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On almost primes 
.;·' < 

by 

H.J,A. p:upc1rc, .· 

Several authors [1] [2] proved the existence of an infinite number 

of composite m for which 2m- 1 = 1 (mod m). These numbers m are sometime 

called almost primes. 

In this note it will be proved that if a is an arbitrary given 

integer > 1 there exist infinitely many composite m with 

(1) am- 1 31 (mod m). 

Such numbers m will be called almost primes. In the case a=2 a 

table of a 11 sue h almost primes < 108 has been given by Foy.let [ 3 J . 
Three proofs of this assertion will be given. The first runs 

similar to that of Sierpinski 11cho proved tllat M::::2m-1 is almost prime 

if mis so; the second is a ~eneralization of Jarden's method who used 
C)n ~. 

numbers of the form 2~ + 1. Moreover a third proof is given which is 

shorter than either of the two others. 

Theorem 1. For' every integer ;:i > 1 there exists an almost prime m -j 

Moreover· torn the supplernentnry concHtion (a-1,m)=1 may 

Proof. For a=2 the num r m=341 satisfies. 

Let further a be an odd prime. Then one may take m= 

In fact obviously mis composite. Further 
0, () 

be imposed. 

a2a _1 
2 • 

a --1 

aLa-L-1 2a-4 ° 
? = a + ••• + a c +1 =- 1 + ... + '1 + 1 - 8 -1 = 0 ( mod 2) , 

cJ ~- -1 

( 2 ) l ?:c:, _ 0 2 a -1 a'·-- '·-1, 2a I = m-1, 28 l m-1 a -1 a -1 

:ind consequently 

m c) -1 . I. m-1 

Moreover any prime divisor p of a-1 satisfies 

2::-1 a 1 °a 0 2 m= ·· - == c1 c, - r_ + ... + a + 1 = 1 + .. + 1 + 1 = a 2= ".] ( mod p) , 
a 2 --1 

hence p1m and (a-1,m)=1. 
a 8 -1 Finally consider the case a is composite, Then obviously m= -­
a-1 

is also composite and further 

a 
ala -a= m-1, hence mjaa-1Jam-'1_1 I a-1 I 

Moreover as before anv prime divisor p of a-1 satisfies 



The Mathematical Centre at Amslerdam. founded the 11th of February 1946, is a non-profit 
institution aiming at the promotion of pure mathematics and its applications, and is 
sponsored by the Netherlands Government thr0ugh the Netherlands Organization for 
Pure Research (Z.W.0.) and the Central National Council for Applied Scientific Research 
in the Netherlands (T.N.O.). by the Municipa.tty of Amsterdam and by several industries. 



-2-

aa-1 a-1 
m== ~ = a + ••• + a + 1 = 1 + •.. + 1 + 1 = a = 1 ( mod p } , 

hence P,f m and (a-1.9m)=1. 

Theorem 2. For every integer a> 1 there exist infinitely many a­
almost primes. 

Proof. Let m be a composite number satisfying (1) and (a-1,m)=1. 
Then am-1 

M = M(m)= --...i a-, 

is also composite, satisfies also (1) and (a-1,M)=1. 

The first assertion is obvious. 
Further one has 

m!am-'1_1 jam-a=(a-1)(M-1), 

hence mlM-1 in virtue of (a-1,m)=1. Then Mjam-1\aM-1-1. 

The last assertion follows from the fact that every prime factor 

p of a -1 satisfies p ,r m, hence 

m-1 ( ) M = a + ... + c:i + 1 = 1 + ... + 1 + 1 = m 'f:O mod p • 

Now for a given 

ceding theorem. Then 

m0 ,m1 , ... defined by 

a> 1 first introduce the number m =m of the pre-
o I 

by the above argument every member of the sequence! 

( h=O., 1., ..• ) 

is an almost prime. 

Remark. If mh possesses s different prime factors, then mh+'1 will have 
at least s+1. ConsequPntly there exist tnfinitely many almost primes 

with at leasts different prime factors. 
Now the second proof of the existence of infinitely many almost 

primes will be given. 

Theorem 3. Consider the sequence of integers 

ah / 8 h-1 
uh= ( a -1) ( a -1) ( h=1.9 2, ... ) . Then fo£ 1 positive integers n and m 

n-1 j unum satisfying n < ms a one has u u a -1. 
- k 1 n h m\ k k-1 I I ah j uk-1 ! 

Proof. If h < a - one has a aa -a 8 uk-1. Hence uh a -1 a -'. 

Consequently 
\ u -1 \ u -1 I u -1 l u -1 

unla n -1, um an -1, un am -1, um am -1, 

which leads to 

(2) l u u -1 n m 
un a -1, a n m 1 j u u -1 

um - . 

Further (un,um)=1. In fact let p be an arbitrary prime factor of un. 
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') I m-1 
Then p ac. -1 since m-1;;; n. Now 

l 

m-1 ( ) m-1 a a -1 a ='-,, ) Um= 3 + ••• +a· Vl::c::1+ ••• +1+1==:::iy-=0 (mod p. 
l > 

Thus 
I 

pYu and (u ,u )=1. ~1 m n m 
-· 1 l u 

Then (2) yields un 1a n -1 and infinitely many almost primes 

u u are found. n m 

Remark. For n 1 < n 2 
(2) that the number u u '°. u n 1 r.,~ n 

one finds in a similar way from 

is an almost prime. Hence there 
c_ S 

exist infinitely many Jlmost primes with at leasts different prime 

fr1 C tors. 

Finally a third proof will be given~ first in its most simple 

version, then in a little more complicated generalized form. 
0 

Theorem 4. Let p be c1 prime not dividing cl c. -1. Then rn= 
2p a -1 
2 

3 -1 
ts an almost prime. 

Proof. First it is proved that m-1 is even. In fact if a is even, 

obviously mis odd ~nd then m-1 even. If however a is odd one has 

c:, 2p-'.:::l 'C 2 ' -- 1 - . -· ( ) m = c, + •. ,+u -i-1":.-.:s. + ... +1+1-p,.,,,,1 mod 2. 

r 1 2·0 2 I ,J 2p -a 2 I.., ,.) 
Further p /1 -a 1:1 '-cl , hence p 2 "' m-1 in virtue of P1 ac.-1. 

l I a · -1 Consequently m-1. Then 

ml 
{ 

;:, p --1 
Pina 11._v tn= --

1 i.1 -1 

Remark. In the case 
I) 

r_+1 lJe c osite. 

j-~ r:i ,.,, 1 ,. 1n - ✓-: /1 

- Ii ,l -· I, 
Y) 

:cl t ~-l . 
--;:;-:~:- J.S C 

1.1 I I 

osi te, which proves the theorem. 

2 the number mis also almost prime provided 

e number n is even, hence 4\a 2=m-1 

l . 1.1 l n •-1 
j il -1 FJ ·-'1 

1'.1.'lVC:J 
·-' 

i "r 1 the ex i 8 n c e of infinite 1 y many 8 lm o st 
·1 ·- 1 r4mes. Here they are of~ 

infinite set of all primes. 

fo~n m= c n-· where p runs through the 
cl L-1 

The above mentioned genernlization of theorem 4 is the following: 

If an integer k satisfies the relation (k,ak-1)=1, ~hen for every 

rime number p with Pf lc(2k-1)_. kJokp_E1k the number m= a ~- 1 is almost 
( [l -1 rlrnc. The speclal cose 1c:::c,2 :Ls the above treated more simple 

orem). kn k I "I C _,:-, 

1 
In fc:1ct one h;:1s k(~_c,_ 

I .. kp . k ) . n -1 P 1J -a , hence p m-1 

= m-1 and further using Fermatrs theorem 

since p { a k __ 1. Consequently kpl m-1 and 

l kp 1 1 m-1 m a · - a -1, Moreover obviously m :Ls composite. 

Applications. •rhe case k=3 requ.ires that 3-r 2 3-1, i.e. st1 (mod 3). 
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rFh en if p y.:.: 2 3 p #3 ., p ,-f a 3 -1 one 

conditions of the theorem being 
l1,1s a 3P-a 3 ::::::a-a=O (mod 3), and al3" 
satisfied one concludes that m= a ~-1 

a -'1 is an almost prime, 

The case k=4 requires a 4-1 to be odd, hence a even. Then for every 
d ,, I, 4 l~p J.~ ( 4 ) o d prime 4 P with p 1 a -1 one has 8 · = a mod and the theorem gives 

t 1~-- t a P-1 _. 1 t . . ud m= 4 J_s a mos prime, 
D -1 

rrhe case k=5 requires ~i+3 5-1, i.e. a~1 (mod 5), Further p~5., 
j_ 11 / Sn r~ 
1 ::,1··-·'l. Moreover 5 ,j_,,L_,1- will hold for nll 8 if p=1 (mod l~)., whereas 

ln the c::isc P==-3 (mod_4) one has to tDke o=O, 2 or 3 (mod 5). Under 
.,/)p 1 

the::ie condi t1ons m= ·· i::: - is :1 lmost prime. 
'.) 

a -1 6 L. 6 
i\.u D le.is t example consider the c,rne k=6. Then 2 fa -1., 31 a -1 

t,::1ves 6JD. Further one hgs to take tji:2, pf-3, pla6-1. Since then 
C! \ci 6P-c1 1 th.e number m= 3 p_ 1 is almost prime. 

au -1 
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