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Introduction

The purpose of this note is to give a set-theoretical characterization.
of the compactness operator on a given set (c.f. problem 1, [1]).

More precisely, given a set X and an operator o: 22X > 22X, necessary
and sufficient conditions are obtained in order that o be the compact-
ness operator p: 22X > 22X. Since our characterization uses a form of
f.i.p., it is not the characterization that the authors of [1] desire.
However, since it uses a weaker form of f.i.p. than is used in the

definition of p, it is a step in the proper direction.



1. Definitions and basic properties.

For the sake of completeness, we include the definitions that
are used and a list of properties of p that are needed for our charact-
erization. We refer the reader to [1] and [é] for a more extensive

study of p. X will be a fixed set throughout.

X
Definitions: 1. If Ag € 22 , we let Y/é(ienote all arbitrary
X
intersections of finite unions of members of 8. Thus, y: 22 - 22
is an operator.
oK, oKX :
2. The compactness operator p: 2 > 2 1s defined
X
by the following: for each A€ 22",

o A8={Ycx |04 e BandTV 1y} has £.i.p.370(NT) # g}

3,10 AT € 22X, then
BAT - IsnT| s€ B and T € 5 }.

X X
b, If A, o: 22 > 2%, then A < 0 if and

only if A 5 Co /‘S for each 56 22X.

5. Multiplication of operators is just the usual

composition of functions.

PROPOSITION 1. The operators p and y satisfy the
X
following properties: for each S € 22 .

1. py = p

2. Y‘XS/\Q A Co /S .
&If@#?tYéﬂp/5MMTIMS£Lp”tMnAT#¢.

L, For each Ac X, I Y| YA € p AS} C o({831AA).

Proof. Properties 1, 2 and 3 are proved in D] and are relations

(3), (5) and (4), respectively, of that paper.



To see the last property, suppose that A CX and let YCX with
YnAEo & Let ¢ +3'/C{A}A /5 with 3 V{Y} having f.i.p.. It
follows that & = {A}A 4‘1 for some /31C 4, 41\/ {YnA} has f.i.p.,
and /8 4 9. Since YN A€ 0.8, then (Y nA) A(NA) 8 and so
Y N(AT) + 3. Hence Y€ o({AINS).

2. Characterization of p.
X

LEMMA 1. Let o : 22
. . X
following properties: for each AL e 227,

X
> 22" be an operator which satisfies the

(1) oy =o0

2) Yy A 0 Bco k-

(3) I ¢ +TC y £ No4 and Y has foiupe, thenf\"sl+ @.

(4) For each A €X, {Y | Y(\AEc/g}Cc({A}/\/S).
Then ¢ < p.

prose. Let € 22X with v 4 = A&. Let Y € 0 A and suppose that

@ +':S/C/S withF'V{Y} having f.i.p.. For each S € ¥, (2) implies
that YA S € 0 £a fC o8 . Since Yn(¥ng = YnS, (4) implies that
Yn S€c({¥In.g) for each 46’3/, i.e., {Y}I\‘S’Cc ({Yin /5).
Moreover, {Y} /\‘FC Y ({Y}Aé). Since'}/\/ {Y} has f.i.p., {Y}/\T
is not empty and has f.i.p.. Thus (3) implies that N ({Y}AG'S/) + ¢.
It follows that Y € p/S. Therefore we have that o 4 C p)s for all /S

such that vy ,{S = ,5 . For arbitrary .4 , (1) implies that
o8 =o(y 4)Coly S) =0.8. Hence o < p.

X X
THEOREM 1. Let o : 22 + 22" be an operator. Then o = p if and
only 1f o satisfies the following properties: for each Ae 22_ ’

(1) oy=o

(2) vy Ao A Cald
(3) £ ¢ + Ve ALnac S and(ghas f.i.p., then (‘3/# @.



N

(4) For each ACX, {¥ | Yn A€ cé}co({A}A /é)';-

(5) If A : 22X > 22X is an operator which also satisfies
(1), (2), (3) and (4), then X < o.

The proof is an immediate consequence of Proposition 1 and Lemma 1.
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