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O. In this report several periodic nrocesses are studied from a generai
point of view. One of these periodic processes - already fawmiliar to us
since the early days of the primary school ~ is the theory of recurriny’
Iractions ; another studied in a later stage of our mathematical 1life,
is the theory of exponente of an integer modulo another integer, Bot.
are aspects of the same kind of problems, viz. those on cyclic grouwns.

Here 1t .is our intention to study also other processes which are
necessarily periodic and can often be reduced to the above type; we
rention the linear recurring sequences reduced modulo an integer and
some other prooesses ewslly to be realised by simple computing circuits.
Although the theory can be generalised further we treat only the here
mentioned applications.

In all these processes besides the sequence Uy gUqsece of integers
the periodicity of whioh ig investigated also another sequence Vs Vqgeee
is introduced, the oroperties and perigd of which are closely connccted
to those of the original schuence.

1. Consider two sequences of integers

(w) Uy Ugyees
and
<V> VO9V19°~°° 9
satisfying the relations
(1) Uu, =Vv, ofu = m-1 n = 0,1,¢04),
where m is a fixed given positive integer and where
s i €
— ™ — _“L’l - ™ _ T:\k
U =U0(3n) = ;;7:.:0 Py, E and V= V(1) = go q =

are given polynomials with integer coefficients in the operator E which

transforms any U, into u and any Vi into v,

n+1 +1°
The operators U and V are subject to the following conditions

L. pS:i19qt=n19
II. U(E) and V(I) are relatively »rime ;

b4 >

IIT. V(X) has no roots with absolute value z 1.

The condition I assures the possiﬁility'of determining w, (if nz =)
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and ks (if n=zt) uniquely once the preceding elements of the sequenees
(u) and (v) are known.

2. Definition. A positive integer C is called a wericd of a sequence
(w) RSAOTREY
if an integer N =z O exists such that

Wn+C = Wl’l (1’1=N ,N +1y 0-0)0

The smallest positive period of the sequence 1is called the primitive
veriod and will be denoted by CW, the corresponding value of N by NW.
Obviously one has: If a sequence (w) has a period C then also its primi-
tive period Cw exists and Cwl C. Conversely every multiple of the primie
tive period of a sequence 1s a period of the sequence,

The first relation (1) can be considered as a linear inhomogengous
difference equation for v. In this equation the terg not depending on ¥
is bounded; in fact its absolute value is = (m~1) E; Ipy e
Since by condition IIT the characteristie polynomial of the sequence has
no roots with absolute value z 1, every solution of this difference
cquation is bounded, i.e. the sequence (v) is bounded,

Since both sequences (u) and (v) appear to be bounded there is only
a finite number of possible couples (un,vn), henge the set of these
couples, i.e. the considercd process, is periodie, Then also the seguene
ceg (u) and (v) are periodic and after a little argument one finds that

the priumitive period C=C__ of the sequence of couples (un,vn) is egual

uv
to the least coumon multiple {Cu’cv} of the periods Cu and Cv'
e now prove the further resultant Cvfcu » whence it follows that
~ -
Cov = Gy o
Tor nzN_ from (T “=1)u_ =0 it follows that
u G n G
m-Y_1\v - (F Yo -
(B 1)\vh = (E 1)Uun 0o

IMarther for n =z Nv one has

C

(E v""‘])vn = On

Consequently for n z N = nax éNu’Nv> one has Gv, = O, where G is the
greatest common divigor of (E “_1)V and E'v~1. Now by eondition III the
resultant of V and E '~1 is equal to a constant #0, Hence apartcﬁrom a

i~

const%pt factor the polynomial G is equal to the resultant of E Y.1 and
ond E V=1, i.e. to ES=1, where d denotes the greatest common divisor
(Gu’Qv> of C, and C_.
By the minimum property of the primitive period Cv one concludes

Cvzd, hence Cv]Cu.

Remark. If on U the supplementary condition is imposed that it be rcla-

Time I
tivef§ to every cyclotomic polynomial, then by a similar argument oic

finds Cu Cv7 hence Cu = Cv = Cuv'

supplementary condition holds, consequently in general we have only

In general we shall not assume tIig
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CV;cu = Cp

2» In order to deduce further properties we introduce the resultant If
of the polynomials U and V. By condition II this resultant M is an in-
teger £ O . By a proverty of resultants there exist .polynomials X and
Y with integer coefficients such that

(2) M = XU + YV.
Yo now introduce the characteristic sequence (a) defined by
(3) a, = Xv, + Yu, (n=0,1,...)
Then using (1) and (2) we have
N = = (5 = T
(4)  Ua, = Wv, + Y0u, = (XU+YV)v, = Mu

and similarly
oy — 1 —_— — ]
(5) Va, = XVv, + YV = (XU+YV)un = M, .

From (3) it foll ss that the sequence (a) is periodic and that
Oa] {Cu,CV} = C,+ Further from (5) i1t follows that

_ C
M(E ®=1)u. = V(E a~1)an =0 (n=N_,N_+T500.1,

n
hence CuICa and conscguently € = C,. Thus the characteristic sequence
(a) has “he mame criod as the process.
VLribting (4) in the form

Van = 0 (mod M)
we learn that “le¢ scquence (a) reduced mod M satisfies a linear recure
ring relation with characteristic polynomial V.
How under certodln restriction® the period of the mod M reduced seguence
is equal 1) to ¢(V,M). Here c¢(V,M) denotes the smallest positive intc-

ger with
wc(V, 1)

Rl

1 ( modd V(X),Il).
These restr_clb’on ares
A. V(0) and M are relatively prime;
L e = - 517 \LL]3>“VQQ ) 3 c 3 s o T
B. The resultant of  -—=4=r=¥ a  and V(X) is relatively prime to M.

Calling the prime factors of V(0) and of the resultant of

XLE%:¥(£> a, and V(X) exceptional for the considered reduced recurring
sequénbg we may o tate the result in the following form.

If M has no excepsional prime Tactors the period c¢ of the reduced re-~
curring sequence is equal to the exponent c(V,M). If however M possesses
singular prime factors then the period ¢ satisfies

c(V,M') | ¢ | c(V,M),

1) Confer H.J.A.Duparc, Divisibility properties of recurring sequences,
p.44-50, Thesis, Amsterdam 1953,
A shorter proof of this property will be given in the author's paper
Periodicity properties of recurring sequences II, to appear 1in the
Proc.Xon.lNed.Ak.van Wetensch. 1954.
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where M/M' contains only exceptional prime factorss
Since C denotes the period of the sequence (a) and ¢ denotes the

period of the mod M reduced sequence (a) one has obviously c¢|C, hence
under the conditions A and B '

(6) c(v,Mm) | C.
In a similar manner from (4) one concludes
(7) c(U,m) | ¢,

if also for the scquence with characteristic polynomial U the integer
M possesses no exceptional prime factors,

In the following scctions some cases are considered in which more
can be said then the results (6) and (7), in particular cases are trceated
where cither C=c(V,M) or C=c(U,M). It is obvious that the first relatiou
nolds if onehas C | c, i.ec. if for sufficiently large n from

- Ny 3 I> =
n = 8y, (mod M) it follows that 8y = 8, 00

4. It is not difficult to find cascs with C=c(U,M)s e show that th.
occur for instance 1f V=m and }M has no exceptional primes for Pthe recui-

o)

ring sequence (a) with characteristic polynoumial U,
In fact , in this case »ne has from (1) for n=0,1,.es

UJu. = mv
n n

and moreover
7y () T_ —
M=m, X=0, Y=1, 2, =0, .
Thus we get

Ua, = mv, , i.e. Ua, =0 (mod m) .

Since by (1) one has 0= u, < m-1 the sequence (u) is identical
to thc mod m reduced secquence (u) hence C = c(U,M),

To this class of problems belong the recurring fractions, which arc
obtained when convertion the fraction uo/m into the number system to
the base p. Then one has

(8)  pu, =mv, +u (n=0,1,000)

n n+1 .
It is not without intcrest to state here under what conditions m has
no exceptional prime factors, The condition A requires U(O)=p and m
to be relatively prime, whereas condition B requires that

U(E)-U(X) _
X uo = uo and m

are relatively prime. Herc one obtains the wellknown exceptional cases
in the theory of rceccurring fractions.

The general kind of problems belonging to the case m=V, for which
one¢ has no longer necessarily s=1, is merely the theory of linear re-~
curring seguences reduced mod m. For many properties of their periocds

c(U,M) the reader is referred to thc above mentioned paperss.
In this scction a further property on C could be given without
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using the fact that the integers are ordered. Hence these results also
hold if the elements of the sequence (u) do not belong to the residue
set O,1,...,m=1 mod m but belong to any arbitrary set of representants
of the residus set mod m of the integers? In the following section how-
ever I could not deduce the results without using the order of the
positive integers.

5. We now consider cases where C = c¢(V,M). As a first group of cases

we take V = mE-q, where by property III we have |ql=m-1. Now (5)
becomes

man+,{ "qan:Mun (1’1'—‘-0,1,-..);

Putting an+c'an = Mbn’ where as before ¢ denotes the period mod M of
the sequence (a) we zet for sufficiently large n (and in this section

unless stated otherwise only such n will be considered)

mb = u -U_ .

n+1 = 9Pp n+c n

(9) First we prove | 1.

1A

bn+1l

In fact otherwise we would have {bn+11§ lbn! +1, whence we would
derive the contradiction

m-12ju _ -u | = jmbn+1~qbn[ zm lbn+1|~]qbnl§ m+(m-1ql )b |z o
Now first consider the case g > 0. Then one has bnbn+1 z 0, for irom
bnbn+1 < 0 we would obtain the contradiction
m-1 2 Iun+c—un} = Imbn+1—qbn| =m lbn+1l + q Ibnl; m+q .

From the relation ch derived in sectlon 3 we get putting ¢ = rc
and using the definition of bn

(10) 0 =a a = M(b b, +...4D

n+rc” “n n+(r-1)c)’

e 2 = ( = i =
hence bn 0 and 8 4o an, i.e. ¢ C.

Further consider the case g < 0. Then one has

(11) bnbn+1 = Uy
for from bnbn+1 > 0 we would obtain the contradiction
m-1 2 !un+c—un} = }mbn+1-qbnl =m }bn+1l + |ab | 2 m+q.

If c is even we use the relation (10), which also holds in this
case, Then we conclude as before b, =01.e.c =C,

—

2) Consequently the above results hold also for secuences the elements
of which belong to the more general ff-sets, introduced in the above
mentioned papers.



—6-

If however ¢ 1s odd we use the relatiéq

O = 2 iopc™8 = M(bn+bn+c+'"+bn+(2r—1)c)5
herefrom using (9) and (11) it follows that bn+bn+c= 0, hence
Bioe = 8y i.e. C = 2c.

The case U = 1-E2, V = 2E+2 with M = 5, ¢ = 1, C = 2 shows that

C = 2¢ can occur,
Also in another class of cases we can prove ¢ = C, viz, in the

cases V = mE" + 1.
If V = mE® - 1, then (5) becomes for n = 0,1,,..
(12) (m gt 1)a_ = Mu
= n n’
hence r1
(" 7%y =m T omd gt
n ¢ n
J=0
consequently
r -] J r
O=m a  .-a s M(m-1) g;é mY = M{(m =1},
a a_ -M
'J% = 8nipt = Mo+ 4
m m
hence if h is sufficiently large
1.§,&th,
provided a, # O,
From (12) for a, = 0 one deduces a,,, = 0 on ascount of O=u_ = m-1.

(Similarly from a, = M one deduces a_ . = M).
If a, £ 0, a, £ M from 8 1e an'(mod M) one concludes By = 8, 800
C =c.

Here one has X° = 1/m (mod V(X)),

i

hence if e denotes the exponent of m mod M one has Iiet = 1 {modd V(1),:)
and it is not difficult to prove the et 1s the smallest posiltive exponent
wlth this property. 3)

Consequently C = et = tcm(M) and this holds also if someelements of
the sequence (a) are equal to O or to M,

IfV=m Et + 1, then we get similarly

T~ .
(07 &~ ()ay = 7 (T ) B,
J:

.- e aw N —

3) H.J.A. Duparc, loc.cit. theorem 45, p.40.



consequently

HiA

(—)ran—M . m—11 mr (—)ran+M mrf1 m-—11
m§~ m -

hence for sufficiently large r

m~1 - - mgm-12 )
- M 2 = 8n4pt = M ‘ ’ N

m- -1 m- -1

Since the difference of the left and righthand side of this relation
is equal to M for sufficiently large h from a, . = a, (mod M) one

deduces 8hie T 8y and C = ¢, provided one of the exceptional cases 8y =

-M mlM . mM . -M
e T holds. Since from BT it follows Syt ST and conversely,we

get for weven o'ﬁb;mCM) the rosult. c:c”andtfo? 0dd e!the msult C = 2c.

§. Very simple applications of the results of the preceding section
cccecur for linear U and V, say

U = E+p, V = mE-q. (0<qg<m).

These processes can be consldered as an immediate generalisation of
those on recurring fractions given in section 4, formula (8),

Here one has M = |mp+q|. The condition A here requires that q and M
are relatively prime, i.e, that (q,mp)= 13 the condition B requires
(m aO,M)z 1. We assume these conditlons satisfied, i.e. {g,m)=(q,p)=
(ao,M)= 1.

Here V is linear, hence the period c¢(V,M) is equal to the exponent
of %-mod M which will be denoted by e,/ (M).aThen also the period of
the process 1s equal to this number.

The process is given by the recurring equation

pu, + Qv =up, v m oV (n =0,1,,4.),
which can easily be represented by a cyclic computing clrecult, which
works in the number system to the base m, We show below the case

p=2,q=1.

> Vg

3

L]

» o Ungg
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Another interestin: cireuit is ziven by the computing network

+
| L! o > Vniq
S L Yn
(S
1 1‘4:«*1 —>  Upyq
The corresponding equation 1s
U TV = Up ot Vg (n =0,1,...).
Here
. e . - 2
U=-E" +E+1, V=mE-1, M=m + m-]

and the ccndition A 1is cobviously satlisfied, The condition B requires

2

(ao, m~+m-1)= 1., Supposing B holds one has

C =cy (m2+m—1).

As a last example we take the process

Un+un+r+'«_-n = U, o + m Vit (n=0,1,...;0sr< s) 5

realised by the computing network

’;—_ | n > Vi
> >
R .
1 | Ynu
'-———‘—! Q > Unigss

| |

ya
<

Here Q and R denote delay lines with length q = s-r>0 and r respective-

ly. W2 have

Q —
U=1+L% -E,V=mnE-1, M= mS + > F

-1.
Since V(0)= -1 ths condition A holds; the condition B holds if we

assume ma and M, l1.e. a_and M relatively prime. Then one finds



