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1. In the following we shall consider indefinite binary quadratic
forms. Such forms have the shape

2

. 2 4
qa = aq(x) =X AR X, YR, (.85 real),

and have positive discriminant

2

d =d(q) =8° - buay.

In this report we shall be concerned with the lower bound of
lq(x)] for integral xq,X2¥OgO.

We shall denote points with integral coordinates by u=(u1,u2),
v=(v1,v2), etc. In particular, we shall write 0=(0,0). For given g,
we put
(1) A (q) = inf Ja(u) ] .

u£o
Further, we shall call two forms q,q' equivalent, and write g~ q',
1f there 1is an integral unimodular transformation

X — Ux = X, +u X +u22XO)

(U x40 0% Us X D

such that q(Ux)=qg'(x). Next, we shall write gqa~ q' 1f g is equi-
valent with a multiple oqg' of g'. The following relations are.

trivial: ‘
(2)  (q) =« (q') and d(aq) = d(q') if g~ g
(3) w(a)/Vd(a) = 4(a")/Vd(a') if agma'.

The theorem of Markov, which we shall state below and for which we
intend to give a geometric proof, gives detailed information
concerning the quantity _w (q)/V d(a).

The geometry can be brought in as follows. Let S be the two-
dimensional domain
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(4) 5 ]qugi < 1,

bounded by the two orthogonal hyperbolas x1X2=ij, and let Y denote
the lattice of points u in the plane with integral coordinates.
The domain S is left invariant under the hyperbolic rotations

(5) T :x)=Tx, , x)=T% x (T #0 and real)

2

and under the reflections with respect to the coordinate axes and

the lines x1=ix2.

Further, if we subject Y to a nonsingular linear transform-
ation

A = X 2
Ko hxo= (8 %48 0K, ,80,K 48 50%,)

then we get a general plane lattice A consisting of the points
Au (u € Y) enz. It is generated by the two points Ae,Af, where
e=(1,0) and f=(0,1), and has determinant

d(A) = |det A .

Now consider an arbitrary form g(x). It can be written as the
product of two linear factors,

s

say
(6) a(x) = (aqqxqta,x0) (ap X tass®y)s

if A i1s the matrix (aig> and q denotes the special form E(x):que,
then (6) reads

(61) a(x) = a(Ax).

Suppose that 4 (q) has a positive value 4. Then, by (1) and (6),

each point x#o of the form Au satisfies |x1x2§a/w, i.e. the lattice

A =AY, where A satisfies (6'), has no point #0 in %;2 S. With the
Ve

usval terminology, we say that A 1s admissible for S. More

precisely, we have

(7) inf iqugi = M,

x£0,x €A
where w =0(q), A =AY , a(x)=q(Ax), so that A 1is admissible for
{;Z S, but no longer for YQ;'S as ! .
We may denote the square root of the left hand member of (7)
by
i
(8) A (AN) =p(S, A) = 1inf ‘qu |2

x£0,x 6N e
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We further note that the form (6) has discriminant (det A)g. Then,
for the lattice A considered above,

(9) A (A) =V (q) , d(A) =Vd(a).

There 18 a correspondence between forms g and lattices A .
It can be expressed by

(10) a(x) = a(ax) , A=pY

But this correspondence is not one-to-one, On the other hand, any
two lattices AY and AUY are identical, since Y =UY . Thus,
equilvalent forms correspond with the same lattice, On the other
hand, the form g is left invariant under all hyperbolic rotations
T7ax) are identical for all T).
The corresponding lattices are A =AY , A'=TAY . Such lattices are

T (which means that g(x) and q(A~

obtained from each other by means of a hyperbolic rotation of the
plane, and one has the formulas (similar to (2)):

(11) A(A) = (A1) and d(A) = d(A') if A'=TA .
The right form of the correspondence between forms and lattices isg
given in our case by

(12) fadye{atral,  (e=0,1),

where g and A are connected by (10) and qy means the form a(Ux).

2. We proceed to find all lattices A with

(13) A(S, N) =1, a(n) < 3.
. be the parts of B

Let B denote the boundary of S, and let BW’B2>B3 2
in the “1s8t,2nd,3rd quadrant respectively. Let *x~ be the point
(1,1) on B,. We shall first determine the lattices A satisfying
(13) and having a point on the boundary B. It is no restriction to
suppose that Xoe A ; then AN has a basis {e,f} , With

(1k) e = x°,

A generic point u etu,f of A may be denoted by u=(u1,u2); according-
ly, from now on coordinates will always be taken with respect to a
(suitably chosen) basis {xo,f} of A . The lattice A 1is determined
completely if we know three points e,u,v of A on the boundary Bj;
likewise, the corresponding quadratic form g is determined uniquely
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by i1ts values in e,u,v. We now construct a certain denumerable set
of lattices and then prove that these lattices are all admissible
and give all lattices satisfying our conditions. We repeat that we

always take e=xo.

W

W AN &
____,,./-"’7'/ h e—— ..T..-u*—"/ \\_,..._
—— fe) PR [ y— o R
U:‘ T u.' \

I\ «(/

The first lattice, say A =A,Y , is such that u“=(-2,1)¢ B

1 2

and u3=(~1,1)e.32. Put
/0 -1
(15) qq(x) = det(x,Vyx), where Vo = (] 3).
Then qq(u) = 1,-1,-1 for u=e,u2,uj respectively, and so
E(Aqx)zqq(x). For arbitrary A, we have
(16) det(Ax,Ay) = det A . det(x,y).
Hence, ¢ ,(V.x) = q.(x), i.e. V. is an automorphism of q,(x). Hence,
U =-V," 'e=(-3,1) lies on B3 and u =Voe=(0,1) lies on B,.

The second lattice, say A, =AY , 1s obtained from Aq by

moving u° along B, until ut reaches B,. Put

2 2
1 2)

(17) a,(x) = &det(x,Uyx), where Uy = (, 5

0
2 4 — \ .
Then qz(u) = 1,-1,-1 for u=e,u”,u , and so q(Azx)=q2(x). Further,

Uy is an automorphism of qg(x), so that —Uo_qe=(—5,2) lies on By

and U.e=(1,2) lies on B,. As is easily verified, the matrices U

0 g 0’
VO satisfy the following relation, which will be important in the
sequel:
(18) UV~ = VKU with K:(‘1 6).

00 00’ 0 -1
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The third lattice, say 4d3=A3\’, has th points u4=Voez(O,1)
and —UO"1e=(—5,2) on B,. We put

(19) q5(x) = % det(x,UOV %),

We have q5(e)=1, By repeated application of (16) and (18) and by
using Ke=-e we find that q5(Voe)=q5(-Uo"qe)=-q5(e)=q1. So
E(A3x)=q5(x?. Further, UOVO is an automorphism of q5(z). So we
find that AB has a.o. the following four points on B:

-1

- r =1 n_
(20) u! = —(UOVO) e, u'=-U,

e, u’“:UOVOe. ~

These points are connected with cach other by

21) V u] — U-,” , U V ul! - u]” U u,'} — XEE]
0 , 0vo , s Uy u .

The above procedure can be continued indefinitely. It should
be noted that /\1 and /\2 are symmetric with respect té the bi~
sectrices of the axes,; but not A', So from AB we can obtain two
different lattices, lor which predpectively u',u''' and u't,u' lie
on Bs. We now introduce the folléwing notations.

{ a3i : set of pairs of integral Matrices (U,V) such that

a) (Ug,V,) €97

b) if (U,V)&€m? , then (UV,V)e 27?7 and (U,UV)é& @t

< fort}: set of matrices in 27%

1

A(U,V): lattice through x° with -UT'e ¢ B, and Ve & B

2
£ : set of the lattices Aq,-ﬂe,/\(U,V) ((U,V) e a7)

a(U,V;x)% form ¢ with gle)=1, q(~U‘1e)=q(Vé)=—1

1 O)

I= (g 4

. L=(07) (so that & = -L°)

(o
Then, if (U,V) is a pair of 7¢ and W is an arbitrary matrix of
|7o¢] » the following seven properties hold:

I UV = VKU

II (WL)? = -T

IIT q(U,V;x) = - det(x,Wx), where Wz(wij) = W and m = w,,

v q(U,V;x)is invariant under the transformation UV and is trans-
formed into -q(U,V;x) by VL

Bl
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Vv A(U,V) has four points u',u",u",u"'t on B3’BE’BE’B4 respect-
ively, such that

(22) ovu' = -e, Uu"' = -e, Ve=u''' , UVe = u'"t
(23) Vuf == U.H_r U\]u” = u”I B Uu'“= ulf!!
VI W has the form (E 3mEk) s 80 that the corresponding form
. o]
% det(x,Wx; = %{qu2+(3mm2k)qu2~lx2‘} = qm(x), say, has

2 o L) Ja —_— — .. ..m
discriminent dm”d(qm) = Q.lm <
VII the latticen in £ are admiscible for 8.

Proof. Properties I and Il are easily proved by ipduction.
Propérty 21T con be verified as follows:
det(e,We) = n,
det(U e, uvuTe) = det (U™ e, VKe)=-det(e,UVe )=-m,
det(Vo,UV7e) = det{e,KUVe) = -,

The first claure in IV is & consequence of III and the second
one 1s proved as fo.lows:

det(VLx,UVVIx) = dot(Vix,-VLeUvLx) = det(x,-LUVLx)

= det(UVx,»(UVL)Zx) = det(UVx,x) = ~det(x,UVx),
Property V is proved by incuction as follows, We saw already that V
holds for /\3 = AN U,V). Suoposc V holds for A (U,V), and consider
ALUV,V . Let yhd) {(1%41 4%, be the polnts with

UVVv! = -¢,; Uwv" = e, Ve=v!'t, UVWe=v''!",
Then v'=u', v'"=u'", anc so

Vit o= =(0V) 2 =", UVVWv" = UVVu' = Uvu" = u''=v''"',
v 't = TWWe = v'ty,

Further, by IV ani the roof of IIT, the v'1) 1ie on B. Hence V
holds for A (UV,V). Sinilarly for  (U,UV).
As for %the prool of VI, let W=UV and let the u(l) be given by

(22). By II, (WL)gexueA or LWLe=~W"1e, i.e., Lu''"'=u’', Now u'' = We
has sccond coordinate Foq=, and so u''"" has the form (k,m). Then
u'=ILv'' '=(k-3m,m). Trcn, since u'''' = We and u’:W"qe, W has the

form stated, Since de’ W=1, we have
(2k) %241 = m(3k-1).

Finn?lyﬁ'dncm“z{.(3m~2k)2+41m} = 9m4m“2. Property VI also holds for

W::UO:.VO .
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Property VII = lemma 10 in=[2] s chapter II; the proof is based on
IV and VI,

It is now easy to prove the following

Theorem 1. The lattices A satisfying (13) and passing through x
are just given by the lattices in £ .

Proof. Let A be such a lattice. Let Gq be the set of points outside
S lying 1in the st or 3rd quadrant, and let G2 denote the set of
pointe outside S in the 2nd quadrant. We may suppose that (-2,1)

and (-1,1) belong to G, (see the figure). If (-3,1) and (0,1) belong
to Gq, : Aq' If not, then for reasons of sym-
metry we may supposc that 1)E.G2. Then necessarily A= Ag, if

(0,
(-5,2)¢ G, and (1,2)¢é ¢ (ieo figure). If not, then we may suppose

0

then necegsarily A

that (-5,2)¢ ¢5. Then —SO_ e and Vye lie in G,.

We now use the following property, which is geometrically clear:
if A satisfies our conditions, if u 1 are defined by (22) and if
u',ult lie in ¢, and u',u'''' in G,, then necessarily A = A(U,V).
Suppose that, for some pair (U,V)¢ a9 ,

4

(25) -UT eeG, ,  VeoEG,.

Then therce are four possibilities:

1

a) -(Uv) e, UVe € G,; then A=A(U,V)

13
b) 1 , - ,
-(UV) 7 e, € G, then (25) holds for the pair (UV,V)

c) UVe £G,; then (25) holds for the pair (U,UV)

a) —(UV)”q, UVe €G,; it is casy to prove that in this case
a(a) >3,

We now note that dmr9n4m"2 and that m is a positive integer
increasing for each step. It follows that after finitely many steps
the possibllity a) occurs, since d(A) <3, This proves theorem 1.

In orde~ to solve our problem completely we must consider
lattices which do not have a point on B. But here we have the fol-
lowing
Lemma, Each l.ttice satisfying (13) has points on B.

The proof of this lemmra may be sketched as follows. Let A be
any lattice with < (S, A)=1, which does not have any point on the
boundary. Then there is a coquence of points xr(r=1,2,..,) of
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e 17 _— IS — s
with | q(x )}-m>1. Suppose d(x") — 1. By applying suitable hyper-
bolic rotations TP we get a sequence of lattices AP=TPA with

(S, Ar)=1 (r=1,2,...), A3 N L XO. A suitable subsequence

—

of the sequencc {AP§ converges to some lattice A, This lattice A
contains the point x~ and has determinant d(A)=d(A).

Further, cach point of A is the limit ol a point of /\r and so A
is admissible for £, Hence, by thcorem 1, if A satisfies (13),
then A belongs to the set K . Finally, using the corresponding
automorphism W, onc can find a neighbourhood N of A and a positive
number J with the following property:

(26) if A' & N and A' is not homothetic with A , then

(s, A e =g

(sce theorem I in [2], chapter II). This contradicts the proper-

ties of the AP, and so proves the lemma.
The lattices A iIn £ have points on B,l

theorem 1 and thoe lemma together give the following

Theorem 2. LEach lattice A ' with « (S, A')=1, d(A') <3 1is of the

form A'=TA, where T is a hyperbolic rotation of & and A€X.

as well as Bg. Hence

This theorem can immediatcly be put in the following arith-
metic form:

Theorem 2', Let g=a(x) be an indefinite binary quadratic form, of

discriminant d. Then e (q) > %\fa, if and only if q:&qm=%det(x,WX)
for some W € |33 | (m=w
Q& -

The pairs (U,V), hence also the forms A s an be represented

R) ] '—2 o]
21)0 Further, «(q)= Vd/om, with d_=9-hm™%, if

by a gcenealogical tree (see figure). The numbers m associated with
E34 three matrices U,V,W=UV, say
)
A * M5ty 5T, satisfy the famous
e’ " ,
-/ 5 equation of Markov:
A3 Y
o 2, 2,2
C /@ (27) m,, < +my 4 =3m1m2m.
434\4 J '194 e 430 W

This relation is ecasily proved by induction. Cohn deduces it from
property I and a general relation for the “races of 2x 2-matrices.
As 1s well known, one can deduce from theorem 2' a corresponding
theorem for the approximation of inationals by rationals.

Final remark. Probably the method of this report can be extended

to the more general domain 17 xﬁv2< k (k a positive integer).




- -

However, even the second minimum of this region is not yet known

(see [47).
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