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1. We prove that any sequence of length 2n + 3 consisting of elements

from the Abelian group G = 02 ®C, o 62 ® ng (n odd) contains a

non empty subsequence with sum zero.

This result is known for even n (by a result of P. VAN EMDE BOAS).
G C G c_ ! .
Hence 5 & %5 & %5 & “on holds for any n

For the general problem, notations and connected results see Eﬂ.

The result was already known for n = 3 Bﬂ; we will prove this

special case again. As will be seen, it is not a straightforward

corollary of the proof for the general case with n > 5. The state-

ment is trivial for n = 1; we therefore assume n > 3.

2. The elements of Gn are denoted by volumn vectors Eﬂ, with

C C C C c .
a e 5 ® > ® 5 ® 5 and X € n

The elements a & C2 & C

® G2 ® C_ are column vectors thenselves;

2 2

we use the following fixed designations (designation indicated

above the column vector):

8 83 8, B85 8 87 8g 85 845 849 Fp B3 8y 5 F
1 o o 1 1 1 0 0 0 1 1 1 0 1 0
0 o 0o 1 0 0 1 1 0 1 1 0 1 1 o0
0 o 0o 1 0 1 0 1 1 0 1 1 1 0
0 o 1 0 0 1 0 1 1 0o 1 1 1 1 o0

3. We use continually the fact that 02 ® 02 5} 02 ® 02 is a vector

space over the two-element field F

55 See [f], Bﬂ. Doing this one

sees easily:

Any sequence of length 7 containing at most 3 linear

independent elements contains 2 disjoint zero-sequences.

A sequence containing no zero-subsequences of length < 4
has length < 8. It is - after a suitable choice of basis

elements - contained in the sequence (a1,a2,a3,au,a11,a12,a13,a1h).
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(iii) By (ii) any sequence of length > O contains a zero-
sequence of length < 3. As 9 - 3 =6 > A(Gé ®C, 0 QQ ® 62)
we conclude that any sequence of length > 9 contains at

least two disjoint zero-subsequences.

Any sequence in 02 ® 62 & Gz & 62 of length > 11 contains at least

3 disjoint zero-subsequences.

This follows by 3 (iii) if the length is > 11, or if the sequence
contains ay or a repetition. Suppose therefore that the sequence
consists of 11 distinct elements # 0. We determine all these
sequences (modulo permutations and basis-transforms) by determining
all L-tuple's of distinct non-zero elements and taking their

complements afterwards.

We have the following three possibilities:

(i) four linearly independent elements; say 8145 Bps B35 By
(ii) three linearly independent elements and their sum;

F12> %130 Bq)e &
(ii) three linearly independent elements and the sum of two

of them; say a a

12> 2432 &> 85-

This leads to the following sequences of length 11 consisting of

distinect non-zero elements:

(1)' (a1 :a2:a3aah38‘5:a69a79a8339:a1o:a15)-
Disjoint zero-sequences: a1 + a2 + a5, a3 + ah + a1o,
a, + a, + ag + a
6 T 8 9°
(ii)® (a1,ae,a3,a5,a6,a7,a8,a9,a1o,a11,a15).
Disjoint zero-sequences: a1 + a2 + as, a6 + a7 + a10,
a3 + a8 + a9 + a1] + a15.
caany
(iii) (a1,a2,a3,ah,a6,a7,a8,a9,a10,a11,a15).
DisJjolnt zero-sequences: a, + ag + ags 8, + a7 + a9,
a, +ag +a_ ..
7 8 15



5. Any sequence in 62 ® 02 ® G2 ] G2 with length > 13 contains at

least U4 disjoint zero-subsequences.

This follows by 4. if the sequence contains &g or a repetition;
if the sequence contains 13 distinct non-zero elements, say a, up

to a we have the zero-seQuences:

13

a+ah+a

5 » &, +t a_ *+ a11, a6 +a, + a + a + a

9* %3 © %5 T 10° %8 12 13°

6. Any sequence in 02 ® 62 ® 62 ® 02 with length > 15 contains at

least 5 disjoint zero-subsequences.

This follows by 5 if the sequence contains a, or a repetition;

0
if the sequence contains 15 distinct non-zero elements, i.e. a, up

to we have the zero-sequences:

&5

a1 + a2 + as, a3 + ah + a10, a6 + a9 + a15, aT + a11 + a1h,

+ + .
ag T B T 3

T. We need to know all the possible sequences of nine distinct non-
zero elements. Hence we first consider (modulo basis transforms)

all possible combinations of six distinct non-zero elements:

(i) There are no 4 linearly independent elements; the only

possible type now 1s (a1,a2,a3,a5,a6,a8).

(ii) There are L4 independent elements together with their sum;
type (a1 a, ay a) a,, a15)
(which is equivalent with (a1 a, a3 &), &g a15)).

(iii) 4 independent elements, no sum of 4 or 2 elements;
type (a1 a, a3 ah,a11,a12).

(iv) 4 independent elements, no sum of 4 elements, sums of
three and two elements;
type (a1,a2,a3,ah,a5,a11)

(a1,a2,a3,ah,a7,a11) is equivalent with (ii).



(v) 4 independent elements, no sum of 3 or 4 elements;
type (a1,a2,a3,ah,a5,a1o)
(a1,a2,a3,au,a5,a6) is equivalent with (iv).

We may take the following equivalent sequences:
3 A . .
(i), (a1u,a13,a12,a5,a6,a8), 3
(81)5835810581158155210)5
N .
(111) (a153a1h3a13aa123a10’a9) )
(215587581358 105810>8¢)
(v)! (8.1 38,58, 58,858, )
14°%132%12°%11°%5°%107

By passing to the complements we get a complete set fo representatives

for the collections of 9 distinct non-zero elements in C, ® C, ® ¢, ® Co
*\n .

(1) (a1,a2,a3,ah,a7,a9,a10,a11,a15),

(ii)" (a1,a2,a3,ah,a5,a6,a7,a8,a9) ;

(iii)" (a1,ag,a3,ah,a5,a6,a7,a8,a11) :

(iv)" (a2,a3,au,a5,a6,a7,a8,a9,a11) ;

(v)" (a1332’a3aahaa6aa7:a8’a9sa15) .

(v)" contains three disjoint zero-subsequences:

+ a, + a a, + a + a a
& 6> %2 4 ’

1 ¥ 83 teagta

9> T 15°

We need a survey on the possible subcollections of 7 distinct non-
zero elements from 02 ® G2 ® 02 ® 02 . Starting with the collections

(i) - (v) from 7, we find the following possible extensions:

From (i) (1) (a1,a2,a3,a5,a6,a8,a11)
(all other extensions contain 4 independent
elements).

From (ii) (2) (a1,a2,a3,ah,a15,a11,a12);

2
(3) (313323333ah9a153a11’a5) H
(h) (a13a2333$ah’a153a11’a1o)'



From (iii) 1,a2,a3,ah,a”,a12,a13);
198258358581 15815585) 3
128028358)581 1581 5,8,0) 3
158028358),587 1,8 15,8g)

From (iV) (9) (31:32:a3aahsassa11aa6) 3
10

5) (a
6) (a
7) (a
8) (a

) (a1aa29a3’ahsa53a11aa7) ;
(11) (a1sa29333ahaasaa119a1o) 4

From (v) | (12) (a1,a2,a3,ah,a5,a1o,a6)

Some of these combinations are equivalent:

By taking the basis (a1,a2,a3,a15) (4) is transformed into (2).

From (5) up to (12) we may reject all combinations containing the

sum of L independent elements as these are equivalent to (2) or

(3). For example in (12) we have a, = a, + a_ + a, + a__; hence
L 6 10

: 2 5
(12) is equivalent to (2) or (3). (In fact (12) ~ (3) by taking

the basis (ae,as,a1o,a6)).
The same happens in (7), (8), (10) and (11).

+ + = + + = :. =
(a taytagta =a, ), a tagte) ta, =ag, . a tajta ta =a, ., a,

The remaining sequences are
(i) (a1,a2,a3,ah,a11,a12,a15) = (2);

(ii) (31932:a33ah935:a69a11) = (9)5

|
—
\n
~
we

(iii) (a1,a2,a3,ah,a11,a12,a13) =

(iv) (a1,a2,a3,a5,a6,a8,a11) =(1);
(v) (a1,a2,a3,au,a5,a11,a15) = (3);
(vi) (a1,a2,a3,ah,a5,a11,a12) = (6).

(iv), (v) and (vi) each contain two disjoint zero-subsequences:

In (iv) a, + a. + a

1t Ay tag, azytagtagta;
In (v) a, +a, + a5, A tagtags ;
In (vi) 8y ta, *ag, agtoa ta, ta,.

+ =
+a2+au aTO a

11

).
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These six sentences form a complete set of representatives of all
possible sequences of length 7 consisting of distinct non-zero

elements.

In Gn any sequence of length n - 1, without zZero-subsequences
consists of a fixed generator g of Cn taken n - 1 times. For a
sequence of length n - 2 without zero-subsequences there are two
possibilities: either the sequence consists of a fixed generator
g taken n - 2 times, or the sequence contains a generator g n - 3

times and the element 2g exactly once.

A short zero-sequence in C_, @ CE ® 02 ® 02 is a zero-sequence of

2
length 1 or 2. Any C_ @ C2 ®C.o C2 - sequence of length > 16

2 2
contains a short zero-subsequence; hence any sequence of length
2n + 3 contains at least n - 6 short zero-subsequences while the
remaining elements (at least 15) contain another set of 5 disjoint

zero-subsequences. Together this gives at least n - 1 zero-sequences.

Let S be a Gn-sequence of length 2n + 3 and let m be the projection
from G onto C, & G, ® C, & C,. Let A = m(8).
If A contains n disjoint zero-sequences, then S itself contains a

zero-sequence, as n > A Cn'

From now on we assume that A contains only n - 1 disjoint zero-

sequences, say wS1, vees "Sn—1' The |81|, ey lSn_1| are n - 1

elements in a subgroup H C.Gn which is isomorphic to Gn. These
elements generate a zero-sequence except for the case that

|s1| = |52| = ,,, = |Sn—1l = g for some generator g of H.

(As H = ( 0

a . )
= Cc ).
}J [ Gn | a = a. ) we identify H and n)

As n is an odd number, we may take g = L.



1.

Within A there are the following possibilities:

(a) there are n - 6 disjoint short zero-sequences + 15

distinect non-zero elements;

(B) there are n - 5 disjoint short zero-sequences + at least

13 distinct non-zero elements;

(v) there are n - 4 disjoint short zero-sequences + at least

11 distinct non-zero elements;

(8) there are n - 3 disjoint short zero-sequences + at least

9 distinect. non-zero elements;

(e) there are n - 2 disjoint short zero-sequences + at least

7 distinct non-zero elements.

The case with n - 1 disjoint short zero-sequences + at least 5
distinct non-zero elements is not interesting as these 5 elements
contain another zero-sequence; hence A then contains n zero-sub-

sequences.
N.B. For small n some of these cases may be absent!

Next we treat each of these five cases seperately.

In the sequel we may assume that all X, occuring as Cn-co6rdinate
of an element from S, are different from zero.

For suppose that S contains an element b%].
0

We may put b, = a,. As 2n + 2 > ) (02 ®C, 8 C2n) we are sure that
the remaining 2n + 2 elements contain a subsequence T with sum

g , where a + ay or a,. Indeed, let p be the projection

: C ) C ; » C %
o C2 & 02 & 5 ] CQn > 02 ® 02 ® on defined by

&
8,2 8.2
P 2y = asl .
ah au
X X
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The remaining 2n + 2 elements are mapped by p on a sequence which
contains a zero-sequence pT. Now T has a sum which is contained in
kernel of p, that is, in {[:'0 , [%]}.

0

But then either T or T v {[a1

]} is a zero-sequence.
0

Case a.

Case o has meaning only for n > 7.

Any zero-sequence of length 3 in A is member of a set of 5 disjoint
zero-subsequences in A. Hence any sequence S' of length 3 with

|mS| = 0 must satisfy |s| = Bﬂ. Let S consist of n - 6 short zero-

sequences and the elements

a

T
T

&g
X8

&1 %10] | 211] | Z12] [*13] | 216|215

ol %10 [*11] | %12] [ %13 | ¥1u] | *15

X

a, a2 a3 ai} a5 a6
X, x2 x3 xh x5 Xg

This gives us the following relations:

Dﬂ X, + X3 + Xg = X, oy, Xg =X, + xe + Xqq =
Xp T Mg ¥ Xyp F XX F Xy T X F Xy F Xy F
Xh+X6+X13=X5+X6+X8=X5+X7+X9=

= L,
From these we derive:
(x2+x3+x8) + (x2+xh+x9) + (x3+xh+x1o) =8 + (x8+x9+x10)

X =X

hence x, + x5 + X) = L, i.e. Xg = X, X5 = X 10 -

2 3?

=k, i.e. x_ = x

> 13°

and Xh + X6 + x13 xh + x6 + x5

Furthermore (x2+x7+x12) + (xu+x6+x ) = (xu+x5+x12) + U

+ + =L4; i.e. = = .
hence x2 Xg x7 ; l1.e X6 x12, x7 x11
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Finally (x2+x3+xh) + (x2+x6+x7) + (xh+x5+x6) = (x5+x7+x3) + 8;

Hence 2(x2+xh+x6) =8, i.e. x,_ + x), * X = L,

2

Therefore Xg = x3, x5 = x2, x7 = Xh'

Conclusion:
[I]j X5 = x5 = X1O = X13;
X3 = Xg = x9 = X553
x), = x7 = Xg T X3
Xo * Xyt x) = L.
If X, = 0 or x3 = 0 or X, = 0, S contains a zero-sequence, as

+ + = + = =
a, + as 819 ¥ 83 2g + ag * &g + 8,5 = 8) + a7‘+ ag * a,y 0.

Hence we may assume X, # 0, Xq + 0, X), + 0.

The zero-segquence 855 835 85y &g is member of a family of n - 2

disjoint zero-subsequences (containing the n - 6 short zero-sub-

sequences and 3 in the remaining 11 elements 815 8, & Up to a15).
Hence x, + xg * X + X € {4,8}, i.e. X, + Xg € {2,4}. Simmilarly
Xg ¥ Xo * Xg + X € {4,8}, i.e. X3 ¥ x), ¢ {2,4} and

X, * X) + Xg + x1O€ {4,8}, i.e. X, *+ X € {2,4}.

Now x, + X3 = L = x), = 0 quod non; hence x, + Xy = 2. Simmilarly
X, + x), = x3 + x), = 2. Hence X, = X5 =X = 1. This 1s a contra-

diction as 3 § 4 (mod n).

Case B.

Case B has meaning only for n > 5.

Let A consist of n - 5 disjoint short zero-sequences and the 13

elements &y, up to a

13

as Z a; = 0, any zero-subsequence of length 3 in (ag,...,a13
i=

member of a family of L4 disjoint zero-subsequences (by 3(iii) and

6 > A(C2 C,0C,0 02) + 1),

13"

) is

2



14,

10

This leads us once again to the equations [I], which have been
proved to be contradicting in case a. These equations can be
derived also in the case n = 5, although then there are no short

zero-sequences in A.

Case v.
Case vy has meaning only for n > 5; hence there exists a short
zero-sequence. By (L) there are three subcases, depending on the
type of the sequence of the remaining 11 elements:
v(i). Remaining elements:
a, as| |23] |ay| |as| |2g] |27| |28| |29| |®10] |15
b b b b b 2 2 b bl 2 .
X, x% Xi X), Xi ?6 .?7 XQ XQ f1Q 1?15
10
Now z a; is a zero-sequence. Hence any zero-subsequence of
i=1

(aT,...,a1O) of length 3 or 4 is member of a family of three

disjoint zero-subsequences.

This gives the following equations:

[iI{J X, + X5 + x_ = x7 + Xg + X5 = X, * X, t x7 + Xg = i
i.e. + = + = =
1.e x1 x2 x7 x9 X 2
+ = + = =
X, t X, + X5 = X, + Xy + X = X, + X + Xq + xg L
+ = + = =
1.e x2 XS x3 x6 x1 2
+ = Lt = + + =
X, *+x, X5 = X, + Xyt Xg = X, x5 Xq + Xg Y
il.e x1 + x_ = x, + Xg = x2 =2
The result x, + X, = x, = x, = 2 is impossible.

1 2 1 2

v(ii). Remaining elements:

o

&l 1%2] 23] |®s| |®6| |%7] |®8] |%9| |%10 EX 15
s ) ] ) ) s 5|, ) .
X1 X2- X3 X5 X6 XT X8 X9— X,] O j:;‘l 1_ 1 5

ol
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Now the whole sequence is a zero-sequence and the equations [ili]

can be derived again.
y(iii). Remaining elements:

a1 8.2 8.3 ah T 8.8 8.9 6.10 8.11 a15
f b b b 2 b 2 9 b L4
1 of 1%3 2] [ ®6| 7] 1%8] |1 Fol | *10] |*11] [*15

a6 a

This time we don't have a collection of three disjoint zero-
sequences containing a zero-sequence of length 4. By 3(iii) any
zero-sequence of length 9 contains three zero-subsequences of
length 3. By searching all pairs of elements with sum

a, +a, +a  + a), + a6 + a

8127 8 T 8T 83 7
can find all these zero-sequences of length 9.

+ a8 + a9 + a10 + a11 + a15 we

= + = + = + = + « F 1
We have & a1 a9 a5 a7 a3 a15 a10 a4 rom this
we conclude that any zero-sequence of length 3 is member of a
family of three disjoint zero-subsequences of length 3, for a
sequence of three element cannot contain a member in each of the

4 pairs {a1,a9},{a2,a7},{a3,a15} and {a10,a11}.

Hence we have the following equations:

[7] Xp TRy Xg T Xy T H T Xp =Xy F Xy Ay
Xo h X3 Xg =Xy b X h Xy =X, X Xy
+ = + = =
x3 + xh x10 Xh + x11 x15 x6 + x7 + x10
g + X + X5 = Xg + Xq * X0 = L,
From X, + Xq + xg = X, +x) + Xg = x3 +x), + X0 = Xg + x9 + X = L

we derive as 1n 12: x2 = x10, x3 = x9, X), = x8, x2 + x3 + Xh = b,

Simmilarly x, + xo + Xg = X, + X + X = X3+ X + X0 X+ X, ¥ X, 0= L

1 7 3 T 10

3

gives Xg = X), x7 = X35 X = X,



15.

12

The remaining equations become:

I
=
|_l
D
B

]
t

Xt x) t Xy 11 T X33
x), *x +x._ =L ie. X, =X

3 15 15 1°

Hence x1 = x2 = x10 = x15, x3 = x7 = x9 = x11, xh = X6 = X8'

By considering zero-subsequences of length L4 we have

X ¥ Xy * Xg +tx., € {4,8} (disjoint with (az,ah,a9))

X, X, ¥ Xt Xg € {4,8} (disjoint with (a3,ah,a1o))
X3+ X *xgtxg € {4,8} (disjoint with (a6,a7,a10))
Hence x, + Xgs Xp + x), and Xy + X € {2,4}
Now a1 + a2 + a1o + a15 = a3 + a7 + a9 + a1 = a

Hence L . x, + 0 and b4 . g + 0.

Therefore 2 = X5 * X, + 4 and 2 = X3 + X), + 4 and it follows that

X, = Xg.

Now either Xy = Xg = 1 and x), = 2 which leads to the contradicting
2 = X, + x) = 3, or X, = x3 = 2 and x) = 0.

As (a1,a2,a1o,a15) and (a3,a7,a9,a11) are dlSJOlnthe have

S R RET lt-'xz €{4,8} and

=4 Xq € (4,8}, but not simultaneously

"
+
»
+
>
+
P
|

Thus the equations lead to a contradiction.

Case §.

Case § has meaning for n > 3. However for n = 3 there is no short
zero-sequence in A. Therefore we may conclude equality for two x-—
values of subsequences of S with A-value zero only if they are

disjoint.
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From 7 we conclude that we have 5 different subcases depending of
the type of the 9 remaining elements. In case T (v)" the remaining
part of A contains three disjoint zero-subsequences; hence A contains
n disjoint zero-subsequences, and we conclude that S contains a

zZero-sequence.
Next we treat the four remaining subcases.

§(i)" Remaining elements:

a

a

a

1 ol %3] (24| [®7] |®9]| |%10 11 15
b H b H) b 2 b E) .
X, e ES RN x7 g x1g. X4y x1§-
We have the following equations:
= + = = - .
XgtX oKy g +X g = X by XoFRoFXo N, g = X) K X by
= + 4 = — .
X HRoHR g hA g = Xt e x1+x3+x7+x1o ) FX g Ly
= 4 = = =
XoFRR 4R g = XgHH) K S X FAAAAG = xR e = b
= = + = + = + .
Hence Xh x1 + x7 x2 x9 x3 X1O x11 x15
Furthermore we have
X.I + X2 + x10 + X15 = x3 + x7 + x9 + X11 = r1,
Xph X3 Xy X5 =Xy A Xy Xy =T,
+ - = +
X5 + x3 x7 + x15 X, + x9 X]O + X1 r3, and
+ = + =
X.,] + X2 X3 + X11 X,—{ X9 + X1O + x15 I'h.
+ + + = + +
Hence X, X, x3 3 x15 x7 x9 X0 + 3 X
Therefore L x15 =L X11,=é X5 =X, = 1, x), = 2
Now we may write X, = a, X, = b, x3 = c,
xT =2 - a, x9 =2 -b, X1O =2 -c
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If n = 3 we have a + 0 + 2 - a, hence a =2 - a=1;
and in the same way: b =1, ¢c = 1.

For n > 3 we have r, = 4y = r,, hence a + b +c=a+b+

(2-
and we conclude again that ¢ = 1, and similarly that a = b =

¢),
1.

In both cases we have  Xbx)*X XX, = 6 & {4,8}, which shows

79

that S admits a zero—subsequence as a3 + ah + a7 + a9 + 315 = aO'

§(1ii)" Remaining elements:

a, a5 ) a), a5 ag an ag a9
2 2 b 2 b 9 2 9 .
X,'— x2 x3 x)-‘- XS X6 x,T X8 X9
We have the following equations:
+ + = = + = +
x2 + X), x5 xT x1 + x3 + X6 x2 xu + x9 x1 + x3 + x5 X8’
l i
+ + = + + + + =
x1 + x2 Xg x8 x5 xT x9 yb X6 x8 x1 + x2 + XT + x9,
Il I
= + = + =
x1 + xh + x5 + x9 X2 x3 + x8 x1 + xh x7 x2 + x3 + x5 + Xge
Hence we conclude that X, = X, + xs,
X, = X, + xs,
= + .
x5 X, X,
Therefore X, + X, + x5 = 0. Thus S has a zero-subsequence, as
a1 + a2 + a5 = ao.

§(iii)" Remaining elements:

a1 o 8,3 ah a5 8.6 a,( 8.8 a1 1
) slx |2 Xh s X5 ] xé_’ x |2 s .
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We have the following equations:

x2 + x3 + x5 + Xg = x1 + xh + x7 = x3 + x5 + x11,

X, + xs + X + X9 T %5 + X3 + Xg = x +_x2 + x5 N

X, + X5 + X3 + X4 = x5 + X¢ + Xg = X, + ), + x7 =

X5 + x3 + x5 + x6 = x1 + x8 + x11 = x2 + xu + x5 + x7 =
x1 + x3 + Xg-

+ = + = = 5
Therefore x2 Xg x11, x6 x.|1 x2, x2 + x11 Xgs

Hence x, + X¢ + x., = 0, which leads to a zero-subsequence as

2

+ +
5.2 8.6 a

11

11 = ao.

§(iv)" Remaining elements:
5 3| 2] |8s| |26 a7 ag| |ag| |214
x 9 xll' H X 9 x6 9 -] b

2| [*3 5 *1 18] [®

We have the following equations:

1]
»

xh + X6 + x, + X =Xx,. + x, + x8

9 11 2 3

5t Xp T Xg T Xy ¥ X+ Xy,

X, + xh + x-. + X, = x, + X6 + X8 + X

2 > T 3 11

Hence x2 + xu = x9 and x2

and xh

X), + x9, i.e.

0.

Xp T Ey xR T

By 11 the sequence contains a zero-subsequence.

Case €.

Case € has meaning for n > 3. Even for n = 3 there exists one
short zero-sequence in A. Hence we may conclude equality for the
x-values of two subsequences having A-value zero.

By 8 there are six possibilities for the remaining seven elements.
We need only to consider the first three of them as in the other

cases A contains n disjoint zero-subseguences.
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The first two of them can be treated as before; in case e(iii)

there are unexpected difficulties.

e(i) Remaining elements:

o
o
£
o

11| |*12] 215
H)
1] [*12] |*15

"
"
w
b
=
]

We have the following equations:

= + = -+ = . = .
XX 53 X XatX o ¥K, o X), ¥ K 43 hence X5 23

= + + + = = 4, =2
XX, oK)+ LR TR, P KOS XX b 43 hence X %, =2;
x3+x12+xh+x11 = X FHGEX FR K S X X, X 157%3 +x) = 4; hence x1+x2+x15=

This is contradictary.

e(ii) Remaining elements:

31 32 a3 ah 35 a6 311
b 2 b H 2 b hd
X1 X2 X3 Xh XS— X6 X.I 1
We have the following equations:
XFXFX ) = XFXghXotXg = X P X = 4; hence Xgtxg = 23
XobRehX, = XabX PR 4K,y = Xk b = 4; hence Xg = 2;
XobXghXy = Xg¥Xotx = x6+x1+x5+x11 = L; hence xq = 2.

This is contradictary.

€(iii) Remaining elements:

211 |22 3—’ |21 |*2| P23
H] 2 H] .
IR RN N AN EE

This case turns out to be the most nasty of them all, calling for

elaborate considerations; let's call it the CASUS PERDIFFICILIS.



17.

7

In particular,we are again forced to consider the cases n = 3 and

n > 5 seperately.
In either case we have the following equations:

+ + = + + + = + + =
X, + X X X X X X, ot X, =X X X), + X

1 2 3 11 1 2 1 3 13

+ = + + = =
3+X’4+X11 X,]2 X2 X3 X12+X13 x2+xu+x +X13

: + + =
Xp F Xy T X T Xy

X 11

Hence x1 = X5 = x3 = X, = x11 = x12 = x13 = 1,

(For any i add the four terms containing X and subtract the three

terms not containing x;; result: L x; = L.

CASUS PERDIFFICILIS, n = 3.

Now we have exactly one short zero-subsequence in A.

(1) This short zero-sequence has length 1. Then the remaining

elements contain an eigth element i .

(1.1) If a =ajora € {a1,a2,a3,au,a11,312,a13} we have two
short zero-sequences in A and therefore A contains three
disjoint zero-subsequences and S contains a zero-sequence

also.

(1.2) a Now as before we derive x = 1 (by interchanging

a

B a]h'
13 and a1h).

Hence S is equivalent to:

but this is a (primitive!) zero-sequence.

(1.3) a¢ {ao,a1,a2,a3,ah,a11,a12,a13,a1h}.
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By 3 (ii) the remaining 8 elements contain a zero-sequence
of length 3. As there is another zero-sequence among the 5
other elements, A contains three disjoint zero-subsequences

and we are done.

(2) The short zero-sequence has length 2. Now S is of the type
a a arl |as| |a3| [ay] (211 [212] [213
1] 1"
U P 53] 1) B [Fag) B3
Furthermore, we have x' + x" = 4 = 1. Hence either
x'"=x"=2o0orx"=0o0r x"=0. If x' =0 or x" =0 we

are through by 11.

It is easy to see that any element (i=0,...515) is

i
1
the sum of a subsequence of length 1, 4 or 7 of the T
remaining elements. This guarantees, for every value of

a, the existence of a zero-sequence in S.

18. CASUS PERDIFFICILIS, n > 5.

This case is treated as the case (2) of 17. If there are > 2 short
zero-sequences in A of length 1 we see that A contains > n disjoint

zero-subsequences and we are done.

As A contains n - 2 > 2 short zero-sequences we certainly have a
zero-sequence of length 2 in Aj; this short sequence we join to the
remainder of length T; thus we write A as a collection of n - 3
short zero-sequences, and a collection of 9 remaining elements, of

the following type:

B a a a a a a a a
1_‘ 2 3_‘ L 11 12 13
(*) 2 ' 2 9 : b 4 2 2 2 b .
v 1 1 x'| [x"
We have x' + x" = L. Furthe the x-sum of any subsequence with

A-sum a; is equal 4 or 8, the latter value being excluded if the

subsequence belongs to a pair of disjoint subsequences with A-sum

ao.
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Now the element - a is the sum of < 3 elements from the collection

{a1,a2,a3,ah,a11,a12,a13}. Say ai1, cees air.

a. a. a
Therefore Ty sess r|, is a sequence of length i_h with
1 1 x'
A-sum a,. The remaining > 5 elements contain another sequence with
A-sum 2, hence x' + 1 + ... + 1 = 4, Similarly we have
x"+ 1+ ...+ 1 =L, Therefore x' = x", which implies x' = 2 = x".

If a E,{a1,a2,a3,ah,a11,a12,a13}, then (*) contains a subsequence
a

with sum [;é] and length 2. As 3 # 4 (mod n) we are done.

If a = a1h then we have

8.2 3.3 au .8 _ a

We have also a, *ta, * a3 ta, = a5 As 5 $ 4 mod n we are through

in this case also.

If a = a15 we have
a a a a a a
(N IR =3 S ' ) B i ) B R
1 1 1 1 2 6

This is impossible as 4 % 6 # 8 (mod n).

The remaining cases are a = a5, ag>» a7, ags ags 840" By symmetry

the first three and the latter three of these are equivalent.

a = ag implies that S contains a zero-subsequence as
a a a a a a. a a
21 I T Y O R 1 U o o¢{o’ o}’
1 1 1 1 2 6 L 8

and a = a8 leads to
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L 8

1 1 1 1 2 6

which again implies the existence of such a zero-seguence.
This completes the treatment of the CASUS PERDIFFICILIS.

Final remarks.

If the dimension of the group is enlarged by 1 a situation similar
to the CASUS PERDIFFICILIS leads to an example of a group G for
which the statement G! is false. The smallest example of such a

group (with respect to the number of elements) is the group

G = 02 ® 02 ® 02 ® 02 ® G6.

Just consider
G2 1 0 0 0 0 1 1 1 1 0
G2 0 1 0 0 0 1 1 1 0 1
C, o o 1 0 0 1 1 0 1 1 ;
02 0 0 0 1 0 1 0 1 1 1
02 0 0 0 1 0 1 1 1 1
G3 1 1 1 1 1 1 1 1 1 1

this is a sequence of length 10 > A(G) = 9 which contains no zero-

subsequence.

The calculation above tempts one to expect that the statement
(C,

of this conjecture, however, will probably be time-consuming.

4 Vo s s
#C,8C,8C, 0 C2n)° will be true for n > 5. A verification
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