilled.
For TERPSTRA's test-statistic we have

(6.23) PN ma (2 mi - L i) (cf, (1.3) and (1.4}))
¢ %Jn;lgénxi—«gimil

Condition (6.12.2) reduces to

2
6.ony Tk (Eni o Hm)l o
NP~ 3 mg
A

for N -
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and (6.13.1) reduces to

(6 .25) thlz‘\ ;’Y\L(ch\l'ni —L%f‘r\‘) :0(\}

o for N — oo and
3 /2,
[N - Z,_— '“&} each integer nsz.

From (6.9) it follows, that

]
- A bt (N - i)
(6.26) Gl[\{\“ H:“H"} = N(Nm DX m"(z‘ "7 »Z»'z ﬁ == IN(N-V)

with

(6.27) W= X T (aimy -~ a;mi) (cf. (1.6) ).

The test is consistent for the class of alternative hypotheses

(6.28) L, m mimilbizRil g

N —co
Z/'(L,,‘ Zf\‘\.&~ Z:.'\'\—a\
and for no other alternatives if (6.41) and (6.15) are fullfilicd

If

(6.29)  Am T T Lo T o

~>ca ~ <3

then (6.28) is identical with

(6.30) l;m I X B (b pi)

4(‘1

and as
(6.3’]) ‘0,;- 101:: 'P[ Ky > ?-C{-l »P{ﬁg;< ".5'\1
(6.30) is identical with

(6-32) /Eurn ZZ_———“-T‘“’PM» >'>c,d -?[QC <0c-§& = 0.
Nwea Xeqg NT

7. Remarks,

1. The test of example 1 and TERT3TA's test may also be de-
rived in the following way:

Consider two random variables ¢ and y where, in two samp-
les of size t, and t,respectively, « andy have taken the valuei
o, and . times respectively. If WL is the test-statistic of

WILCOXON's tegt 2nplied to these two samples then



(7'/‘) 2‘:‘.:\&1 ‘i-'b.'bz.

Hemelri jk {1]anm1 [Q]has proved that the hypothese W, under
the condition %, <%, 1s identical with the hypotesis tha® «
and y possess ¥i» same probability distribution. Consequently

(7.2) Elwlt Ho] = 22 [ w ]t Hol =4ty =0

) ar ) t.tx(Nx )
(7.3) @' [witHe] = aa [Ut,r] = 4 1a N {N=1)

or, if allm, are equal to 1 (example 1):

t‘tx ‘._NJf'i}
13

(7.4) ot [w |t He] = 4

For the case that all m; are equal to 1 the exact distribution
of U under the hypothesis H, is known for small valuegof 1,
and t, ; therefore in thils case an exact test 1s possible.
2, If m;.m for each 4 TERPSTRA's test is 1dentical with
the test given by (6.19). Consequently
a. if m; -m for each 4L Terpstra's test is consist.nt fou
a class of alternative hypotheses which does not de-
. pend on the sample-sizes,
b. if m; . m for each i the test given by (6.19) is 1i-
denticzl with Wilcoxon's two sample test applied to
the sumples of ¢ and y (cf. remark 1).
3.In the preccding sections we proved that If we take as a
test-statistic

W
(7.5) W 22—t
A<q Man g
instead of TERPSTRA's test-statistic X L W,. the test is
S !
consistent for the class of alternative hypotheses

L 42 2 (Bl —Fy) #o
which is independent of the sample-sizes.

If now o¢, possesses a continuous or a discrete distri-
bution function and if m;  observations of <, are given
(i=1,2,..x1t may be proved that if we take (7.5) as a test-statis-
tic to test the hypothesis Y, thatw x,,.., x«possess the same
distributionfunction instead of TERPSTRA's test-statistic the

test is consistent “or the clagss of alternative hypotheses

’&M’\« ZZ{‘P[¥;>°_9{]-P[°&;<Q_C;J% #0

\
N W2 i< g
which again does not depend on the m;.
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. The test described in the preceding sectlons may be gene-
ralised e.g. in the following way:

Consider N random variables %,,%,,...,%, where ¢, Takes
the values,a,,... 4 with probabilities Pais Baaseea Pat respectively
(rA=1(,2.....n 3g§1?>@ a4 for eachy ). Given one observation of
each of these random variables we want to test the hypotheses

H, that %, ,%,,. ..., POSsecss the same prohability distribution,
which is identical with

P A for each i (4.:\‘zp“,%],
against the alternative hypotheses

;;%»ﬂ%& #0,

where %X&(A=\,1PH‘N; i=12,...,4) are given numbers. If H, is True

EA:Z;%;F;;= Z}F'« Z- 9xi
and this must be equal to zero, Consequently the numbersQXL mus?t
satisfy the conditions

2. qy; =0 for each 4+ (4=1t,2.....4).
X

If 2. 2

H

T2 g b= 2 (qubn ~ b= 2 (90 -90) Pt &G

%l (an - Qax) pay = E;Cp P

1Y

where

TP TE S P L IE

and FA" By o X= L2 N
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