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! 
I 

In this report the following two sequences of non-negative integers f 

f 
u0 ,u1 , •.• are considered: 
I. The sequences defined by 

(n == 0,1,.· .. ) 

where a and bare positive integers. 
II. The sequence of Fibonacci, defined by 

u =0, u1=1; u 2=,:i. 1 +u (n=O, 1, •.• ). o n+ n+. n 

These sequences have the property that if mis a positive integer 
(where in case I the number mis supposed prime to a) the least non-ne­
gative residues mod m of the elements form a periodic sequence. The lengtt, 
of the period of this sequence will be denoted by C(m). In the'case of I 
sequence I with a=23, b=47594118 ai.ld m=108+1, Lehmer1) used the least 
non-negative residues of u0 , ••• ,uc(m)-1 to construct a set of pseudo­
random numbers. 

Our purpose is to investigate properties of the number C(m). In 
case I we consider primes p with (a,p)=(b,p)=1. Then for p=2 there existsl 
a positive .. integer k=k(?), such that 

2kj aC(4)_1, 2k+1{ aC(4)_1 

and for odd p there exists a positiv0 integer k=k(p) such that 

Pk 1 a C ( P) - 1 ' Pk+ 1 { a C ( P) - 1 • ( 

In case I the following relations hold: 
C(2)=1; 
C ( p) 1 p-1 t 

C(2 )= . , -
h { 

C( 4) if 2 <. h < k( 2); 

2h-k( 21 c(4) if h ~k(2); 

h { C ( p) if 1 :(; h <:: k ( p) ; 

C(p )= ph-k(p) C(p) if h ~ k(p). 

~~-----------------
1) D.H. Lehmer, Mat:1ematical methods in large scale computing units,Proc. 

Sec. Symp. on large-scale ."ii§,.:_~..,_, "~lcnlFitingmachinery, Q 51,Harvard 

141-6. 



- 2 -

In case II for odd primes p there exists a positive integer k=k(p) 
such that 

but 

Pk j uc ( P) , Pk \ uc ( P) -1 -1 9 

pk+1 does not divide both numb-ers UC(p) and UC(p)-1 -1. Then 
for sequence II we prove the following results 

C(p) I p-1 if p:: +1 (mod 10); 
C(p) f ½(p-1) if p% 11 or 19(mod 20); 
C(p) I 2(p+1) and C(p){ p+1 if p~ _:t_3(mod 10); 

C(2)=3; C(5)=20; 
C(2h)=3.2h-1 if h ~ 1; 

h { C( p.) if 1 ~ h. < k( p); 
C(p )= ( ) 

ph-k p C(-p) ±f h~ k ( p) • 
r1 rs 

In both cases I and II if m=p1 ••• ps , where p1 , •.• ,ps are different 
primes, the value· C(m) is the least common multiple of the values 

r. 
C(pi1 ) (i=1,.· .. ,s). 

Special attention is given to the cases 

m=2h, 2h-1, 2h+1, 10h, 10h-1 and 10h+1. 

Apart from the number C(m) we also define the number c(m). This num­

ber c(m) is the least positive integer n with m I un. The set of indices 
n with m I un consists of the non-negative multiples of the number c(m). 
In case II c(m) is not necessarily equal to C(m). We also deduce proper-

ties of c(m) and v(m)= ~t:i· 
In another report2) similar properties are deduced for sequences 

satisfying 

un+2=aun+1+bun (n=0 7 1 , .. ,) 

with arbitrary a,b,u0 and u1 • 

§1. The sequences I. 
Tot a and b be positive integers and let p be a prime with p { ab. Then 

there exists a positive integer n such that an== 1 (mod p) i in fact, on 
account of Fermat's theorem, n=p-1 has this property. 

Let C(p) be the smallest positive integer with this property. Then 1 

if m = n(mod C(p)) ,we have bam,;;. ba~ p) and oonverse;Iy, This proves that 
the sequence of numbers ~=ban (n=0,1 , ••• ) is periodic mod p with period 
C( p) • 

From Fermat's theorem it follows further 
( 1 , 1 ) C ( p) I p-1 • 

In view of the application of the sequences I to the construction 
of pseudo-random nt:UD.bers it is required that C(p) be large. 

2) Mathematisch Centrum, Rapport ZW 1952 - 013. 
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If pis an odd prime and if atE 1(mod pj), at~ 1(mod pj+1), 
where t and j are positive integers, then apt= 1(mod pj+1), 
apt¥- 1 (mod pj+2). This property remains valid if p=2 supposed j ~ 2. 
Herefrom follow the relations (1) and(2). 

From Euler 1 s theorem a¥'(m) E 1 f~od mf it follows C ( ps) f <p ( p 8 ). 

The value of C(m) for arbitrary m=p1 ..• ps, where p1 , •.• ,Ps are differ-
r. 

ent primes~ is obviously a common multiple of the numbers C(pi1 ) · 
(i=1 , ••• ,s), hence the least common multiple. Hence for all a with 
(a,m)=1 the number C(m) divides the least common multiple L(m) of the 

r-
numbers ff (pi 1 ) (i=1,.,. ,s). 

We give a table of the value of L(m) n for m=10 -1 ( n=1 , 2, •.• ) • 

I n r· 
nl m=10 -1 ~(pi1) Ji( m) 

1 3 6 6 
2 32 .11 6; 10 30 
3 33 .37 18;36 36 
4 3 2 • 1 01 6 J 100 300 
5 

2 
6;40;270 1080 3 .41.271 

6 3 18;6•10•12•36 180 3 .7.11.13.37 
t ' ' 

7 32 .239.4649 6;238;4648 711144 
8 

2 . 
6;72;10;100;136 30600 3 .73.11.101.137 

9 34 .37.333667 54;36;333666 667332 
10 2 

6;10;40;270;9090 109080 3 • 11 • 4 1 • 2 71 • 9 091 

From the table we learn that L(m) is much smaller than m, if the 
number of prime factors inn is not too small. In fact the numbers 
pi-1 (i=1, ••• ,s) have at least a factor 2 in common, so 

L(m) <~ <~. 2s- 2s-

We give a similar table for m=10n+1. 

m=10n+1 
r-

n 50(pi 1 ) L(m) 

1 1 1 10 10 
2 101 100 100 

3 7.11 .. 13 6;10;12 60 
4 73.137 72.136 1224 

5 11 , 9091 10;9090 9090 
6 101.9901 100;9900 9900 
7 11.909091 10;909090 909090 
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The prime factors which occur in the first table in the 2nth row and 

not earlier, are the same as the prime factors which occur in the second 

table in the n th row and not earlier. This follows from the following 

considerations 

1 °. Let p be a prime with p f 1 o2n-1, pf 1 oh-1 

I n n I n 
for O <... h < 2n. From 

p ( 10 +1) ( 1 O -1) and pf 10 -1 it follows pl 10n+1. If O < k < n, 

then from p { 1 o2k-1 it follows pf 1 ok+1. 

2°. Let p be a prime with p ! 10n+1, pf 1ok+1 with O < k < n. Then 

p I 1on+1 \ 102n-1. Should a number h exist such thg,t O < h < 2n and 

pf 10h-1 l then it would follow 10h-n:E: -1 (mod p) and 10n-h==-1 ~od p) 

hence 10 n-h I =:; -1 ( mod p) ? vvhere O < I n-h I < n, contrary to the as­

sumption on k. Hence pf 1 oh-1 if O < h < 2n, 

It is well known that there exists a primitive root mod pr, where 

pis a prime and r a positive integer, i.e. there exists an integer a 

with 

aff(pr):::1imod p~); ahf 1(mod pr) if O < h(f(pr). 

Now suppose m=p11 o,,p s, where p1 , ••• ,P are different primes. Let 
s r- s 

a. be a primitive root mod p.l (i=i , ... ,s). On account of the chinese 
l l r. 

remainder theorem there exists a 1111mh :=. __ ~, 7 r:h that a ~r1:1'i (mod pil) 

(i=1 ' ••• ,s). Each r>""lmml"'l"V' mnl_~_inl~ 11 of the numt 0 rs (p (pi l) (i=1 9 •• ,s) 

satisfies ah-== 1 (mod m) and conversely. Hence for this choice of a the 

numbf~ C( m) is equal to the lea.3t commor. multiple L(m) of the numbers 

5-f)(pil) (i=1, •.. ,s). 

Since above we found C(m) I L( m) , we now have the following result. 

If m is fixed and a is variable, the greatest value attained by C(m) :i_s 

L(m). For instance C(m)=L(m) if we take for a the above constructed 

number. 

Bxample. If m=10 5-1 and a=7, then C(m)=L(m)=1080=23J 35. For 

C(m)f ½.1080 since 1540 - -1(mod 41); 

C ( m) f ~ . 1 0 8 0 sin c e 7 ~ ~ ~ :::::::: -2 9 ( mo d 271 ) i 

C(m)f i.1080 siEc~ 7-· 0 = 16(mod 41). 

Although tr 2,;::;7, .. ,"2 }ave C(J 2 ) fa 'f(3 2 ), still C(m)=L(m). The number a=7 is 

the smallest number for which C(m)=L(m), for if a=2 we have 220:- 1 (moo -1..1: 

hence C(m) f lL(m); if a=4 we then also have C(m) l ½L(m); if a=5 we have 

520 - 1 ( mod 41 ) , hen de C (m) \ ½ L( m) • The values 8-=3 and a=6 are excluded 

since ( J,m)=(6,m)=3-/41. 

For computing machines working in the binary scale the reduction 

mpd m of integers is simple in the cases m=2n-1, m=2n+1, m=2n. We there 

fore give also tables of L(m) {\y-._ -·-· :n 1 :=i.,,.,,.:i m-=2n+1 . 
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n 

2 

3 
4 
5 
6 

7 
8 

9 
10 
11 
12 
13 
14 
15 
16 

29 
30 

n 

1 

2 

3 
4 
5 
6 

7 
8 

9 
10 
11 

12 
13 
14 
15 
16 

• • 

29 
30 

n m=2 -1 

3 

7 

3.5 
31 

32 .7 
127 

3.5.17 
7.73 

3.11.31 
23.89 

2 3 .5.7.13 
8191 

3.43.127 
7.31.151 

3.5.17.257 
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2 

6 
2;4 

30 
6;6 
126 

2;4;16 
6;72 

2;10;30 
22;88 

6;4~6;12 
8190 

2;42;126 
6;30;150 

2PJ.;16;256. 

L(m) 

2 

6 

4 
30 

6 

126 
16 
72 
30 
88 
12 

8190 
126 
150 
256 

• 0 0 • 0 • e • e o ~ e e O • 0 O O • o O O O • 

233.1103.2089 
2 3 .7.11.31.151.331 

3 

5 
32 

17 
3. 11 
5.13 
3.43 

257 
33 • 19 
52 .41 
3.683 

17. 24 1 

3.2731 
5.29.113 
2 3 • 11 0 331 

65537 

232;1102;2088 
6;6;10;30;150;330 

2 

4 
6 

16 
2; 10 
4;12 
2;42 

256 
18;18 
20;40 
2;682 

16;240 
2;2730 

4;28;112 
6;10;330 

65536 

39672 
1650 

L(m) 

2 

4 
6 

16 
10 
12 
42 

256 
18 
40 

682 
240 

2730 
112 
330 

65536 

0 • • • • • • , • • • ' • • • • • • • • • • • • 

3.59.3033169 
2 5 .13.41.61.1321 

2;58;3033168 
20;12;.1.0;60;1320 

3033168 
1320 
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For the ARRA.3) especially reduction mod m where m=2 30+1 is sim­
ple. In these cases however the value of L(m) is not large. Now L(m) 
has a greater value if m=2 29±1, whereas the reduction mod 229 +1 is still 
relatively simple. 

If m=2 29-1=233.1103.208_9, then L(m) is the least common multiple 
3 2 I".) 3 3 2 2 .3 .19.29 of 23~~2 .29, 1102=2.19.29, 2088=2 .3 .29. If we take a=3, 

then C(m)=L(m)=2 3 .J2.19.29~39672. For 
C(m)f ½.39672 since 3116::£-1(mod 233); 
C( m) f i· 39672? since if 3 13224 s 1 ( mod 2089) we would get from 

32 88:=1(mod 2089) that 3696=:1(mod 2089) which contradicts 
3 696~ 826 (mod 2089); · 

C(m) f ~- 39672, since if 3 2088 ::: 1 (mod 1103) we would get from 

31102s1(mod 1103) that 358:1(mod 1103)) which contradicts· 
358s 620(mod 1103); 

C(m) f "ig. 39672 ~ since if 3 1368::: 1 (mod 233) we would get from 

3232:S 1 (mod 233) that 38: 1 (mod 233), which contradicts 
38i:i37(mod 233). 

If m=2 29 +1=3.59.3033169 1 then L(m) is the least common multi­
. ple 24 .3.29.2179 of 2,58=2.29 and 3033168=24 .3.29.2179. Here a=2 has 

the period C(m)=58, so a=4 has the period 29~ whereas a=3 and a=6 are 
.1. 3033168 .. ,. · · . 

excluded since (3,m) = (6,m)=Jj1. Since 52 " ~ 1(3033169) also 
for a=5 we have C(m)< L(TI;1). For a=7 however C(m)=L(m)=3033168, for 

C(m)f ½.3033168 1 since 71532584 == -1(mod 3033169); 
C(m)f j.3033168;, since 71011056 i;=: 1554651(mod 3033169); 

C(m)f '2"9". 3033168, since if 714 592 := 1 ( mod 59) we would get from · 
158 := 1 (mod 59) that 72 :E 1 ( mod 59) contrary to 72 :E 49 (mod 59); 

t 1 1292 C(m) 1 ~.3033168, since 7 === 1511637(mod 3033169). 
In order to find C(m) if m=2n, we remark that C(4)=1 if 

a E 1 (mod 4) and 0(4)=2 if a:::: J(mod 4); in the latter case the integer 
k defined 
values of 

a c(.4) 

3 2 

5 1 
7 2 
9 1 

1 1 1 

13 1 
15 2 

17 1 
19 2 

in the introduction is~ 3. We also give a table of the 
C(2h) (h ~ k) for the odd integers a. 

3 
2 

4 
3 
3 
2 

5 
4 
3 

.. 

21 1 2 

2h-2 

2h-2 

2h-3 

2h-3 

2h-3 

2h-2 

2h-4 

2h-4 

2h-2 

2r.-2 
~-~~ -----------3) ARRA= Automatische Relais Rekenmachine Amsterdam 

(=;Automatic Relay .Computer Amr~ terdam) 
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~ 2. The sequence II. 
We now investigate the sequence of Fibonacci defined by 

u0 =O, u1=1; un+2=un+1+un (n=O,1, ••• ). 
Let w and W be the roots of the equation . 

x2-x-1=O, 

with W > W • Then we hav9. .. 

( 1 ) 

(2) 

(3) 

(4) 

(5) 

V5=2W-1; w2= W+1; ~ =W-1 f W+W=1; WW =-1; 

n -n -W =unW +un-1; W =unw+un-1 
wn_r;;n 

un= w _ w ( n=O y 1 , • • • ) , 

( n= 1 , 2 , • • • ) ; 

2 2 
u2n-1=un+un-1; u2n=un(un+1+un-1) ( n=1 , 2, •.• ) J 

unlum if nlm. 

Formulae (1) are obvious; formulae (2) are proved by mathematical 

induction, while (3) follows from (2). Further from (1) and (2) follows 

2n 2 2 2 2 
u2n°J+u2n-1=W =(unw +un-1) =(un+2unun-1 )w +un+un-1' 

whence follows (4) by the irrationali t;I of W • 
From nj m and (3) it follows that ~ is a polynomial in W n and W n 

n 
with integral coefficients which using the formulae (2) and &1), can be 

written in the form aw +b where a and b are integral. Since ~ is ratio-; 

nal andW is irrational we gei; c:...=O, whence follows (5). . 

We define avJ+b::!cW+d(mod m) by a~c(mod m) and bt?d(mod m). If 

aw +b ~ O (mod m) we also write ml aW +b. 

Theorem 1. Let m be an arbitrary positive integer and let c=c(m) be 

the smallest positive integer with uc::::: O(mod m). Then ud:::o(mod m) if 

and only if d ~ 0 , c I d. 

Proof. Let d be a non negative integer. If c\d from (5) follows uclud. 

If conversely ud~O(mod m), put d=qc+r where O<r<c-1. Then 
d ~ ~ 

W =uaw+ud_1= ud,-~(mod m) 
and 

W-qc=(u W +u )q= uq (mod m), 
c c-1 - c-1 

hence 
wr = wd-qc= wd(-W) qcE (-) qc ud-1 u;_1 (mod m)' 

whence follows ur-::: O(mod m), so r=O and cJ d. 

Corollary. If ml n, then we ·have uc(n)= O(mod m), hence by the last theo-

rem c(m)jc(n). -
Theorem 2. Let m be an arbitrary positive integer and let C::C(m) be the 

smallest positive integer with 

w 0~1(mod m), i.e. u0 :::.o(mod m), u0_1::=1(mod m). 

Then ford non negative Wd=E1(mod m) if and only if cJd. 

Proof. Let d be a non negative integer. If cjd from w0-s1(mod m) fol­

lows wd=1(mod m). If conversely wd=1(mod m), put d=qC+r, where 
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0~r<C-1. Then 1:::wd =Wq_Cwr:;:wr(mod m), whence follows r=0 and cjd. 

Coro;;ary. If mfn, then we have wC(n)-=.1(mod m), hence by the last 

theorem C(m)f c(n); 

We put v = v(m) = Ofmj. For this number we prove 
. C m 

Theorem 3. For every m the number v(m) is integral and v(m) is the 

smallest exponent satisfying 

u~_1 ==- 1 (mod m). 
Proof, From theorem 1 it follows c(m)\c(m), hence vis integral, 

Since w 0= u 0 _ 1 (mod m), we have 

_ C ( c)v v ( ) 1 :;:::. W = W ::: u 0 _ 1 mod m • 
Further there does not exist a number w with u;_1 E. 1 (mod m) and 0 (;.... w<v, 
for otherwise we would have 

wcw:i: u;_1= 1 (mod m), 
with 0 <cw< C, contrary to the definition of C. 
Theorem 4. If c(m) is even then v=1 or 2; if c(m) is odd then v=4. 

Proof. From w 0: u 1 (mod m) and W 0::: u 1 (mod m), it follows c- c-
(-) c= (WW) CE u;_1 (:mod m). 

If c is even the preceding theorem learns vl2, If c is odd we have 

u;_1= -1(mod m) and u~_1=1(mod m), hence v=4. 
Theorem 5. If pis a prime we have 

c(p)lp-1 if p:!.:t_1(mod 10); 

c(p)J½(p-1) if p:E:1 or 9(mod 20); 
c ( p )f ½( p-1 ) if p-::: 11 or 19 ( mod 2()) ; 

c(p)jp+1 if p-S+3(mod 10);· 

c( p ){½( p+1) if p=E 3 or 7( mod 20); 

c(p)l½(p+1) if p-=13 or 17(mod 20); 

c(2)=3; c(5)=5J 
C(p)J p-1 if p:+1 (mod 10); 

C(p)f ½(p-1) if p=11 or 19(mod 20); 

C(p)J 2(p+1),C(p)tp+t if p:.if.:t,3(mod 10); 
C(2)=3; C(5)=20, 

Proof. We shall treat the cases p:=.:t,1(mod 10) and p=+3(mod 10) separ- I. 

ately. . 
A. · p::: +1 (mod 10). By the theory of quadratic residues we have 
5½(p-1 )E: 1 (;ad p), hence 

(2W-1)P-1 ii= 1(mod p), (2W-1)PE.2W-1(mod p), 

2PwP-1 :e2W-1(mod p), 2Wp!:2W(mod p), 

whence after multiplication by ½( p-1) W we get wP-1.= 1 (mod p), so 

c!C\p-1 by theorem 2 and 3. I 
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A1. 

mod 

for 

pS 1 or 9(mod 20). Since in this case -1 is a quadratic residue 

p, there exists an integer k with k 2= -1 (mod p). We have k7/::. 2(mod p) 

otherwise we should have p\5. 

From w 2-1= W it follows 

w 2+k2= W (~od p) 1 (W +k) 2::W (1+2k) (mod p), 
(W +k) P-1= W ½( p-l) ( 1 +2kfo( P-1 ) (mod p) 

(W+k)P5 wi(p-1 ) ( 1 +2k)½(p-1 ) (W+k) (m~d p). 

For the left hand member we have 

(W +k)P:E wP +kPE W+k(mod p), 

hence after multiplication by (W+k)(k-2)-1 , on account of (W+k)(W+k)= 

=k2+k-1 S k-2(mod p) we get 
1 

1
wi{p-1 )(1+2kj½(p-1 )(mod p), 

hence (Ar2 ( p-1 ) "E. ( 1 +2k) 2 ( P-1 ) (mod p). 

So we have proved c(p) ) ½(p-1). · 
A2. p:11 or 19(mod 20). Suppose c\-½(p-1). Then a rational integer 
;;-ists with wi(P-1 )::: r(mod p), hence also a,½(P-1 )£. r(mod p). After 

multiplication we obtain in view of (1) and of p::3(mod 4) 

r 2:::wi(p-1 )wi(p-1 )= -1(mod p). 

Hence -1 is a quadratic residue mod p, contrary to p:3(mod 4) So we 

proved cf ½(p-1), hence a fortiori Cf ½(p-1). 
B. p:+3(mod 10). By the theory of quadratic residues we have 
-1( 1) -
52 p- E. -1 (mod p) , hence 

(2W -1 )P-1= -1 (mod p), 

2Pw P _1 ::= 1-2W (mod p), 

(2W-1)P51-2W (mod p), 

WP-:: 1-W(mod p). 

After multiplication byW we get 

WP+\:; W-W 2= -1 (mod p), 

so c(p)ip+1, C(p) f p+1. Finally by squaring the last congruence we find 

w 2 (P+1 )= 1(mod p), 

hence 

C ( p) \ 2 ( p+ 1 ) • 
B1. p-=3 or ?(mod 20). Suppose cj½(p+1), Then a rational integer r 
- .l.(p+1) _.l.(p+1) ( ) 
exists with W 2 = r(mod p), hence also W 2 Er mod p ~ So 
w½(p+1 )::: UJ ½(p+1 ) (mod p). After multiplication by wi(p+1 ) we get 

contrary to 

R2. p::13 

wP+1 5:(l;JlAj)½(p<·1 )= 1(.mod p), 

C(p)f p+1. Hence c{½(p+1). 
or 17(mod 20). As in case A1 there exists an integer k with 

:-7 k = -1 (mod p). Now from 
(w+k) 2:::W (1+2k)(mod p) 

we deduce 
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Using the resultwP~1--W=W(mod p) found in B, we have 

( W +k) p+1: ( W +k) ( wP +k):: (W +k) ( W +k):: k-2 (mod p) • 
We remark that 1 +2k ~.O(mod p), for otherwise we would have 

k-2 = W½( p+1) ( 1 +2k) ½( p+1 )= O(mod p). 

Hence 

so· 
W½(P+1 \: (k-2) ( 1+2k)½(p-3) (mod p), 

. c(p) f t(p+1). 
The values of c(2), c(5), c(2) and C(5) easily follow from the 

table of Fibonacci numbers. The relation C(5)=4c(5) is in accordance 
with theorem 4, 
Theorem 6. If pis a prime> 2, and if k(p) is the greatest integer with 

pk(p) f WC(p)_1' 

and if h is a pos_i tive integer, then 

h { C(p) if 1~h~k(p);: 
C(p) = ph-k(p)C(p) i'f h~k(p). 

Remark. By definition we have WC(p)=:1(mod p)~ hence k(p) is a positive 
integer. 
Proof. Suppose 1 ~ h ~k(p). Then we have WC(p)= 1 (mod ph). Further if 
tis a positive integer< C(p), then Wt11(mod p), hence Wtj.1(mod ph), 
So in view of the definition of C(m) we have C(ph)=C(p). ·. 

Now suppose h~ k( p). By induction we simul tane-0usly prove the fol­
lowing three relations 

(6) WC(ph\:1(mod ph)t WC(ph)'f=-1(mod ph+1)J C(ph)=ph-k(p)C(p); 

the third relation is the required result. For h=k(p) these relations 
hold in view of the definition of k(p) and the first part of the theorem 
Now suppose the relations ( 6) hold for an integer h ~ k(p). Then from the 
first and the second relation (6) follows 

h 
wC(p ) =1 +pha, 

where a=a1w+a2 (a1 ,a2 integral) is not divisible by p. Hence 

wpC(ph)=(1+pha)P = 1+ph+1a(mod ph+2), 
so 
( 7) W pC( Ph)::: 1 (mod ph+1) ; WpC( Ph)'!: 1 (mod ph+2) • 

Thus by theorem 2 we have C(ph+1)jpC(ph). From the second relation (6) 1 
follows C(ph+1)f C(ph) and by the corollary of theorem! 
2 we have C( ph) f C( ph+1 ) • These three relations involv~ 

(8) C(ph+1)=pC(ph). 
' Hence the three relations (6) hold with h+1 instead of h, the first and 

second by (7) and (8), the third by_ (8) and the induction hypothesis. 

I 
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~ 
I 

h { c ( P) if 1 ~ h ~ k ( p); 

c(p ) = ph-k(p) c(p) if h~ k(p). 

Proof. By theorem 6 there exists a non negative integers, such that 
C(ph)=p8 C(p). A similar property holds for c(ph). 

I 
First b) the corollary of theorem 1 we have c(p)j c(ph). Further 

'I we have Wc(p :::. r(mod p), where r is a rational integer. So we can write 
wc(p)=r+ap, where a=a1w+a2 with integral a1 ,a2• Hence 

h-1 ( ) h-1 h-1 
wP c P =(r+ap)P s rP (mod ph), 

thus by theorem 1 we have c(ph)jph-1c(p). Hence we infer the existence 
of a non negative integer t with 

C ( Ph) =Pt c ( p ) • 
We then have 

v(ph)= C(ph) = p:C(p) = ps-t v(p). 
c(Ji) p c(p) 

Since by theorem 4 the quotient v(m) assumes the values 1,2 or 4 only we 
s-t v(ph) have p = m-r- = 1, hence s=t. Then from theorem 6 follows the asser-

tion. 
Theorem 8. 

Further 

For integers h~ 3 we have 

r,(2h)=2c(2h)=3.2h-1• 

C(2)=c(2)=3; C(4)=c(4)=6. 
Proof, From the table it follows that C(2)=c(2)=3, C(4)=c(4)=6, For in­
tegers h 3 2 we have 

WC(2h)=:1(mod 2h)1 WC(2h)11(mod 2h+1); C(2h)=3.2h-1. 

These relations are proved by induction in entirely the same way as the 
relations (6) in theorem 6. 

Now suppose h;:: 3 in theorem 6. By our last result we have 

w½C(2h)=wC(2h-1 )::: 1 (mod 2h-1)' 

so we can write 

W½C(2h)=1+(a+bW)2h-1, 

where a and bare rational integers. Mult:iplying this relation by its 
coniugate we get on account of (1) and 2\½c(2h) 

1 =(W W )"!C( 2h) =1 +( 2a+b) 2h-1 +( a2 +ab-b2) 2h-25 1 +b. 2h-1 (mod 

Hence bis even, so we have 

4J ½C( 2h) =. 1 +a. 2h-1 (mod 2h). 

Since a is a rational integer by theorem 1 we conclude 

c(2h) I ½C(2h). 

I 
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Since c(4) is even, by the corollary of theorem 1 also c(2h) is even, 
hence by theorem 4 we have v(2h)=1 or 2. Combining this with the last 
relation we conclude v(2h)=2, c(2h)=½C(2h). 
Theorem 9. If m=p1r 1 ••• prss' where p1 , •.. ,P are different primes, then s r, 
c(m) is the least common multiple of the numbers c(p. 1 ) and C(m) is the 

r. J. 
least common multiple of the numbers C(pi1 ) (i=1, ••• ,s). 
Proof. By the corollary of theorem 1 we have 

c(p:i)jc(m) (i=1, •.• ,s). r. 
Further if g is the least common multiple of the s numbers c(pi 1 ) 

(i=1, ••• ,s) then by theorem 1 r. 
ug~O(mod pi1 ) (i=1, ••. ,s), 

hence ug:::O(mod m). Again by theorem 1 we get c(m)\ g •. Hence c(m)=g. 
Using the theorem 2 instead of theorem 1 we find in a similar way 

the result for C(m). 
If pis prime and c(p) is even we have the following amelioration 

of theorem 4: 
Theorem 10. If c(p)::O(mod 4) then v=2; 

if c(p)::: 2(mod 4) then V=1. 
Proof. We put c(p)=2d. Then we have 

2d W ::uc_1(mod p), 
hence after multiplication by Wd we get from (1) 

(-) dwd=. u 1 W d( mod p). 

Since d<c(p) we have u:~o(mod p), hence wdyr.wd(mod p). Thus uc 1 :f- I 
,4_ d 2 - l 

1_ (-) (mod p). From theorem 4 follows uc_1=. 1(mod p), hence uc_1:,:t1Qnodp)J 
If c(p):::O(mod 4), the integer d is even, hence u 1 E-1 (mod p), and c-
V=2. If c(p):;:2(mod 4), the integer dis odd, hence uc_1S1(mod p) and 
V=1. 

The results concerning v(p) can be listed as follows 

(9) 
c(p)mod 4 

v(p) 

Theorem 11. If mis an arbitrary positive integer, then v(m)=2 apart 
from the following cases: 
1°. if m=2t~, where t=0,1 or 2, where m1 is odd and c(p)=2(mod 4) for 
each p:ime factor p of m1 , then v(m)=1; 

I 

I 

r 

2 °. if m=2 tm1147here t=O or 1 , where m1 is odd am. ~1, and jf c(ps.,±1 ( mod 4) 
for each :prime factor p of m11 then v(m)=4. 
Proof. From the values of c(2h) and C(2h) found in theorem 8 it follows It 

that v(2h)={1 ~f h=1,2; 
2 if h=3, 4, • • • • 

' I 
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Hence 1° is proved in the case m1=1. 
Now suppose m=2tm1 , where m1 is odd and j1. 
From theorems 6 and 7 it follows that for odd primes p we have 

v(ph)=v(p). 
Let d1 and D1 be zero if t=O and let d1 and D1 denote the number 

of factors 2 in c(2t) and C(2t) respectively if t~1; let d2 and D2 de­
note the number of factors 2 in c(m1 ) and C(m1 ) respectively. Further 
put d=max(d1 ,d2 ); D=max(D1 ,D2). 

Then by theorem 9 the integers d and Dare equal to the numbers of 
factors 2 in c(m) and C(m) respectively. Since by theorem 4 the numbat' v(m) is 
a power of 2, we have the formula 

v(m)=2D-d. 

We now consider three cases: 
A. c(pi):::. .:t_1 (mod 4) for each prime factor pi of m1 . Then by theorems 
9, 7 and 4 we have d2=0, D2=e. Using theorem 8 we have 

d1=D1=0 if t=O or 1 ; 

( 10) d1=D1=1 if t=21 
d1 =1 , D1=2 if t=3J 
d1 ~ 2, D1 =d1 +1 if t~ 4. 

Herefrom follows D-d=2, hence v(m)=4, if t=O or 1; D-d=1, hence v(m)=2, 
if t ~ 2. 
B. c(pi): 2(mod 4) for each prime factor pi of m1 • Then by theoreIIE9, 
7 and 10 we have d2=1, D2=1. Using;the relations (10) we now find D-d=O, 
hence v(m)=1, if t=O, 1 or 2J D-d=1, hence v(m)=2, if t~3. 
C. In all· other cases by inspection of the table ( 9) we infer d2 ~ 1 , 
D2-d2=1. For instance d2=1, D2=2 if m1 only contains prime factors p 
with c(p)=:,:!:1(mod 4) and prime factors p with c(p)::.2(mod 4). 

If d2 ~ d1 , then by ( 10) we have D2 ~ D1 , hence D-d = D2-d2=1 , hence 
v(m)=2. If d2 (d1 , then d1~2, hence by (10) we get D1-d1=1, so D-d=1, 
v(m)=2. This proves the theorem. 

It is not without interest to apply the above theorems the problem 
of factorizing the elements of the sequence II of Fibonacci treated 
by E. Lucas4) , D. Jarden~ and A. Katz 5 j. 

From (5) it follows that un is divisible by all the numbers ud I 
where df n. In view of this fact we call a prime factor of ud with din ' 

------------------
4) E. Lucas. Theorie des fonctions numeriques simplements periodiques, 
Amer. Journ. of Math. 1 (1878), 184-240, 289-321. 
5) D. Jarden and A. Katz wrote about ten papers on this subject in 
Riveon Lematematika 1-4(1946-1950). 
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and 1< d (n a trivial prime factor of un. The largest divisor of un 
which only contains trivial prime factors of un will be called the tri­
vial divisor ofru. 

1n rs . . 
Suppose n=p1 •••Ps , where p1 , ••. ,ps are different prime factors. 

Put n1.= .lL (i=1 , ••• ,s). Then the set of trivial prime factors of u is 
P· n 

the set of prime factors of n. (i=1 , ••• ,s). Determining the highest 
i . 

powers of the trivial prime factors which divide un, we find that the 
trivial divisor of un is equal to the least common multiple of the s num-
bers 

S· 
p.1 u 

1 ni (i=1,.,.,s), 

where C . =1 if p · I u and c.. =0 if p. J. u ( i=1 , , •. , s) • 
1 1 n. 1. i ·1 n . 

The factorizatiofi of un in practice r~duces to the determination 
of the non trivial prime factors of un. In another report we shall prove 
that apart from the cases n=1,2,6 and 12 the number~ contains non tri­
vial prime factors. 

Now if pis a non trivial prime factor of un then in view of theorem 
1 1 we have c(p)=n. So considering successively the cases p~1,9 1 3 1 7(rnodt)) 
by theorem 5, it is required for a prime p to be a non trivial prime 
factor of un, that there exists a positive integer x such that 

p=xn+1, where xn=o or 8(mod 10), 
or p=xn-1, where xn = 4 or 8(mod 1 O). 

If n is odd, still more can be said. In the case p::11 or 19(mod 20) 
by theorem 5 we have p-1=x.n for an integer x and p-1=2y.n for no inte­
ger y, which is impossible for odd primes p. Similarly we reach a contra­

diction if p ~ 3 or 7(mod 20). So, if n is odd, then p=xn+1 where ~n = 0 
or 8 (mod 2q,or p:::xn-1 where xn =14 or 1·8 (mod 2)), hen.re :in each case p =1 (med 4). 
Remark 1, For odd n each prime factor p of un is a non trivial prime 
factor of um for some ml n, hence =:: 1 ( mod 4) (with the exception of p=2) • 
Remark 2. If n is odd, by (4) un is a sum of two squares, a 2+b 2 say. 
If p=3(mod 4) and pj~, then the number of factors p in un is even6 ). 
So if p=3(mod 4) and c(p) is odd, then k(p) is even. We do not know 
prime numbers p for which k(p) > 1. 

6) Confer Hardy and Wright, An ~ntroduction ,to the theory of numbers, 
theorem 366. 
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We give a table7 ) of the values of c(p), C(p) and v(p) for some 
primes p. In all these cases the value of k(p) is found to be= 1 

p C C V p C C V 

3 4 8 2 11 10 10 1 
7 8 16 2 19 18 18 1 

13 7 28 4 29 14 14 1 
17 9 36 4 31 30 30 1 
23 24 48 2 41 20 40 ~ 
37 19 76 4 59 58 58 1 
43 44 88 2 61 15 60 4 
47 16 32 2 71 70 70 1 
53 27 108 4 79 78 78 1 
67 68 136 2 89 1 1 44 4 
73 37 148 4 101 50 50 , 
83 84 168 2 109 27 108 4 
97 49 196 4 131 130 130 1 

103 104 208 2 139 46 46 1 
107 36 72 2 149 37 148 4 
113 19 76 4 1 51 50 50 1 
127 128 256 2 179 178 178 1 
137 69 i76 4 181 90 90 1 
157 79 316 4 191 190 190 1 
163 164 328 2 199 22 22 1 
167 168 336 2 211 42 42 1 
173 87 348 4 229 114 114 1 
193 97 388 4 239 238 238 1 
197 99 396 4 241 120 240 2 
223 224 448 2 251 250 250 1 
227 228 456 2 269 67 268 4 
233 13 52 4 271 270 270 1 
257 129 516 4 281 28 56 2 
263 88 176 2 311 310 310 1 
277 139 556 4 331 110 110 1 
283 284 568 2 349 174 174 1 
293 147 588 4 359 358 358 1 
307 44 88 2 379 378 378 1 
313 157 328 4 389 97 388 4 
317 159 636 4 401 100. 200 2 
337 169 676 4 409 204 408 2 
347 116 232 2 419 418 418 1 
353 59 236 4 421 21 84 4 
367 368 736 2 431 430 430 1 
373 187 748 4 
383 384 768 2 
397 199 796 4 

-------------------7) Confer. D. Jarden, Table of the ranks of apparition in Fibonacci's 

sequence, Riveon LenBt.1(1946), 54. 


