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Local properties of analytic functions

1. The Weierstrass Preparation Theorem.
(Properties of the local ring An).
2, The Oka Theorem.
(Coherence of the sheaf an,n)'
3. Analytic sets.

(Summary of some theorems).



1. The Welerstrass Preparation Theorem.

(Properties of the local ring An).

Definition 1.1. If z = (z ,...,zn)é.Cn (or more generally z is in a

1

complex manifold), let A
N,z

of functions f which are analytic (holomorphic) in some neighborhood of

or AZ denote the set of equivalence classes

z, under the equivalence relation: fw~ g if f=g in some neighborhood of z.
If f is analytic in a neighborhood of z, we write (f)z for the residue
class of f in AZ, which is called the germ of f at z. A is called the

N,2%

ring of germs of analytic functions at the point z&C . Instead of An 0°
b

we also write An. For the residue class (f),O we shall often write f, thus

identifying f with its germ at the origin.

It is clear that An can be made into a ring with unit. Its elements

can be identified with the set of all power series
v
Y az
v

which converge in some neighborhood of 0, that is, with the set of all

arrays {av} such that
z |av|r|v| < o for some r>0.

The ring An is an integral domain; this follows from the identity theorem

for analytic functions.

Furthermore, it is clear that fé'An has an inverse in An iff £(0) # 0;
this follows from the fact that, if f is analytic in a neighborhood of 0
and £(0) # 0, then §%;T is also analytic in a neighborhood of 0. So the
nonunits of An are precisely the germs of functions which vanish at the
origin; and these obviously form an ideal in An. The ring An is therefore

a local ring (i.e. a ring in which the nonunits form an ideal).

For further investigation of the properties of the ring An it is
convenient to develop a technique which facilitates the induction step

from A to A . Here we consider A as a subring of A_ (A consists
n- n n- n ' n-

1 1 1
of all germs of analytic functions f(z) which are independent of the

variable znl. The idea is now to effect the transition from An_1 to An in
two stages by introducing the ring An-1[zn]'



Definition 1.2. An_] [zn] is the polynomial ring over An-l in the

"indeterminate" z . So an element of A _, [zn] can be written in the form

k
&, taz to... + 82y

where ao,a1 sees ,ake.lxn_1 .

Then we have:

A_jca_[z]cha .

The polynomial extension An__ CAn_1 [zn] is handled by means of algebraic

1
theorems (such as Gauss' theorem on unique factorization in a polynomial

ring and the Hilbert basis theorem). The extension An-1£zn]CAn is treated
by the so-called Weierstrass preparation theorem. To formulate this theorem

we need some further definitions.

Definition 1.3. An -element feAn, which is normalized in the zn-direction

(i.e. f(O,,zn) does not vanish identically) is called regular or order D,
if there exists a representative function for f (which we call also f)

such that f(O,zn) has a zero of order p at zn = 0. A Weierstrass polynomial

m of degree p (p>1) in z, is an element of An-1[zn] of the form

Zp-v

von ?

where the coefficients a €A _, are nonunits.

Theorem 1.1. (Weierstrass Preparation Theorem). Let f&€A be regular of
order p in z . Then there exists a unique Weierstrass polynomial

TEA [zn] of degree p such that
f=nur

for some unit ueAn .

Furthermore, any géAn can be written in a unique manner in the form
g=af +b,

where aé.An and beAn-1[zn] 1s a polynomial of degree < p.



We shall prove the theorem in a more general form which is expressed in

terms of functions, rather than Jjust in terms of germs of functions.

Theorem 1.2. (Weierstrass Preparation Theorem). Let f be analytic in a

neighborhood of the closure of the set
A= {zeC" |z, |<r,seees]z |<r }
1 1? >n! Tn

and suppose that f(O,zn) is zero only for z, =0 in Iznliy, and that the

origin is a zero of order p (p>1). Suppose moreover that
£(z) # 0 for |zl (Gen=1), |z | = r .

Then, for any function g analytic on A, there exist analytic functions

a on A', and

b1,...,bp on A',
. n=1 .
where A' = {(z1,...,zn_1)é;0 Izj|<rj,J§p-1} .
such that
1Y -
(1) g=af+ ) D 227V on A .
v=1 v

Also, there exist analytic functions

uon A', which is nowhere zero, and

85 -

+»8, on A, av(O) =0 (1<v<p)
such that

=p‘§ p-v
(2) £ u(zn + L 8,2 ) .

Moreover, there exists a constant M>0, depending only on A and f, such

that, in (1) we have

(3) sup |a| , sup |b | <M sup |g
A A A

The representation (1) is unique.



Proof.

We begin by proving the existence of u and a . Let z' = (z1,...,zn_1)GEA',

and set
1 af(z',z) 1
1) = —— 2 -
ool = 21 | 2l v
lz]=r,
Then, co(z"l is the number of zeros of f(z',zn) in |zn|<rn; so 00(0) = p.
Further, Go(z'l is clearly a continuous function of z'; hence oo(z') =p

for z'e A'. Let c](z'),...,cp(z') denote the zeros of f(z',z) in |;|<rh.
Then set

n(z',zn) = ;iI (zn - Cj(z'll .

We have, for k>0,

o, (z') dgf .§

‘ {C.(Z').}p = _1-J 3f(z',z) g dr
=1 9 ’

2ni

(ef. [A, p.12L])

so that ok(z') is analytic on A'. If

v -
a (z') = (=1) ) s (z')...cj (z')
1§J1<...<Jvfp 1 P
is the v-th elementary symmetric functions of the ., then a, is a polynomial
in 01""’GP (with rational coefficients), so that a, is analytic on A',

and

p=v
m(z',2 s

= 5P § '
n) 2 * av(z )z
v=1

For any z'€ A', f and 7™ have the same zeros. Hence

f(Z',Zn) 1 J f(Z',C) 1 ar

ﬂ(z',zn) T om m(z',z) L=z,
le]=r_
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m(z',z )
n
f(z',zn

Hence f = um where u is analytic and nowhere zero on Aj

is analytic on A. Similarly for

Further, it is clear that we may replace £ by a slightly larger polydisc.
without altering the conditions of the theorem. Hence u and u_1 are bounded

on A, and so are the coefficients of .

To prove the division algorithm and inequality (3] we may replace f by m.

If g is analytic on A, let

glz',z) 1
’Z L= 2ﬂl J m(z',2) ez de

H]

|z|=r

where O<r<rn. Clearly the integral is independent of r if |zn|<r, so that

a is analytic on A. Then, if |zn|<r,

ﬂ(z',zn)L 1
' - ' ! = -
glz'sz ) = alz',z In(z',z ) i { z',z) {1 ) Ja-zn Cla
C =r
P -
) {Ep - Z£ + ) a (z'] (P7V = 227V
n
=_l__ g(z',;) V=1 4
ami m(z',z) 1 -z ¢
i n
¢|=r
M Y- (CUN R p-v
T oomi m(z',z) & cv(z',;) Zn dz
) v=1
z|=r

where cv(z‘,z) is a polynomial in ¢ of degree < p whose coefficients are

linear combinations of the a,. If we set

bv(z')="271ﬁ'J| | Bzt o (2,e) ac
z|=r

we obtain

' b=y
1 bv(z ) z .

Il o~

g(z) = a(z)n(z) =

m

Moreover the a, are bounded on A and w(z',z) is bounded away from zero on

the set Izjljyj, j<n=1, |c¢| = ro. Hence



sup |bv| < M sup Jg| )
Al Al

where M depends only on the a, and m. Hence, since
-V
g — am = §1 bvzi ’

we deduce that for fixed z'€ A', we have
. M' sup |g|

&
|a(z'azn)l = inf l"(z',gll s
v C =r

n
so that

limsup Ia(z',zn)| <M'' sup |g| .

|z |-r
n' "n

By the maximum principle, this implies that

mmlalimmlgl.
A A

' To demonstrate the uniqueness of (1), suppose that we have two such

expressions:
= N b=V _ E 1, PV
g = af + § bvzn a'f + L b\)zn .
v=1 v=1

Then
- ! = E (- p=v
(a = a')f L (bv bv) z. -

This implies that for fixed z'&A', the polynomial
: ! o 1 p-v
E (bv bv)zn
v=1

of degree < p-1 has at least p zeros in lzn|<rn; this implies bv = b;
and it follows that a = a'.

This completes the proof Theorem 1.2.



As an application of the Weierstrass preparation theorem, we shall derive

some further properties of the local ring An.

Definition 1.4. An element f€ A (resp. An-1[zn:') is called reducible

over An (resp. An-l [zn]) if 1t can be written as a product f = 8,85»
where g,,g, are nonunits of A (resp. An-1 [zn]I; elements without this
property are called irreducible over A (resp. A4 [zn] ). A unique

factorization domain is an integral domain with an identity element in

which every nonunit can be written as a finite product of irreducible
factors, and in which such a factorization is unique up to the order of

its factors and units of the ring.

Lemma 1.1. Let f = gm, where f, g and Tr@;An. If feAn_1 [zn] and if
€ i i i = .
i An_ 1 [zn] 1s a Welerstrass polynomial, then gCAn_1 [zn]
Proof. Since 7 is monic (the leading coefficient of m, as a polynomial in
Z s is equal to 1), we can make an algebraic division over An—1; then we

obtain
f=g'm+r,

where g' and r belong to An-] [zn] and r is a polynomial of degree lower
than that of m. But the uniqueness stated in the Weierstrass preparation

theorem then implies g' =g and r = 0.

Lemma 1.2. A Weierstrass polynomial LEST [zn] is reducible over A iff

it is reducible over A4 [zn]. If m is reducible, then all of its factors

are Weierstrass polynomials, modulo units of A, [zn].

Proof. Suppose first m = g1g2 where gjeAn are nonunits; since w is a‘
Weierstrass polynomial, both g, and g, are regular in z - Applying the
Weierstrass preparation theorem, write g. = u.m. (j = 1,2), where u.eAn

are units and njéAn_1[:zn] are Weierstrass polynomials; thus = = (u1u2)(1r11r2).
From the uniqueness 1t follqws that u,u, = 1 and 7 = Ty |
Second, suppose that m = 8.8, where gjéAn—1 [zn] are nonunits of that ring.
If g11were a unit in An’ then g2 = E— m. From lemma 1.1. it would follqw
that _g—?é:Anﬂ [:zn]; this is impossible, since g, is a nonunit of An-1 [zn] s

and therefore g, is a nonunit of An.



Theorem 1.3. The local ring An is an unique factorization domain. _
Proof. When n = 0 the theorem is trivial. Therefore assume that the theorem

holds for An_ . We apply now Gauss' theorem:

If A]is an unique factorization domain, then so is the polynomial
ring A[X]  (cf. [W 1,p.70]l.
So it follows that A4 [zn] is also an unique factorization domain. Consider
any element féAn; by a suitable linear change of coordinates we can make
f regular in z - Then, by the Weierstrass preparation theorem, write f = um
where ufE_'-An is an unit,wrc—:An__] [zn:l is a Weierstrass polynomial. The polynomial
m can be written uniquely, up to order and units in An__1 [znl s as a product
of irreducible polynomials; this provides in view of lemma 1.2. an unique

factorization in An, up to order and units in An.

Definition 1.5. A commutative ring A with an identity element is called

Noetherian if every ideal ICA is finitely generated over A, that is, if

there exist elements f oo ,fké I, so that every f&€I can be written

1°°
k

f = iz] aifi

for some aié A,

Theorem 1.4. The local ring An is Noetherian.
Proof. For n = 0 the theorem is trivial. Assume that the theorem has already

been proved for An_ . We apply the Hilbert basis theorem:

If A is a lzloetheria.n ring, then so is the polynomial ring A[X]

(ef. [Ww 2,p.18]1.
So A _, [zn] is a Noetherian ring. Consider any ideal IcA which contains
some non zero elements f. After a linear change of coordinates we may
suppose that f is regular in z of order p. After multiplication by an unit
we can further assume that f‘éIf\An__1 [zn] is a Weierstrass polynomial. Since
A, [zn] is Noetherian the ideal I/H-\.n_1 [zn] has a finite set of generators. Now
f,f1,...,fk generate the entire ideal I, which we see as follows. If g1,
write g = af + b, where bC—ZAn__1 [zn]; but b is clearly also in I, hence in
1nA [z ], so that .

b= .__2_1 &%

for some elements aié An-1 [zn]. Thus

k
g = af + _2 aifi .
1=1
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2. The Oka Theorem.
(Coherence of the sheaf ﬂn Ql.
S H)

Up to now we have only considered the ring Ari,O’ that is Az for
fixed z€C". In the present section we let z be variable; we shall prove
a theorem (the Oka theorem) which goes beyond the Noetherian property of
Az.

Let Q be an open set in ¢”. We denote by ﬂn Q the sheaf on § of
9

germes of analytic functions.

Definition 2.1. Let ¥ be an analytic sheaf over Q (i.e. a sheaf of A-

modules over ). & is said to be locally finitely generated if for every

2€ Q there exists a neighborhood Uc Q of z and a finite number of sections
T, yee.,f &M (U, %] so that 5 _ is generated by (f,) ,...,(f.) as an A -

1 q z 17 Q¢ z
module for every r&U.

Definition 2.2. Let $< be an analytic sheaf over Q. Let f ..,fqar(U,F)

1°°
where UCQ is an open set and let z&U. If there exists a tuple

(u],...,aq)GAg such that
q

the tuple (a],. ..,aq) is called a relation between PP ,fq at z. The

collection of all such relations forms an analytic sheaf over 9 (it is a

subsheaf of A _ since it is contained in AP as an open set). It is

n,N n,N
denoted by R (f1,.. . ,fq) and it is called the sheaf of relations between
f.00005f
g

Definition 2.3. An analytic sheaf % over Q is called coherent if

(i) & is locally finitely generated,
(ii) if UcQ is an open set and f, ,...,f &T'(U,% ) then the sheaf of
1 q

relations K (£, ,... ,fq) is locally finitely generated.

12"



"

Lemma 2.1. A subsheaf 9 of a coherent sheaf % over Q is coherent iff

it is locally finitely generated.

Proof. . Any section of g is a section of % . Hence the sheaf of relations
® or any finite number of sections of g is the sheaf of relations between
these sections, considered as sections of % . since & is coherent, R is

locally finitely generated.
We now come to our main theorem.

Theorem 2.1. The sheaf A (= qu 91 is a coherent sheaf of rings.

H
Proof. A® is locally finitely generated since the sections Ej’ 15J<p,
defined by

Ej = (0y.00.50,1,0,...,0] (1 in the j=th place]

generate the stalk JQE at each point z&Q. Hence the theorem reduces to

the following one.

Theorem 2.2. (Oka Theorem). Let Fj,...,FquA(Q)p (= 1(2,.AP1], and let &

be the sheaf of relations between F ,...,Fq. Then & is locally finitely

1
generated.

Remark. Since AZ is Noetherian, we know of course already that 0?2 is
finitely generated for every z&Q, but the important point in the theorem
is that one can use "the same" generators for all ¢ in a neighborhood of

any given point z.

Proof. The proof consists of two parts.

(A) First we prove the theorem for p>1 assuming that it has already been
proved for smaller values of p.

(B) Second we prove the case p = 1 assuming that the theorem has already
been proved for every p in the (n=-1)-dimensional case.

The theorem follows from (A) and (B).

(A)
Assume z = 0&€ Q. Then we have to construct a neighborhood U of 0 with the

properties stated in Def. 2.1.
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We shall use the following notations.

Let
f1 f1
1 L}
F1 = . . s Fq = .
P 2
1 q

belong to A(R)P. The matrix with columns F

190" .,Fq is denoted by F. Instead
of R (F1,... ,Fq) we write also @ (F).

Let
%4
a = . eAq H
Z
o
q

then the element of Azq that we obtain by applying the matrix (F)z (this

is the matrix with columns (F1)z" .. ,(Fqlz). to the vector o is denoted by

(F)Za .

Then we have

(1) aeR,(F) <=> (Fla=o0.

Let £ = (f},...,f;) be the first row of F. Then by hypothesis we can find

a neighborhood U'C @ of 0 and finitely many elements

o =] ea(u)? (v =1,2,...,r)

so that (a(1))z,...,(a(r))z generate the A -module ﬂ?z(f1) (=dzz(f1,...,f;)
for every z &U'. This means that for any
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we have
(2)  (gh, (a), c=o0 (zev'] ,

(1) (r)

where A denotes the matrix with columns o seessl . Therefore,
(3) ® (Flc{(a) c | cen} (zeUu') .

We have, because of (1),

(%) (a), ce @ (F) <==> (F), (A}, e =0 .
But, because of (2), (F)Z (A)Z c = 0 is equivalent to
(5) (F'), (), c=0 (zeu') ,

where F' is the matrix obtained from F by deleting the first row f1.

In view of (1) now (5) is equivalent to
c G@Z(F'A) (zey")
So we have
(6) (a), ce® (F) <==> ceO?Z(FvA) (zeU')

Since F'A has (p=1) rows it follows by the hypothesis that there is a
neighborhood U''C U'of 0 and elements



T

so that (8(1)) ,...,(B(S)) generate the A -module (! (F'A) for every z€ U'',
Z Z (11 Z(S) Z

Let B be the matrix with columns B “,..., Then any cé’@?z(F'A) is of
the form
(7) ¢ = (B). d
where

d1 .

a=[ : é‘Az' (zeU''"),
d.
s

From (3), (6) and (7) it follows that the columns of the matrix (AB)z
generate the Az—module @ZZ(F) for every zeU''.

(B)

Assume again that the given point is z = 0 Q. We write Fi = fi (1<i<q)
and f = (f1,. . .,fq). After a linear change of coordinates we may suppose
that f, (1<i<q) satisfies the conditions of the Weierstrass preparation -
theorem. Since the assertion of the theorem is local and permits multi-

plication by units, we may suppose furthermore that

p. -1
1 1 v .
£, = znPl + 7 a\()l)(z') z (1<i<q) ,
v=0
where a.f)l) is analytic in Q'C(an (0€Q') and a.f)l)(o) = 0.
We may suppose that p = p = max pi.

1<i<q
Let ¢ = (c',cn)eﬂ. We say that a relation (a1,...,aq)€@C(f) = @C is
polynomial, if

e 1 .
. €A _, o [zn] (1<i<q)
We now prove the following.

() Let 2 = Q' x D where D = {z €C | |zn| < r }. Then, for any

L = (c',z;n)én, ﬂ?; is generated over An-1 o by the polynomial
9

relations in z of degree < p.
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Proof of (a).

Write

fq(z',zn) = u(z)ﬂ(Z',zn-Cnl ,

where 7 is a Weierstrass polynomial in 2, =T, with coefficients in An_1 <
9
(vanishing at ', except for the leading term) of degree p<p, and u is an

unit. By lemma 1.1

ue An—i,c'[?n]

and has degree p = p (j_P)-

Clearly, for i>1, the element

i

[
%

/0 :
[ e

Q

(fq is in the i-th place)

O H O

%
o \e ™,
C

o,

q
we write

. = c.m + r. i<q-
a; = e.m+ 1, (1<i<q-1),

where ciétA , and rié;Ah—1,c'[zn] and degree (ri) < p. This can be written
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o, = dif‘q +r, (1<i<g-1),

where d. = c. u—1€A . Hence
1 i n,g

% T
() : —d1s1-...-dq_1sq_1 = . .
o rq-1
q T
q

where rq is defined as
q-1
r =o + ) 4a.f, .
a . i"i

i=1

We must have (r ,...,rq)edgc since all other terms in the relation ()

1
are in that module. So we have

-1
rf =- Z r.f.
qq i=1 * 1

is an element of An_1 C,J:zn] of degree <p + p. Hence by lemma 1.1.
H
rqu eAn-1,I;' [zn}
and has degree < p. Also
r.u€A _, o [zn] (1<i<q=1).

and has degree < p. Thus

Qo
1 I e
= - : )
: d;s, T dg-18g- T U :
o r u
a q

And since ST"""sq—1 and (r1u,...,rqu), are polynomial relations of degree

< p, the assertion (a) is proved.
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To complete the proof of (B) we have therefore only to prove the following:

(B) There exist finitely many polynomial relations

Tr(v)
ﬂ(v) = 11
(v)

i
q

of degree < p in a neighborhood U of the origin such that any polynomial

relation of degree < p at €U is generated, over An- » by the

"(v)

Proof of (B).

1,z!

Let

™
L s

u

q

P .
.= ) (1) (z') z> (1<i<q)
i 5 v n ==

be any polynomial relation at g = (c',cn) and write

£, = § aii) (z') z; (1<i<q)
v=0
(note: aé%) =1, aii) =0 if v>pi).
i

Then 7 is & relation if and only if

for v = 0,1,...,D.

P oll) (21) c§i) (2') =0 inA__

'
i=1 k+l=v L

This means that the element
(1) (a) (p+1)q
(co seeeaCy )eAn-1,;'

is a relation between the (p+1)q sections
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0

0
s(i)(z') = a(i)(z') < r(u' JQP+])
v 0 =~ > n=-1

a;ii(Z')
(12i<q, 0<v<p).

The statement (B) is now an immediate consequence of our induction hypothesis.
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3. Analytic Sets.

Definition 3.1. An analytic set (analytic subvariety) in an opén set

Qce” is a subset V of Q with the following property: for every a€f,
there exists an open neighborhood Uc  of a and finitely many analytic

functions f,,...,f on U such that
1 r

VAU = {zeU | £, (2) = ... = £ .(z) = o}.

Obviously, an analytic set V in Q@ is closed in Q. Furthermore, the interior
of Vin Q is both open and closed in Q. So, if Q is connected and V # Q,

then V i1s nowhere dense in Q.

Theorem 3.1. Let V be an analytic set in an open set Qcc”. If Q is
connected," then @\V is connected.

Proof. cf. [GR, P. 20].

Theorem 3.2. Let {fi | i€I} be a collection of functions, analytic on

an open set Q. Then
{zeq | fi(z) =0 for all ie J}

is an analytic set in Q.
Proof. cf. [GR, p. 86].

Definition 3.2. Let V, and V, be subsets of an open set QCCn, and let

acef. The sets V1 and V2 are said to be equivalent at a€ (V1 and V

have the same germ at a) if there is a neighborhood U of a such that

2

NU =V .
V1 U sz\U

An equivalence class of this relation is called a germ of a set at a.

The germ of a set at a is denoted by -Ya. (or: V , when no confusion is
possible).

The germ of an analytic set is called an analytic germ.
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If 11 and 12 are germs of a set at a, then in an obvious way one defines
the germs K1U22 and _\[1f\ V, ;s also V,cV, has an obvious meaning.

Definition 3.3. Let V be the germ of a set at a; and let fe An a (f is
H]

the germ of some function, also denoted by f, which is analytic in a

neighborhood U of a). We say that f vanishes on V iff V is contained in

the germ V(f) at a of the set
v(f) = {z | zeU, f(z) = 0}.
The ideal of V, id(V), is defined to be

ia(v) = {r | fe A , and f vanishes on V} .

If FCAn 5 then the locus of F, loc(F) is defined to be

H

loc(F) = fQF v(f)

Definition 3.4. If J is an ideal in a ring R, we define the radical of

J to be the ideal

Rad(J) = {x€R | 9 ne ¥ such that x'€ J }.

Theorem 3.3. Let V,, V, and V be analytic germs (at 0), and let :71,
. ’32 and J be ideals in An. Then the following relations hold:

(1) V.2V, implies id(L)cid(zg) s
(ii) 3 12 32 implies loc( ’31)cloc( )
(iii) id(y_1)ﬂid(12) = id(LUKz) ,
(iv) loc( 31)Uloc(j 2) = loc( 51 032) R
(v) ia(¥V) = Red id(¥) ,

(vi) 1loc(J ) = loc(Red 7 ) .

2) ?

Theorem 3.4. Let V be an analytic germ, and let J ve an ideal in An.
Then

(1) loc id (V) =V ,

(ii) id loc (Y )DRaa 9.

The proofs of Th. 3.3 and Th. 3.4 are simple (cf. [GR, . 88]).
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Definition 3.5. An analytic germ V is said to be irreducible if

= 11L)12 , Where 11 and 12 are analytic germs, implies V =V

= 12_

101‘

< I<

Theorem 3.4. An analytic germ V is irreducible iff id(V) is prime.
Proof. cf. [GR, p. 89].

Theorem 3.5. Any analytic germ can be written as a finite union

k
V= U V.
=75 S

of irreducible analytic germs such that
Vs Y0
Proof. We need the following theorem:

Theorem. Every ideal J in a Noetherian ring is the intersection

of finitely many primary ideals 07:1 (i =1,.0.,k),
7-n
i=1 T

where the @i (= Rad O]i) are unique.
(For a proof, see [W2, §93]).

A decomposition of V is obtained as follows:

V = loc id (V)

k
loc ( iQ1 07i)

= U 1 )
8 e
k

= U (loc P.)
=1
k

= U :
i:‘] 1

here the G7i (i =1,...,k) are primary, hence the .@i = Rad 071 (1 =1,...,5k)

are prime ideals.



22

Definition 3.6. The germs v. (i = 1,...,k) introduced by the decomposition

of Th. 3.5 are called the irreducible components of V.

Now we come to a deep theorem.

Theorem 3.6. (Hilbert Nullstellensatz for analytic functions).
Let J be any ideal of An. Then

id loc J =Red J.

Proof.

The hard step is to prove the theorem for prime ideals; this requires a
detailed investigation of the locus of a prime ideal (an irreducible
variety); we refer to [GR, p. 93-97:] .

Then one easily finishes the proof as follows.

For any ideal J or An we write:

ook ]
iQ1071’
9]

where the ideals @7:1 are primary, and the ideals Rad 07i = J ; are prinme.
The prime ideals 931 s .,ng are uniquely determined. Since loc ﬂ7i = loc g)i’
then

k
loc )j = U loc 93
i=1 1

and K
id loc J = N 1id loc @
i=1 1
Since for prime ideals the theorem is supposed to be true, we have

K
idloc T = N P. =raa J.
1=1 1

Definition 3.7. Let V be an analytic set in an open set Q in ¢, A point

a€V is called a regular point of V of dimension p if there is a neigh-
borhood U of a, UcCQ, such that VAU is a complex submanifold of dimension

p of U. A point a€&€V is called singular if it is not regular.
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Theorem 3.7. Let V be an analytic set in an open set Q of Cn. The set of
regular points of V is dense in V.

Proof. cf. EGR, D. 111].

Definition 3.8. Let V be an analytic set in an open set 9 in ¢". A function

f on V is said to be analytic at a€V if there is a neighborhood U of a

~
in © and an analytic function f in U with

Flunv=r|unv.

Theorem 3.8. (maximum principle). Let V be an analytic set in Q and let
fbe an analytic function on Q. Let v, be irreducible and suppose that f

is not constant on V in any neighborhood of a. Then
o
fla)e(£(V))".

Corollary. A compact analytic set in ¢” consists of a finite number of

points.,
Proof. cf. [GR, p. 104-106].

Definition 3.9. Let V be an analytic set in an open set Q in ¢”. For

z€ Q, let Ejz(v) the ideal id(yé) of A, (the ideal of A, of all germs of

analytic functions vanishing on XZ) (if z€V, then 3Z(V) = Az). Then

Jw)y = T ()

zEN 2

defines a subsheaf of A(Q) (= u?n Q) (note that Ej(V) is an open subset
L]
of A(R)). J(V) is called the sheaf of ideals of the analytic set V.

Theorem 3.9. If V is an analytic set in an open set Qc:@n, then J (V) is
a coherent analytic sheaf on Q
Proof. cf. [GR, p. 138-1L41].

From this coherence theorem one can deduce the following interesting fact.
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Theorem 3.10. Let V be an analytic set in an open set chtn. Then the set

of singular points of V is again an analytic set in Q. o
Corollary. Any analytic set in an open set in ¢” can be written as an
union of complex manifolds.

Proof. cf. [GR, p. 141-142].

Let V be an analytic set in an open set acc”. Let us introduce

the quotientsheaf

_A(Q)
7 - A(V)

(observe that ?fz =0 if z&Q\V).
Let X be the restriction of X to V. Then // can be identified with the

sheaf of germs of analytic functions on V.

We now state special cases of Cartan's Theorem A and B.

Theorem 3.11. Let 2 be a domain of holomorphy in c? and let ¥ be a
coherent analytic sheaf on ©. Then the following hold:

A. T(Q,%) generates 972 for all z&R,

B. B (2,%) = o.

We shall give two applications of this theorem.

Theorem 3.12. Let @ be a domain of holomorphy and let V be an analytic

set in Q. Then
V={zen | £.(z) =0 VY ie1} ,

where the fi are analytic in © and I is some index set.
(This theorem says that a local simultaneous zero set).
Proof. The sheaf J (V) on 9 is coherent (Th. 3.9).
Hence (Th. 3.11. A) the global sections of J (V) generate the stalk of
J (V) at each point z€ Q. For zeQ\V, the stalk {TZ(V) contains the
germ 1Z. Hence there are ij-ZI‘(Q,{S(V)) and gJ.eAZ (3 = 1,...,k) such
that

1, =1 &;5(£5),.

Thus some fj(z) # 0.
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Theorem 3.13. Let Q be a domain of holomorphy and let V be an analytic

set in Q. Then every function analytic on V is the restriction of a
function analytic on Q.

Proof. We have the following exact sequence of sheaves:
o> T (W)~ Aw@) » >0,

and so the exact cohomology sequence:
o > T(0,A) > T(0,2) » H(2,7(V)) > ...

Now T'(Q,/) = T(V,H).
Furthermore (Th. 3.11.B): H' (2,7 (V)) = o.

So the theorem follows.
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