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9.• In this !.'<9po-rt several periodic r,rocesses are studied from a general 

:point of view. One of these periodic processes - already fa~,1iliar to us 

since the early days of the primary school - is the theory of re currir:_; · 

fractions ; another EJtudied in a later stage of our mathematical life, 

is, tJ:ie t1:1.eory of exponents of an integer modulo another integer,. Bot:, 

,;.re as:;:Je cts of the sm,.1e kind of :pro bl ems 9 viz. those on cyclic gr01.1y):J. 

Here it _is our intention to study also other processes which are 

necessarily periodic and can often be reduced to the above type; we 

uention the linear recurring sequences reduced Hodulo an integer anc:l 
sor11e other pr-OO0enes e,.-...Jily to he realised by simple computing oircui t.u .. 

Although the theory can be generalised further we treat only the here 
mentioned applications. 

In all these processes besides the sequence u 0 ,u 1 , •.. of integers 

t~""' '.f.J.Q::t.'iodic:i-ty of \iJl1ioh is .:Lnvestigated al::rn another seq_uence v 0 , v 1,. " 0 

is introduced, th2 9rop.erties and Jioriod of ,1hich are closely connected 
to those of tho origins.l tJcqv.ence. 

1. Consider two sequences of integers 

(u) u 0 ,u 1 ~··· 
and 

(v) v 0 ,v1 i"°", 
satisfying the relations 
( 1 ) U u = V V n n 

o ~ u ;§ m-1 n 
where mis a fixed given positive integer and where 

s 
U = U ( :S) = L.. phEh 

fn::O 
and 

3.re given polynomials.with integer coefficients in the operator E which 

transforms any un into u 11 +•1 and any v11 into vn+ 1• 
The operators U and V are subject to the following conditions 

I. Ps ::::: + 1 , qt = m 

IL, U(E) and V(E) are relatively :Jrime ,, 
III. V(X) has no roots 1ivi th absolute value ~ 1;. 

The conch tion I assures tb.e possibility of determining u ( if n 2: s) n -
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and vn ( if n ?: t) uniquely once the preceding elements of the sequenoes 
(u) and (v) are known. 

2° Dyf~rd tioA· A positive integer C is called a ~Jeriod of a sequence 
(w) W0,"11\111••• 

if an integer N ~ 0 

w = w n+C n 

exists such that 
( n==N 1 N + 1 , •• , ) • 

The smallest posi ti VC) period of the sequence is ealled the primi 't1Ve 

period and will t,,_ denoted by Cw, the corresponding value of N by Nw• 

Obviously one has i If a sequence ( w.) has a period C then also its primi­

tive perj_od Cw exists and Cw I C. Conversely every multiple of the primi .... 

tive period of a sequence is a period of the sequenee, 

Tho first relation (1) can be considered as a linear inhomogeneous 

difference equation for v. In this equation the term not depending on v 
s 

is boundedi in fact its absolute value is ~ (m-1) ~ l:Pril,. 
Since by condj_tion III the characteristic polynomial of the sequen~e has 

no roots with absolute value ~ 1 1 every solution of this difference 

equation is bounded, i.eo the sequence (v) is bounded. 
Since both sequences (u) and (v) appear to be bounded there is o~ly 

a finite number of possi bl,~ couples (un, vn), hen•e the set of these 

couples, i.e. the considered process 0 is periodie• Then also the sequ.en• 
ces (u) and ( v) are p;~riodic and after a little argw-nent one finds that 

the ori,i1iti ve -cieriod C=C of the sequence of couples (u .. v ) is equal 
·" J.- uv - n· n 

to the le3st co.tmon multiple {C ,c } of the periods C and C,. 
U V U V 

''e now prov(, the :[urthcr result.ant C IC , whence it :follows that 
V U 

C 
UV 

:?or 

= C • u 
n i':: N u 

C 
from (E u_,\u = 0 it follows that 

C . n C 
( E -u -1 ) Vv n = ( E u_ 1) Uu0 = o. 

I'urther for n i::: N one has 
V 

CV 
(E -1)v = 0,. n 

.. 

Consequently for n ~ N = max 6Nu ,Nv) one 1e_as Gvn -= o. w:.tere G is the 
greatest conunon divi 7,_,or of (E u._1)V and E.v_1e Now by tondition III the 

resultant of V an·a. E ·-v -1 j_s equal to a constant ~o. Hence apartefrom a 

const'(i1t factor the polynomial G is equal to the resultant of E u_1 and 
V d and E -1, i.e. to E -1, where d denotes the greatest common divisor 

( G .c') of C and c. 
U' --v U V 

By the mini-Hmm property of the primitive. period Cv one concludes 

C =d. hence C jC. 
V ' V U 

Remark. If on Uthe supplementary condition is imposed that it be rcla-
--~- ---r1..me · 
ti ve~r to every cyclotomic :polynomial, then by a similar argument o"i·,c 

finds C le , hence C = C = C • In general we shall not assume :~ 
ul V U V UV 

supplementary condition holds, consequently in general we have only 
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C IC = C o 
V U UV 

,~ 0 In order to deduce further propGrties we intro duce the resultant III 

of the polynoillials U and v. By condition II this resultant Mis an in­

teger /. 0 . By a property of rcrnul tan ts there exist ,polynomials X and 

Y with integer coefficients such that 

( 2 ) 1'1 = ZU + YV .. 

':fo novv i:ntroduce the characteristic sequence ( a) defined by 

( 3 ) an = Xv n + Yun ( n=O 1 1 , ••• ) 

Then using (1) and (2) we have 

( 4) + YUu = (XU+YV)v11 = Mu · n n 

and similarly 

( 5) Va = XVv + YVu = (1.1.J+YV)u = Mu • n n n n n 

From ( 3) it foll .rn that the sequence ( a) is periodic and that 

Ca l {Cui Cv} = Cu. F'u~thor from ( 5 l1 it follows that 
a g, 

M(E -1)u = V(E L-1)a = 0 (n=N ,N +1, .... ) .. n n a a r 

}1ence C IC u a and cc..,i-::~s:,_;1]('ntly C = C • Thus the characteristic sequence a u 
(a) har ·1,, 0 as the process. 
~rlting (4) in the form 

Va = 0 ( mo a I-1) n 
we l2arn th:lt '-:.c soqucmce (a) reduced mod M satisfies a linear reC'\lr._,, 
ring relation with characteristic polynomial V. 
Ifow under c2rt,lin restriction::> the period of the mod M reduced sequence 

i~3 oqual 1 ) to c(V~M). Here c(V 1 M) denotes the smallest positive inte­
ger with 

-v.-c(VeM) - 1 ( "'. 'd -v(--) I"") .', ' = ulO Q A ~ . l • 

ese restr~ct!nn are: 

A. V(O) and Mare relatively prime; 
"'TfF)-V(yr'\ 

B,, 'l'he re~ml tant of ..:'-\..;T,.·;---=:r-·_;;'.::.J_ a and 
t'.,-A 0 

V(X) is relatively prime to M. 

Calling the prime factors of V(O) and of the resultant of 

.'{__(_~J-.. \~(;O Cl and v(:n exceptional for the considered reduced recurrinb:y 
E-:C o 

sequence we may . tate the result in the follovJing form. 

If N has no oxccp ::ional prime :::-actors the; period c of the reduced re­

curring se:c!qu1:.mcG is equal to tho exponent c( V ,M). If however Ii/I posseES€5 

singular prj r,rn -f',-, ct ors then thc.o period c satisfies 

C ( V' MI ) I C i C (Vi 1\-1) ' 

1 ) Confer H. "T, Ae Du.pare, JJi visibility properties of recurring sequences? 

p.44-50 1 Thesis 9 Amsterdam 1953. 
A shorter proof of this property will be given in the author 1 s paper 

Periodici~y properties of recurring sequences II, to appear in tho 

Proc.Xon.Ned.Ak.van Wetensch. 1954. 
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where M/M' contains only exoeptional prime factors. 

Since C denotes the period of the sequence (a) and c denotes the 
period of the mod M reduced sequence (a) one .has obviously c IC, .hence 
under the conditions A and B 
(6) c(V,M) I C. 

In a similar manner from (4) one concludes 

(7) c(U,l''I) I c, 
if also for the soqucmce with characteristic polynomial U_ the integer 
M possesses no exceptional prime factors. 

In the following sections some cases are considered in which more 

can be said then the results (6) and (7), in particular cases are treuted 

where either C=c(V,M) or C=c(U,M). It is obvious that the first relatio~ 

holds if one has C I c, i. e, if for sufficiontly large n from 

an~ an+c (mod M) it follows that an= an+o• 

4. It is not difficult to find cases with C=c(U ,M). '.'le show that th,, •.: 

occur for instance if V=m and M has no exceptional primes for the recux·­
ring sequence (a) with characteristic polynol!lial u. 
In fact , in this case 0ne has from (1) for n=O,1, ••• 

Uun = mvn 

and moreover 

Thus we get 
a =U • n n 

Uan = 0 (mod m). 

Since by ( 1) one has O ~ un < m-1 the sequence (u) is identical 
to the mod m reduced sequence (u) hence C = c(U ,M) • 

To this class of problems belong the recurring fractions, which are 
obtained when convertion the fraction u 0 /m into the number system to 
the base p. ThGn one has 
(8) ( n=O, 1 , ••• ) • 

It is not without interest to state hero under what conditions m has 

no exceptional prime factors, The condition A requires U(O)=p and m 

to be rl,lati vely prime, whereas condition :S requires that 

_Jl.L~)-U_(]il u - u and m 
E-X o - o 

are relatively prirn.e. Here one obtains the welllmown exceptional cases 
in the theory of recurring fractions. 

Tho genoral kind of problems belonging to the case m=V, for which 
one has no longer necessarily s=1, is merely the theory of linear re­
curring sequences reduced mod m. For many :properties of their periods 

c(U,M) the reader is referred to thG above mentioned papers. 
In this section a further property on C could be given without 
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using the fact that the integers are ordered .• Hence these results also 

hold if the elements of the sequence (u) do not belong to the residue 
set 0,1)•• .,m-1 mod m but belong to any arbitrary set of representants 

~ of the residue set mod m of the integers. In the following section how-

ever I could not deduce the results without using the order of the 
positive integers. 

5. We now consider cases where C = c(V,M). As a first group of cases 

we take V = mE-q, where by property III we have !qi~ m-1. Now (5) 
becomes 

(n = 0,1, ••. ). 

Putting, a + -a = Mb , where as before c denotes the period mod M of' n c n n 
the sequence (a) we get for sufficiently large n (and in this sectio,1 

unless stated otherwise only such n will be considered) 

rnbn+1 - qbn = un+c -un • 

In fact otherwise we would have I bn+1 I ~ lbnl +1, whence we would 
derive the contradiction 

Now first consid2r the case q > 0. Then one has bnbn+1 ~ o, for from 

bnbn+1 < 0 we would obtain the contradiction 

From the relation cjc derived in section 3 we get putting C = re 
and using the definition of bn 

( 10) 

hence bn = O and an+c = an, i.e. c = C. 

Further consider the case q < O. Then one has 

( 11 ) 

for from bnbn+i > 0 we would obtain the contradiction 

If c is even we use the relation (10) 3 which also holds in this 
case. Then we conclude as before b = O i.e. c = c. 

•-cc----- - n 
2 ) Consequently the above results hol<l also for seq_uences the elements 

of which b,2long to the more general ff-sets, i.ntroduced in the above 

mentioned papers. 
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If however c is odd we use the relatioq 

herefrom using (9) and (11) it follows that bn+'bn+c= O, hence 

an+2c = an, i.e. C = 2c. 
The case U = 1-E2 , V = 3E+2 with M = 5, c ~ 1, C = 2 shows that 

C = 2c can occur. 

Also in another class of cases we can prove c = C, viz. in the 
cases V = mEt + 1. 

If V = mEt ~ 1, then (5) becomes for n = 0,1, ••• 

( 12) t 
(m E - 1)an = Mun, 

hence 

consequently 

r-1 z= 
j=O 

hence if his sufficiently large 

1 ;ii a < M 1-:: = 9 

provided ¾ -/ O. 

. J"t mJ E u 
n' 

From ( 12) for an = O one deduces an+t ;; O on a•count of O ~ un ~ m-"I • 

(Similarly from an c Mone deduees an+t • M). 
If an -/: O, an -/, M from an+c ;; an· (mod M) one cone ludes an+c == an an, 

C = C. 

Here one has Xt - 1/m {mod V(X))., 

hence if e denotes the exponent of m mod M one has }:et .. 1 (modd V(·~) ,::.::) 

and it is not jifficult to prove the et is the smallest positive expon~n~ 
with this property. 3) 

Consequently C = et = tcm(M) and this holds also if some elements 01' 

the sequence (a) are equal to O or to M. 

If V = m Et+ 1 , then we get similarly 

(mr Ert _ (-)r)an 
r-1 

(-)r-1-j mj Ejt = M :z= Un, 
j=O 

3) H.J.A. Duparc, lac.cit. theorem 45, p.40. 
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consequently 

( r mr m-1 r { r r+1 m-1 - ) an -M ~ ~ m an+rt ~ - ) an+M m ~ , 
m -1 mc-1 

hence for sufficiently larger 

m-1 
- M ~1 ~ an+rt 

m -
s_ M m(m-1 l 2 . 

m -1 

Since the difference of the left and righthand side of this relation 
is equal to M for sufficiently large h from ah+c $ ah (mod M) one 
deduces ah+c = ah and C = c, provided one of the exceptional cases ~1 = 

~or mr:~ holds. Since from ah=m+~ it follows ah+t=~r and conversely,we 
get fop ,even o '::;o . (·M) tho rneult. C=c ·and; for didii e• the ::result C = 2o. -m ... . 

~- Very simple applications of the results of the preceding section 
occur for linear U and V, say 

U = E+p, V = mE-q. 

These processes can be considered as an immediate generalisation of 
those on recurring fractions given in section 4, formula (8). 

Here one has M = lmp+ql. The condition A here requires that q and M 
are relatively prime, i.e. that (q,mp )== 1; the condition B requires 
(m a0 3M)= 1. We assume these conditions satisfied, i.e. (q,m)=(q,p)~ 
(a0 ,M)== 1. 

Here Vis linear, hence the period c(V,M) is equal to the exponent 
of~ mod M which will be denoted by cq/m {M). Then also the period of 

4 
the process is equal to this number. 

The process is given by the recurring equation 

(n=0,1, .... ), 

which can easily be represented by a cycl:lccomputing circuit, which 
works in the number system to the base m. We show below the case 

p=2,q=1. 

+ 
____ .....__ Yn+1 

U.n+1 
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Another interestin cirGuit is blven by the computing network 

+ 
v,.. 

Vn+1 

): ! • u.,., 

f7 >J.n+t 
Un+2. 

The corresponding equation is 

Un +u,1+1 +v r1 = Un+"+m v.r., .... 1 
• • • I • C. 

(n = 0,1, .•• ). 

Here 
2 2 E + S+1, V = mE-1, M = m + m-1 

and the condition A is obviously satisfied~ The condition B requires 
2. _., (a , m +m-1)= 1. Supposin5 B holds one has 

\,J 

(' ,.. (·-2. . ) . ._,, = '--m .11 -r-ni-1 • 

As a last example we take the process 

+ rn vn+1 

realised by the computing network 

+ 

Here Q and H d · r:ote cie lay l inc=:s with length q = s-r > O and r re spec tlVl?-

s s-r = m + m -1. 

Since V(O)= 1 th2 condition A holds; the condition B holds if we 
essume ma and M, Le. a, and r,: re1ativ"=lY prime. Then one finds 

0 c., 

r, - ,, i:i,,-r ) ' s + q 1 \ 
v = ~.11~ M = C rm W -

I i!i n: \. ,~ " / ~ 


