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§ 0. Introduction.

This report studies the following combinatorial problem on finite

Abelian groups:

Let G be a finite Abelian group of order w(G). We ask for a minimal

positive integer n such that any sequence a sees B of elements from

1 9
g contains a non empty subsequence with sum zero. This minimal n is a

constant of the group g which we denote by u(G).

The problem is to express u(G) by means of other constants of the group.

Let G = c(11 @Cd2® .....(})cdk where d, | d,, d, | Ay s vee = aees 4,

and where C a denotes the cyclic group of order di' (It is well known
i

that any finite Abelian group has a unique representation of this form).

Then we can define the following constant of G:

M(G)=d1+d +.....+dk-k+1.

2
It was conjectured in 1965 by P.C. BAAYEN that for all groups G we have
equality u(G) = M(G). This general conjecture however had to be rejected
when he proved in May 1969 that for G = 02 (@) 02 <) C2 ® C2 ® C6 we

have u(G) > M(G).

The equality u(G) = M(g) holds for a impressive collection of groups.

We mention the following cases:

I G is an Abelian p-group (i.e. the integers d, are powers of some
dJ

fixed prime)

II G=C @cC

a ab
ITI G=H®C n where H is a p-group of order q‘] such that
aQm
g" > M(H)
Iv G = ® c @c with p prime.
2pn1 2pn2 2pn3
= . _ K1 Ko k3 ky
\ ¢ = 02@ C2nm1 5] 2nm2 with n 271,37 .52.7 and
either m, = 1, m, arbitrary or
m, p and m2 P .
G=C @®C C )
VI 2@ 2@02®'2m for odd m




The problem together with some elementary results was first published
in 1967 [8] . At the same time the results I and II were proved inde-
pendently by J.E. OLSON [19] and D. KRUYSWIJK [1]. The results III,
IV and V were proved in spring 1968 by P.C. BAAYEN, J.H. VAN LINT and
the author. [1], [2] 1:12:[ [13]. Finally the series VI and the first
counter-example was found by P.C. BAAYEN May 1969 [3] [L] [5].

An upper estimate for u(G) was given by J.E. OLSON [1Q1. He gives
u(G) < w(H) + w(K) = 1 when G = H® K
and w(H) | w(K).

Recently D. KRUYSWIJK proved the following upper estimate (to be
published in a forth coming report [5]):

w(G) < w(c) {1 + log w(H)}

where G = H® C and C is isomorphic with a maximal cyclic subgroup

of G.

This result implies, in our notation:

G
u(G) = dk + o log wék)
d1 -1
with ES?T < (5<_dk

1
hence it gives a reasonable result for "homogeneous" groups (where

d1 = d2 = ... = dk).

For the special case G = Cp(B CP equality u(G) = M(G) was conjectured
earlier by P. ERDUOS. In 1961 P. ERDOS , A. GINSBURG and A. ZIV published
the following result: [10].

Let G be the group Cn C)Cn and let H be some cyclic subgroup of order

n. Then any sequence of length 2n - 1 consisting of elements from a fixed

coset of H contains a subsequence with sum zero.

The same result was proved by N.G. DE BRUIJN.

Another special case results when the elements a are supposed to be
distinet. In 1967 H.B. MANN and J.E. OLSON published the following
result [1i]:



Let G = Cp + Cp then any sequence of distinct elements with length

> 2p - 2 contains a subsequence with sum zero.
For related problems see [14] [17] [18].

The constant u has some connection with problems in Algebraic number
theory as has been stated by H. DAVENPORT [f]. Let G be the class-
group of an Algebraic number field F, then u(g¢) is the maximal number
of prime ideals (counting multiplicity) in the decomposition of an

irreducible‘integer in F. See Section 6.

J.E. OLSON [}Q] has given the following application in theory of

Vector spaces over finite fields:

Let V be an k—dimensional vector space over ‘Fbl and let Xys vees X

be a base for V. Define the unit polytope V to be the collection of

11
arbitrary k — n dimensional subspace of V. Then the intersection V O A

all elements X = €.X, + ..., + € xk with €. = 0 or 1. Let A be an
k J

contains at least

k - n.l.(p~1) }

max { 1, 2 points.

Part of this application was also given in Bﬂ.

For the proofs of the cases II, III, IV and V we use some other

properties which are shared by some but not all Abelian groups.

() Let G =C_ + ... +C a, | a, | «... |
a, d 1 2

of length > M(G) + dk - 1 contains a non empty subsequence with sum
zero of length i_dk.

dk then any sequence

Property (A) is shared by all p-groups such that 2 dk > M(G) + 1

and by all groups with k < 2, but for example not by G = (C2)3.

A sequence S of length u(G) = 1 which contains no subsequences with
sum zero has the property that any element of G exept zero turns
up as the sum of some subsequence of S. For sequences of length
u(G) = 2 without zero-subsequences there may exist "holes". Property

(B) now states:




(B)

Any sequence of length M(G) - 2 which contains no subsequences with
sum zero has all its "holes" contained in some fixed proper coset

of an subgroup H CG.

Property B) is actually stronger then the equality u(G) = M(G) .

It is shared by all p-groups and by all groups C a ®c 4 with
1 2
d1 =nm, d2 =n My provided that:
. 14 1 .
(1) either m, =p m, = p or m, = 1 and m, arbitrary

(2) all prime factors of n have the following property (C)

Each sequence of length 3p = 3 of elements from QPGB CP which
contains no zero-subsequences of length < p and which contains
no two disjoint zero-subsequences consists of three distinct

elements each taken p — 1 times.

This property has been verified by calculation (for p = T by means
of the X - 8 computer at the Mathematical Centre [é]) for the
primes p = 2, 3, 5 and T.

Author conjectures (C) to hold for all primes.

Property (B) is not shared by groups for which M(G) < u(G). It is
an open problem wether (B) holds for all groups ¢ with M(g) = u(g)
or wether B') holds for all groups if (B') is derived from (B)

by writing "u(G) - 2" instead of "M(G) - 2".

In this report we give proofs of the results I, II, III, IV and V.
Further we give proofs of J.E. OLSONS's upper estimate and the
stated applications. o

For the other results the litterature is given in the references.




§ 1 Definitions and elementary results.

Let A be an arbitrary set. An A-sequence S is a finite sequence of ele-
ments of A. (the possibility of repetitions is not excluded). The

sequence may be empty, in which case we write S = .

Let S = (a.1, vee.s & ) . The integer k is called the length of S -
notation 1(8).

We put 1(¢) = 0.

k

A subsequence T of S - notation T < S is an A-sequence

T = (ai1, eens By ) with 1 §_i1 < vee. < is <k
s

For each subset of the set of integers {1 ,...., k} there exist a
corresponding subsequence of S. This makes it possible to define the

set theoretical notions "union" , "intersection" , "difference" and

n

disjoint" for the collection of all subsequences of S by means of

this correspondence.

From now on we suppose A to be some subset of a finite Abelian group
G = {G, +, 0}. of order w(G).

The value of an A-sequence S - notation |S| is the group element
Is| = a, * .... +a  vhen § = (a1, ceeeey ak)

Eﬂ denotes the subset of G consisting of the value's of non empty

subsequences of S:
[§] :={|T| | T <S and T % ¢}
We put [8]" := [§] v {0} = {|T|] | T < s}.

Remark that we have for disjoint S, and S, < S:

5,0 5]

2

(17 + [, v (B + B
Bl v B v (5 ]+ B

A subsequence T with |T| = 0 is called a zero-subsequence.




An A-sequence S is called primitive iff 0 & E{]. If S is primitive

and is not contained in some primitive A-sequence T with 1(T) > 1(8)

is called A-maximal.With maximal we mean G-maximal. S is called
irreducible  iff |S| = 0 and each proper subsequence of S is primitive.

An hole of S is an element 8 € G which is not contained in B{Fe

We put [ﬁ]m = {|T| | T < S and 0 < 1(T) < m}

and [ﬁ];- = [?]m v {o}.

Let G = (¢ @Cd ®.... dC where

d 5 dy

e C ]
1< d1 | d2 [ | dk and where di denotes the cyclic group
of order di'
It is well known that the integers di and the number k are constants of

the group G. This follows from the main theorem on finite Abelian

groups. We call the numbers di the chain-invariants of G; k is called

the dimension of G.

Some times it is permitted that d, = 1. The representation of G is not

1
unique in this case but the following two constants stay uniquely

determined:
AN(g) := Ay +dy* oo e ot d —k
M(G) = A(G) + 1= A +d,+ e v A -k + T

We are interested in upper bounds of the length of irreducible or
primitive G-sequences. That such upper bounds exist follows from the

following proposition:

(1.1) proposition If S is an irreducible or primitive G-sequence then
1(8) < w(G)

proof: Suppose 1(S) > w(G) + 1. We consider the elements:

+ + + cee e + ce e
&y 5> 8y ta,, agta, T ag, > Ay tay *a(9)

These are > w(G) elements in a group of order w(G) hence

at least two of them are equal. Let

+ + ... + a. = + + ... + a. .
a1 a2 al a1 a2 al+J then

. + .iv.ota.. . =0 and therefore S is neither
1+1 1+]

primitive nor irreducible.

a




(1.2)

(1.3)

(1.4)

(1.5)

proposition (1.1) justifies the following definitions:

A(G,A) is the maximal length of a primitive A-sequence. We put
A(G) := A(G,G).
Analogeous we denote by u(G,A) the maximal length of an irredu-

cible A-sequence and again we put u(G) = u(G,q).

The relations between A(G,A) and n(G,A), A(G) and u(G) given by:

proposition u(g) = A(G) + 1

proof: Let S be primitive then the sequence S u {- |S|} is
irreducible. Conversily let T be an irreducible sequence
then each subsequence of length 1(T) - 1 is primitive.
Hence we have u(G) > A(G) + 1 and
Ag) > u(G) -1

which proves the proposition.

remark:from (1,2) it follows that p(G) can also be defined as
the least integer k with the property that each G-sequence

of length > k contalns a zero-subsequence.

remark:the inequality A(G,A) > u(G,A) = 1 is proved analogeous
as (1,2). However the inequality u(Gg,A) > A(G,A) + 1 is

not generaly true. See after (1.15)

proposition Aa,d) < a(e)
propositon u(G,A) < u(G)

These propositions follow trivially by considering A-sequences to
be G-sequences; remark however that an A-maximsl sequence is not

necessary also maximal

corollary A(G) < w(G) -1 , wu(e) < w(g)

That these upper estimates sometimes are the best possible follows

from the next proposition:




(1.6)

(1.8)

proposition u(Cm) > w(C )=m

proof: The sequence (éi\f: ....;;:/9)

mx

where a is a generator of Cm is irreducible.

Hence (by (1.5)) ﬁ(Cm) m = M(Cm) and

Ae,) = me =-/\.(cm).

The converse of (1.6) holds also:

proposition: If u(G) = A(G) then G is a cyclic group

53 trees am) be an irreducible G-sequence
with m = w(G). We prove all elements to be equal. The unique
element a = a, is clearly an element of order m = w(G) and
therefore ¢ is cyeclic. Suppose therefore that S contains two
different elements. Without loss of generality we may assume
a, + a,-

Now consider the two collections of elements:

o
|

= {a1, atas, a1+a3fah s sesenees a1+a3+ah+ ceesse ¥ am}

B, = {a., a *a_, a +a_+a
cesenees +a_+ cesv s .
2% T2 732 T2 %37, s aytay a)* + am}

By the irreducibillity of S it follows that both sets B, and B

1

consist of the w(g) - 1 non-zero elements of G. Thus B, contains

1

the element a1 - a2 # 0. As a1 - a2 + a1 we have a,; " a, =

a, +ag+a + .....+a, for some i > 3. But then we derive

a, + aq + a), LIETERTIL JE 0 which contradicts the irreducibillity
of S.

corollary: u(g) = w(G) iff G is a cyclic group.

Another case where the equality u(G) = M(Gg) is almost trivial

is the case G = (C )k. We may assumc G to be the additive group

2
from the k—dimensional vector space over Fz.



The only scalars in F_ are O and 1. From this it follows that

2
a sequence (a1, Ceenes am) is primitive iff its elements are

linear independent over Fz. Thus follows

(1.9) proposition k((ce)k) =4A—((C2)k)

proof: we have A((C2)k) = ain (¥, ¥ = k = k(2=1) =A((c2)k).

In the sequal we will represent the elements of the group

¢G=C. ®C., ®.....®C, ,d. > 1 by a
d1 d2 Adk 1
"vectorlike" notation:
X
*5
x = . with O g_xj < 4.
\ &

Addition is performed coordinate-wise:

x4 /V1\ “1)
X y ’

2 | Y2 _ -
. + . = ’ where z. = X, + ¥, (mod di)

SRR

We denote the "base'-elements by e

-» e and the "diagonal'-
element by e :
13 [0} 0 1
0 1 1
e, =1 . . e, = . s seees N E s €y = ;

o
O oo
—

The following propositions give some value's of A(G,A) and

u(G,A) for special choices of A. Let A, be the set of "pase'-

elements : A1 = {e1, ceey ek} and let A2 be the set of base
elements together with the diagonal element : A2 = {eo, € a0t ek}
then we have the following relations:




(1.10) proposition A(G,A1) ='/k(G)
(1.11) proposition u(G,A1) = 4

(1.12) proposition u(G,A2) = M(G)

(1.13) proposition A(G,Ag) =jL(G)
proof: An A -sequence is primitive iff it contains each

1
element e at most (dj - 1) times. This proves (1.10). An
A1-sequence is irreducible iff it contains a fixed element ej
exactly dj times and (1.11) follows.

The sequence S defined by

S = (E.s €, vveee €, 5 €. cvnee €. 5 on s € veen. ©)
0* 1 "ttt 2t e k7 Tk
(d1-1)x (d2m1)x (dk-1)x

is an example of an irreducible Az-sequence of length M(g)

all other irreducible A2-sequneces that are not A1—sequences
are of the form:
8, = (eO Ceeer €0 5 By ieeis €1y iaeis € aaias ek)
‘\_____// \_____// ~ "\~.v._.m,_,,,,,,./
tx f1,x fk X

where the t, fi are determined by

0<t i_dk R fk = dk - t, and

f.+t =0 (modd.) , 0<f.<d. for 1<j<k
J J - J -

Thus f, + ..... + f +t < (a,-1) + (d2—1) + il (ak_1—1)+ 4 = M(G)

As u(G,A,) = d_ < M(G) this proves (1.12).

1
The proof of (1.13) is less trivial. We put

d1 = d2 = .. = dj1 < (:'ij_%_1 R dj2 < dj§1 I S dj =dk
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Suppose S is a primitive A2-sequence :

S = (eO Per €0 s € seees €1y s 5 € teees ek)
tx f.x f x

Without loss of generality we may assume that for each i

0 < i < s=1 we have:

->—f,j-!-2i"" >
1

f.
1
I
This implies:

l(S):f +...+f. +f. +ou-+f. +-ano+f. +fo +0--
1 3y 31 Jp J I«

< (d. =1) +...4(a. =1)+ +(d, =1)+...+ + ove.. * +(a -1) +
< ( i, ) 3, g, ( i, g, gt (dk )

+ .0+ g +t =

Ao - (8 1)+ (85 1) % oo s (35 =) = (g, + gy + oove gy + )

We see that (1.13) is a consequence of the following lemma:

(1.14) Lemma Suppose t + g 8yt et g, > dj1 + dj2 + ...+ dj - s

then S is not primitive.
For assuming lemma (1.14) we see that "S is primitive" implies

t"'g + s +g < d. + e + 4. = s thus
1 s = J 5

1Us) <NG) + (v +g +...+g -(a +...+d =-s)) <
3 3
< A (G)

which had to be proved.

Proof of lemma (1.14): We put v=1t + I - (dj+"'+dj -s).
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(AS) Suppose now v > 0
As we have g. < d. - 1 we derive
T Y
vy i=t g - (djs -1)>v>0

Now consider the following subsequences of S

(0)_

8, = (eO'i;?O’ (ek, ek_1,...,ej;3), (ek,ek_1,...,ej+1),...,(ek,ek_1,..,ei:}))
N \‘ . -1 5_14 -
tx S~ e

: (d. = t)x

. Is

(0)

by 1 (eO...eO, (ek,..,ej+1),(ek,...,ej+1),....,(ek,....,ej+1))

1 ~— . s $-\ P
(t=v_ +1)x
1 \N o »/7’____(.,//
g s X

These subsequences have the property that their values

X

1
159 = [ with x, =0 for j+1 < j < k and
t-v . J s=1
X, _ ..
X = t-v (mod dj) for 1<J <d.,

There are two possibilities:

(B ,) One of the integers t, t=1, ..., t=v.+1 say t-v is

s=1 1
congruent zero mod d.

s=1

In this case S(O)

£y is a zero—-subsequence and S is not primitive
(¢)

(A .) Each of the integers t, t=1, ..., t=v.+1 is incongruent
s=1 1
zero (mod d. )
’ s=1
Now we put t, =t (mod 4. ) 0<t, <d, and
s~1 Jg=1

we conclude t, > v

1 1
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Therefore we may define:

v, i= min (v1, tytey (djs_1 - 1)) >v>0

We consider again the following subsequences of S:

(1) «(0)
st'’'=8 U ((e. s ceeens €. )y weenn , (e. sevenns s €...))
t t Jgm1 J;A. Jg=1 Jst
‘—r_"‘"‘/"
(a -t )x
1
s=1
(1) (0)
S, _ =8, ((e. seves €...)s cesens (€ sesees €...))
t=v, tev Jgmi ard s=1 it
J"/
(4 -t1 +v2- 1)x
s=1
These sequences have the property:
%4 Xx. =0 forj . +1<j<k
(1) : J 52 - T
En I : with
X, mﬂijtW(mﬁdﬁ|fM'TiJiJ?2
Again there are two possibillities:
(Bs__2 One of the integers t, t-=1, ..., t-v2+1 say t=v is
congruent zero (mod d. ).
dg-2
(AS_2 Else.

(1)) _
In the case (B__,) we see that [S;_°| =0 (c).

In the case (As-2) we proceed as before:

Put t. = t (mod 4. )and 0 < t. < d. 3 again

2 Jg-2 2 g2
we have t2 2V, and therefore
.o 3 + - -
vy i= min (v2, t, * 8.5 (d.S , 1)) >v >0 and we
consider again subsequences 8(2) etCivens
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Proceeding as indicated either we succeed in constructing
a zero—-subsequence of S or we go on until we have performed

s steps. Then we are ready also because each sequence

S(s-1)

=y is a zero—-subsequence. Hence S is not primitive.

remark : The logical scheme of the proof is indicated by the

following diagram:

(G) (G) (G)

(1.15) corollary: For any group G./A(G) < A(G) and M(G) < u(G)

proof: follows directly from (1.10) and (1.12) by (1.3)
and (1.4).
remark: (1.10) and (1.11) give a general example where

AG,A) + 1 > ul(G,A)

We have the following generalisation of (1.10).

(1.16) proposition: Let G= H® K then A(G) > A(H) + A(K)

proof: Let S, = (xi,...., XA(H)) be a primitive H-sequence
and let 82 = (y1,..., yA(K)) be a primitive K—-sequence
then also the following sequence S of length
AH) + A(K) is primitive:

0 0 0 v Ya(k)

S =

remark: (1.15) can be derived directly from (1.16)

remark: it is generally not true that /\(E@®K) = N(H) + /. (K)

even not when we suppose w(H) | w(K).




Take for example K = C

Then we have H@ K C50 ® C1o ® C10 while

50 + 13 =AH) @A (x) < N(E®K) = 67

It is however true that N_((¢)®) = n A_(g) for

any group G.

An upper estimate u(Gc® H) < u(ag) . u(H)

is derived in section 3.

From (1.2) we derive that for any primitive G-sequence S of
length A(g) we have [S]*-= G. In section 4 and 5 we shall con-
sider primitive sequences of length A(G) - 1. It has been con-
Jectured by P.C. BAAYEN that for any primitive G-sequence of
length.fL(G) = 1 the holes of S are contained in a proper coset

of some subgroup N ¢ G.

We define a new constant v(G)

v(g) is the minimal integer k such that any G-sequence S of
length > k either is not primitive or has all its holes in a

proper coset of some subgroup N of G (which may depend on S)
(A proper coset of a subgroup N is a set a + N for some a & N)
It is clear that v(g) < A(g).

Taking A1 1
AN(g) - 2 which is primitive and such that not all its holes

as before it is also easy to find a A -sequence of length

are contained in some proper coset.
Thus v(G) >/\(G) - 1. This last fact can also be derived from
proposition (1.17).

(1.17) proposition: v(g) > a(g) =1
proof: Consider a primitive G-sequence of length v(g).

Suppose S is not maximal.



16

Then all holes of S are contained in some proper coset

a+ N, a¥Neg. Let 8y {x} be a primitive g-sequence
extending S then it follows that x = —a (mod N) and therefore
x ¥ 0 (mod N). Therefore (a-x) + N c,[EJ*.thus

ERY {x}:[ D a + N. This implies [B v {x}]*= G.

i

It follows that any primitive g-sequence of length v(G) + 1

is maximal. Hence A(G) < v(G) + 1.

(1.18) corollary: For all groups G with v(G) =-/\~(G) - 1 we have

Ae) = Na).

proof': A(a) z_JNiG) by (1.16) while A(G) < v(G) + 1 =
=/\(¢) vy (1.17).

(1.18) shows that the conjecture v(G) =AA—(G) - 1 is actually
stronger then the conjecture A(g) =/ (G).

It is therefore not generally true.

(1.19) proposition: For any cyclic group G we have v(G) =N\(g) - 1

proof: Let S be a primitive Cm sequence of length m - 2.
Suppose S is not maximal, then there exist an
element a € G a0 such that -a ¢ [Sj*

and therefore S v {a} is primitive also.

It follows that S' =8 v {a}v{ =|Sv{a}|}

is an irreducible sequence of length m . As

shown in (1.7) S' contains a fixed generator

of C, ™ times thus S contains m-2 times the
element a. From this we deduce that the unique
hole of S is the element —a which forms the proper

coset =-a + {0}.

(1.20) proposition: For G = (Cg)k we have v(g) =N\(c) - 1




proof':
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Let S be a primitive ((F)k - sequence of length k - 1

2
then the elements of S are linear independent and their
linear closure is a subspace A of dimension k=1. Thus
all holes of S are contained in the proper coset

(Fe)k \NA=A+x for some x €A .
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§ 2 p-groups.

The main result considered in this section i1s the theoren:

(2.1) Theorem E?.E. OLSOﬁ] For any Abelian p-group G the equality
A =\(@) is true.

This result was obtained independently by D. KRUYSWIJK and
J.E. OLSON using essentially the same methods. The same procedure
was used to prove the equality v(G) GA.(G) - 1 for p-groups

which was needed for the proof of case IV.

For an "homogeneous" p-group G = Cp @....® CP another proof
was suggested by H. DAVENPORT . The method is based on the
following theorem of C. CHEVALLEY (See [6] and also [11]).

(2.2) Theorem [C. CHEVALLEY| Let £.5 +evn, £ De polynomials from
Fpk[§1,....., x;] of degrees d,,....., d such that £,(0,0,..,0) =
= fg(o,o,...,o) Z o iiee. = fm(0,0,.....,O) = 0 and
d1 + d2 + se.. + dm < n.

Then there exist a non-zero solution of the equations

f. (x1, ey xn) =0 1T<iz<m (a)

proof: We consider the following function

b =N — ok

¥(n) := ) %"
xaFPk

It follows that (i) = 0 iff pk-1‘* i
k

and (i) = =1 iffp=1 | i
We put w(0)=0=x£&?k 1
P

By straightforward calculation one sees:

)o cee g \P(mn)

(x ,...,xn)E(Fpk)n

1
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This sum therefore is zero whenever m, + m, + ... F < n(pk-1)

Next we consider the polynomial:

n pk_1
N L 121 (1 = (fi(X1, cenes xn))
k

We have deg(g) = (p -1)(d1 A+ eeee. * dm) < n(Pk_1)

2

k
)P Vo0 or depending on whether

As (fi(x1, ceees X
(x1,..., xn) is a root of f. or not. It follows that G(x1,...., xn) = 1

when (x1,..., xn) is a solution of the equations (a); else G(x1,..,x )=0.
n
Therefore we may use G to count the solutions of the equations

(a) modulo p.

Suppose (0, 0,...,0) is the only solution of (a) then we have:

G(x1 seessy X ) = 1.

n n
(x1 yeves xn)ea(Fpk)
However we have also
Z:: G(X,geevesx ) =
n 1? >n
(x1,...,xn)€('£‘pk)
i i
- ‘ 1 n
) (x Z x e )" i ! i ai1’ vty " "
12 sty pk 12 °*tn
1 1

. - n
Tpseeesi 1 n (x1,...,xn)éi(Fpk)
= Le g v )

goee iy

For i, + ... +i < deg(G) < n(p*-1)



(2.3)
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This gives a contradiction.

Theorem: for G = Cp@ Cp@ e @ Cp we have A(g) = /L (q)

proof: It is sufficient to show A(G) < k(p-1).

)

Suppose we have a (gp)k-sequence of length

11
n > k(p-1) . 8= (a1,...,an) where a, = é
ik
Consider the following equations (a) over (@ )°
p-1 p=1
a,y X1 + ... + a4 Xn 0
: (a)
T P =1 _
i %7 teax ity =0

The total degree of (a) is equal k(p=1) < n, and (0,0,...,0) is

a solution. From the theorem of CHEVALLEY we derive that there

exist a non-zero solution (y1,..., yn) of (a). Now we have

Ll

(yi = 0 or 1 depending on whether y; = 0or yi+ 0.

It follows that y1p_1 Byt el ¥ ynp_1 a = 0 in (Qp)k.

Hence S8 is not primitive. This completes the proof.

remark: It is useless to apply (2.2) for the additive group of

(Fpk)n with k > 1 as it is isomorphic to (gp)k.n.

The result would be
k\m
)7

M((c < m(pf-1)

which in fact is weaker then the result we proved
already.

To prove (2.1) we consider the group Algebra FP(G).
We assume Gto be G= C ®...dC with
P pik

O‘< n1-§_n2 < e i_nk.
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It is convenient to consider & multiplicative copy G of G :

— 81 85 8 %1
G = {a1 ¢ By e eee g B | : e G}

€x
n.

vhere 2.’ = 1anda. a. = a, a.

1 1] J 1
are the generating relations of G.
g g 28

1 2 k

1 . a, o .o @ ak when g

We denote Ag = a

This defines a canonical is omorphism from G on to G.

We also consider the polynomial ring Fp[k1, ..... ,XQ] and
a surjection ¢ from FPEX1""’X£] on to FP(E) defined by

(2.4) Lemma : For any g € G there exist polynomials
Pg,i e FPD(1 ses s ij such that

- & = - -
1 -X Pg,1 (1 x1) + ...+ Pg’k (1 xk)

proof: (1 - x®) (1, ...,°1) = 0 hence 1 - X® is contained

in the ideal (1 - T Xn)

(2.5) Lemma: The following equations hold in FP(E)

n n _
1) (1-a) =o0 when af =1€g
n pn—1
2) (1-a)® "= ) a’
v=0
n
n_ p -2 _
3 (1-a)f 2= v e
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n n
proof: 1In Fp[}j we have (1 - )P =1 -xP .

By dividing by (1 = X) we derive
n
p -1

o
(1-xP""=7 x
v=0
From this we conclude by formal differentiation
n
n p =1
(1-x)P2="7 v x°7
v=0

The lemma follows by application of an homomorphism

mapping X on a.

(2.6) Lemma: Let S = (g1, cees gm) be a G-sequence and put N(S,g) :=

N - Nodd where N

is the number of
even )

even (odd

solutions of the equation:

e,8, + e, g2 + ... + e gm =1 e = 0,1

m
with | e; even (odd).
i=1

Then we have in wp(é)

m g. g

T (1-49) = J _ N(S,g) A

J=1 g €¢G

Proof': The lemms follows by the combinatorial meaning of the
N(S,g). (We consider N(S,g) to be an element of Fp).

proof of Theorem (2.1): Let S be a G-sequence of length
n n

n>AG)=p '+ ... +pE-k.
m g. m k
Then J (1-x9)=1 J P ..(1-Xx)=
j=1 j=1 i=1 &3> *

k pnﬂ
- - 1
= z Qi.(1 xi)
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for some fixed Qicg-Fp[?1, cees XkJ s

1

as ((1-%), .o, =N (=% , .oy (1-X

By application of ¢ we conclude

g

. k
_ 2t = o.
(1 -4A9) = 121 Q.(1-a.)

=8

Jj=1

It follows that N(S,0) = 0. For primitive S we have

N(S,0) = 1 hence S is not primitive.

remark: This proof is due to J.E. OLSON [jél. By considering
sequences of length 4\(g) and A(g) - 1 we obtain more

@

information.

(2.7) proposition: Let G be a p-group, then for any sequence S of length
N(G) there exist a ¢ éﬁ?p such that

N(S,g) = c (mod p) for every g €G.

AN(a) 8. k p i
proof: We have (1=-%x9)=¢c. 1 (1-2%.) +Q
i=1 i=1 *
n, n,
for some Q & ((1 - X1)P s veees , (1 -x) ) ana
cel .
p
from this we derive:
n.
N(g) g ko (p 1) .
I (1=-%X9) = ¢ Z a’ = ¢ Z A
j:‘] i=1 j:o ge G

Thus u(S,g) = ¢ (mod p)

remark: By (2.7) any primitive seqience S of length A(g)
satisfies N(S, g) = 1 (mod p). and is therefore

maximal. This again proves (2.1) (See [1])
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(2.8) Theorem: for any p-group G we have v(G) = A(g) - 1.

A(a)-1 g.
proof': Again we form the product I (1 -49),
j=1
Now we have:
A(a)-1 k k i-1-s,
T (1-x%) = V7 e, ©m (1-X.) Jo4
5=1 i=1 5=1
K i,
c. 1 (1-x.)F
0 .
J=1 0
n1 o k-
(mod ((1 - X1)p soeees (1 - Xk) )
(Sij denotes the Kronecker symbol).
By application of ¢ and (2.5) we conclude:
n, n, oy
M) g. L k p -1 .k opI-1
T (-ad)y=ey T (] e+ J e () vl m (]
J=1 i=1 j=0 i=1 v=0 j=1 v=0
JHi
= ] (cp+c,lg) + +c (g, 1)) A8
geG

Now suppose that S is primitive then

k

N(S’O) =1 = Z C..
. 1
1=0

It follows that all holes of S satisfy the equation:
k
Loy e =l
1=1

which equation defines a proper coset in g exept for the case

c1 = c2 = L., = ck = 0.

In this case however S is maximal.
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§ 3 Induction methods.

In this section we study groups G which appear in a short exact sequence:

0—>N ——3 ¢ > H——0

(i.e. i and 7 are homomorphisms such that i is injective, 7 is sur-

jective and the image of N in G is equal the kernel of ).

Consider a G-sequence S. By applying m we form a H-sequence of the
same length which we denote by m S. Suppose 7 S contains some disjoint
zero—subsequences, say 81, ceey T Sv . Then we can form a N-sequence
of length v:

-1

=1 .
(1 |S1|, veeey i |Sv|) .

Suppose now that this N-sequence contains a zero-subsequence. Then

|S1 VSyv.eenn v Sv' = 0 and it follows that S is not primitive.

This argument makes it possible to express u(g) in terms of u(H) and

u(K). The resulting estimate is however to general and can be strengthened
by a deeper analysis of long H-sequences.

(3.1) proposition: If 0—>N——> G ——3$H —30 is a short

exact sequence then we have

u(G) < w(H) . u(w)

proof: Suppose S is a zero-sequence of length > u(H) . u(N) + 1.
From the definition of u(H) it follows that = S is the
union of at least u(N) + 1 disjoint zero-subsequences say
i S1,

Considering the N-sequence

...,TTS\) .

=1 =1
(i |S1', seseg 1 |S\)|)9

We see this is a zero-sequence of length > u(N) hence
it is not irreducible , so it contains a proper zero-

subsequence (i | S, | 5 vevus 17 |S. |). Then
J Jg
Sj Vv .... U Sj is a proper zero-subsequence of S thus
1 t
S is not irreducible.
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(3.2) corollary: Let G have the following decomposition in p-groups
G=G6 @®....@C¢_ . then
Py Py

u(a) iu(Gp1) o seeen s u(Gpr)

proof: by induction on r.
For "homogeneous" groups (Cn)k this gives
J J
u(c )k < n.k' whenever n = P ! @ coee 8D £
n - 1 r
This estimate is sufficient to prove A(g) =\ (G)
only when g is cyclic in which case the equality already

was proved.

inition: = . C cee .
definition:Let G = C, & ® &, d, | d, [ ] d - A
1
short zero-sequence is a G-sequence S1 with |S1l =0
and 1(8,) < 4.

It is clear that any g-sequence that is sufficiently

large contains short zero—subsequences. The integer

dk is the largest order in the group. Any G-sequerce

§ of length > (4, -1) w(G) + 1 contains at least 4,

times some fixed element a and (a, ..., a) is a
T

k
short zero-sequence.

We denote by uB(G,A) the least integer k such that
any A-sequence contains a short zero-subsequence.
Again we put uB(G) = pB(G,G). It is clear that uB(G,A) > u(G,A).

We have for any A-sequence S:

1(8) > uy(G,A) > 0 e[s]dk

By induction on t this can be generalised:
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(3.3) proposition: Any A-sequence of length > uB(G,A) +t.d contains

at least t + 1 disjoint short zero-subsequences.

We denote by % the collection of all finite

Abelian groups for which we have:

np(@) < n(6) - 1+ a,.

(3.4) proposition: All cyclic groups are contained in ﬁ .

proof:

For a cyclic group all irreducible zero-sequences are short

zero~sequences by (1.1). Thus

(@) = u(a) = w(@) < 2.w(G@) = 1=u(@) -1+ d -

(3.5) proposition: All p-groups G = € ®cC ®...9cC L With

proof:

pn1 pn2" ’ Pk
n n n
Pk>pk1+...+p1-k+2 n, £n, <...<ng
are contained in % .
We know already that
n n n
u(G)=pk+pk1+...+p1—k+1 and
n n n n
U(G@Ck)=pk+-':p"k+pk1+ o + D - k thus
1Y
n n
u(G@Ck)=u(G)+pk—1 < Bpk and
p
n
k
u(a) < 2p .
n

Now consider a G-sequence S of length u(G) + p k -1,

We construct a (G ® C k)-sequence S' as follows:

If 8 = (a1, ceny am) Ehen 8! = ((a1), seeaay (\a;»
1 1
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Because 1(S') = u(G®C _ ) 8' not primitive.
1Y

This implies that S contains a zero-subsequence T of

length t.p X with t = 1 or 2. In the case t = 1 T already
is a short zero—sequence. However if t = 2 then

1(T) > u(G) thus T is not irreducible, and T is the

union of two disjoint zero-subsequences one of which

is short.

The proof can be adapted to give the next generalisation

(for which we have no useful application)

(3.5'") generalistation: Suppose p(G) < m, u(G@Cm) = p(G) +m - 1 and

(3.6)

u(G@cm@cm) = u(G) + 2m - 2 then G@cmé %

From (3.5) we see that all p-groups of dimension 2 are

contained in 35 .

Not all groups are contained in (Eb for example.

proposition: . ((C )k) = of .
B 2
proof: A short (C2)k zero-sequence either has the form ( 0 ) or

For

( a, a ) for some a € (C )k. Hence uB((Cz)k) i_2k as
any sequence of length 2 = w((CQ)k) contains either the
element O or a pair of equal elements. But

”B((Cg)k) > 2% = 1 for the sequence consisting of the
non zero elements of (02)k each taken only once contains

no short zero—-subsequences.

k > 3 we have o = uB((cg)k) > u((c2)k) +2=-1 =

=k + 2.
The described induction method is based on the presence
in 1S of sufficient disjoint short zero-subsequences, and

is always possible when H is contained in 55




29

If H = (C2)3 & % some adapted procedure can be applied
(see section 4). For H = (02)h we have no general induction
method and for H = (C2)5 such a general procedure cannot

be expected to exist as the group G = 025<D 03 is an

example where the equality A(G) =\.(G) is false.

(3.7) Theorem: Suppose G1 = Cd ® ....@Cd . G2 = Ce @.... @Ce
1 k 1 k
and G, = C @ .... dC while
3 d1e1 dkek
d, [ ~oee | d e, | oo | e, - (At this place the

possibility di = 1 or e, = 1 is not excluded!)

Suppose u(G~1) = M(G,) u(G,) = M(G,).

Finally suppose that there exist a integer j -1 < j <k

such that d1 = d2 = ... = dj—1 = 1 and €5 = €51 = ... = e .

Then we have:

a) when both G, and G, are contained in 55 then also G

1 2 ] 3
is contained in 55 and u(G3) = M(G3)
b) when only G2 is in we have u(GB) = M(G3)
proof: There existsan exact sequence O >G1 L ‘>G3 “‘>Gé >0

Let S be a G3-sequence of length M(G3) . We have

M(G3)=dkek+....+d1e1-k+1 =
(dk L NP SPPRR dj -k + ,31-'v1)ek te e .. te, mk+ 1
(dk+dk_1+....+d1—k)ek+ek+ek_1+....+e1-k+1 =

,/\_(G1) e * M(G2).

If G, & 35 this implies that m S contains at least J\(G1)

disjoint short zero-subsequences while the remaining
> M(G2) elements contain another zero-sequence.

Hence there are at least M(G1) = u(G,) disjoint zero-

1
subsequences in m S ; and we prove like in (3.1) that S

is not primitive. It follows that u(G3) i_M(G3)
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Next suppose that G, and G2 are both contained in 53

1

and let S be a G3 - sequence of length M(G3) + dkek - 1.

We have:
) = 1

M(Gy) + d e = 1= (A(G) +d )e + Mo,

Hence w S contains at least JL(G1) +d disjoint

short zero—-subsequences say m S ceey T Sm.

s
! =1

The G,-sequence (i-1|S1| R 1

contains a short zero—subsequence as m z_uB(G
=1 =1
(i "Is. | s eeendi s ) (n<4d).
v1 vn

S |)  however
m

) say

k

Now S'' = Sv UV.... V Sv is a G3-zero-sequence of
1 n

. + =1.
length < n'e < d e .It follows that ug(Gs) < M(GJ) + dye -1

which completes the proof.

(3.8) Theorem: up(G) = M(G) and G & 55 for all G of dimension < 2.

proof':

(i.e.G=C, &C. )
d1 d2

By induction on the number t of prime factors of d,. For

1"
t = 0 we have G = C1 C)Cm and the theorem holds by (1.7)
and (3.L4).

Suppose that the theorem is proved for all G for which d1

contains less then t prime factors.and let G3 = Cd1 + Cd where
. . . 2

d1 contains exactly t prime factors. Let d1 = pk.m

m =1 . Put G, =C @®@C and

(m, p) ' d1/pk dz/pk

G2 = C~k + C K °
P p

It follows that all conditions in (3.7) a) are satisfied

by G1, G2, and G3 hence u(G3) = M(G3) and G3 e~ 53 .

(3.9) Theorem: Let G be a p-group and suppose p >.f\(G) then for

any m € N we have:
u(G@Cm pn) =M(G®Cm pn) andG@Cm pne ?) .
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proof: Put G1= CWCTQCm and
dim(G) terms
G2=G®Cn , G=G®cn

P 3 bn

Then all conditions in (3.7) a) are satisfied for

G1, G2 and G3 and the theorem follows.

-~ (3.8) and (3.9) prove the equality A = N in the cases
II and III from the introduction.

The next two applications are due to J.E. OLSON [ﬁé].

(3.10) Theorem: Let G = H @ K where w(H) | w(X) then u(G) < w(H) + w(K) = 1.

proof: By induction on the number of prime factors (counting
multiplicity) of w(H) . If w(H) = 1 the theorem follows
by (1.5). Suppose the theorem is proven for all groups
G = H ® K where w(H) contains less then t prime factors

and let G3 = H3‘® K3 where w(H3) contains exactly t

prime factors. Let p | w(H3). We take subgroups

H, < Hy and X, < K such that ind[H, : HJ] = ind[K : K3]= p.
consider the exact sequence.
e, ™ @&,

It follows that for any G-sequence S of length
iw(H3)+ w(K3)'- 1= (w(H )+ w(K,) =2)p + (2p = 1)

1 1
sequence T S contains at least w(H,) + w(K1) -1

1
disjoint zero-sequences. As
u(H1 + K1) _<_w(H1) + w(K,

it follows like in (3.1) that S is not primitive.

) = 1 by induction hypothesis
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(3.11) corollary: Let G be a finite Abelian group and let k | w(G)

proof':

then any G-sequence S of length > w(G) + k = 1
contains a zero-subsequence of length divisible by
k.

Let H = C_ ®G , then we have u(H) < w(G) + k = 1. The

corollary follows by considering the H-sequence.

1 1
S' = ((a ) IR (a )) when S = (a1, ceees am)
1 m
This corollary generalises the result of P. ERODOS ,
A. GINSBURG, A. ZIV [10] and N.G. DE BRUYN we mentioned

in the introduction.
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®cC .

§ 4 Groups of the form an @ C2n 2ng

1 2

For a group G = C Q) C2n @cC on there exists an exact sequence:

en, 2 3

0 —Cc ®C ©®c—>c—¢c. ®cC.BC.—0
n n n 2 2 2
1 2 3
. . 3y _ 3
As was stated in section 3 we have uB((CQ) ) = 8 hence (02) & .

However we have the next lemma:

(4.1) Lemma: Any C,® C, ® C,~sequence S of length 2k + 8 contains
either k + 3 disjoint zero—subsequences or it contains
k + 1 disjoint short zero—subsequences while the remaining

elements are at least six distinct elements % O .

proof: As “B((Cz)k) = 8 we have by (3.3) that S contains
at least k + 1 disjoint short zero-subsequences. Consider

the remaining > 6 elements:

a a m>6 .

a1 ot 8 >

There are three possibillities:

1) for some j a; = 0. Then the remaining > 5 elements
contain another zero—sequence and S contains k + 3 disjoint
zero-sequences.

2) for some i # j we have a; = a;. Now the remaining > L
elements contain another zero-sequence and again S contains
k + 3 disjoint zero-sequence.

3) If neither 1) nor 2) holds a, ... a are distinct and

1
unequal zero. As m > 6 this proves the lemma.

(4.2) Theorem [P.C. BAAYEN - J.H. VAN LINT] : Let G, =C_ @C_@C
- 1’11 n2 n3

n, | n, I ny, be a group for which v(G1) =-J\(G1) -1

then for G2 = 02n1 ] C2n2 ® C2n3 we have u(G2) = M(G2)




proof: Let S be a G,-sequence of length M(G

3L

2) . Consider the

exact sequence:

0—> G1——l—>c;2——"—>c2 +C,y+ C;—30

2

We have M(G2)

= (n1 + n2 + n3)2 -2 = (n1 + n2 + n3 -5)2 + 8.

By (L4.1) we know that either m S contains

n, +n,+n, -5+ 3=u(G ) disjoint zero-subsequences

1 2 3
or m S contains v(G

1

1) =n, *n,+ng- 4 disjoint short
zero—sequences and at least six other distinct non zero-

elements.

In the first case it follows that S is not primitive

like in section 3. In the last case we consider the

v(G1) disjoint short zero-sequences: 81 sevees TS
m = v(G1) and we form the G -sequence:

=1 =1
T= (i |S1|, ceeay 1 |Sm|).

If T is not primitive then S is not primitive either. Else

we see (as m = v(G,)) that all holes of T are contained

1
in some proper coset y + N y &N .

Let = By 5 ceees T oA be six of the remaining distinct

non zero elements of m S. By a suitable choice of a base

)3

we may assume that (m 8is vees T B ) =

in (C2 :
o\ /;\(?\,

t B
0 1)1o)/ L1/jby

This means that the sequence (a1, ces a6) contains the

)

- O

(@]

following subsequences V1, cees V7 with values i(G1

<
(]

(8.1, 3-29 au) s V2 = (8.1: 3-2’ as, 36)

<
1}

(a1, a,, a.) , V = (a1, 835 8, a6)

375

a33 a6) N V6 = (3-29 5-3, ah’ 35)

<
|
Y
=
v

ass 5-6)
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Suppose that for some i 1<1<T we have ti $ -y mod N.
Then T U {ti} is not primitive hence S is not primitive also.

However if t. = -y (mod N) then we have
v, |+ gl + |v5| + |V7| = [V + |v)| + |V | thus

t1+t3+t5+t7= t2+tu+t6

which implies =4 y = =3 y (mod N) and therefore y € N . which

gives a contradiction

(4.3) corollary: For any prime p and for all integers n. < n, < n

we have

u(c ®C dc ) = M(C @cC @c )
op™ oph2 op"3 op™ op 2 2p 3

proof: By (2.8) we have v(C n, ®C

i 0y ®C ) =
=M
D

n
D p 3

®C @c n ) = 1, and we may apply (L4.2)
1 pn2 P 3
(4.4) corbllary: for any m& N we have:

M(sz@ C, & 02) = u(sz@ c, ® 02)

proof: by (4.2) and (1.19).

(4.5) corollary: Suppose V(Cnm1® Cmn ) =A(c ®C ) = 1. Then
M(c.®cC ®C = .
2 2nm1 5 1 5
proof: by (L4.2)

(4.3) proves the equality A = N for case 1v. (4.5) reduces
the proof of case V to the problem of proving
v(C @C ) = —/\—(C @C ) -1 for the n,m, and
nm2 nm2 nm, nm, 1

m, mentioned in the formulation of case V. See section 5.
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§ 5 Induction methods for the equality v =-ji- 1.

In this section we prove a theorem stating:

®Cd2) =J\_(cc311 ® Cde) - 1  implies

V(Cd1p@ Cdgp) = (Cd1p®cd2-p) - 1 provided that the prime p

satisfies the extra condition (C). We need the extra condition (C)

for the following reason: our argument is based on the same methods

used in section 3. However somewhere within the proof we meet a Cp(a qp—
sequence T of length 3p - 3 = uB(Cp<9 Cp) - 1 which has the following

two properties:

I ) T contains no short zero—sequences

II) Each zero-subsequence of T is irreducible.

Such sequences are possible; for example the sequence

T =(<é) ....(;J(?) ....(?)(;) -...(;)),1 < a < p-1 has properties
S~S—— SN— ~———
(p=1)x (p=1)x (p=1)x
I and II.

Condition (C) gives us the extra information we need; it says that
the given example is (modulo some base-transformation) the only

sequence T which has both properties I and II:

Definition: A prime p has property (C) iff any (CI>CD Cp)-sequence
of length 3p - 3 having properties I and II consiets of three distinct
elements each with multiplicity p - 1.

Property (C) is shared by 2, 3, 5 and 7. For all other primes it is
unknown whether they have property (C).

By chosing a suitable base for C_® CbWe may then assume two of these
;) resp.(?) . It proves then that the third
element is one of the elements (2) with a = 1and 1 <b <p-1, b =1
and 1 <a <p-lora+b=pand 1< a,b< p-1. This follows from

the following theorems proved by P. NOORDZIJ ]36]:

elements to be equal (




(5.1)

(5.2)

(5.3)

37

Theorem: Let k< N and let 1 < a, b < k with the following

property: "Whenever 1 < n < k-1 and whenever t, k <n.a i.(ta+1)k

and tb.k < n.b i_(tb+1)k then

n(a+b = 1) < k(ta +t + 1) (1) "

b

then a = 1 or b =1 or atb = k.

Theorem: Let k € N and let 1 < a, b < k with the following

property: " Whenever 1 < n < k-1 and whenever

. . + . .
t .k < n.a 5_(ta 1)k and t, .k < n.b < (%, +1)k then

n(a+b = 1) < k(£ + t, + 1) (2) "

b
Then a =1 or b=1orath=koratb=%k+ 1or
we have one of the (exeptional) situations:

i) k=blm,a=2,b=2m-1,
ii) k=9,a=2,b=5or
i) k=14, a=3, b= 5.

The proof of the main result of this section however
is independent of the results (5.1) and (5.2)
which we mantion only for the extra information they

give.

Lemma: Let Q be a finite Abelian group and let G1 be the group

Cp CJ;)CP @ Q. Let ™ and T, be the natural projections

on Cp @Cb and on Q. Let S be a G1
3p - 3 with the following properties:

-sequence of length

i) m, S contains three distinct non zero—elements each with

multiplicity p = 1.

ii) ™ S contains no short zero—-subsequence

iii) For some fixed t # 0 in Q we have n2|T| = t whenever

T is a zero-subsequence of m, S.

n2|T] = t whenever T 1

1



proof':
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Then there existSa proper coset ¢ + N Cp ®&Cc
x&EN w&tMt%rmwyeﬁﬁ@% y+0
and y & x + N there are at least two subsequences T1

and T, < S such that ﬂ1|T1| = |T,| and ﬂ2|T1| $ n2|T2]

After a suitable choice of a base for Cp DC  we
1 1 0
may assume T, S = ((O) (O) (1) cees (?) (i)
p—=1 -1 p-1
times times times

in order that m, S does not contain a short zero-subsequence

1
we have p-a + p~b + 1 > p thus a+b < p+1 , for

vV, = ((1) Cees (g), (?) cees (O) , (3)) is a zero-sequence

1 0\——/ N~ S
(p—a)x (p-b)x

b

We may write S =

MO -
—
QO =
_
—
< oo
—_
~——

by iii,it follows that for any subsequence T with m, T =V

we have n2|T| =t . This implies 2% 25,5 .. zp_1 = z.
By reasons of symmetry it follows that Xy = o0 xp_1 =
and Y= .. =y‘p_1 = y. Thus S contains three distinct

elements each (p-=1) times.

Because a+b < p we may assume a i.P/2 . Next we consider
the sequence
1 0
OOINE
(p=2a)x (p=2b+8p)x
with § = 0 if 2b < p and 6§ = 1 else.By iii) we have
for any sequence T with n, T =V n2|T| =t . This

1 2
implies:

(p-a)x + (p=b)y + z =t = (p-2a)x + (p=2b+sp)y + 2z .




Thus z
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= ax + by = Spy and t = p(x+y) - Spy. If

0 we have t = p(x+y) # 0 thus px % 0 or py % 0;

else we have t = px + 0.

Now we consider three possible cases:

case 1: a=Db=1. Then § =0 . We may assume px ¥ O
. u
Put K = {()eC_ ®C u = p-1
() » @0, -1}
. . h
Then K is a proper coset in C_ + C_ . For an C
prop » T % vy (€ .
with 0 # (i) and (i) & X we
' 0 whenever k = p=1
put n, = h+1 ng = p=1 and n, =
k+1 whenever k < p=-1
1 1\ (0 0
Then T1 ={{o] «cc JOYT}) «uu ]l and
x|l \x\y y
hx kx
1 1\/0 o\ /1 1
T2 =[O0« VO e | 1Y . |1
b'd x/\y yi\z Z
~——— ~———— \_/
n.x n.x n.x
1 2 3
. . - _ ¢(h
are subsequences of S with ﬂ1|T1| = ﬂ1|T2| (k) and
n21T2| - 1T2|T1| = (h+1)x+ n, y + (p=1)z = (hx + ky) =
t %0 when n, = k+
PX + 0 when n, = 0
which completes the proof for case 1
case 2 a =1, b > 1,
If b > p/p we choose a new base f, = (;) » £, = (?)
Then (;) =f, + (p=b) f, and (p-b) < p/p . Therefore
we may assume b < p/o. This implies & = 0 and z = x + by
t = p(x~y) let m& K be determined by:

mb < p < (m#1) b
then m < p-2 because 1 < b < p/2 .
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Considering the sequences

1 \/o o\ /1 17\
Vm O} «uu (O) 1 . (1) b) oo b) and
x x|y y/\z z
N—— N—— N—
(p=m)x (p=mb)x mx
1 1 0 1
Vm+1 = (O e O o 1 b
X \x y ¥ z
».,kw,_,,/
(p=m+1)x (2p- m+1) )x (m+1)

We derive (p-m)x + (p-mb)y + mz = t =
= (p=(m+1))x + (2p=(m+1)b)y + (m+1)z

thus ~=x + (p~b)y + z =0

As z = x + by we conclude py = 0. Take K as in the
h

case 1 . If 0 # (k)gévK we see:

INERETE

and also

1 0 1
(h+1) (o) + n,. ( 1 ) + (p-1) (b e [s]
b4 y 4

where n, £k + b (mod p) and 0 < n, < p-1
But hx + ky - (h+1)x - n,y - (p=1)z =
-x = by = (p=1) (x + by) = -p(x +by) =-px=-t 30

which completes the proof for case 2
case 3 a % 1andb g1

We derive that i) ii) and iii) imply a + b = p. Then

we take a new base f = (2) f, = (?) and then we have
(;) =cf +f,vithca s 1(mod p) thus reducing

case 3 to case 2 . (using (5.1) this reduction can be

performed directly)
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for k=1, ..., p~2 we put 6k = 1 whenever
ka < sp < (k+1)a for some s and 8 =0

else. We also put € = 1 if kb < tp < (k+1)b

and € = 0O.else. It follows that €1 =4,
Considering sequences Vk and Vk+ with

1
=0 and V. resp. V containing k
a

k+1| k k+1
resp. k+1 times the element{b| we derive the equations:
zZ

ﬂ1|Vk[ = ﬂ1|V

(p.(E%éj + 1) - ka)x + (p.(gi— + 1) = kb) y +kz = t

and (p.([%-%] +1+6.) - (krl)a)x + @.([%‘Zj + 14 e) = (ern)b)y + (kt1)z=t,

Thus (Gk.p - a)x + "(sk.p -b)y+z=0

for k = 1 we have 61 =0

hence ax + (b - s1p)y =z (1)
we have also t = p(x+y) - €,PY (2)
Suppose we have for some 1 < v < p-2

(xX.1) 6v =€, = 0 then we derive

ax + by = z (3)

with (1) and (2) this gives €, Py =0 and t = p(x+y) (L)

(X.2) Similarly §,=1 ¢€,=0 gives
ax + by = px = z (5)
Thus px = e, py end t = px (6)

(X.3) Analogously §,=0 ¢

il
151
(A
<
]
0

Y

i
N
—~
]
~—

ax + by = py

Thus Py = €, DY and t = py (8)




(X.4) Finally Gv =e =

(5.4) Theorem:

proof':

ax + by = p(x+y) =

thus plx+y) =

1.

Z

€4

Lo

gives

py and t =0 (10)

We therefore may exclude X.k

We have (a=1)p < (p=-1)a < ap and
(b-1)p < (p~1)b < bp .
p=2 } p=2
Therefore we conclude Z Gv = a-1 and Z e, = b-1
v=1 v=1

As a > 1 and b > 1

we deduce that both the cases (X.2)

and (X.3) are realised for some v. Suppose (X.1) is

realised also for some v then we have

t = px

which means t = px

p(x+y)

By

py = 0 . This gives a contradiction.

Therefore we also must exclude (X.1) This implies that we

have
p=2
z (8§ + ¢ )

v=1

and therefore a+b

p-2
) 1=p-2=ath - 2.
v=1

p which completes the proof.

Now we can formulate and proof the main theorem of

this section:

Le‘tG1=Cd @ C

d

and suppose v(G1) = —A_(G1) -1

Let p be a %rime gatisfying condition (C) then we have

for G, =C,  ®Cy ., v(G

2

ap ) =-fx(G2) -1

P 2

We consider an exact sequence:

0

Let S be a primitive G

m

N\

7

C_®C —0.
P P

,-sequence of length _AL(GQ) - 1=

d;pt+dp - 3= (d1 +4, - 3)p + 3p - 3.
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Now there are three possibilities:

a)

m S contains at least d1 + d2 - 1 disjoint zero—subsequences.
Then we derive that S is not primitive by the argument from
section 3.

a) is not true and m S contains exactly d, +d, -2 disjoint

short zero—-subsequences say S1,..., m SJ&(G1)

-1 =1 .
Put T, = (i |S1|, cees 1 ISAAKG )|) then either T, (and also

S) is not primitive or else T, is maximal. Let T, be the

ceesa ) . It

G.-sequence of the remaining elements say (a1, m

2
follows that 2p - 3 <m < 2p - 2 .
n T2 is primitive else we should have case a) Therefore
all holes of m T2 are contained in some proper coset
x+NcC ®@C x¥EN as v(C_@®C ) =2p - 3. Now
D P # ( P D P

we have:

B o GEI+ E19 \ (o)

- FVs
(i(e,) + [T2] )\ {0}.
as nETé]*- = C_® Cp‘\ (x + N) we conclude that all cosets

b

of G1 exept some of those that are mapped by m in x + N contain

some element of Eré]*l This implies

B o 6, \{0}\ (x'+ 7 (W)

where x'€ w_1(x) thus x' SE'E-1 (N). It follows that all holes
of S are contained in the proper coset x' + . (N)
Neither a) nor b) are true. We derive that m S contains

exactly d1 + d, - 3 disjoint zero—subsequences of length p

and that the rimaining 3P3 elements of m S say m T form a
sequence with properties I and II.

By the assumption that p satisfies (C) we conclude that 7 T
consists of three elements each with multiplicity (p-1).

Let the d1 + d2 - 3 disjoint short zero—-subsequences of S be

named. S1, seesey S\)(G‘,])
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Then all holes of T, = (i‘_1|s1|, cees i-1|sv(e )|) are
contained in some proper coset t1 + M CGT-' We1 put

Q := G, / £ () and t :=—'(:Lt1 + i(M))

Let T = (x1, - x3p__3). Now we apply lemma (5.3) on the
sequence /{’n X, L X30m3 \1 =V
. e . ,
+1 M. 3
\\\x1 i M, \*c3pm3+ i M//

i) and ii) follow by assumptions. Suppose iii) is not true.
Then T contains a subsequence U with 7|U| = 0 and

Ul + 1M 4t eand we conclude that T, \ {j-_1|U|} is

not primitive (and S is not primitive either). Therefore

we may assume that iii) also holds.

Then there existsa proper coset x + N Cp @ Cp x & N
such that for anyyecp@cp y+0 and yéx+ N
there are at least two subsequences V1 and V2 < V such
that TT1|V1| = 1T1|V2| = y and w2|V1| # 1r2|V2| (where

m, are the projections from CP ®@ Cp ®Q on Cp €2) Cp resp.

1
on Q).

We now prove [8] D G2\ {0} \ n_1(x + N) .

First we consider the coset i(G1) . Let UCT be a
subsequence with m|U| = 0 then |U| + i(M) = t and there-
fore T, U Tl |U|} is a G,~sequence of length -/\_(G1)
thus a maximal G1-sequence.

Thus i(G,) \ {0} < [8].
Next we consider a coset y + i(G1) with m y et x + N .

Then we have sequences V1 and V, < T with

2
nI'V1! = 1T|?V2| = 7n(y) and 1r2|'V1| # 1r2!V2|

as (|| = |v,]) = 0 we have v = (|V,] - |v,]) e i(c,)

1

with v € i(M) .
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Now (y + i(6)) N [8] o (|v,| + i8] )v (|v,] + i[r])

(i[r;]*+ V. [) + {o,v}

v |+ QR I+ (0,v})

Vol + ((i(e) \ i(t, + M) + {0,v})

as Vv & i(M) we have

it +M) c v+ (i(6)) \ il + M) thus

(y +i(e,)) 0 [8] o [V +i(e) =y + i(c,)
which proves y + i(G1) c.[}ﬂ. This completes the proof.
The question remains which prime numbers p satisfy condition

(C). As the only (C2 + C2)
I and II is equal ((g), (?), (:)) it is clear that 2 satisfies

- sequence of length 3 satisfying

(C). For 3 (C) is also easily verified and verification
"by hand" is also possible for p = 5. Finaly for p = T the
verification has been performed by the ELECTROLOGICA X-8
computer of the Mathematical Centre. The program is based

on the "forbidden region" algorithm which was described

in [8, § 12] . (See [9]).

For primes > 7 it is unknown whether condition (C) is satis-

fied or not.

Using either C, ® C_ or C @ C s D prime p > T and
1 n pq1 pq2

a, < a, as base for induction by (5.4) we derive the following

proposition:

s K . .
(5.5) proposition: Let n = 2 1 3k2 5k3 Tku and let either m, = 1

m, = m arbitrary or m, = p m, = p¥2  with

p prime p > 7T and 4 29, then we have:

vic  @c )= A ®@c_ )-1

nm nm2 nm1 )
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(5.6) corollary: Let n and m,, m, be as in (5.5) then

1@ C2nm2) = (02 ® C2nm1 ®C2nm2)

proof: By (5.5) and (L4.5)

)\(02 @ C2nm

We now have proved the cases I,..., V from the introduction
for case VI see [_h:[
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§ 6 Application in Algebraic number theory

N . . e e s
Let L= Z( ) be a countable (restricted) direct sum of infinite
cyelic groups, i.e. Z is the group of all sequences {ki}
ien
with ki & 2 and ki = 0 for all but finitely many indices i where

addition is performed coordinate-wise. We define |x| = ) X, When
= k=1
x= ey,

Let 8 be a subgroup of finite index in L . The natural projection
from ;2‘_’ on to G = ff/ is denoted by w. The set of the images

in G of the base elements e; = {s..} is denoted by A( A&,)

ij'ien

Example I: Let G be a finite Abelian group and let {gi} be

iel
an infinite G-sequence. We define a homomorphism
m: L —>G as follows: First we put p(ej) = 85>
then P can be extended uniquely to a homomorphism .

= D =
Let & = ker © then ’,Z/&— 'n(x) —<g1, ys- - »>CE.
thus z/ is finite. A( Q) 4is the subset of G consis-

ting of all elements contained in {gi}i e

Example II: Let Z be the group of fractional ideals (the group
of all divisors) of an algebraic number field F. Let
(R. be the subgroup of principal ideals (principal

divisors).

It is a known theorem that Z @4 = G, the class group
of the algebraic number field is finite. Its order

H is called the class—number of F. See for example [20:[

It is also known that the prime ideals (prime divisors)
are equidistributed over the H ideal classes of F.

See for example [21:] . As these prime ideals form the
base elements ej in Z +this implies A( &) = G.




(6.1):
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Let ﬂbe the subecollection of all positive element of 2
i.e. consist of all sequences {ki}i en with ki >0
all i.

In example II J\fis the collection of all integral ideals
(positive divisors) in F. We write a < b whenever b - a e N

(a,b € 7Z) . Now we have the following definitions:

An element x &JV is called primitive iff x >y and
y e N N R implies y =

An element x & NN R is called irreducible whenever
X = y+z, y,zG\MnR implies y = 0 or 2z = 0.

Let a be an element of 'V . Then we define the Al R )-sequence

Sa to be the sequence

1= (ﬂ(e1) cen n(e1), ﬂ(eg) - "(e2)’ ceeees ﬂ(ek) . n(ek) )
a,x a,X a, X
where a, = 0 for 1>k .

The sequence So is equal @.

The following propositions are easily verified:

proposition: For every x e N ve nave r (x) = |S |
X is primitive iff S is primitive and x & Nn &'
is irreducible iff Sx is irreducible. Finally
we have |x| = l(Sx)

We now define the following two constants:

¢, R)
u(a, B)

sup { |x]| | xeWN, x primitive }

sup { |x| | erV‘nR., x irreducible }

These constants are related to the constants defined in section

I by the following theorem:
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e, A(R))
ue, Al R)).

(6.2) Theorem: A(G, R)
we, R)

proof: Let S be a primitive (irreducible) A( R )-sequence
As A(R,) = ( {e'j | j e N}) we may choose for

each element S &€ S an base element ej such that
3
£ =n(e, ). Let x= ) e. then it follows that
1.5 AEs I9A
s_= 8.
X

By (6.1) we conclude |S| = n(x), 1(S) = |x| , and x

is primitive (irreducible). Hence
e, ®) > A6, A(R)) and
e, R) > u(a, A R))

Conversely let x be a primitive (irreducible) element
from YV (NNR) . Then 5, is also primitive

irreducible) and l(Sx) = |x| . Hence
re, A(CRA)) > X(G, R) and
U(G, A( R)) 2 E(\G’ RJ) .

This completes the proof.

In Example IT there exists a1 - 1 homomorphism ¢ from
the semigroup Wﬂ R on to the multiplicative
semigroup(@\ {O})/U where &T'is the ring of integers

in F and 1L is the group of units in&. This homomorfism
maps the irreducible elements x of NTOH on to the
conjugation classes of irreducible integers in 8. The
number |x| denotes now the number of prime ideals (counting
multiplicity) in the decomposition of the integers

in z(x)

From this we derive the rext theorem which proves the
statement of H. DAVENPORT L_T:[ mentioned in the intro-

duction.
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(6.3) Theorem: The maximal number of prime ideals (counting multiplicity)
in the decomposition of an irreducible integer in an Algebraic

number field F with classgroup G is equal u(G).
proof: This number is equal sup {|x| | x e N NR » X irreducible}=

= u(e, ) = e, aA(R)) = ule, 6) = u(a).




51

§ T Application in the theory of finite dimensional vectorspaces over

Fpk; application in graph theory.

Let V be a vectorspace over Fpk and let e,y ..., e, be a base for V.
The unit-cell U (with respect to €15 res em) is the collection

T = = + ... F i .= i = 1...m}.
Ui=1{xeVv | x A ey A, e, Wwith A, = 0,1 for i=1...m}
Let A be a (m~1)-dimensional subspace of V. One might ask whether

‘U ) A contains some non zero element . We have the following theorem:

(7.1) Theorem: Let V be a m-dimensional vectorspace over Fpk and let

A be some (m~1)-dimensional subspace of V. Let U be the Unit-
cell with respect to some base of V. Then AN U contains a non-

zero element provided that m > (p=1).k.1 + 1 =

proof: consider the Vector space V/A and the canonical projection

T: V= V/A . The additive group of V/A, is isomorphic

o (F+k )l o c k.1
P P

We form the V/, - 'sequence § = (m €15 senes T em).

kl

Suppose m > (p=1) k 1 + 1 = u(Cp ). Then S is not

primitive. Thus there exists some non empty zero-

subsequence T = (T €. ,..., T €. ).
1 v
This means that e. t...te e UN A which completes
1 \Y
the proof.

remark: Theorem (7.1) is in fact as strong as the theorem which
states that A(G) = N(G) for any homogeneous p-group
of the form G = (cp)m. For let (a,, ..., &) be a
G-sequence and let A be the subspace of ) consisting
of all N-tupples (A, ..., Ay) such that

1
dimension > N = m.

A1 a, + ... + AN ay = 0 1n G then A is a subspace of
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It is clear that‘(a1, v aN) is not primitive iff

AN U contains a non zero element where U is the unit
cell with respect to the canonical base of Fg .

By (7.1) then it follows that u(G) < m.1(p=1) + 1.

See also ESJ

J.W. OLSON has given an estimate of the number of elements

in A () U. See [19:[.

(7.2) Lemma: Let S = (g1, cees gm) be some G sequence. Then the number
of solutions X

A1 g

19 treo Am with Ai = 0,1 to the equation

gt A, 8y = 0 (1)

is at least 2max{m - A(@), o}

proof: By complete induction. The lemma is true for m < A(G)
or m = A(G) + 1 . Suppose the lemma has been proved
for m = AMG) + k k">_’1 and let in (1) m = A(G) + k + 1.
We may assume without less of generality that for some
t < A(G) + 1 we have g, + g, * -on t g =0
by induction hypothesis there are at least 2k solutions

to the equation:

v v N -
Az( g2) + oeeee. + At( gt) thpyq Bt oeeee b A g =0

For each of these solutions we conclude:

-' —' ! ' -
g, * (1 >\2)g2 + ...+ (1 >\t)gt+>\t+1 g, t oe-t Al g =0
which gives us a solution of (2) with A1 = 1. Hence we
have at least 2k solutions with A, = 1.

1
By induction we have also at least 2k solutions of

! + ...+ 2" g =0

1
oo AL 8 T Aoy Biag n &m

2 &

which gives us i_2k solutions of (1) with A, = 0.

Taking all the solutions together we see that there are at

k 2k+1

least 2 + 2k = solutions to (1).
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(7.3) theorem: [?.E. OLSOﬁﬂ: Let V be a m~dimensional Vectorspace over
Fpk and let A besomem-1 dimensional subspace: of V. Let U be
the unit=-cell with respect to some base of V. Then A O U contains

at least 2 elements where N = max { 0, k.l. (p=1)}.

proof: This theorem follows by lemma (7.2) by the same construction
as in (7.1) There is a 1-1 correspondence between elements

of A() U and solutions of the equation:
A n(e1) LIETETIL AP n(em) =0
with
A, = 0,1 1<1i<m.
The notion of the unit-cell appears also in the following
proposition:
(7.4) proposition: Let v = (Fp)m and let €15 +ves € be some base
for V and let U be the unit-cell with respect to this base.
Then any V-sequence S of length > m(p-2) + 1

contains a subsequence T with |T| € U.

proof: We extend S to the sequence

8' =8 U {(p=1) e +ovy (p-1)e } + As 1(8") > m(p=1)+1

= u(V*) there exist a subsequence T' < 8' with value

zero.

Let T' =T U {(p-1)ei s ees (p—1)ei } where T < 8
1 v

then |T| = ei1 + o, ¥ eiv < U.

remark: proposition (7.4) again is as strong as the theorem
which states that A(((Fp)k)+) = k(p=1). Let S be a
((Fp)k)+-sequence of length > k(p=1) + 1. There are

two possibillities:

a) S contains no subsequence of k linear independent
vectors in (Fp)k. Then the linear closure of 'S is
contained in some lower-dimensional subspace of

k k .
(F )", say A ¥ )70 with k¥ < k.
o) @ S8 (Fp | . |
From now on we consider S to be an A-sequence which

reduces the problem to case b).




(7.5) proposition: Let V = (Fp)m and let e

proof:
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b) S contains k linear independent elements say

By sres By Consider the unit-cell U with respect

k
to the base T8y eees "By After taking the elements

s eees By from S the rémaining elements form

k.+
a ((FP) )
By (7.4) there is a subsequence T' < 8' with

- sequence S' of length > k(p-2) + 1.

|IT| & U. Then we can extend T to a zero-subsequence

by adjoining some of the elements a ces 8

12 K

(7T.4) can be generalised to the following proposition.

12 e € be a base for V.
Let Us be the collection of all elements of the
form A1 e1

+ oo+ A e With A, = 0,1, ..., S .
+ m m i .
Then any V -sequence S of length > m(p-s=1) + 1

contains a subsequence with value in US .

By extending S by th elements:

53 ttes T€h 5 vers T aeu, "€
s X s X s X
Finaly we give an application in graph-theory.

Let A be a undirected with n vertices X4, ..., X, and
m edges Bus cees B (Loops and multiple connections are

permitted). If a is a vertex from XS to X (sj = tj when

t
e is a loop) we put: J J
61sj * Oy
g. = : (c )™ . (Gi. is the Kronecker)
J . 4 J symbol
+
GnsJ ntj

Hence g5 is a vector with one coordinate = 2 when gj is
a. loop or two coordinates = 1 when gj is a proper edge and
the remaining coordinates equal 0. This way we construct
for every graph A with n vertices a (Cq)n sequence S, =

A
(g1, cees gm).
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The subsequences of S, correspond to subgraphs of A

A
derived from A by deleting some edges from A.

It is clear that the sum of the i-th coordinates of the -

A
graph A at the vertex Xi'

vectors gj from S, is equal to the local order of the

Now we formulate our next proposition:

(7T.6) proposition: Let A be an undirected graph with n vertices and

proof:

m edges and let q be some prime-power q = pk.
Suppose m > n(q=1) + 1. Then A contains some non
empty subgraph A' such that the local order of
A' at each vertex of A is divisible by q.

Consider the sequence S As

X
1(s,) =m > n(g-1) + 1= u((c)?) we

derive that SA contains some non empty zero-subsequence
S'. The corresponding subgraph A' has the desired

property.

For q = 2 (7.6) is trivial as any graph consisting of

more edges then vertices contains at least one cycle.
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§ 8 Counter—example to the conjecture J\-(G) = A\(G), unsolved
problems.

(8.1) Theorem [P.C. BAAYEN]. For G = (C @ ¢

2 Lhk+2

k > 1 we have A(G) > M(G) =A(G) + 1.

. Lk+1 .
proof: We write G = (02) ¢’ 02k+1' Let m and m, the canonical
. . Lk+1
projections on (02) resp. C2k+1 . We construct a
primitive G-sequence of length M(G) = 4k + Lk + 2 = 8 k + 2.
Lx+1
Let e, +.., €, , be a base for (02) and put
d = e, + ...+ et A nearly - diagonal element

is an element £f. =d +e. =4 - e..
J J J

Now consider the sequence
_ (&) (=2 S+ | T Ty
s =) (s -eeeesly s\ g s 4 .

Then 1(S) = M(G) = 2(4k + 1). We show that S is primitive.
It is sufficient to show that each zero-sequence of ﬂ1S
has a length which is not divisible by 2k + 1.

From the symmetry of S with respect to permutations of the

base elements ej e (c ))4k+1 it follows that the length

2
of a zero-sequence of m S is completely determined by the

number of nearly-diagonal elements contained in it.

Consider a som of t nearly-diagonal elements. This is a
vector with exactly t coordinates = 1 whenever t is even
and 4k + 1 = t coordinates = 1 when t is odd. To complete
such a sequence to form a zero—sequence we need t res—
pectively Uk + 1 -— t base elements e

Thus the length of a zero-subsequence of NTS is equal 2t

when t is even and bk + 1 when t is odd.

Now we have 1<t <hk+1.
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As (2k + 1, bk + 1) = 1 no zero-subsequence of m.8 with
an odd number of nearly-diagonal elements has length
divisible by 2k + 1. However when this number is even
we have t = 25 with 1 < s < 2k and therefore the length
of such a zero-subsequence of 1r1S is equal 4 5 1 < s <2k
which number is not divisible by 2k + 1 . as (4, 2k + 1) = 1.

This completes the proof.

The smallest example of this series is the group (Cz)h @ Ce

There the sequence S is given by:

>
(c,)

[oNeNeo Y]
- OO0 -0 O
O - 000
- O OO O
NN N )
SN
Y & RN
N o RN

- OO0 OO —
_ O = a

(8.2) corollary: For any integer N there exist a finite Abelian
group G for which A(G¢) -N\(e¢) > W.

proof: We have A(G) > A(G) + 1 for G = )@ Ce
2
by (1.16) we therefore conclude
@) > wae) > v\ + 1w A (@) + .

Unsolved problems:

I) The classes I,II, III, IV, V, and VI contain all groups
G with w(G) < 100 except the two groups (Cz)h ® Ce
for which A(6) > N(G) + 1 and (C,)® @ cf for which
it is unknown whether A(G) = J\(G). Determine A(G) for

these two groups.
II) 1Is condition (C) satisfied for all primes p?

III) Does there exist any counter-—example for A = A or

dimension < 42




IV)
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How "large" becomes the "excess"A(G) - N(a) compared to

the order of G; for example is the relation

limsup A(G) - J\(G}, =
w(G)>e w(@)

0 true?

Is the equality v(G) = A(G) = 1 generally true? .
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