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of a certai~ Pourier coefficient 

by 

C.G. Lekkerke~ker and A.E.M. Levelt 

In his repor•t "The ex pans ion of' a function into a Fourier 

aeries •with prescribed phases valid ln the half-period interval" 

(Rapport TW }j)., ~i- H . .i\. LauwePicr' ccmaidered among other· things 

the problem of expanding a function r(x) in the intEH'.'VRl (o;rr) 

into a series of the form: 

('1) f(x) "" f_ bn '.J:tn (nx + ,-~-rr), 
11=1 

where f-A-, is a real or complex constant with fA.,I.O, (Re1-4-I< ½. To 

this end he introduced the function 

Defining ~(w) and ~(t) by 

¢(-cos z) = ¢0 (z) 

t.p(-cos x) = f(x) , 

he proved that 1 

(Im z >0). 

¢(w) = c~+-1 )""'· .1 I w=-'f 'T'f 

f '1- t )/-'" tp( t ). d t 
\'f+t ~ . 

-1 

Thus the coefficients bn in (1) are given by 

( 2) b n n: ~ f ¢ ( -i ( s + J)) s -n - 1 d s 

= 1 £ d s ( 1-s) 2f-,'- ..1 11 
{ 1-t )/J" 

~ J nvi 1+s '1'7' 1+"f s -1 

lf(t) dt 
t-Hi·(s+ 1) 

"' 8 

(see formulas 3-15 .and 5-2 in the named report). These formulas 

hold under rather gener>al conditions for ,the function f(t), e.g. 

that it be differentiable in [0,TTJ . 
Lauwerier further investigated the behaviour of bn for large 

n. He stated without proof that e.g. if f(x) is differentiable at 
X= ,,. , one has 1 ) 

, 
certainly ia :inool"l'."eo t •. 
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(3) 

wh~re r (4) A = 1 (1-t)J-A Lf(ti:r(1) dt + ~~1} - 11' 1+t s n,-...-rr· 
-1 

(5) 1 f (2-t),-C. ~~t}- lp~-1) dt ~f-1} B = -T7' ·.,+f t+ - s nfA'TT 
-1 

(see formulas 5.-8 and 6-3) ~ In this report a rigorous pr'oof of (3) 
will be given and even an asymptotic expaneiop of ~n Will be ob-
talu~a (see (17)). · 

In the case that ~(t) is analytic one can modify the path of 
integration in the inner integral and thus obtain the analytic 
continuation of this integral as a function of s over tne wholes
plane with the exception of the points S=±1. Then one can apply 
the method explained in a special case in section 4 of the report 

mentioned, dealing with integrals of the form~ 3/ 
8
~+1 '\t'.(s)ds, 

where '1f ( s) is analytic for s,I. +1. In our case, where we do not 
assume analyticity of c..p(t), we have to follow anothe_r procedure. 

Throughout this repo_rt we shall suppos,e that 'f (t) ~~ i~te
g,;,able over (-1, 1) and that at t=-1 the first k right-hand deri

vatives of ~(t) and at t=1 the first k left-hand derivatives of 
\f· ( t) exist., where k is some positive integer. W:e then can find a 
sequence of polynomials g1 (t),g2(t), ••• ,g2k(t) satisfying the 
following requirements: 

1°. gj(t) is a polynomial of degree j-1 (j=1,2, •.. ,2k) 
0 

2 • at the endpoints one has, for i=1,2, ••• .,k, 

f ( t )-g2i-1 ( t) 
f o( (1+t)1-1 l as t • -1 

= 
0((1-t) 1) as t • 1 

ip(t)-g21(t) 1°((1+t)1) as t ~-1 
= 

0((1-t) 1 ) as t~ 1 . 

In particular, g1 (t)= ~(-1). Further we shall denote by cj the 
highest coefficient in gj(t) (j=1,2, ..• ,2k). We finally put 

Ret-.t.=Po• 
With the above assumptions and notations we shall derive the 

following asymptotic expansion: 

(6) b0 = ~ Jl'-r(-cos x)-g2k(-cos x)Jsin(nX+f-A,'fl')dx + 

0 + -J:: fa (n) AP+bp(n)BP1 + o(-h)., 
P=1 '... p > n 2 

where 



b (n). _ 1 t, ds (1-e) 2~(s+1) 2P{s-1) 2P-2 , 
P 1'8Ff.'1 sn+1 1+s (2s)~p-1 

A • 1 f (1-t)l-4 'f(t)i'ep-1(t) dt - c2p-1 , 
p ff _ 1 "'f+t (t-1 )P(t+1 )p-1 sint,Al? 

1 
B • .1 f (1-t'f' ~t)-$2:p(t~ dt _ ....,c2i--"-p_ 

p T1' -1 r+t (t-1)P(t+1)P sinr4'r1' • 

(8) 

(9) 

(10) 

We shall first deduce (6) and then discuss this result. For 
the proof of (6) we shall use that 

(11) ap(n) .. o( 2p..:1~~ / J-1, J ), bp(n) • 0( 2p-~+2 1-4 ) • 
n o n o 

These estimates are obtained as explained in Rapport TW 33 (in 
particular § 4), and will also be deduce-.:d at the end of this report. 

Further we shall use a certain mixed expansion of t2z . We have 

(12) 1 1 + z-1 
't-z" • r-'1 (t-1 )(t-zT 

and also 

( 12 I) 1 1 z+1 
"t-z. m + (t+1)(t-zj' • 

Applying alternately (12) and (12') we get 

(13 ) 1 = f::, (z-1)P-1(z+1)P-1 + r:, (z-1}P(z+1)P-1 + 
t=z P=1 (t-1)P(t+1)P-1 p.1 (t-1)P(t+1)P 

+ ~z-1)k(z+1}k 1 
(t-1)k(t+1)R. t-z. 

We shall successively deal with the integral in the right-hand 
membe".' of (2) with tp(-t) replaced by g2k(t) and c.p(t)-g2k(t) respect-
ively. 1 

I. Put b' = ~ Lh 4 ( ~) 2,U.. _1 5 (m1-t )/A g2k( t) ~t 1 • 
n c,n. j 8 r,+, i+s rr _1 + t~(s+ 8 ) 

Further write 

I(z) • ~ t (-1;{)/-' S2k(t} t:z (z ~ [-1,1] ), 
-1 

F(z) • ~ f (=~~)!-' S2k(w) w~z , 

C 

where C 1a a simple contour around the points -1 and 1, which does 
not enclose the point z. We have 



.. 4 .. 

PUrther, using (13), with t replaced by w, we have 

F(z) • {: FJ(z) + R(z), 
jw1 

where 

Now, by the calculus of residues, 

k { (=~~r g2p-1(w) (w-1)P~:+1)P-1 a 0 2p-1' 

2lfi.1. J (=~~ )II- &2p( w) a; P • c2p , 
n (w-1) (w+1) 
"' 

since the rea1duet at the point w- oo are aucceseively equal to 
0 c 2P_1, c 2P,o. Hence, by 2, 

I 

F (z) • (z-1 )P-1(z+1 )P-1 \ 0 ... sint,A-"11' (1 (1-t/' g2k(t)-g2p .. 1(t! r1l 
2p-1 L 2p-1 i.lfl ~ m ( t-1 ) P ( t +1 ) P- ' I 

( (z-1)P(z+1 )P-1 )c _ sine'Tf' J1 (1-t)~g2k(t)-g2p(t) at}, 
F2p z) == l 2p rr -1 -::yn (t-1)P(t+1)P 

R{z) • - (~~~)r-t g2k(z). 
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B~ - ~ f <1:V" 
-1 

-5-

g2k(t)-g2p(t) 

(t-1)P(t+1)P 
c2p dt - __ ..,_.., 

sin,_,. 71' 

and ap(n) and bp(n) are given by (7) and (8). 

H~re we have used that 

1 t.. ds (1-s) 2f,A ( 1( 1)) 1 J; ds ( 1( 1)) 
~ 1 sn+'I 1+S R -2 stt = - ~ J' sn+1 g2k -2 s+t = o. 

II Put 1 
b" = 1 ,( ds (1-s) 2 i'-' .:!_ s (1-t),U- (t) dt 

where 

n ~ 'f sn+1 'l+s "1'T' -1 1+t '\' t+½(s+.i) , 

'4' (t) ~ (f(t)-g2k(t). Further take S = ; and write 

b~ = ik f .~!1 <~::)2,.... J ,_r-"\ r1+cl' + r 1 = I1+I2+I3, 
L-1+$ -1 1-0 

say. We first deal with I 1 • In the expression for this quantity,we 
interchange the two integrations and then modify in a certain way to 
be described below the path of integration with respect to s. For 
fixed t the factor 1 1 has two simple poles at the points s 1 

t+½(s~) 
and s 2 given by s 

s 1 , 2 = -t .±. 1 Q ( Im s 1 > 0, Im s 2 < O) • 

One has 

Ne:x:t, 

Hence the sum of the residues of 

1 1-s 21'-'- 1 -- ( 1+8 ) 1 at the points s1 and s 2 is equal to 
sn+1 tf½(s+i) 

2(~~~)1--'-_. 1 {e-f-J-'T'i'i s1-n_e,M,'YT'.1. s2-n} 
s1-s2 . 

= -2(~:i)t" si~l~X~f-4-"11') , if s1=eix (and so s2=e•ix). 

So we find 



(15) J-J 
I 1 • ~ (1~€)J-A tp(t)dt . 

-1+d 

1 £ de (1-a)~ 1 
'2m J 8 n +1 1 +e -t-+i--(-e +-=--1-) 

e 
1-J 

.., 2J ~(t) s1n(nx+~T'1") dt 
ff _1+6 sin x 

1-cT' 
1 f 1-t /-A ~ -i1i (TT'f) 'f{t)dt. 

-1 +r§' 

,. 
where x 1s dete nn1ned by -cos x ""' -~ ( s 1 + i-)•t and where C 1 denotet, 

I contour from +- o.o to "'·Do , which enclosea tht: interval ~1.0.>) on 

the real axis and which do~e not cncloat the points s 1, 2 for any t 
with -1+c) ~ t "'1-cf, and C,.., s similar contour from - ~ to -oO c:. 
around the point -1 (see figure 1). 

C 
2 

say. Using 

l 

I1 ""' 

the expansion 
2k 
L G, + s, 
j::11 J 
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1 J ( 1-t )/" y & t ) 1 J 1 1-s 2 }A 
S = i7" d t 1+t ( t-1 ) ( t +1 ) k 2T1'i -:--n+'r ( 'l+s) . 

-1+cS c1 8 

( -½ ( X+:ci:)-1) k ( -½ ( s +i) +1) k 
1 ds. 

t+½(s 7 ) 

The last expression can be estimated as follows. We have 
2 

-½(s+~)-1 = - (s2~)2, -½(s4)+1=- (s2~) , 

\t+½(s+¾) \ ~ 1-t for s ~ 1, 
00 

\ < 1J 1 J 1-s j2,,uo (s+1) 2k&s-1) 2k ds. 1 
I ':::i Tl' 1 sn+1 1+s (2s) k 1-:-:f 

hence 

= 1 f (s-1)2k+2µo&s+1)2k-2fAo ds = 

11' 22k('1-t) 8 n+1+ k 
1 

= 0( 1 ) 
(1-t)n2k+1+2!--'-o 

Hence, since 1-t ;:? cf'= 1 . - n ~ 

~ J = o( 2Rl2,u0 ), 
C n 

1 

and so 

because / u / (Re I< 1 and 't' ( t) is bounded in the interva 1 
r·o == f- • 2 (1-t)k(1+t)k 

(-1,1), by the choice of g 2k(t). 

Since 

In a similar way we can treat 
1-J 

I1 = ~s (1~~/" 1f(t)dt . ~I 
-1+J c2 

i,h- f )+~ ( t:) 21-'- (--½ ( s4 H) p-1 (-½ ( •4> +1) p-1ds=•p (n), 
{1+c2 

~J 1 (1-s)2_µ. (-1.'s+2'1-1)P(l.(s~)+1)P-1dS=b (n) 
cm. sn+1 1+s 2 \ S' 2 s p ' 

c1+c2 
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where 

Next, we estimHte r 2 and r 3 . For the path of integration with 
respect to s we take the circle around O with radius 1- g. We then 

have l t+½(s+i)}~ ½ls2+2ts+1 j =½ { (s-s 1}(s-s2 }/ ~ ~\s-11 2,nhence 

J -1+cf 
(1-t),.V- 'UJ (t) dt = o(Jk-fA,0 +1 1 ) , 
1+t T t+½(s+.:J.) (s-1{ 2 

-1 s 

and so 

Similarly, 

In our final result we wish to get rid of the quantity a'. We 
first note that 

J 1-cf 
-w(t) sin(nx+ t:""') dt 
T sin x 

-1 +o} 1 

= s 't' ( t) si~f gx~f4rt') 
-1 

[-cos x • t] 

lf 

= J 'f'(-cos x) sin(nx+,u'T'l")dx + O(~) • 
0 n 

Further, writing 1 

A~=~.[ 
-1 

(1-t),4 lf (t} dt, 
ffi (t-1)P(t+1)P-~ 

B! - 1 [1 p ,,. . ... .., 
(1 .. t)I-' ~ (t) dt, 
m (t-1)P(t+1)P 

we have 
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and 

Hence a (n)A" p p = a ( 11 )A* + p p 

( 16) 

= a (n)A* p p 

b ( n )B11 == b ( n )B* + 0(--,.,.-1,---,..---
p P P P 11 2p-1+2 ~o 

1 
k-p+1- I r4-o I) 

= bp(n)B~ + o(nk+p~3 lJ--lo I). 

So oup final result is 

sin(nx+;urr)dx + O(~) 
n ~ 

+ 0 c 2l-1) + o( J_i) 
n n 2 

=; Jrr)'(-cos x)sin(nx+f"lrr)dx+ t- ia (n)A*+b .(n)B*l+o(~). 0 P=1LcP p p PJ n -2 

From (14) and (16) our result follows. 

We finally m2ke some remarks concerning the formula (6). The 

first term in the right-hand member of (6) is not of much significance. 

In fact.,. let us write 'f (-cos )-g2k(-cos x)=h(x) and let us suppose 

that ~(t) is k times differentiable, not only at the points -1 and 1, 

but in the whole interval (-1,1). Then h(x) is k times differentiable 
in the interval (o.,-rr), whereas 

h(p)(-1) = h(p)(1) = 0 for P=0,1,2;,.,,k-1, 

by the definition of g2k(t). Hence partial integration yields 
~ ~ J h(x) sin(nx+r'11")dx == ~ J h 1 (x)cos(nx+,-..-rr)dx = 

0 J'71' 0 1 
+ 1 h(k)( ) cos (nx+t4'rr)dx = 0( k¼.). 

= - K x sin n 2 

n 0 

So., writing down the terms in the right-hand member of (6) up to the 

terms of order o( :¼), we get the following result: 
n 

If 4' ( t) is• k times differentiable in the whole interval 

[-1,1J, then one has 
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[( k+1) /2] 
bn = Z 1ap(n)A +bp(n)B} + 0( J_;_) ) 

P=1 t p p n 2 

( 17) 

where ap(n),bp(n), AP,BP are given by (7) - (10). 
In the case f.A=O (which we excluded above), however, only a term 

similar to the first term in the right-hand member of (6) appears. 

In fact, in this case b is simply a Fourier coefficient, viz. 
'r1' n 

b::::: 2 ] f(x) sin nx dx. n '11' 
0 

We shall now show how Lauwerier's result (3) can be deduced from 

our result (17). To this end it is necessary to suppose k ?2, i.e. 

that tp ( t) is twice differentiable in the whole interva 1 [-1, 1 J . Then, 
by ( 17), 

We consider successively the quantities A1 ,B1 ,a 1 (n),b1 (n). Put 

lf ( -1 ) = d. , Lf ( 1 ) = J3 . Then 

g1(t) =fl, g2(t) == f (1-t) + J (1+t). 

Hence, if A and B are given by (4) and ( 5) , 

A1 = -A, (1 

B1 2~J (1-t)f-A r~ -ti~) O(', - l~\ 1 dt + 
ex. - fl 

::::: + t+1 2 sin ~Tl' 1TT 
-1 

= -½A - ½B. 

Next, 
( ) 1 f s-n-1 (1-+ss)2J-A.ds 8 1 n = 2Yi'i 

C 1 +C2 

= 1 J ,.,-n-1 (1-s) 2 f-A ds + (-_,,)n 1 f ,..-n-1(1-s)-2;i-td 
2'11'i .::i 1 +s 1 '2m " 1 +s 8 

C C2 
1 lf bo 2 00 -2f--L 

_ sin 2f-','1r -n-1(s-1) ~s + (-'1)n+1J 8 -n-1(s-1) ds1 
= -rr s s+1 s+1 1· 

1 1 
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,Further 

So, finally, 

b •-A { 2-2/--4 + 
n I'{ -'?.f'(-)n 1 +2,µ 

Thia proves (3). 
Finally we wish to show how one can expand the sum in the right

hand member of (17) to ascending powers of 1/n. For this purpose we 
define 

C-0 r§' 
c{m,0,5) = J 

3
m~1 (s-1)~ (s+1) ds, 

1 

where mis a positive integer and? and cf are complex numbers with 
Rel > -1. Then 

[ 2jU- 1 )2p-2( )2p-2 
a (n)== 1 1 (1-s) ls+1s-1 ds + 

P 2lfr C1 sn+~ 1+s (2s)2p-2 

f 2 M ( )2p-2{ )2p-2 == (-1 }n 1 1 (1-s)- ,s+1s-1 _ ds 
'2m' c1 sn+1 ~+s (2s)2p-2 

' == ;~2P:r' £-c (n+2p-2,2~2p-2,.-2~2p-2}+( -1 )nc ( n+2p-.2~ -2!1"+2P-2,2,-.+2p-2) l'' 



e 

(18) 
) 

.,,. ( , ,~ ) 

+ 2 '1 )1 
+(-1)n c(n t') ) 'l- (n c.. ' 

+o(n -

re as ic viour- he ::'I'' -t., 1,.) i. ti.:: 

s ~ 

C (m, 0 ,J) = f -m-1( )i s s-1 (s+1) ds 

1 

m -f-1 ) + .•. 

on m. 


